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Integrabledifferential—differenceanaloguesof thegeneralizedSchrbdingerequationsareconstructed.A one-to-onecorrespond-
encebetweenthem andthetripleJordanalgebrasis established,

1. As is knownthenonlinearSchrodingerequation
(u’~)~=u~÷

1+aJk,flu~flvflufl, /=1 N,
~ W=W(t,x), (1)

(v~)~=—v~_1—ãjk,I’,,U,V,~, i= 1 114’, (5)
is a reductionof the integrableequation where ~ a~,,,(a~,,,~ a~k,fl=à~) are con-

u,=u~~+2u
2v,v,= —v~~—2v2u, (2) stant coefficients. In (5) and everywherebelow

summationover repeatedindices is assumed.The
uu(I,x), vv(i,x) . lattices (5) generalize(4) andare differential—dif-

It is shown in ref. [1] that there is a Bäcklund ference analoguesof the multi-field Schrodinger
transformation equations

U, =u+u2~, u,= —1—v2ü (3) u(=uVV+2aIk,fluvu, i1 N,

foreq. (2). In ref. [11 Bäcklundtransformationsare V~= — — 2ã~k,,,VuAv~~,i = 1, ... M. (6)
interpretedas infinite systemsof ordinarydifferen- Equationsof theform (6) wereconsideredin refs.
hal equations.In particularthe Bäcklundtransfor- [3—6].In ref. [5] wide classesof equations(6) pos-
mation(3) correspondsto the integrablelattice (i.e. sessingan (L, A) pair associatedwith Hermitian
having higher symmetriesand local conservation symmetricspaceshavebeenconstructed.In ref. [6]
laws) theconditionson theconstants~ aJk,~havebeen

(u,,), _—u,~
1+u~v,,, (v,,)~ —~_, ~ (4) formulated.Theseconditionsarenecessaryandsuf-

ficient for eq. (6) to haveat leastonehighersym-
ufl=ufl(x), vfl=v,?(x) . metry or local conservationlaw of high enoughor-

It is natural to call this latticea differential—differ- der. If eq. (6) possessesa Bäcklundtransformation
of the formenceanalogueof eq. (2). The integrablelattice (4)

yields a systemof ordinary differential equations ~ i=l, ... N,
which allowsone to constructsoliton andfinite-gap
solutionsof eq.(2) quiteeasily.Theapproachto the ~ —v—AJk,,,L~V, i= 1, ... M, (7)
constructionof exact solutionsof nonlinearpartial the conditionson the constantswill be the same.
differentialequationswhich usesthe existenceof an
integrable differential—differenceanalogue is dis- Proposition 1. Eq. (6) hasthe Bäcklundtransfor-
cussedin refs. [1,2]. mation (7) if and only if the constants

In this Letter we considerthe multi-field integra- ~ ~ A~,,,,‘
4jk,? satisfy the following

ble lattices constraints,
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Let the structureconstantssatisfy the constraints
= ~ = ~k,n, (8) (9). It meansthatwe havethe following identities:

a~knamsp—a~,icna~p—a’nspa~,,i+a,nnpakjs=O, (x~(y~zfl—(y~(x~zfl—(z~(x~y))

ã~ã7~—a~,,ã7kP—ã~,a7k,fl~ ~9) + (y(~x.~)z)=0,

As in the caseof the scalarBäcklund transfor- (~yU~x2)) — (9x(~y2)) — (2x(~y5~))
mation (3), onecaninterpret(7) asa discreteequa-
tion of the form (5). Thus differential—difference + (5~(y~x)2)=0, (13)
analoguesof the generalizedSchrodingerequations for any elementsx, y, z E U, ~, 5Y, 2 e V. Thetriple
(6) havebeenconstructed.Lattices (5) with con- algebrassatisfyingidentities(10) and (13)arecalled
stantsa,k,fl, ~ satisfyingthe identities(9) will be Jordanpairs.They are quite familiar to the experts
called many-fieldSchrodingerlattices. in algebra.The term“Jordanpairs” is motivatedby

thecloseconnectionof thesetriple algebraswithJor-
2. Before going to discussthe integrabilityof the danalgebras.One canfind a detailedalgebraicthe-

Schrodingerlattices,we haveto explainhow to de- ory of Jordanpairs in ref. [7]. To obtain the sim-
scribe the constants~ a~k,fl,satisfyingthe con- plest exampleof a Jordanpair one can choosethe
straints(9). We shall recall the algebraicinterpre- linear spaceMp,q(C) of matricesfor U and V and
tationof integrabilityconditions(9) which hasbeen definethe multiplication by the formula
given in ref. [6]. Let L be a linear space,U andV
be subspaces,andL=U~V,dimU=N, dimV=M. (xjYz)=xj~Tz+z,PTx,
Let usprovideL with thestructureof acommutative (~) ~T2+2T. (14)
triple algebraby multiplication ( ): LxLxL—~L
suchthat wherethe superscriptT meansthe transposition.

