Yvan Saint-Aubin

Luc Vinet
Editors

Algebraic
Methods 1n
Physics

A Symposium for the 60th
Birthdays of Jifi Patera and
Pavel Winternitz

With 17 Illustrations

&) Springer



Yvan Saint-Aubin

Département de mathématiques
et de statistique

CRM, Université de Montréal

C.P. 6128, succ. Centre-ville

Montréal, Québec H3C 3J7

Canada

saint@math.ias.edu

Editorial Board

Joel S. Feldman

Department of Mathematics

University of British Columbia
Vancouver, British Columbia V6T 172
Canada

feldman @math.ubc.ca

Yvan Saint-Aubin

Département de mathematiques
Université de Montréal

C.P. 6128, succursale Centre-ville
Montréal, Quebec H3C 3J7
Canada

saint@dms.umontreal.ca

Luc Vinet
Département de mathématiques
et de statistique
CRM, Université de Montréal
C.P. 6128, succ. Centre-ville
Montréal, Québec H3C 3J7
Canada
vinet@crm.umontreal.ca

Duong H. Phong
Department of Mathematics
Columbia University

New York, NY 10027-0029
USA

phong @math.columbia.edu

Luc Vinet

Department of Physics
McGill University
Rutherford Building
Montreal, Quebec H3A 2T8
Canada
vinet@vpa.mcgill.ca

Library of Congress Cataloging-in-Publication Data
Algebraic methods in physics : A symposium for the 60th

birthdays of Jifi Patera and Pavel Winternitz
Yvan Saint-Aubin, Luc Vinet [editors].
p. cm.—{(The CRM series in mathematical physics)
Includes bibliographical references and index.
ISBN 978-1-4612-6528-3 ISBN 978-1-4613-0119-6 (eBook)
DOI 10.1007/978-1-4613-0119-6
1. Mathematical physics—Congresses. 2. Algebra—
Congresses. 1. Patera, Jifi. II. Winternitz, Pavel
III. Saint-Aubin, Yvan. IV. Vinet, Luc. V. Series: CRM series
in mathematical physics.
QC19 .2 .A44 2000
530 .15"2 21 00-61863

Printed on acid-free paper.

© 2001 Springer Science+Business Media New York

Originally published by Springer-Verlag New York, Inc. in 2001

Softcover reprint of the hardcover 1st edition 2001

All rights reserved. This work may not be translated or copied in whole or in part without the written
permission of the publisher (Springer SciencetBusiness Media, LLC), except for brief excerpts in
connection with reviews or scholarly analysis. Use in connection with any form of information storage
and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed is forbidden.

The use of general descriptive names, trade names, trademarks, etc., in this publication, even if the former
are not especially identified, is not to be taken as a sign that such names, as understood by the Trade
Marks and Merchandise Marks Act, may accordingly be used freely by anyone.

Production managed b}-' A. Orrantia; manufacturing supervised by Jeffrey Taub.
Photocomposed copy prepared by the editors.

987654321

ISBN 978-1-4612-6528-3 SPIN 10778273



10

Conditions for the Existence of
Higher Symmetries and
Nonlinear Evolutionary
Equations on the Lattice

D. Levi and R. Yamilov

ABSTRACT In this paper we derive a set of five conditions necessary for
the existence of generalized symmetries. We apply them to a class of dynam-
ical equations on the lattice, depending on nearest neighboring interaction,
which has a four-dimensional Lie group of continuous point symmetries.

1 Introduction

When considering differential equations we have many effective tools to
integrate them, for example, Lie Group techniques [2, 12, 16]. This is not
the case for difference equations, where few results are known [5-8, 13].
Thus it is very important to introduce new tools to be able to treat dif-
ference equations, as often discrete equations present “discrete” features
that are lost in the continuum limit approximation. This is especially the
case for nonlinear differential-difference equations, which are important in
applications.

As in the case of partial differential equations, there are a certain num-
ber of difference equations that are integrable [1, 4], as, for example, the
Toda lattice, which has a Lax pair, Backlund transformations, an infinity
of conserved quantities and symmetries, and an infinity of explicit exact
solutions. However, in order to improve the techniques for studying differ-
ence equations we first need us to find new integrable difference equations.
There are various possible approaches to this problem. One possibility is to
construct integrable difference equations of a given form by starting from
the integrability conditions (i.e., Lax pair). A second possibility is to start
from a class of equations of the desired form and deduce the integrable
cases by applying some integrability conditions.

