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Abstract

Using the generalized symmetry method, we carry out, up to autonomous point
transformations, the classification of integrable equations of a subclass of the
autonomous five-point differential-difference equations. This subclass includes
such well-known examples as the Itoh—Narita—Bogoyavlensky and the discrete
Sawada—Kotera equations. The resulting list contains 17 equations, some of
which seem to be new. We have found non-point transformations relating most
of the resulting equations among themselves and their generalized symmetries.

Keywords: integrability, generalized symmetry, classification, non-invertible
transformation

1. Introduction

The generalized symmetry method uses the existence of generalized symmetries as an inte-
grability criterion and allows one to classify integrable equations of a certain class. Using
this method, the classification problem has been solved for some important classes of partial
differential equations (PDEs) [29, 30], of differential-difference equations (DAEs) [8, 40],
and of partial difference equations (PAEs) [14, 28].

This is not the only integrability criterion introduced to produce integrable PAEs. Using
the compatibility around the cube (CAC) technique introduced in [9, 33, 34], Adler, Bobenko
and Suris (ABS) [5] obtained a class of integrable equations on a quad graph. More recent
results on this line of research can be found in [6, 12, 17]. All equations obtained by ABS
and their extensions have generalized symmetries which are integrable DAEs, belonging to
the classification presented in [25, 40] and given, in general, by DAEs defined on three-point
lattices [18, 19, 24].

1751-8121/17/125201+27$33.00 © 2017 IOP Publishing Ltd Printed in the UK 1
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Recently one can find many results in which PAEs defined on the square but not deter-
mined in the ABS classification or in its extensions have generalized symmetries defined on
more than three-point lattices [1, 14, 31, 35]. An extension of the classification of the integra-
ble PAEs defined on a square is very difficult to perform. An alternative that seems more easy
to perform is to classify integrable five-point DAEs

un - \IJ(un+2’ Upt1, Up, Up—1, un72)- (11)

Here u, is derivative of u, with respect to a continuous variable ¢. Few results in this line of
research are already known, see e.g. [2—4, 16]. The integrable PAEs are then obtained as
Bicklund transformations of these DAEs [15, 22, 23, 26]. The best known integrable example
in this class is the Ito-Narita—Bogoyavlensky (INB) equation [10, 21, 32]:

Up = Uy(Upy 2 + U1 — Up—1— Uy_2). (1.2)

Volterra type equations

iy = Py 1, Uny Un—1) (1.3)

have been completely classified [39], and the resulting list of equations is quite big, see the
details in the review article [40]. The classification of five-point lattice equations of the form
(1.1) will contain equations coming from the classification of Volterra equations (1.3). For
example, they appear if we consider equations of the form

iy, = q)(un+27 Uy, un—2)- (14)

It is clear that if u, is a solution of (1.4), then the functions #; = uy; and &y = upy satisfy
(1.3) with k instead of n. Equation (1.4) is just a three-point lattice equation equivalent to (1.3).
A second case is when we consider generalized symmetries of (1.3). Any integrable Volterra
type equation has a five-point symmetry of the form (1.1). See the explicit results for Volterra
type equations presented for example in [20, 36, 37, 40].

To avoid those two cases, which are included in the classification of Volterra type equa-
tions and to simplify the problem, we consider here equations of the form

Uy = AUy 1, Uy Un— 1)Uy 2 + By 1, Uy Up— 1)y —2
+C(un+1, Up, unfl)’ (15)

where the form of A and B will be defined later, see (1.7).

Few equations of the Volterra classification (1.3) are also included in the five-point clas-
sification (1.5). They are those equations which are linearly dependent on u,,; and u, ;. All
of them are polynomial [40]. Such equations, rewritten in the form (1.4), belong to the class
(1.5). Also their five-point symmetries are of the form (1.5). Moreover the majority of the
examples of DAEs of the form (1.1) known up to now belong to the class (1.5) [4, 7, 10, 11,
14, 21, 31, 32, 38]. So the class (1.5) is not void.

