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Abstract

We generalise to the two-dimensional case a list of integrable Toda type lattice equations. As a result, 1 + 2 dimensional
systems similar to the Davey-Stewartson coupled system are obtained together with explicit auto-Backlund transformations

and 2D Miura type transformations.

1. Introduction

In Ref. [1] (see also Refs. [2,3]), we developed a
transformation theory of the coupled Schrdédinger
type systems

iul= u.\'x-’_f(u,\" l)_\,, u, U)y
—iv,=v, +g(u,, v, u,v), (N

using a close connection between systems of the
class (1) and Toda type lattice equations (chains). To
all the key integrable systems of the Schrodinger
type (a complete list of them has been obtained in
Refs. [4,5]), there correspond integrable lattice equa-
tions of the form

qn.\,\‘ = F( qn.\-’ qn+l7 ns qn—l) (2)

(n is a discrete integer variable).
The shift transformation (n=> n + 1) in a chain
generates a special Backlund transformation for the

"On leave from: Ufa Instimte of Mathematics, Russian
Academy of Sciences, 112 Chemyshevsky Street, 450000 Ufa,
Russian Federation.

associated system (i.e. system (1) corresponding to
this chain). That is an explicit auto-transformation
which has the form of a differential substitution of
the second order

u' =F(u
v =G(u

v Unys Wy U s U, U)’

) (3)

and is invertible. The inverse transformation corre-
sponds to the backward shift (n + 1 — n) and has
the same form (3). Such a transformation brings
solutions of (1) again into solutions and allows one,
for example, to construct exact solutions (see e.g.
Ref. [3D.

On the other hand, all integrable lattice equations
of the form

XXx? U.\'.\' ’ u.\‘ » U

qn,\'.\'zp(qn_\" qn+IQqn’ qn-—anI) (4)

can be reduced to the Toda model by discrete Miura
type transformations (the reader can find all of them
in the next section). Those discrete transformations
generate continuous analogs for the associated
Schrodinger type systems (1). Since the Toda model
corresponds to the nonlinear Schrddinger coupled
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system, resulting continuous Miura transformations
reduce the associated syslems \U to the Schrodi inger
system.

In the present paper, we generalise this approach
to the two-dimensional case. First, we construct
two-dimensional analogs of known (see Refs. [6,1])
integrable chains (4) and obtain a list of lattice

equations of the form

qn.\'yzF(qn,x’ qny’ qn+l —qn’ qn ~qn—l) (5)

together with discrete transformations which relate
equations of that list.

There are new examples in the list. Chains which
are associated with 2D analogs of the degenerations
of the Landau-Lifshitz model seem to be most inter-
esting (see (22) below). In particular, the following
lattice equation,

+ : : 0, (6)
Tnxy ™ nxllny 9ner =490 90— 90— ’
corresponds to the totally isotrophic case.

Second, we build up systems of the Davey-
Stewartson type associated with chains of the form
(5). We obtain those systems, using continuous
analogs of discrete Miura transformations which link
together 2D chains (5). We also demonstrate that all
continuous 2D transformations we use (both auto-
Bicklund transformations and Miura type ones) not
only are local but also admit the local prolongation
to additional nonlocal dynamical variables which are
characteristic features of the multi-dimensional case.

2. Discrete Miura transformations in the two-di-
mensional case

We start with two classes of one-dimensional
chains related by M1ura type transformatlons The
1
1

tions,
4 2 4 RN N7 Y
uxx T \C1Dny T C2Gnx T3 )L INGnve1r — 4n)
—f(qn—qn—l)]’
f’=C]f2+C4f+C5. (7)

Here c; are arhnmrv constants, the function f is

rclc oliilfal A5talils, uric

defmed by an ordmary differential equation. One can
see that the well-known (exponential) Toda model

belongs to this class. The lattice equations (7) can be
Lomzn d 2 D Tl 2 Lt L ot o al . Lo (AN
10UIld 11 RCIL. [O] 1t WIICHH cquauuus O1 UIC 101111 \ &)
possessing local conservation laws of a high enough
order have been completely classified.