Nonreducible lattices are the most interesting
(xyz)= 0, (Xyz)= 0, amongthe lattices(5). As in thecaseof eqs. (6) (see
(~y2)= (2y~), (xjYz)= (zjYx) , (10) ref. [6] ), thenonreduciblelatticescorrespondto the

simple(i.e.havingno nontrivialideals)Jordanpairs.
wherex, y, zcU, ~, ~, 2 E V. Let e

1, e~ eN and~ Ref. [7] contains an exhaustiveclassificationof
ë~bebasesof U and V respectively.Thenthe simpleJordanpairs.Thereis a list in this work which

multiplication ( ) is determinedby the structure consistsof four seriesof arbitrarily-high-dimension
constantsak,,,, aJk,,, suchthat algebrasandof two specialalgebras.Thispermitsone

(e/ëke,,,) =a~,,,e1, (ëJekè,fl)ã~k,flë,. (11) to obtain in explicit form all the nonreduciblein-
tegrablelattices (5) and correspondingequations

A changeof basesof linear spacesU and V corre- (6). For example,the triple algebraL= (M~~(C),
spondsto the linear transformations Mp,q(C)) is a simple Jordanpair. In the casep= 1,

= J~U’, v’ = J~v’ (12) q= N the correspondingequation (6) is the well-
known vector Schrodingerequation,

of the variableu’, v’ in (6).
Later on we shall be interestedin nonreducible u~=u~~+2u’R(u,v), i=l N,

equationswhichcannotbe reducedto the“triangle” r~= — — 2v
1R(u, v), i = 1 N, (15)

form by meansof linear transformations.In more
invariant termsone can formulate the propertyof R(u,v)=u’v’+u2v2+ ... +u~’v~.
nonreducibility in the following way. If onecanex- The lattice
tracta closedsubsystemof smallerdimensionfrom
the system (6), then (6) will be calleda reducible (u’~)~=u’,,÷

1+u’,,R(u~,va), il, ...N,
system.In theoppositecaseit is a nonreducibleone. (v~)~=—v~_1—v~R(u~,va), il, ... N, (16)
Obviously the differential—differenceanalogues(5)
ofthe nonreducibleequations(6) arenonreducible. is thedifferential—differenceanalogueof (15).
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3. Let usdiscusstheintegrabilityofthe lattices(5). thoughit can act on functionsH,, which are repre-
sentedin the form

Proposition2. Two multi-field Schrodingerlattices
H~=(D—l)(f,,)=f,,÷1—f,,. (18)(5), (9) are integrable.

If therecursionoperatorL,, actson theright-hand
An integrabilitypropertycanberealisedastheex- sideof thelattice (5), (D— 1)_i will beappliedonly

istenceof highersymmetries,local conservationlaws to functionsof the form (18). Therefore,actingby
or a recursion operator.The Schrodingerlattices L,, step by step on the right-hand side F,, of the
connectedwith Jordanpairshaveall theseproper- Schrodingerlattice 8 W,,/8x=F,,, onecan get arbi-
ties. Let us reproducethe recursionoperator irarily many of its higher symmetries 8W,](A,, B,,\ 8tk=L~(F,,), k=l, 2,3
L,, = c,, D,,) (17) Let usrecall that in the caseof latticesalocalcon-

servation law is a relationship of the form

satisfyingthe Lax equation (p,,)= (D— 1 )(a,~),wherep,,, a,, are functions de-
pendingon a finite numberof variablesu~,v~.The

(L,,)~=G,,L,,—L,,G,,, integrableSchrodingerlatticespossessaninfinite se-
ries of local conservationlaws. Conserveddensities

where
p,,( 1), p,,(2), p,,(3), ... may be constructedthrough

A,,=IND+2aU, k)uJ,,vk,, the formula p,,(k)=tr(res(L~)),where

+2a(j, k)u~(D_l)_ivk res(a,nD’~+amiD”~+ ... +a~D+a0
def

D,,=IMDt_2aU,k)t,,(D_l)~uk +a_1D~+...) =a0.

B,, =A(j, k)u’,,u~+2A(j, k)u~(D—l)~u~,
4. Let us chooseHamiltonianlattices amongthe

c,, = —A(j, k)v~ — 2A(j, k)u~(D — 1)- ~ Schrodingerones (5). They can be written in the

G,, form

(IND+2aU, k)u~,,v~,, AU, k)uJ,,uk,, ) (U,,)~=R
T~p/oV,,,(V,,)~=—R6p/~U,,, (19)

= —A(j, k)vJ,,vh,, —IMD —2ã(j, k)z’,,u~ where U,~= (u~ u~)T,V,, = (v~,,...,v~I)T,R is a

constantmatrix, öp/6W,,= (~p/~w~,...