The theory of the generalized symmetry method is well-developed in case of Volterra type
equations [40] and it has been modified for the case of equations depending on 5 and more
lattice points in [2, 3]. The classification problem of the class (1.5) seems to be technically
quite complicate. For this reason we use a simpler version of the method compared with the
one presented in [2, 3].

For equations analogous to (1.2), which are the first members of their hierarchies, the sim-
plest generalized symmetry has the form [1, 14, 31, 41]:

Up,r = G(Up 45 Uy 35 Un 125 Uy 15 Uns U — 1, Uy 25 U3, Up—4)s (1.6)
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where u,, ; denotes T-derivative of u,. We will use the existence of such symmetry as an inte-
grability criterion.

The problem naturally splits into cases depending on the form of the functions A and B. In
this article we study the case when the autonomous DAEs (1.5) is such that A and B satisfy to
the following conditions:

A= a(un+ 1s un)a(um Up— 1)» B = ﬁ(unJr 1s un)ﬁ(una Up— 1) (1 7)

for any functions « and (3 of their arguments. We call this class the Class I. Class I includes
such well-known examples as the INB equation and the discrete Sawada—Kotera equation,
see [38] and (E15) in section 3. The following simple criterion for checking conditions (1.7)
takes place:

ian-&-lan—l ¢0, ibn+1bn—l ¢0,

ou, a, ou, b, (1.8)

where
anp = A(un-H’ Un, un—l), bn = B(un-H» Un, un—l);

as we will show in theorem 1 in section 2.3. In the proof of this criterion an essential role is
played by the fact that (1.5) is autonomous, i.e. has no explicit dependence on n.

In this article we present a complete list of equations of the Class I possessing a generalized
symmetry of the form (1.6). Among them there are a few apparently new integrable exam-
ples. Then we show the non-point transformations relating most of resulting equations among
themselves.

In section 2 we discuss a theory of the generalized symmetry method suitable to solve our
specific problem. In particular, in section 2.2 some integrability conditions are derived and
criteria for checking those conditions are proved in section 2.3. In section 3 we present the
obtained list of integrable equations and the relations between those equations expressed in
the form of the non-point transformations which are presented in appendix A. In section 4
the generalized symmetries of the key equations of the resulting list are given. Section 5 is
devoted to some concluding remarks. A scheme for costructing integrable partial difference
equations, using the differential-difference equations obtained in this paper, is briefly dis-
cussed in appendix B.

2. Theory

To simplify the notation let us represent (1.5) as:

Uy = Gpitn 12 + bpity 2 + o =1, 2.1)
where

ap = Attps1, Un, Un—1);, by = Btny1, Un, Un—1),

cn = C(Upy1, Un, Up—1)- (2.2)

In (2.1) we require

a,=0, b,=0. (2.3)
For convenience we represent the symmetry (1.6) as

Unr = &n> 2.4)
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with the restriction:

0 0
8MnJr4 814,,,4

The compatibility condition for (2.1) and (2.4) is
Unrt — Unir = Dtgn - DTﬁ; =0. (26)
As (2.1) and (2.4) are autonomous, their form, as well as the form of the compatibility con-
dition (2.6), do not depend on the point n. For this reason, we write them down at the point
n=20:
Digy = Dxfy. (2.7)

Here D; and D; are the operators of total differentiation with respect to # and 7 given respec-
tively by:

0 0
Dt = Zﬁ(—, DT = E gk— (2.8)
kez, Our ez Ow
We assume as independent variables the functions
uo, Uy, U_1, U, U_2, U3, U_3. ... 2.9)

Thus (2.7) must be satisfied identically for all values of the independant variables (2.9).
Equation (2.7) depends on variables u_¢, u_s, ..., us, g and it is an overdetermined equation for
the unknown function go, with given fj. Using a standard technique of the generalized sym-
metry method [40], we can calculate g step by step, obtaining conditions for the function f;.