The following simple transformation,

u _1“({1111-1——(1'1)s UV, =4, (8)

maps (7) into the class

un.\'=p(un)(vn+l_vn)’ vn.\'=q(vn)(un~un—-l)’
(9)

with

p(z2)=c 2 +c,z+cs, q(z)=c, 2" +c,z+¢,.
This is the second class we discuss here. All the
systems of the form (9) can be found, for example,
in Ref. {1].

The lattice systems (9) are reduced to the Toda
chain by Miura transformations. In fact, if ¢, #0,
we can without loss of generality put p(z) = z* — b?
and ¢(z) = z> — a’. Now, either of two transforma-
tions,

anz(un+b)(un+l +a)’

v =(u,—b)(v —a),

0, = (14, = 8)(3, ~ @) (0
i,=(u,+b)(v,+a),

v, = (un—l —b)(un—a)’

gives the Volterra coupled system

w, =u(v,,,—v), v,=uv(u,—u,_,) (11)
By T U\ Vpy | T V) Uy TORU, TH, ) )
(the renumeration u, = w,,, v, =w,,_, allows one
tn nage tha yrcninl 4—‘ Af tha Unltarra amiatinn in
w PO.DD lU ul\' uouail lUAlll Ul uiv vullviia u\iuauuu 111

~
—_
Z
@
=
(¢}
(=5
=
(@]
o
o

terms of w,). In its turn, the syste
to the polynomial Toda chain

+uv,. (13)

We are now going to construct two-dimensional
local generalisations for all above transformations
except for (13) (a generalisation would not be local
in this case, see the conclusions). The first three of
them

un;_exp(qn+l_qn)9 Un:qny’

'
1\
~n=qn.\" 5n=qn_qn—l’ (15)
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Anzqn\v 8n=exp(Qn—qn—l)’ (16)
are direct analogs of (8). These link the chains

Qn_\’y:exp(qn-{»l —qn) —exp(qn_—QR‘l)’ (I?)
qn_\‘yzqn.\(qn+§—zqn+q')—~l)’ (18)

qn.\‘y = qn.\ [exp( qn+ [ qn) - exp( qn - qn- l)]

(19)
and the well-known 2D Toda and Volterra lattice
systems,
unyzun(un+l—vn)’ vn.\’=un—un—l' (20)
uny:un(un+l—vn)' Un.\'=vn(un_un—l) (21)
(cf. (12) and (11)). The chains (17) and (18) are
reduced to (20) by (14) and (13), respectively. The
relation between (19) and (21) is (16).

From our point of view the most interesting two-
dimensional chains are of the form

Quxy = (s + @) (40, = [ f( 4011 — 4,)
_f(qn_qn——l)]’
f=rio, (22)
where a and & are arbitrary constants. There is a
relationship between (22) and the 2D Volterra cou-

pled system (21), though it is not so simple as the
above transformations. In fact, introducing

unzf(qnn&l_qn)’ Un=qn.\" anqny’ (23)
we are led to chains of the form
u X (ui’. _bz)(UrH-l - Un)
U, (u - b )( Wy ™ )’
Doy =W, = (v, ta)(w, —a)(u,—u, ), (24)
which generalise the modified Volterra systems (9)
with ¢, # 0.

In contrast to (20) and (21), the lastice systems
(24) are, in a sense, nonlocal. However, the usual
structure is restored on the next step. Namely, using

the following analogs of the Miura type transforma-
tions (10) (any of them)

ﬁnz(un+b)(vn+l+a)’
bdn=(u,—b)(w,—a),
i, =(u,+b)(v,+a), (23)
by=(u,_,—b)(w,—a),

we obtain {21).

One of two compositions of (23) and (25) will be
the following transformation,
qﬂ X qn y

By= - f= - (2)
qn+l*qn qnvqn—l

if we restrict ourselves to the simplest case a =b =
0, flz) = —1/z. This local transformation reduces
the chain (6) of Introduction to the 2D Volterra
coupled system (21) (cf. Ref. [8], where (6) and (26)
have also arisen).