This second approach will be considered in the following. This relies on
the so-called formal symmetry approach introduced by A.B. Shabat and
collaborators in Ufa (see, e.g., review articles [10, 11, 15]) by which the
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authors classified all equations of a certain class that possess a few gener-
alized symmetries of a certain kind. Such an approach has been introduced
at first to study partial differential equations but then the procedure has
been extended to the case of differential-difference equations [14, 17, 18|.
In such an approach, one introduces conditions under which one can prove
the existence of at least one (or more) generalized symmetries.

The class of nonlinear differential-difference equations we will consider
in the following is given by

Un,¢(t) = fn(un—l(t)’un(t)a“n+1(t))v (1.1)

where u,(t) is a dependent field expressed in terms of its independent
variables, t varying over the reals and n varying over the integers. Equa-
tion (1.1) is a differential functional relation that correlates the time evo-
lution of a function calculated at the point n to its values in its nearest
neighboring points (n+ 1,n — 1). A peculiarity of the choice of Eq. (1.1) is
the fact that its right-hand side is not a function—i.e., it is not the same
for all points in the lattice—but for each point of the lattice one has an
a priori different right-hand side. In fact, we can think of Eq. (1.1) as an
infinite system of different differential equations for the infinite number of
functions u,. By proper choices of the functions f,, Eq. (1.1) can be re-
duced to a system of k coupled differential-difference equations for the k
unknown ufn or to a system of dynamical equations on the lattice. Let us
assume that f,, and u,, are periodic functions of n of period %, i.e.,

k-1

F (ot (8), (8, 1 (6) = 3 PE_ £t 1 (8) i (8), 1 (1),

§=0
k—1
Up = Z P,r’f_]u',zn,
§=0
where P* is a projection operator such that for any integer m, such that
n = km + j with 0 < j < k — 1. The following relations are true:
PE.=1, P& . =0 (j=12,... ,k-1)
then Eq. (1.1) becomes, for example, in the case k = 2, the system

0 07,1 0 1
um,t = f (um—hum’um)?

1 0

(1.2)
fu’in,t = fl(u9n7um’um+1)'

A subclass of Eq. (1.2) of particular relevance for its physical applications
is given by dynamical systems on the lattice, i.e., equations of the type

Xn,tt = g(Xn+1 — XnyXn — Xn—l)- (13)
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So part of the results presented in Ref. [8] can be further analyzedd for
the existence of generalized symmetries and of their integrability using the
conditions presented here as these equations can be written in the form
(1.3).

Section 2 is devoted to the construction of a certain number of conditions
(the simpler ones) necessary to prove that an equation of the class (1.1) has
generalized symmetries and higher-order conservation laws. The obtained
conditions thus obtained are applied in Section 3 to the case

un,t - P5+1eun+lgn(un+1 - un—l) + Pga )\n(un+1 - un—l): (14)

where g,((,) is a set of functions and )\, is a set of constants. This equation
describes a class of dynamical equations

V41 — Uk Ve+1 — Uk
Vktt = eXp<—)Gk (— — Vg — Vg—1€k |,

Ek+1 Ek+1 (1 5)

-1
Ugk = —————, Ugk—-1 = Ukt, Gok—-1 =Gk, A2k =¢,,

having a four-dimensional group of point symmetries and including the
Toda lattice as one of its members [8]. A more complete set of results on
the conditions associated with the class of Eqgs. (1.1), together with other
examples of equations that pass the test, can be found in Ref. [9].

2 Construction of the Classifying Conditions

Before considering in detail the problem of constructing generalized sym-
metries to Eq. (1.1) we will introduce a few definitions necessary for future
calculations.

A function g, depending on the set of fields u,, for n varying on the
lattice, will be called a restricted function and will be denoted by the symbol
RF if it is defined on a compact support; i.e., if

gn = gn(un—l-iaun—l—i—l) ceeyUnyjga, un—{—j)a { > ja (21)

and 7 and j are finite integer numbers. If there exist, in the range of possible
values of n, values k and m such that

gk Ogm

then we say that the function g, has a length ¢ — 7 + 1.
Let us define the shift operator D by

Dgn(Untiy-- - Untj) = gnt1(Untit1s - - Untjt1)-

Then we can split the RF into equivalence classes.
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Definition. Two RF an(Untiys---sUntj,) and bp(Unsy, ..., Untj,) are
said to be equivalent, denoted by a,, ~ by, if

ap, — b = (D — 1)cy, (2.3)
where ¢, is an RF.