2.1. General case

The first steps for the calculation of gy can be carried out with no restriction on the form of the
equation (2.1) given by the function f;.
In fact, differentiating (2.7) with respect to ug, we obtain:

08y _ 08
ay au4 = qy au6 . (210)

Introducing the shift operator 7: Th,, = h,,+|, we can rewrite (2.10) as:
0
(T2 _ 1)(Lﬁ) =0.
apay 8144

The kernel of the operator T2 — 1 in the autonomous case consists just of constants [40]. Then,
up to a 7-scaling in (2.4), we can write

0
250 — aoay. @2.11)
8u4
By differentiating (2.7) with respect to us and taking into account (2.11), we obtain:
08y 08, o s
a— — ap— — aiaz3— + apay— = 0. 2.12
} 8143 0 8115 13 8141 02 8115 ( )
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If we define

g, of, of;
h+ 0 0 2 ,
= —§u3 - al_au1 - 510_5143 (2.13)

then (2.12) is equivalent to
ash§ = agh;, (2.14)

where b = T?h{.
Then we can state the following lemma:

Lemma 1. Ifho+ = 0, then there exists &, = a(u,, u,_1), such that ay = & &, i.e. the equa-
tion is not of Class 1.

Proof. When we multiply (2.14) by M e obtain
aoa1axas
héhy
(T—1H—2L =o.
aopaids

As the kernel of the operator 7' — 1 consists of constants, we have
hohy

aoa1az

=20, 2.15)

N
Equation (2.15) is equivalent to ag = &;&, where &y = :—:
nai

There are two possibilities:

e Case 1. ag = Q1&g for any &, = auy, u,—1), see (1.8). Then ht = 0 due to lemma 1.
e Case 2. ag = &y, for some &, = a(uy,u,_1). Then we can find from (2.14) that
h = ptdodid, with a constant pt.

In both cases (2.13) gives us %.
In quite similar way, differefltiating (2.7) with respect to u_¢ and u_s, we get a set of rela-
tions analogous to (2.11) and (2.14). Namely,

0
80— Lbgh o, (2.16)
U_4
b_3hy = boh_,, (2.17)
where v = 0 is a constant, and
- 98 Uy of ,
hy = — vb_ —vb . 2.18
0 (91473 : 8M71 0 81473 ( )

As a consequence of a lemma similar to lemma 1 we get two cases:

1. by= ﬁ()ﬁ:l for any ﬁn = B(up+1, Uy), then hy = 0.
2. by = ,BAoﬂA_l, then we can find from (2.17) that hy = u’ﬁoﬁ:ﬁ_Q with a constant p ™.

In both cases (2.18) provides us

08
F)u,_; :
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So the results presented in this section provide a natural frame for splitting further calcul-
ation of gy into several different cases. In the following in this paper we consider Class I in
which condition (1.7) is satisfied and therefore hoi =0.

2.2. Class |
When condition (1.7) is satisfied and therefore i = h; = 0, then due to (2.13) and (2.18)
) o [2lp)

- = o — + ) :
Ous “ Oouy o Ous (2.19)
980 o .,
=vbh_ +vb . .
Ou_j Y lau_l v 03M_3 (2.20)
s

: .. d
Partial derivatives =%,
8u4 8u,4

Differentiating (2.7) with respect to us and u_4 and introducing the functions:

are always given by (2.11), (2.16).

G gy - Dlsto- gt g g o e
we obtain, up to a common factor ag a,, the relation:

2D, logag = q; — q;. (2.23)
and up to a common factor vbg b_,, the relation:

2Dlogby = q_, — q,. (2.24)
It is evident that

dy = qo (U, uo, U_1, U_2,u_3), Gy = qo (U3, ta, Uy, Ug, U_1). (2.25)

The relations (2.23) and (2.24) have the form of conservation laws and are necessary condi-
tions for the integrability. If a symmetry (2.4) exists for (2.1), then there must exist some func-
tions q:, g, of the form (2.25) such that relations (2.23) and (2.24) are satisfied.

