IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Lie point symmetries of differential-difference equations

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2010 J. Phys. A: Math. Theor. 43 292002
(http://iopscience.iop.org/1751-8121/43/29/292002)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 94.41.236.32
The article was downloaded on 03/07/2010 at 10:47

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/43/29
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

IOP FTC bbb

IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 43 (2010) 292002 (14pp) doi:10.1088/1751-8113/43/29/292002

FAST TRACK COMMUNICATION

Lie point symmetries of differential-difference
equations

D Levi! ,P Winternitz> and R I Yamilov®

! Dipartimento di Ingegneria Elettronica, Universita degli Studi Roma Tre and Sezione INFN,
Roma Tre, Via della Vasca Navale 84, 00146 Roma, Italy

2 Centre de recherches mathématiques et, Département de mathématiques et statistique,
Université de Montréal, C.P. 6128, succ. Centre-ville, H3C 3J7, Montréal (Québec), Canada
3 Ufa Institute of Mathematics, Russian Academy of Sciences, 112 Chernyshevsky Street,
Ufa 450008, Russia

E-mail: levi@roma3.infn.it, wintern @crm.umontreal.ca and RvlYamilov@matem.anrb.ru

Received 29 April 2010, in final form 1 June 2010
Published 18 June 2010
Online at stacks.iop.org/JPhysA/43/292002

Abstract

We present an algorithm for determining the Lie point symmetries of differential
equations on fixed non-transforming lattices, i.e. equations involving both
continuous and discrete-independent variables. The symmetries of a specific
integrable discretization of the Krichever—Novikov equation, the Toda lattice
and Toda field theory are presented as examples of the general method.

1. Introduction

Two different but equivalent infinitesimal formalisms exist for calculating Lie point symmetries
of differential equations [20]. One is that of ‘standard’ vector fields

P q
X =) &@E i), + ) ¢a(®. i)d,, (1)
i=1 a=1
acting on the independent variables x; and the dependent ones u,, in the considered differential
equation.

The other is that of the evolutionary vector fields

q
X5 =" Qu(¥, i, i)y, 2)
a=1

acting only on the dependent variables.
The equivalence of the two formalisms is due to the fact that the total derivatives D,, are
themselves ‘generalized’ symmetry operators, so for any differential equation

E(X,-,ua,ua,xi,...):o 3)
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we have

p
prX*Ele—o = (prff - & D) Ele=o = 0. )
i=1
Here prX* and prX are the appropriate differential prolongations of X# and X. Relation (4)
implies that for point transformations we have

P
Oy = o — Z siua,xi' ©)
i=1
For all details we refer to e.g. Olver’s textbook [20].
An advantage of the standard formalism is its direct relation to the group transformations
obtained by integrating the equations

R I

— =& (x,u), = xX,u),

dr dx “ (6)
'x~l'|)L=O=xl'7 u~a|/\=0:ua, izls"'vp’ (x:lv"-9q'

One advantage of the evolutionary formalism is its direct relation with the existence of
flows commuting with the studied equation (3)
diiy 7
T Qas (7
where Q, is the characteristic of the vector field as in (5).
Another advantage is that the evolutionary formalism can easily be adapted to the case of
higher symmetries.
Let us now consider a purely discrete equation, i.e. a difference equation. We restrict to
the case of one scalar function defined on a two-dimensional lattice u,,,,. We shall view u as a
continuous variable, introduce two further continuous variables x and # and consider (x, t, u)
as being evaluated, or sampled at discrete points on a lattice labeled by the indices m, n. We
shall write (X, tun, Umn) for values at these points.
A difference system will consist of the relations

Ea (xm+k,n+la Tk, n+l s um+k,n+l) =0, a=1,...,A,
k <k < ky, Im <1< 1y,

between the variables x, t and u evaluated at a finite number of points on a lattice.
A Lie point symmetry of the system (8) will be generated by a vector field of the form

®)

A

an = E(xmn s s umn)axm,, + T(xmn s Imns umn)at,,,,, + ¢ (xmn s s umn)aum,, . (9)

We see that the vector field (9) for difference equations has the same form as (1) for
differential ones. Its prolongation is however different, namely

prX = Xpknsts (10)
k.l
where the sum is over all points figuring in the system (8).