Let us notice that any function that is equal to a total difference is
equivalent to zero; i.e., a, = (D —1)c, ~ 0. If an RF a,, of length i —j +1
(i > j) is equivalent to zero, then there will exist, by necessity, a RF ¢, of
length i — j such that a, = (D — 1)c, and consequently

8%a,,

8un+i8un+j =0 (24)

In the case i = j, (das)/(dunsi) =0, i.e., a, is an invariant function, that
is a function which depends only on n.

We can moreover define the “formal” variational derivative of an RF a,,
of length ¢ — j + 1 as

n—j

da, Oay,

Oy,

If a,, is linear in u,, then da,/du, is an invariant function. However, if it
is nonlinear, then da,/dun = gn(UntnN, ..., Un—N), Where Ogx/Ougrn # 0
for some k and 8¢y, /Oum—n # 0 for some m. It is easy to prove that if a,
is an RF equivalent to zero, then the formal variational derivative of a,, is
zero. The inverse is also true; i.e., if day,/du, = 0, then a,, is equivalent to
Zero.

Given a nonlinear chain (1.1), we will say that the RF g, (tn4i, - .., Un+j)
is a generalized (or higher) local symmetry of order i (more precisely, of
left order ) of our equation if

Un,r = Gn(Untis- - Untj), (2.6)
is compatible with (1.1), i.e., if
0:0r (Up) = 070 (up). (2.7)

Making explicit condition (2.7), we get

(0r = f2)gn =0, (2.8)
where by f» we mean the Frechet derivative of the function f,, given by
o O O Ofn_p-1_ fOD+ O+ VD=t (2.9)
8Un+1 6un aun—l

Equation (2.8) is an equation for the symmetries g,, once the function f,
is given.
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Given a symmetry we can construct a new symmetry by applying a recur-
sive operator, i.e., an operator that transforms symmetries into symmetries.
Given a symmetry g, of Eq. (1.1), an operator

m

Ly= Y 19D (2.10)

Jj=—00
is a recursive operator for Eq. (1.1) if g,, given by
§n = Lngn (211)

is a new generalized symmetry associated with (1.1). Equations (2.8) and
(2.11) imply that

A(Lyp) = Lpt — [fr, Ln] = 0. (2.12)
Moreover from (2.8) it follows that
Algy) = 0-(f7)- (2.13)

Equation (2.13) implies that, as its right-hand side is an operator of order 1
(see (2.9)), the highest terms in the left-hand side must be zero.
Thus we can define as approrimate symmetry of order i and length m, the

operator G, = ch:i_m 41 9% Dk such that the m terms of highest order

of the operator A(G,) = Zili_m o D* are zeros. Taking into account
Eq. (2.13), we find that we must have ¢ — m + 2 > 1 if the equation
A(Gr) =0, (2.14)

is to be satisfied. From this result we can derive the first integrability
condition, which can be stated in the following theorem:

Theorem 2.1. If Eq. (1.1) has a local generalized symmetry of order i > 2,
then it must have a conservation law given by

d;log f{ = (D - 1)gV, (2.15)

where qg) is an RF.

The next canonical conservation laws could be obtained in the same way,
namely, by assuming the existence of a higher symmetry so that we may
consider an approximate symmetry of higher length. This procedure can
be carried out, and leads to the following theorem:

Theorem 2.2. If Eq. (1.1) has two generalized local symmetries of order
1 and 1+ 1, with i > 4, then the following conservation laws must be true:

afn 8fn
P =log o =, pP =gl +
Un+1

ou,’ (2.16)

afn 8fn—l—l

1
3) _ (2) 4 1/ (2))2
) =qy + 5oy’ )"+ Tunss Oun

2
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where i (k =1,2,3) are some RFs.

Thus, if Eq. (1.1) has local generalized symmetries of high enough order,
we can construct a few conservation laws depending on the function on the
right-hand side of Eq. (1.1).

One can divide the conservation laws into conjugacy classes under an
equivalence condition. Two conservation laws p,: = (D — 1)q, and r, ; =
(D —1)s, are equivalent if

DPn ~ Tn. (2.17)

A local conservation law is trivial if p, ~ 0. If p, ~ rp(uy,), with r], # 0
for at least some n, then we have a conservation law of zeroth order, while
if pp ~ T (UnanN, .-, Un), N >0, and (62r,,)/(0undunyn) # 0 for at least
some n, the conservation law is of order N.