It is clear that up to point transformations there
are several main one-dimensional cases among (7)
and (9), and the chains (17)-(22), (24) generalise all
of them.

3. Auxiliary linear problems

The two-dimensional lattice equations presented
in the previous section are closely connected to the
Laplace—Darboux transformations of a second order
linear PDE with two independent variables which
can be written in the form

Lp=00,0+ad y+bdy+ch=0 (27)

(coefficients a, b, ¢ depend on x and y). Not only
the lattice equations arise in a natural way but also
corresponding L—A pairs and transformations relat-
ing these equations. We explain in this section how
to derive the 2D Toda and Volterra systems (20) and
(21) which play here the key role. If one consider
some different Laplace-Darboux transformations,
one could in principle be led to different (or even
new) integrable equations.
The Laplace-Darboux transformations

Ay g, LoL,

are defined by differential operators of the form
A=ad + B3 +y (28)

and transform solutions of (27) as follows: = A.
These operators have to satisfy the following opera-
tor relationship,

~AL=Ya,0/0]=0, (29)
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where
L=00,+ad +bs +¢,
A=ad + 3, +%.

Equating the coefficients a;; to zero, we can find
constraints for the coefflclents of A and A. For
example, a,) =a— & and a;, =B — B, therefore

B=B.
Also, Eq. (29) allows us to know how the coeffi-
cients of L are transformed.

The zeroth order Laplace—Darboux transforma-
tion is defined by the operator of multiplication by a
function y and is called the gauge transformation. In

this case A=A = v. The gauge transformation has
two invariants

A
a=Qa,

r=c—ab-b, p=c—ab-a, (30)

(r and p are not changed under its action, i.e. F=r
and p= p).

A classical example of the first order transforma-
tion goes back to Laplace and is defined by

LA,—AL,
=(3,0,+ a9, + b9, + ¢ )(9 +b,)
—(8,+b,)(8,9, +a,9, +b,3, + ¢c,)=0.
(31)
Relation (31) is equivalent to

a=a,, b=by—(logr), p=r, (32)

where r; and p, are the invariants (30) correspond-
ing to the operators L,. Formulae (32) allow us to
express the coefficients of L, via the coefficients of

L, and vice versa. The iteration of this transforma-
tion (31) which will be called the Laplace transfor-
mation generates a set of operators L, (i=0, +
I, £2,...).

The Laplace transformation is closely connected
to the 2D Toda model. Evidently, all the operators L,
have the same coefficients a;, = a. The gauge trans-
formation enables one to make a; =0 for all i, and
then L, = 3,8, + b9, + c,. Now, Egs. (32) give

ciy=Clbi = b)), by=c;—c; ), (33)

i.e. we are led to the 2D polynomial Toda chain (20)
((33) coincides with (20) if we change c¢; > u,, b
—v, xey).

The operators L, satisfy not only (31) but also the
operator relation

i

Li(ci)—]ayzay(ci—l)_ll‘i-l' (34)

One can verify the equivalence of (31) and (34) by

direct calculation. The last relation reflects the in-

vertibility of the Laplace transformation and gives

rise a new operator: B, = (c,)”'9,. It is easy to check

that the pair of the operators A; and B, generates the

auxillary linear problem for the 2D Toda chain.
First, the system of equations

A=y, BY= -y, (35)

rewritten as a pair of equations for ¢; and ¢,
immediately implies that Ly, =0 (k=1,i+1).
Thus, one can consider (35) just as a representation
of the linear equation (27) in the form of a sysiem of
two first order equations.

On the other hand, introducing the shift operator
T, we can rewrite the system (35) as follows,

(8, +6,—T " ),=0, (8,+cT)y=0. (36)

The consistency condition for (36) will be the fol-
lowing commutator relation,

[ +b,-T", 8, +cT]=0. (37)

So, we obtain the L-A pair of the 2D Toda system
(33) found in Ref. [9]. We will use this L—A pair for
the construction of higher symmetries.