In the continuous limit the system (8) goes into a partial differential equation and
equation (10) goes into the usual prolongation of a standard vector field (i.e. it also acts
on functions of derivatives).

For recent reviews of the theory of continuous symmetries of difference equations see
[3,13,25].

The purpose of this communication is to consider an intermediate case, that of differential—
difference equations. In section 2 we shall take a ‘semicontinuous‘ limit, i.e. leave the variable

2
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Figure 1. Example of a two-dimensional lattice.

x discrete but let ¢ tend to a continuous variable. This will provide us with both a standard
and an evolutionary formalism for calculating point symmetries of differential-difference
equations. In section 3 we consider several special cases and prove some theorems that greatly
simplify the calculation of symmetries. Section 4 is devoted to examples and section 5 to a
summary of the results obtained.

2. Lie point symmetries of difference systems and their semicontinuous limit

2.1. The semicontinuous limit

The starting point to this section is the Lie symmetry formalism for purely difference equations
with several (discrete) independent variables [10, 13]. A difference scheme is defined on a
discrete jet space, a space of independent and dependent variables on a lattice. In this
communication we restrict ourselves to the case of two independent variables x, ¢ and one
dependent one u defined on a two-dimensional lattice with points labeled by two indices. We
shall write

{xmnv tmnv an = M(xmna [mn)} (11)
(see figure 1).
The discrete jet space will be the set of all variables {x i, #jx, u i} on the lattice. The
dependence of x, ¢ and u on the labels m, n is determined from the difference system

Ezn(xjkytjk,ujk):()y a=1,...,N, (12)

and some boundary conditions. In equation (12) N is an integer satisfying N > 3 and
(j, k) run over some finite set of values on the lattice while (m, n) is a fixed reference point.
Equation (12) thus determines both the difference equation and the lattice.

Lie point symmetries of the system (12) are generated by vector fields of the form

},\(rlr?n = E('xm”’ tm"’ um”)axnm + T(xmnv tmn ) umn)atmn + ¢(xmnv tmm umn)aum,, (13)
(the superscript D stands for ‘discrete’) satisfying
prXPE g1_grcen_g = 0. (14)

D
mn

pr)A(Dzz}A(ﬁ(, (15)
Jok

In equation (14) prX? is the prolongation of the vector field X2 to the discrete jet space

where the sum is over all points figuring in the difference system (12).
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In this approach the lattice (x,,,, t,u,) 1S in general determined together with u,,, from the
system (12) and the group transformations generated by the vector field X D also transform
the lattice. A special case corresponds to an a priori determined non-transforming lattice. In
that case two of the equations in the system (12) have the form

Xmn = f(m, n), tun = g(m, n), (16)

where f and g are given. Such is the case of a uniform orthogonal lattice where (16) takes the
form

Xpn = O11 + Xg, tun = 0o + 1, (17

and the scale factors (o, 07) and the origin (xo, #p) are given numbers (e.g. o1 = o, = 1, xg =
to = 0).

We are interested in obtaining the form of the vector field in the semicontinuous limit in
which #,,, becomes a continuous variable ¢, but x,,, remains discrete (and independent of ¢).
Thus x will depend on one discrete label n only and in particular x may be given as x, = f(n),
with f(n) known (e.g. x, = hn for a uniform lattice, or x, = A" for an exponential one).

In this limit the difference system (12) will reduce to a differential-difference equation
(DAE)

Enltouj g iy, ... u) =0, n—L<j<n+M, (18)

where dots and (K) denote #-derivatives, and K, L and M are some nonnegative integers.
Together with equation (18) we have another equation which determines x, = f(n). We shall
consider the case when f(n) is already given (a known function) so that we can replace the
dependence on x, by a dependence on the integer n (without necessarily assuming that f(n)
is linear).

Equation (18) is thus defined on a ‘semidiscrete jet space’ with local coordinates

{I,I/lj,l;tj,uj,...,ug»K)}, (19)

where j runs over all values on a one-dimensional lattice.
The vector field generating symmetries of equation (18) will have the form

5(SD =Ty (t’ un)at + ¢n (l, un)au,, (20)

(SD = semidiscrete), and its prolongation will be defined on the semidiscrete jet space (19).