Here ‘N and ‘M are the NxN and MxM unit ma-
trices respectively,a(j, k), a(j, k), AU, k), A(j, k) ~p def ,~, ÔD’(p)
are matriceswith coefficients = ~ 8w’,,

aU, k)~,,=a~k,fl, ã(j, k)~~=aJk,,,, p=p(W
0, W1 W,,1)

A (j, k) ~,, = a~,,,k, AU’, k ) ~,, = ~ In the periodiccase

D is a shift operatorsuchthat Un = U,,+K, Vfl =

D(f(Wk, W~ Wk±,,,)) the lattice (19) will bea finite Hamiltoniansystem
of ordinarydifferential equationsof the form

=f( W~+ , +2~... Wk+ ,~+
Ip~\ /ÔH/8p’\

where W,,= (u~,... u,,”, v,’, v~)
T.(D— l)~ is the

inverseoperatorto (D—1). In general(D— 1)_I is ~pr)~8H]i~p’)’ (20)
an infinite formal series

whereSis a constantantisymmetricmatrix, r= 2KN.
The HamiltonianHis determinedwith the help of

the formula
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K UU~_a~kmUJVkUl~1,v’=V’, (24)
~ D’(p).

with the integrableequation
It is not hard to verify that eqs. (6) are Hamil-

tonian togetherwith their Hamiltoniandifferential— U~ U~—
2aJk,,,U’ V~U”

differenceanalogues.Therefore,whenwe construct _2a~k,nã~qrUJVPUaVrU?n
finite-gap solutionsof the Hamiltonian equations
(6), we can solve the correspondingHamiltonian V~= — V~.— 2ã~k,,,V~U~V
systemsof ordinarydifferential equations(20). + 2ã~k,fla~q.V1U”vaurV ‘~ . (25)

As in the caseof eqs.(6) (seeref. [6]), it is easy
to formulatesimpleconditionswhich are sufficient Let us show how the substitution (24) is gener-
for the lattice (5) to be a Hamiltonianone. It is suf- atedby theBäcklundtransformation(7). Let u’ and
ficient to assumethat N=M and the lattice has a v’, ü’ and 8’ satisfythegeneralizedSchrodingerequa-
conserveddensityof the form tion (6), (9) and they are linked togetherby the

transformation(7). If we substitute
h,,=Q,JU’fl+V’,,+P,Jk,flu’flU’flv~,,V’,~’, (21)

I = ~ VI= VI
where Q= (Q,~,)is a nondegeneratematrix. The
function (21) is a conserveddensityif andonly if U’ = U~— ajk,fl U~Vk~
the matrix Q satisfiesthe condition ~= — ~ VJUkV~n (26)

Qirã~j,nQr,na~q0. (22)
in theequations

The Schrodingerlattice (5) satisfyingthiscondition
may be representedas (19) whereR=Q’,

p=h
0=Q,1u~v~+ ~ = —v~~_2a~k,nv1UkVPn

From the algebraicpoint of view the relationship weseethat U’ = ~ V
1= v’ satisfyeq. (25).Notethat

(22) meansthat (Q,~)is thematrix of an invariant the last two relationships(26) are anotherform of
bilinear form definedon a triple algebra L. It is the Bäcklund transformation(7).
known (seeref. [17]) that any Jordanpair L pos- It is easyto seefrom (26) that eqs.(6), (9) and
sessescanonicalinvariantbilinear forms.The struc- (25), (9) areconnectedwith eachothernotonly by
tureconstantsaJk,,,, a

1~,,,definematricesof thesebi- the differentialsubstitution (24) but also by
linear forms by the formulae ~ u’, 1= — V’~ aJk,,,VjUkV1~1.

Q,, =tr(a(i,j)), ~ =tr(ã(j, i)). (23) Notethata substitutionoftheform (24)connecting

Invariantbilinearformsarenondegeneratein thecase a “scalar” equationof the form (25) with eq. (2)
of simpleJordanpairsL correspondingto nonred- hasbeenobtainedin ref. [9] in a similarway.
ucible lattices.Thereforeall the nonreducibleinte-
grablelattices (5) are Hamiltonianones. 6. The algebraicnatureof the relationshipsfor

constantswhich define the integrablegeneralized
5. It is known (seeref. [8]) that if an integrable Schrodingerequations(6) and their differential—

equationhas a Bäcklund transformation,one may differenceanalogues(5) is notunique.For example
usually constructa new integrableequation.The it hasbeenshown in refs. [10,11] that multi-field
equationsare connectedwith eachother by a dif- generalizationsof the scalarBurgersandKorteweg—
ferential substitution which is a Miura type de Vries equationsare closely connectedwith left-
transformation. symmetricandJordanalgebras.In thefuturewe hope

to find algebraicstructureswhich determinemulti-
Proposition 3. Every equation(6), (9) is con- field generalizationsof many other“scalar” integra-

nectedby meansof the differential substitution ble equationsof the form
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