An alternative way to define equivalence classes of local conservation
laws is via the formal variational derivative. Let us denote by p,, the formal
variational derivative of the density p,, of a local conservation law, i.e.,

5 = OPn

= . 2.18
If the local conservation law is trivial, then p, = 0. If it is of order
zero, then p, = pn(u,) # 0 for at least some n. And if it is of or-

der N, then p, = pn(UntN,-- -, Un,...,Un_N), Where Op,/Ounin # 0,
(Opn)/(Oupn—n) # 0 for at least some n. Then, for any conserved density
Pn, by direct calculation, we derive the following relation:

Dn,t ﬁnfn ~ 0. (219)

By carrying out the formal variational derivative of Eq. 2.19 we get that
the formal variational derivative p,, of a conserved density p,, satisfies the
following equation:

(0 + f27)Pn = 0, (2.20)

where the transposed Frechet derivative of f, is given by

8fn Ofn  Ofn_1 . _ _ _
f;T:"g—@LﬂD+a£ + gu LD = fUVD + 7O 4§ D1 (2.21)

Let us consider the Frechet derivative of p,, for a local conservation law of
order N. In this case, we have

N -

- Op

pr= Y pPDF PP = # (2.22)
ke—N n+k

We can construct the following operator:

B(Sn) = Snt + Snfr+ f218,, (2.23)
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where l

Sp= > sP @)D (2.24)

j=—o00

Taking into account (2.8) and (2.20), one can easily prove that

Pn = Sngn. (2.25)
Let us construct
B(p;) =Y b (t)D*, (2.26)
k

where b%k)(t) are some RFs. It then follows from Eq. (2.23) that ") are
different from zero only for —2 < k < 2.
In this way, for a sufficiently high order conserved density p,, we can

require that
B(p,)=0 (2.27)

is approximately solved. If the first m < N — 1 terms of the Frechet de-
rivative of p,, satisfy Eq. (2.27), then we say that we have an approrimate
conserved density of order N and length m. Taking into account all the
results up to now, we can state the following theorem:

Theorem 2.3. If the chain (1.1) has a conservation law of order N > 3,
and condition (2.16) is satisfied, then the following conditions must take
place:

r®) = (D-1)sl (k=1,2), (2.28a)
with
r) =log[—fN/FTV), rP = sy 4270, (2:28)

where s%k) are RFs.

Conditions (2.16) require only that f7(11) # 0. An analogous set of condi-

tions could be derived if we required that just fr(l_l) # 0 for all n. They can
be derived in a straightforward way by considering expansions in negative
powers of D instead of positive, as we have done up to now. This set of
conditions also will have the form of canonical conservation laws,

d,pt® = (D —1)g®, (2.29)

and conserved densities will be symmetric to those of (2.16). For example,

P = log(— i ) (2.30)

aun—l

Let us notice moreover that if HS" and H® are two solutions of (2.27)

of different order, the operator

K, =HW"1H?, (2.31)
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satisfies (2.12) and thus it is a recursive operator. Consequently, if we start
from two approximate solutions of (2.27), i.e., two Frechet derivatives of
formal variational derivatives of conserved densities, we can, using (2.27),
get an approximate symmetry.
If we compare conditions (2.16), (2.28), and (2.29), we can see, for ex-
ample, that
(1) — p(l) ﬁ%l), (2.32)

i.e., the first of conditions (2.28) implies that p( )~ fa‘,}). Thus the first
canonlcal conservation laws of (2.16) and (2.29) are equivalent.

The solutions of the conditions, be they those obtained by requiring ex-
istence of the generalized symmetries or those of local conservation laws,
provide the highest-order coefficients of the Frechet derivative of a sym-
metry or of the formal variational derivative of a conserved density. Those
coefficients are the building blocks for the reconstruction of the symmetries
or of the formal variational derivatives of the conserved densities. In fact,
the knowledge of g = (Ogn)/(Ouptr) with k = 4,4 — 1,... for a few
values of k, gives a set of partial right-hand equatlons for g, Wlth respect
to its variables, whose solution provides the needed symmetry. In the same
way we can reconstruct variational derivatives of conserved densities. There
is, however, a more direct way to obtain conserved densities. In fact, if we
know the highest coefficients of L,,, the solution of Eq. (2.12), we can obtain

several conserved densities by computing p(J ) = res(L?) for j = 1,2,...,
where res(L7,) denotes the coefficient of D? in L7.