Let us consider the simplest nontrivial case, namely that of a difference system (12)
involving the three points (m, n), (m + 1,n) and (m, n + 1), i.e. relating the variables xj,
and uy in these three points:

gn (xmn’ xm+l,na Xm,n+1>s tmn’ tm+l,na tm,n+l s Umn s um+l,n» um,n+l) = O (21)

Before taking the limit we change notation and transform to new variables. We choose a
reference point (m, n) on the lattice (see figurel) and measure ¢ and x from this point:

tm+a,n+b =1+¢€u, Xm+a,n+b = f(l’l + b) + 9(6017)7 (22)

where f(n + b) is a given function and 6 (e,;) is an analytic function. Instead of u,,.j .k We
introduce a function v, ()

vn+b(t + Eab) = um+a,n+b(xm+a,n+bv tm+a,n+b)’ (23)

and assume that the dependence on ¢ is analytical. Thus the dependence on x (which remains
discrete in the limit €,, — 0) is replaced by a dependence on the label n + b. For the reference
point Xy, ty, We put €gg = 0, 0(€gg) = 0.

4
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So, in the case of the stencil (m, n), (im + 1, n) and (m, n + 1) we have

Inn =1, Im+ln =1+ €10, Imn+l =1+ €01,
Xmn = f(l’l), Xm+l,n = f(l’l) +9(610), Xm,n+l = f(l’l + 1) + 9(601)7
Wnn Xpn s tnn) = Un (1), Un+ln = v, (1) + Glovn,l(t)a (24)

o J
E .
01, ()
um,n+1(xm,n+lv tm,n+1) = Un+1(t + EOI) = vn+l(t) + Z Fvn{i—l(t)7
j=1 7"

where v,(li)l (t) = d"’(’l‘l—*}(” and v, is the ‘discrete derivative’ of v,(¢) given by v,(t) =

Um+l.n—Um.n
610 ) . . . . . .
As long as time is discrete the introduction of €y and €y; amounts to a change of variables

within one stencil. In the continuous time limit we will assume that the quantities € go to
zero uniformly in all points (i.e. independently of time). A similar assumption is used when
constructing symmetry preserving discretizations of ordinary differential equations [2, 21].
This assumption is used in the Taylor expansion in (24).

Since v, (t) is by assumption analytical, the Taylor series in (24) are convergent. Using
equation (24) we can also express the derivatives {8,””,, Otsrns Ot Oitns Outyryt s 8,,,”_”+1} in
terms of {8,, Oergs Oegrs Ouys Doy s 8,,n+l} and thus transform the prolongation of the vector field
(15). We obtain

v D
er = Tmn at + ¢mn 81),, + (tm+1,n - Tmn)aem + (tm,n+1 - Tmn)aem

1
+ [(¢m+1,n - ¢mn) + (Tmn - Tm+l,n)vn,l]_8vn<,
€10

(tm,n+] - [mn)j71 )

G-t |?

+ ¢m,n+l + (fmn - Tm,n+l) Z

1

(25)

00
Un+l®
j:
Further, we put
Tun = Tn(t, Un), Pmn = P (t, vy), (26)

and expand T41, and ¢y, about €;9 = 0, T, ,+1 and ¢y, 41 about €y = 0 and then let
prX? act on functions

En = gn (l, Uns Un+l, Un,t)a (27)

obtained as the limit of equation (21). In the semicontinuous limit we take €;9 — 0, €g; — 0
and we obtain

lim  prX? = prX5” = 1,0, + ¢udy, + @3, + oL M0,0 (28)
(€10,€01)—>(0,0) n it v
¢ = Dy, — (Dy7,)0,, (29)
O = o + (00— Tr)U) (30)

The form (29) of the coefficient ¢/ is the ‘obvious’ generalization of the first prolongation
for ordinary differential equations. The presence of the second term in (30) is less obvious and
follows from the above analysis of the semicontinuous limit. We see that the prolongation of
the vector field X3P to derivatives is the same as for differential equations. The prolongation
to other points x, on the lattice does, however, not consist of merely shifting » in ¢,.
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We mention that the additional term in ¢!"*!) was missed in [11].
If we start from the set of all nine points on the stencil of figure 1 and take the
semicontinuous limit in the same way, we arrive at a more general DAE, namely

gn(t» Up, Upsl, Up—1, Uy, Upyl, Up_1, iy, Hpyt, i'infl) =0 (31)

(with the change of notation to u,). We also obtain the prolongation prf( SD for such an
equation (see below).