The two-dimensional Volterra chain corresponds
to the case ¢; = 0 for all i and can be obtained by the
gauge transformation. Let us introduce a set of solu-
tions {¢;} of the linear equation (27) linked together
by the Laplace transformation, i.e. L;, =0, A;¢;,=
®;_,» where

L;=00,+bd,+c,, A;,=90 +b,.

Using the gauge transformation, we consiruct new
operators L, = ¢ 'L, ;¢; and new ¢-functions W, =
./ Itis clea: that L (// 0, and the correspond-
ing Lap]ace —Darboux transformatlon is defined by

A _‘PI—IA P;-
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The new operators have the form L, = 4, 8, +ao,
+ b,0,, where

a;= ¢,/ Bi=(10i—l/(Pi' (38)

It is easy to see that the functions ¢, satisfy the
equations

¢ =¢ioy — big, Piy= —CiPit - (39)

Using these equations together with Eqgs. (33) of the
2D Toda chain, we can check that 4, and b, satisfy
the 2D Volterra chain

a; = ai(bi+1 - bi)’ b, = —bi(ai —a;. 1)~ (40)
The chain (40) coincides with (21) if we change
a,— —u,, l;,-—-*v,,, xey.

Using (39), one can invert the formulae (38) and
obtain a transformation which will reduce the 2D
Volterra chain to the 2D Toda chain and will be a
two-dimensional analog of (13) (see the conclusions).
On the other hand, if we pass in (35) to the new
y-functions, we are led to new operators

{,=b "9, +1, B=—(a'9+1)

and, as in the previous case, obtain the L—A pair for
the 2D Volterra chain (40),

[o,+B(1-T7"), 8,—a(T-1)] =0. (a1)

It should be remarked that in the case of the periodic
closure L, y =L, the relations (37) and (41) define
zero curvature representations for corresponding hy-
perbolic systems. The spectral parameter can be
introduced by the Bloch periodicity property of the
-function: ¢, , = vis;. More precisely, the replace-
ment in (37) and (41) of the shift operator T by the
N XN matrix (7; ), such that 7,,,,=1,T,, =v,
and all other elements are zeros, gives the standard
(matrix) zero curvature representations.

4. Sketch of classification of Davey—Stewartson
type systems

In this Section, we (following Refs. [2,1]) con-
struct the associated systems for the two-dimensional
chains of Section 2 which will be integrable 1 + 2
dimensional systems similar to the Davey—-Stewart-

son coupled system. Systems associated with the 2D
Toda and Volterra chains are derived, using corre-
sponding L—-A pairs. For the construction of the
others, continuous analogs of discrete Miura type
transformations of Section 2 are used. In all the
cases, the above 2D chains generate explicit auto-
Biécklund transformations for corresponding associ-
ated systems.

As it follows from what has been said above, the
2D polynomial Toda chain (20) has the representa-
tion

[0 +u,T. d+0v,-T""]=0 (42)

(cf. (37). A more or less standard scheme allows us
to derive higher symmetries.
We can introduce formal series of the form

WO=uT-v -VT '~
WP=-T"'+v —UT-0T>— ...

in negative and positive powers of the shift operator
T, respectively, satisfying the Lax relations

Wn(.i) = [Wn(i)’ M"T] ’ W(i)dny = [W,,(”, v, — T ‘] .
(43)

The coefficients V,, V,, U,, U,,... of these series
will be called the nonlocal variables. For example,
the first of them are defined by the equations

Voy = Unys u(V,.,~V,)=u,..
Uye=uyy, U,=U,_,=v,, (44)

which easily can be obtained by (43). The right hand
sides of higher symmetries will be expressed in
terms of u,, v, and the nonlocal variables.

Higher symmetries are constructed, using powers
of the series W”, and we need the notations

i\ K ik ik 9 —
(Wn(t)) = ... +r,(,""")T+r,(,O""‘)+r,(, l,l.k)T 1
+....