It is worthwhile to show here how all five conditions (2.16), (2.28) can
be rewritten in explicit form. Such explicit conditions can be easily verified
using a computer and thus they can be the starting point for the construc-
tion of a program like DELIA [3] to check the integrability of differential-
difference equations of the form (1.1).

A condition is explicit if it has the form A, = 0 Vn, where A, is a
function depending only on f,, and its partlal derivatives with respect to
all u,4;. Let us define the functions Py(l = 5/5un8tp(k) (k) = 6/(5unr(k

for k=1,2 and S /0un 0y p(?’) (1)P(2) The five explicit conditions
are given by

P® =0 RO =0 vn, k=123 1=1,2. (2.33)

The functions pﬁl), n(l) are already explicit, and from them one can

derive all partial derivatives 8q§zl)/ OUnp 4, 9sY /Oun+; and then express

8 pn , ). in an explicit form. For example, from (2.28) we have r$?) =

/8unfn - 8r(1)/3un_1fn_1 + 20f, /Ouy,. Let us now consider P ).
We have

a.fn 8fn 1 8f
(3) — (2) 4 dn Zintl ) (1) | (2)
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Using (2.16) with k = 2, one can find all the part1al derivatives of q( ) and
consequently get an explicit expression for 8tqn 2, Using (2.16) with k =1,

we can obtain not only the functions qul_gi /Ouy, but also all differences

(1)

i ( ) . Consequently, as

)
9 (qa,p@) — ¢ p@
dup, ’

5 )
_Z q”“&pfflz Z (andi — a5 3»:?531@ (2.34)

we can easily write down the explicit form of Pr(tg).

3 The Toda Lattice Class

In the following we learn about integrability of differential-difference equa-
tions of the form (1.4). The following conditions must be imposed to ensure
that (1.1) represents an evolutionary difference equation:

Ofn _ P2, e+ (ga+ gl) + P2An £0, (3.1)
aU'n—i—l

_ 8fn 2 Un41 2
5 —P+e g, + PoAn, #0. (3.2)

This means, in particular, that A, # 0 for n even. As the A,, do not exist
in our equation for n odd, we can make them arbitrary for n odd and then
assume that \,, # 0 for all n. Analogously, we have to require that g;, # 0,
gn + g, # 0 for all n. We can than formulate the following theorem:

Theorem. A chain of the form (1.5) satisfies the classifying conditions
(2.16), (2.28) iff it is related by a point transformation of the form u, =
QplUn + Bn to one of two following chains:

Unt = P3+1 (exp Uni1 — €xpUn—_1) + P2(Unt1 — Un_1), (3.3a)
u — Uy
Un = P24 exp(%) + P2ap 4100 1(Uns1 — Un_1), (3.3b)
n

with a, = an + B where a and 3 are arbitrary constants.

To prove this theorem we first consider the conditions (2.28). As we have
(2.32),

0
Y =log % = P2, (Uns1 +108(gn + g7,)) + P2 log An, (3-4)

Ofn
) — log<—%) P2 (un+1 +loggl,) + PZlog An, (3.5)
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and consequently ry) = = P2, ,H,, where H,, = log(g, + g},) — log g/,. Hence
P2 H!!=0, ie, P2 H,=anv,+ by, (3.6)

where v, = Upy+1 — Un—1, and a, and b, are constants that depend on n.
Consequently we must have a,—1 = a,41 for all n. Thus from (3.6) we get
that

a, = P2+1a (37)

(1)

where a is a pure constant. So the condltlon rn’ ~ 0 implies (3.6) and

(3.7). We find moreover that r = 8,5V . Consequently
aPzﬂ()\n_l — )\n+1) = 0. (38)

Let us consider the first canonical conservation law. It follows from
(2.32) that this condition is equivalent to 8o ~ 0. Since i) ~ P2u, +
P2, logg,, (see (3.5)). Then we must have

Pr%+1(log g':z,),/ =0, 1ie, P? n+1 log gn CnUn + dp, (39)

where ¢, and d,, are constants depending on n.