2.2. The evolutionary formalism and commuting flows for differential-difference equations

An alternative method of calculating symmetries of DAE on a fixed lattice is to construct
commuting flows in two variables. Let us again consider equation (27), this time solved for
the first derivative, and change the notation from v, to u,,, which now denotes an ordinary
time derivative:

iy, = Unt = Fn(ta Up, un+])- (32)

We introduce an additional variable A, the group parameter and consider the flow on
u,(t, A) in this variable:

Up ) = Qu(t, uy, tty). (33)

Let us now require that the flows (32) and (33) be compatible, i.e. commute. Thus we
impose

Up ity = Uns- (34)

We replace u,, ; using equation (33), i, and ii, using (32) and its differential consequences
and obtain

Qn,t + Qn,u,,]:n + Qn,u,, (fn,t + fn,u,,fn + fn,u,Hl]:n+1) = fn,un Qn + fn,u,,ﬂ Qn+1- (35)

This derivation of (35) is completely equivalent to the following procedure. We first
introduce an evolutionary vector field

Xp = Qu(t,up, ity .. )0, (36)
and its prolongation

prie = Qudu, + QuriBu,,, + (D Q) i, +- - (37)
We then apply this prolonged field to equation (32), require

prX plitn — Fo (e, tn, )i, =7, .,=0,7,) = O, (38)

and reobtain equation (35).
Let us now specialize to the case of point symmetries. The quantity 9, in (33) and (36)
is the characteristic of the vector field X g. For point symmetries it has the form
Qu(t, up, ttp, . .) = @p(t, un) — Tp(t, un)ity. (39

The total derivative D; is itself a (generalized) symmetry of the DAE (18) and in particular
(32). This provides us with a relation between ordinary and evolutionary vector fields and
their prolongations, namely

prf( = prf(E + 1, (¢, u,)D,. (40)

Substituting (39) and (37) into (40) we reobtain equations (28)—(30).
We see that the ‘obvious’ prolongation (37) of the evolutionary vector field (36) provides,
via equation (40), the correct prolongation (28) of the ordinary vector field (20).

6
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2.3. General algorithm for calculating Lie point symmetries of a differential-difference
equation

Let us consider a DAE involving L + M + 1 points and #-derivatives up to order K as in equation
(18). The Lie point symmetries of equation (18) can be obtained using the evolutionary
formalism by imposing

prXe&nlg,—o.pte,—0 =0, k=1,...,K. (41)

Thus the expression prX z&, is annihilated on the solution set of equation (18) and of all
differential consequences of the equation.
The vector field X has the form (36) with Q,, as in (39). The prolongation of X is

K
& k
prXe =) Q;d+) ) (DfQ))d,m. 42)
J k=1 j‘
where the j summation is over all points figuring in equation (18) and u§k> denotes the kth
t-derivative of u;.
The standard vector field X generating Lie point symmetries and its prolongation are

given by formula (40). Explicitly the prolongation formula is

K K

prX = ¢, + 1,0, + Zd)jau/ + Z qu}”aum + Z Z(Tn — 1) (Dfu;)d, 0, (43)
j#n i k=l ! 7 k=1 ’

¢;"] = Dz¢£~k_l] - (thj)l/l;k), Dfu; = u;k). (44)

Note that ¢>E.k] is the same as for a differential equation [20] but the last term in (43) has no

analog in the continuous case. The coefficients ¢, and 7, in the vector field X itself are
a priori functions of n, t and u, (see equation (20)). In the following section we will examine
some cases when t, (¢, u,,) simplifies.

Equation (43) is also obtained as the semicontinuous limit of the discrete
prolongation (15).