There are the following simple formulae for the
higher symmetries (cf. Ref. [7]),

— _,(1L1Lo — LAy (LK)
un.xk Iyx N Un,\'k Fnlh ” »

— (0.2.k) __ .(0.2,k) — (0.2.4) ’
un'vk_un(rrH-l Fn )' Unv‘_rn,v N (45)
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In the case k=2,

rit 12) =
un( n+1 +Vn)’
rO2 =g+ U + U,

and we are led to two simplest higher symmetries of
{20} which can be written as foliows:

Uy, = Unee +2(8,,) 0
Upy, = —vnx_‘,+(V,,2)y+2u,,>\., (46)
Upy, = y+2(u,,u,,)y,
Vpy, = -u,,yy+(uf+2(]")y. (47)

One can see that (46) and (47) are infinite sets of the

sarmme \l + L} Ull’IlCl’lblUIldl byblcl[lb W[llLIl gcuc:lauac
the well-known dispersive water wave system,

u=u, +2(uv),,

v,=~v,  +(V¥),+2u, V,=v, (48)

y X

U

v,=~v, +(v*+2U),, U =u,. (49)

r x - %y

u y+2(uv)y,

The shift transformation (u,, v,) = (u,, . v,,,) in
the 2D Toda chain (20) gives us the following
explicit and invertible transformation,

* *

v*=v+(log u),, u' =utuv. (50)

vion fAAY sxin ~nan avnand thio trancfarmatian t
ll WC udC \"f‘fl, we cait ul\yauu Uiy ualmniuliiial, EA
the nonlocal variables,
V' =V+(logu),, U'=U+v;. (51)
Formulae (50) and (51) define the explicit auto-
Backlund transformation for both systems (48) and
(49). 1t brings solutions of (48) and (49) into solu-
tions and enables one to consiruct exact solutions.
In the case of the 2D Volterra chain (21), the

operator renresematmn is

[&‘+un(T—1),3y+vn(l—T_‘)]=O (52)

(cf. (41)). The chain is symmetrical: it is invariant
under the involution x < —y, u, < v_, . For this
reason, one needs formulae for the construction of
only one set of higher symmetries; the second set

can ha ohtained 1ncino 1 1 1
can be cbtained, using the involution. As in the

previous case, we introduce

satisfying Lax relations similar to (43). Higher sym-
metries can be constructed as follows,

— & — k k
Upy, = —gfn)’ vn\', - Un(gl(l—)l —gf; ))5
(k) = Z r(l 1.k) (53)

=1

If k=2, then g = —u2—u(V,,, +V,), and one
obtains a simplest higher symmetry. The correspond-
ing (1 + 2)-dimensional system has the form

u=u, + (w2 +2uv),,

Cose N s ~ =
Ut= —v.\‘.x-'-(v ))’+Z(uu).\" Vyzv.\"

(54)
and generalises an integrable system found in Ref.
[10]. It is invariant under the transformation

v'=v+(logu),, u =u+(logv*),,
V' =V+(log u),. (55)

The second system associated to (21) can be con-
structed, using the involution x € —y, te —7 y

P, UV, WeE aie led to one
dimensional system

!

< .A._h.. i1 )
Sift IpICE A1 7 4 )-

u,=u,, +(U?), +2(vu),,

v, = —vy“-i-(z}z-i-ZUU)y, U=u, (56)
which coincides with (54) if t= 7, x = y. In order to
have an auto-transformation not Gﬂly for (54) but
also for (56), we should add to (55) the following
formula,

U'=U+(logv"),. (57)

It should be remarked that, in the one-dimensional
case, the auto-Bicklund transformations (50), (51)
and (55), (57) have also been obtained for the first
time in Ref. [10] and, as in this paper, using the Toda
and Volterra chains.