By comparing (3.6) and (3.9) we obtain an explicit formula for g,,. Since
for any function 6, the formula P2, exp(P2,,6,) = P2, exp0, is valid,
we get from Eq. (3.9)

P2 195 = P2 exp(cpvn +dp). (3.10)
Using (3.6) we are led to the following formula for g,:
P2 19n=P2 exp((a+cn)vn +bn + dy) — P2, exp(cnvy +dy). (3.11)

Moreover the consistency between (3.10) and (3.11) implies that we must
have

a(a—1) =0, (3.12)

P2 (1+cp)a=0. (3.13)

Let us first consider the case a = 1. Condition (3.13) gives P2 ¢, =
—P? 1 and it then follows from (3.8) that Aax = Aog—2 = A, where A is

a constant different from zero. Taking into account formula (3 11), we get
that the chain thus obtained is of the form

Un,t = Pg_g_l (eXp(un+1 + an) - exp(un—l + ﬁn)) + (un—i-l - un—l)Ps)H

where o, B, are some constants depending on n. This chain can be fur-
ther simplified, using simple point transformations. If we apply first the
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transformation @, = (P2 A+ P?)u,, and then u, = u, + P2a,_1, we can
reduce it to the form

Un,t = P21 (expunt1 — exp(un—1+Yn)) + (Uny1 — un—1) P2,

where +, are some n-dependent constants. Moreover, we have 8tp$b2) ~
2P2 exp(uy)(1 — expyn+1). Since P2, expy, = P2, for all n, the chain
takes the form (3.3a).

Let us consider now the case a = 0. It follows from (3.11) that P2, g, =
P2, exp(cpvy + dy)(exp by, — 1) so that the function exp b, — 1 cannot be
zero for odd n, as g, # 0. This means we can redefine d,, so that (1.4) takes

the form

un,t
= ,%H exp[(l + ¢p)Unt1 — CpUn—1 + dn] + (Ung1 — Un_1)P*An.  (3.14)

As in the previous case, the chain (3.14) can be simplified, using point
transformations of the form w, = a,u, + B,, and we get the following

chain; y
Ut = fn = P2, exp 5-’1 + P2b, vy, (3.15)

n
where v, = %,4+1—Un—1 and a, and b, are some nonzero constants depend-
ing on n. To fix a,, and b,, we use two of the conditions (2.16) that will give
us two other constraints. It is easy to see that pi’ = P2, (vn)/(an) + by,
and that

b -1 b 1 v
oD ~op2 2ot nHl ey R
*Pr ntl an—2 On+2 P Qn
Thus we get the constraint
P2 A, =0. (3.16)

Introducing b, such that b, = l;nanﬂan_l, we obtain from (3.16) that
P2b,, = P2b, where b is a constant different from zero. Therefore

P2b, = bP2ay 1051, (3.17)

and we obtain

Taking into account the form of (3.15), it follows that we can set a,, = cn+d
for all n. The chain (3.15) with b, satisfying (3.17) has the form

v

2 n 2

Un,t = Py 1exp . +bP an+1Gn—1Vn,
n

i.e., coincides with (3.3b) up to the constant b. This constant, however, can
be easily removed, using an obvious point transformation.
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If we go over to the class (1.5), we see that, in case (3.3a),
e =1, Gk =1- exp((vk - Uk-—l) - (vk-l-l - ’Uk)),

and this is the Toda model for the function vg. The chain (3.3b) is a new
example of an integrable (and n-dependent) equation. In this case, the
chain equation can be rewritten, setting, for simplicity, cx = aox—1 as

Vk,tt = €XD [Cht1 (V41 — V) — Ch—1(vk — Vk—1)]. (3.18)

It belongs to the class (1.5), as

Gr(Ck) = exp(0kCk), Ok = Ck—1€k, Ck+1€k+1 — Ck—1Ek = L.

As ¢ is linear in k, Eq. (3.18) can be written as

Ukt = €XP(Chk+1Vk+1 — 2CkVk + Ck—1Vk—1)

and by an obvious point transformation, we can remove the ¢, and obtain
the potential Toda equation:

Vk,tt = exp(Vk+1 — 20k + Vk—1). (3.19)
This reduces to the Toda equation by the transformation

Uk = V41 — Vk-

This implies that Eq. (3.18) is completely integrable.

In conclusion we state that the only equation in the class (1.4)—(1.5) that
possesses generalized symmetries characterized by RF is the Toda lattice.
Point symmetries by themselves are not sufficient to discriminate between
integrable and nonintegrable equations. At least in the case of dynami-
cal systems on the lattice depending on nearest neighbor interaction, the
existence of a large group of continuous Lie point symmetries is not an
indication that an equation is more integrable.
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