3. Theorems simplifying the calculation of symmetries of DAE

3.1. General comments

Lie point symmetries of DAE of the form (18) are generated by vector fields of the form (20).
We shall now investigate three important cases when the coefficient 7, (¢, u,) actually depends
on ¢ alone.

The three classes of DAE are

un = fn(ta Up—1, Up, un+l)’ (45)
ity = fn(h Uy, U1, Up, Upt1), (46)
Up,xy = fn(x’ Y, Unxs Un,y, Up—1, Up, un+l)‘ (47)

Equation (45) contains integrable Volterra, modified Volterra and discrete Burgers-type
equations [26]. A list of integrable Toda-type equations of the form (46) can be found in
[27]. Class (47) involves two continuous variables and contains the two-dimensional Toda
model [5, 16]. A list of integrable cases exists [22] and Lie point symmetries of this class have
been studied.
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For equations (45) and (46) Lie point symmetries correspond to commuting flows of the
form (33) with Q,, given by equation (39) while for equation (47) the form is

Uy = lﬁn(X, Y, Up, Uy x, Mn,y)9 (480)

Y (x,y, Up, Up x, un,y) =¢p(x,y,u,) —&,(x,y, un)un,x — a(x, y, ”n)un,y~ (48b)

For all equations ((45)—(47)), we assume everywhere below that at least one of the
following two conditions is satisfied:
afy ofn

0, foralln, or
8l"n+l ?é " aM”,]

+£0, foralln. (49)

3.2. Volterra-type equations and their generalizations

Let us consider equation (45).

Theorem 3.1. [f (45) satisfies at least one of the conditions (49) and (33) represents a point
symmetry of (45), then we have

T, (t, u,) = t(t). (50)

Proof. The compatibility condition (34) of equations (45) and (33), (39) implies

1
Z fn,u,,,,, [¢n+[ - Tn+/fn+l] + (In,t + To,u, fn)fn

I=—1

1
+ T |:fn,t + Z fn,u,H, fn+l:| - ¢n.1 - (pn,u,l fn - 0, (51)

I=—1

where the indices ¢, u,,,; denote partial derivatives. Taking the derivative of equation (51) with
respect to u,4, and separately with respect to u,_,, we obtain two relations:

fn+l,u,,+2fn,u,,+1 (th — Tws1) =0, fn—l,u,,fzfn,un,l (th — Tu—1) = 0. (52)

In view of conditions (49), equations (52) imply

Tn+l(ta un+l) =7,(t, uy) or Tn—l(t» un—l) = Tn(ts un)~ (53)

Each of these conditions must be satisfied for any n and they are equivalent. Since
ug, Uy, U_y, ... are independent, we find that 7, (¢, u,) depends on ¢ alone and this proves
theorem 3.1. ]

A somewhat weaker theorem can be proved for a more general differential-difference
equation, namely

un = fn(ta Un+ks Un+k+1> ~~7un+m)7 k g m. (54)
Theorem 3.2. Let equations (33) and (39) represent a symmetry of equation (54). If the
function f, in (54) satisfies

af,
m =0, O L0 foralln, (55)
Ol

then the function t,(t, u,) is such that

T, (1, uy) = 7, (1), Tuem (1) = T, (2). (56)
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If the function f, satisfies

0fa
k <0, /s #0 foralln, 57
aun+k
then we have
T, (t, uy) = 1o (1), Tuak (1) = T, (1). (58)

Proof. The compatibility condition for equations (33), (39) and (54) will be the same as
for equation (51) but all sums will be from / = k to ! = m. If equation (55) is satisfied
we can differentiate equation (51) with respect to u,42,, and obtain 7, (¢, u,) = Tpsm (¢, Up+m)
which implies (56). If (57) is satisfied we differentiate (51) with respect to u,; and obtain
T, (t, uy) = Tpar (¢, Uner) Which implies (58). O

This result is valid, in particular, for Burgers-type equations for which k = 0, m > 0
or k < 0, m = 0. For all equations in class (54), under the assumptions of this theorem, the

function 7, is independent of u,, and is periodic in n. In particular, if k = —2, m = 2 itis
two-periodic and we can write
1+ (D" 1—(=D"
T, (f) = 5 To(t) + L (). (59)