The integrability conditions are formulated in terms of equation (2.1) only, i.e. for an inte-
grable equation (2.1), there must exist functions qni of the form (2.25) satisfying the relations
(2.23) and (2.24).

If, for a given equation (2.1), conditions (2.23) and (2.24) are satisfied and the functions

qf are known, then partial derivatives %, Bauﬁ can be found from (2.21), (2.22). In this case
2 —2

the right hand side of symmetry (2.4) is defined up to one unknown function of 3 variables:

(U1, Uns Un—1)- (2.26)

This function can be found directly from the compatibility condition (2.7).

In this way we can carry out the classification of the equations of Class I. On the first stage
we use the integrability conditions (2.23), (2.24). Then we define the symmetry up to function
(2.26) and try to find it from the compatibility condition.
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2.3. Criteria for checking the integrability conditions (2.23), (2.24)

Let us now explain how to use the integrability conditions (2.23), (2.24). More precisely, we
present some criteria for checking those conditions. We will also prove the criterion (1.8).
Let us introduce for any function

<)0 - QO(MI’Hp uml— | EICRRRY umz)’ ml > m27 (2.27)

the formal variational derivative:

o 20 0 &,
e D A Dl ™ (2.28)
5u() k=ms 3uk 81/!() k=m

see e.g. [40], as well as its adjoint version:
S l Op 0 &
==Y DT = = 3 (= D'TH, 2.29
6u0 kgt;zz 6uk 8140 kgt;zz ( )

Then we can state the following lemma:

Lemma 2. The following statements are true:

5 .

20 iff p=rt+T— D, (2.30)
5M0

o )

2P0 iff =T+ D (2.31)
(SL{()

where K is a constant, while w is a function of a finite number of independent variables (2.9).

This lemma implies that if the function ¢ is such that its variational derivative with respect
to ug is zero, then it can be represented in terms of some constant x and a function w depending
on a finite number of independent variables.

Proof. The proof of (2.30) and (2.31) are similar. The proof of (2.30) is given in [40]. So we
present here only the proof of (2.31).

If the function ¢ can be expressed as (T + 1)w and m; > my, then w = w(Uy,_1, ..., Um,). For
such functions ¢ we have:

b 0 & kp—k

- = —D*"TMT+ 1

T gn( YT HT + D

— i((_l)mZT—mﬁ—lw + (_l)mlT—mlw) — 0’
81/!0

where the last equality is identically satisfied, as both terms in the last sum do not depend
on uyp.
In the case when m; = mj, the assumption ¢ = (T + 1)w implies that the function w and

therefore ¢ are constant functions, and hence 27“9 =0.

0 —

Let us now assume that ¢ satisfies the equation ;7“; = 0 with m; > my. Then it follows that
0

the following equation is also satisfied
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5
O (pympm P _ g,
Ot dug
Explicitating the variational derivative we have
2
9%
Oty Oty

So we can represent ¢ as
oo Uy)

LX) um2+1) + p(umlfls um172s

SD = e(umls umlfls ..
[RE) um2+ 1)9

= (T+ 1)p + @(umls umlfls .

with @ = 60 — Tp.
As ;7“0 = 5? = 0, we have reduced the problem to a lower number of variables. Repeating
0 Lo
this procedure, we finally obtain
= @) + T+ DHd.

Then it is easy to see that

8$5 — (_])mlelg_sp — O,

O, Uo
[ |

i.e. ¢ is a constant, and ¢ = (T'+ 1)(@ + @/2).
This lemma allows us to formulate and prove the following theorems:
The request that conditions (1.7) are satisfied is equivalent to (1.8).

Theorem 1.
The condition A = ay,,a,+1 can be rewritten in terms of the function log a, = log A as

Proof.
logA = (T + 1) log auy, un—1)

or, in equivalent form,

An+1an—1
Zntln=l .