Now, let us pass to systems associated with the
chains (17)-(19), (22). All of them can be derived,
using Miura type transformations, and will be re-
duced to (48), (49), (54) or (56). A system corre-
prllUlllg io UlC CXpOﬁeiltlal lUUd L l[l \l I} Wlll not
be written down because it is the well-known
Davey-Stewartson coupled system (there is an ex-
ample together with the explicit auto-Backlund trans-
formation in Ref. [3]).

At first, let us discuss a system associated with
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the chain (18). It has been shown in Ref. [1] that the
functions r, =gq,, 5, = —q,_, satisfy in the one-di-
mensional case a Schrodinger-type system of the

£i + hut intend t
form (1). We take the same functions, but intend t

obtain a (1 + 2)-dimensional system.

It is clear that the discrete transformation (15)
which reduces (18) to the 2D polynomial Toda chain
(20) can be rewritten in the form of a continuous

one,

u,=r

n ny>

v,=r,+s,. (58)

For the nonlocal variables U,, V, (see (44)), one has

Uy =rniye Vo, =(r, +5,), and the following for-
mulae can be added to (58),
U"=rny, V,=R,. (59)

Here R, is the nonlocal variable for a system we are
going to write down: R, = (r, +5,)..

Using the transformation (58), (59) and the sys-
temns (46) and (47), we easily find the time evolution
of r,, s,. In the second case (if we use (47)), we
cannot define the time evolution by differential poly-
nomials of r,, s,, R, and should introduce an addi-
tional nonlocal variable S,: S, =(s,r, —7r,s,.)

n'nx nnx’y*

As a result, the following two systems arise,
= r,\.x'+ 2Rr.\” S, = —S.\',\'+2Rsx,

R,=(r+s),. (60)

re=r,,+ (r2 +rs), +8,

s,= =5, (s +rs),~S. S =(sr,— rs.),
(61)

(we do not write n and change x, > 1t, y, > 7).
According 1o (58) and (59), the new systems (60)
and (61) are reduced by the transformation

u=r., v=r+ts,

U=r,, V=R (62)

to (48) and (49), respectively. Both systems (60) and
(61) are two-dimensional analogs of an integrable
system found in Ref. [11].

In order to obtain the explicit auto-Backlund
transformation which corresponds to the shift in the
chain (18), one should express r, ., s,,, in terms
of r,, s,, using (18) and the formulae r, =g, s, =

—4,_,- That transformation can easily be expanded
to the nonlocal variables R,, S, (one can rewrite the

functions (R,,, —R,), and (S,,, —S,), in terms
of r,. s, and then integrate them w.r.t. y and x).
The auto-transformation is of the form

sT=-r, r’+s"=r+s+(logr),.

R* =R+ (log r)..
ST=85+ [Zry— r(log rr‘)y]v.

It can be checked by direct calculation that (60) and
(61) are invariant under this transformation.

In two other cases, new systems and transforma-
tions are obtained in a similar way. In the case of the
chain (19), we use the discrete transformation {16),
the systems (54), (56) associated with the 2D Volterra
chain (21) and introduce new dynamical variables as
follows: r,=exp q,, s, =exp(—g¢,_,). Resulting
systerns and transformations have the form

Ry=(rs)v‘..
(63)

ro=r.+2Rr,, s,= -5 +2Rs

r,=r,, +r[(rs), +5].

;= —5),y+3[(r5)y_S]’ Sy = (sr(~rs',)y,
(64)

u=(10g ry.,, v=rs,

U=(log r),, V=R. (65)

st=r7' rs*=rs+(log(r./r)),.

R™ =R+ (log(r,/r))..

S* =S+ [2rs+ (log(r,7)),] - (66)

Systems (63) and (64) are generalisations of the
well-known nonlinear derivative Schrodinger cou-
pled system [12]. The transformation (65) reduces
them, correspondingly, to (54) and (56). The formu-
lae (66) define the auto-Bécklund transformation for
each of them.