3.3. Toda-type equations

The compatibility condition for equations (46) and (33), (39) is up 113 = U, and implies

1
. N .
fn,u,, [¢n,t + (¢n,un - tn,t)un — Tn,u, (M,,) ] + Z fn,u,ﬁ.k [¢n+k + (Tn - Tn+k)un+k]

k=—1
- ¢n,tt + ( - 2¢n,tu,l + Tn,tt)un + (_¢n,unu,, + Ztn,tu,l)(’/.ln)2
+ Tn,uyuy, (I"tn)3 + Tnfn,t + (Zrn,t - ¢n,u,, + 3‘Cn,unun)fn =0. (60)

We use equation (60) to prove the following theorem.

Theorem 3.3. Let equations (33) and (39) represent a point symmetry of equation (46) and
let the function f, in equation (46) satisfy at least one of conditions (49) for all n. Then the
function t,(t, u,) in equation (39) satisfies equation (50), i.e. T, (t, u,) depends on t alone.

Proof. None of the functions f,, ¢,, 7, figuring in equation (60) depend on i, Or i, 1.
These two expressions do however figure explicitly in (60). Their coefficients must hence
vanish and we obtain

fn,u,m (Tn - Tn+l) = O,
fn,un,l (Tn - fn—l) =0.

In view of conditions (49), we can use one of equations (61), and both of them provide the
same:

(61)

Tn ([, un) = T+l (t7 un+1) (62)

for any n. Hence we again obtain result (50), as stated in theorem 3.3. O

9
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3.4. Toda field theory-type equations

Let us now consider equation (47) and assume that it has a Lie point symmetry represented by
(48).

Theorem 3.4. Let (48) represent a Lie point symmetry of the field equation (47) and let the
Sunction fo,(x,y, uy x, Uy, Un_1, Uy, Uns1) Satisfy at least one of the conditions
a a
by e

8’/‘n—l 8un+l

# 0. (63)
The functions &, and n, in symmetry (48) then are given by
Sn(-xvyaun)zg(x’y)v Un(x»y»“n)zn(x’y)~ (64)

Proof. The compatibility condition u, ,ys = U sx, in this case can be written as

afn afn afn
ek DY, + ——
Ol i Ve oy x v Ouy,y

1

Dy — DDy, =0 (65)
k=—1

with ¥, as in equation (48b); D, and D, are the total derivative operators. The terms u,,+1 «,
Up+1,y only figure in v,41 and in Dy Dy, where we have

Dnywn = _én(Dxfn) - nn(Dyfn) +--

with
Ofn 0/
Dxfn = Up—1x+ —Upt1x+ -
8“;1—1 Up+l
Ofn dfn
Dyfn = un—l,y+ un+1,y+"'
’ 814,,71 aMrz+1

Substituting into (65) and setting the coefficients of u,+,x and u,+1 , equal to zero separately,
we obtain

0fn 0fn
(En—l - En) f == 07 (77n—1 - nn) f = 07
Ouy_q Ouy_q (66)
0fn 0fn
(En+l - Sn) = 05 (nn+l - 7711) =0.
Ol piq Oty
Thus, under the assumption (63) we obtain (64) and this completes the proof. O

4. Examples

Let us now consider examples of each of the classes of differential-difference equations
discussed in section 3.

4.1. The YdKN equation

The Krichever—Novikov equation [6]

o1 3u3,
u= Zuxxx -

3 P(u)
— + —
8u, 2 u,

where P (u) is an arbitrary fourth degree polynomial with constant coefficients, is an integrable
PDE with many interesting properties [1, 4, 6-9, 17-19, 23, 24].

) (67)

10
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Yamilov and collaborators have proposed integrable discretizations of equation (67)
[15, 26, 28]. The original form of the YdAKN equation [26, 28] is
Uny = Pnun-flunfl + Qn(un+1 + Ltn,]) + Rn i (68)

Upsl — Up—1

P, = aui +2Bu, +v,
Q, = Bu’ +ru, +38, (69)
R, = yui +28u, +w,

where «, . .., w are pure constants.

A complete symmetry analysis of this equation and its generalizations is in preparation
[14]. Here we will just consider one special case as an example of a Volterra-type equation.
Letusseta = 1,8 =--- = w = 01in (69). The YdAKN equation reduces to
U2 U4 U

(70)

Unr = .
Upyl — Up—1

According to theorem 3.1 a compatible flow corresponding to a point symmetry will have the
form

Unj = Pu(t,un) — T(Otp,;. (71)

We replace u, , in (71) using (70) and then impose the compatibility condition u,, ;» = u, ;.
First of all, from terms containing u,., and u,_, we find that ®,, and T must satisfy
T =719+ 71t o, :an+bnun+cnuﬁ,

a, =a+a(—1", b, = b+b(—1)", cn=c+e(=D",

(72)

where 19, 71, a, @, b, b, and ¢, & are pure constants. This is actually the case for the general
YdKN equation (68). Substituting (72) into the compatibility condition we obtain an equation
thatis polynomialin u,.4¢. Setting coefficients of u®_,ubu’,, equal to zero for each independent
term we obtain the following basis of the Lie point symmetry algebra of equation (70):
Xi=d  Xo=upd,.  Xs=(D"uzd,,
X4 =10; — %unau,,a X5 = (_l)nunaun'
This is a solvable Lie algebra with {X;, X,, X3} its Abelina nilradical. The two
nonnilpotent elements satisfy [ X4, X5] = 0 and their action on the nilradical is given by

(73)

[X4, X1] -1 0 0 X,
X+, Xol|=[0 -3 O X2 |,
1
[X4, X3] 0 0 —3 X5 o
[Xs5, X1] 0 0 O X
[X5,X2]] =10 0 1 X,
[Xs5, X3] 01 0 X3

4.2. The Toda lattice
The Toda lattice itself,
Up,ir = eXP(Up—1 — Up) — eXp(Uy — Ups1), (75)

11
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is the best known example of an equation of the type (46). According to theorem 3.3 the
flow corresponding to its point symmetries will satisfy (71). From the compatibility condition
Up 110 = Uy, WE Obtain the Lie point symmetry algebra

X, =0, X, = 10, X3 =10, X4 =10,+2nd,.  (76)

This Lie algebra is solvable, its nilradical { X, X,, X3} is isomorphic to the Heisenberg algebra.
We note that the ansatz made in [11] was not correct and lead to X3 = g(n)d,, in (76) with
q(n) arbitrary. It was, however, noted there that a closed Lie algebra is obtained only for
q(n) = const.

4.3. The two-dimensional Toda lattice equation
The equation to be considered [5, 16] is

Up xy = €XPUy—1 — Uy) — eXP(Uy — Ups1). a7
According to theorem 3.4 the flow corresponding to point symmetries will take the form

Uy = Gn (X, Y, n) = EQC, V)t — 10(X, Y)itn,y- (78)

The Lie point symmetry algebra obtained from the compatibility condition u, yy) = U sy 18
infinite dimensional and depends on four arbitrary functions of one variable each:

X(f) = f(x)0x + f'(x)nd,,, U(k) = k(x)y,,
X(g) =g(»dy +&' (ndy,, W) = £(y)9y,.

This algebra happens to coincide with the one found in [12] though the prolongation formula
used there was incorrect. This is a Kac-Moody—Virasoro algebra as is typical for integrable
equations with more than two independent variables (in this case x, y and n).

(79)

5. Conclusions

The main results of the present communication are as follows.

1. The prolongation formulas (41)-(43) for evolutionary and ordinary vector fields
generating commuting flows and Lie point symmetry transformation for differential—
difference equations. These are viewed here as differential equations on fixed non-
transforming lattices.

2. The prolongation formulas and the corresponding algorithm for calculating Lie point
symmetries of differential-difference equations are greatly simplified for three rather
general classes of equations (including the Toda lattice, the two-dimensional Toda lattice
and the Volterra equations). The results are summed up in theorems 3.1-3.4.

3. We have presented an example of each class of equations covered by the above theorems
and identified a class of equations depending on six parameters (with generalizations
depending on nine parameters). These are the Yamilov discretizations of the Krichever—
Novikov equation (68, 69).

A complete analysis of the symmetries of the YAKN equation and its generalizations will
be published separately.

12
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