The last example is closely connected to the
degenerations of the Landau—Lifshitz model. If we
start with the chain (22), use the transformations
(23), (25) reducing it to the 2D Volterra chain, and
introduce new variables r,, s, as in the case of the
chain (18), we are led to the following (1 + 2)-
dimensional system of equations,

re=ro +2(rl—a’)f(r+s)+4abr,
+2(r,+a)R,
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~s,=s,,+2(sl—a’)f(r+s) — 4abs,

-2(s,—a)R,
R =(f2-p0\(r —a)(s +a)
ty o\ OV RS R A SR
——(r".—a)(sy +a) ]

fr=f2_b2’ (67)
«© :ka ra h ara arhitrary constants. nnthar cucta
YYIIVIL u, v Alv daauviuaqal wvuliolalivoy LAAIVUIVD N Ol AL
associated with (22) can be obtained by the involu-

M
tion: x e —y, te —7, r& —s5, R e S The Miura
type transformation

u=[b+f(r+s)l(a+r),
v=[b—f(r+s)|(a+s,),
U=S+[b+f(r+s)](a+r,),
V=R+[b—f(r+s)l(a+s,)

reduces the associated systems to (54) and (56),
respectively.

Note that in one-dimensional case (x =y, R=0)
these systems will be the degenerations of the Lan-
dau-Lifshitz mode] rewritten by the stereographic
projection. The case a=b=0, f(z)= —z"' corre-
sponds to the isotrophic Heisenberg model, the case
a=b=1, f{z) = —tanh z corresponds to the
anisotrophicone. If a=1, b=0, f(z)= —z~ ', then
one has one more known integrable system (see e.g.
Refs. [4,5]).

5. Conciusions

In the previous section, we have constructed for
each of the chains (18)-(22) exactly two associated
systems which exemplify integrable (1 + 2)-
dimensional systems of equations. It is clear that any
linear combination of such a pair of associated sys-
tems will be integrable too. This linear combination
admits the same explicit auto-Backlund transforma-
tion we have written down for the corresponding two
systems. In the case when there is a transformation
which reduces both the associated systems to (48),
(49), (54) or (56), the linear combination of these
systems will be reduced by the same transformation

(A
to lllC SAIIITC llllCal LUlllUlllauUll Ul l.llC byblclllb \“"O/

and (49) or (54) and (56).
It is known that the Miura type transformations

are not local in the case of the Kadomtsev—
Petviashvili type equations (see e.g. Refs. {13,14]).
The transformation

u unvn+l’

which reduces the 2D Volterra chain (21) to the 2D
Toda chain (20) is of the same kind. It is interesting
that, unlike those, all the 2D discrete transformations
of Section 2 are local. The continuous Miura type
transformations of Section 4 as well as the auto-
Biécklund transformations not only are local as them-
selves but also admit the local prolongation to addi-
tional nonlocal variables.

In the one-dimensional case, there is a complete
list of integrable chains of the form (2) obtained in
Ref. [6]. It consists, up to point transformations, of
the chains (7), the chain
Gnix = exp( 9n+1 — 2qn + qn-1 ) ’ (68)
and one more exceptional lattice equation which
generates the explicit auto-Bécklund transformation
for the Landau-Lifshitz model and has a form differ-
ent from (4). If we restrict ourselves to chains of the
form (4), the list of equations (7) and (68) becomes
complete. We have succeeded to build up two-di-
mensional generalisations for all the integrable chains
(4); a 2D analog of (68) can easily be added to the
chains of Section 2 and will have the form
qn.vy = exp( Dn+r1 2qn + q,- 1)

(it is reduced to (17) by the obvious transformation
G0 = ns1 = 4, e

Schrédinger type systems (1) associated with the
integrable chains (4) cover the key integrable cases
except for the Landau-Lifshitz model [1]. Thus, one
can hope that the (1 + 2)-dimensional systems con-
structed in Section 4 exhaust, in a sense, a list of
Davey-Stewartson type systems. Of cause, the prob-
lem of the generalisation of the Landau-Lifshitz
model remains open.

~ A la N
b, = d.\‘ dyun + Ups
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