0
—loga, = — log
6”0 Up (27
Their equivalence follows from lemma 2. In an analogous way we get the result
for b,,. [ ]
Theorem 2. The conditions
) 5
—D;logag =0, ——D;logay=20 (2.32)
bug dug
imply
2D logag = Kt + (I* — g}, rk'eC, (2.33)

and vice versa.
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Proof. As (2.33) can be rewritten in the form

2D logag = k* + (T — )T+ Dgi = (T+ D2 + (T — D),

we see that (2.33) implies (2.32) due to lemma 2.

Let us start from (2.32). From the first relation of (2.32) and statement (2.30), we obtain

2D logag = k" + (T — DQy = k" + (T+ 1)@ — 205,

therefore %Qg =0 due to the second part of (2.32). Writing Qf = (T + 1)qu, we get
ug

(2.33). [ |

Theorem 3. The conditions

8 5
—D,loghy=0, ——D,loghy=0 (2.34)
51/!() 6u0
imply
2D loghby = k= + (T — 1)q,, K €C, (2.35)

and vice versa.

As(T2— Dq, = (1% - 1)(—q_,), we see that conditions (2.33) and (2.35) are of the same
type and so the proof of theorem 3 repeats that of theorem A2.

Let us simplify the integrability conditions (2.32) and (2.34). To do so we use a new repre-
sentation for the variational derivatives (2.28) and (2.29):

(5(p —my 8 . &P —nmy ) 8 )
_— = —T-] s _ = E _1 ]_Tj .
bug  ;27, Ouo v dug j:_ml( ) duo ¥ (2.36)

Moreover in place of conditions (2.32) and (2.34) we use their linear combinations:

l i‘i‘_i D[loga():(), l i—_i DtlogaOZO,
2\ 6ug  dug 2\ bug  bug
l i_i__i DtlogbOZOs l i—_i D[l()gb():o.
2\ bug  buyg 2\ bug  buyg
As
Dylogag = 2290 | Jo Oao , J1 Day
ag Ouy  ag Oug  ag Ou_q
then we use (2.36) with m; = —m, = 3 and we see that the conditions (2.32) are equivalent to
0
” D;log(a_rapa;) = 0, (2.37a)
0
0
——Dylog(a_sa_iaja3) = 0. (2.37b)
61/{0
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Similarly, the conditions (2.34) are equivalent to

0
» D, IOg(b,Qb()bz) = O, (23861)
0

0
——D;log(b_3b_1b1b3) = 0. (2.38b)
6140

These are explicit and simple conditions for checking the integrability conditions (2.23)
and (2.24). When these conditions are satisfied for a given equation (2.1), one has to write
down the representations (2.33) and (2.35) and check that they are satisfied, i.e. K= = 0.

2.4. The beginning of classification
We have explicit formulae (2.11), (2.16), (2.19), (2.20) for the partial derivatives
0% 9% Oz 9%

) ) ) 2.39
8u4 Bu_4 8143 814_3 ( )
and implicit definitions for
8é.’o 980
2.40
(’)uz Ou_ 2 ( )

given by the relations (2.21)—(2.24). The compatibility of the partial derivatives (2.39) gives
no conditions. The compatibility of (2.40) with each other and with (2.39) provides three
restrictions In fact, differentiating, for example, (2.23) with respect to u_3 and using (2.21),

we get 1n explicit form. This has to be equal to the differentiation with respect to u, of
glven by (2.20). In this way, using the compatibility of ﬁ and %, % and 80 S ;u % and
0 — we are led to
8b0 0 agp
v+ 1)— =0, +1 0 —o, +1 =0, .
( )8u1 (v ) » (v )8u0 by (2.41)

where ag, by and v are defined in (2.1) and by (2.16).
Conditions (2.41) allow one to split the classification problem into two cases:

1. The case v = —1 which is simpler and leads to (ES).
2. The case whenv = —1.

Using the explicit integrability conditions (2.37) and (2.38) for v = —1, we can get two
results given in the following theorems 4 and 5 which are formulated in terms of equation (2.1)
only.

Theorem 4. [f an equation (2.1) satisfies conditions (2.37) and (2.38), then its coefficients
must have the form:

ao = aO(uy, up)a®(uo, u_1), bo = bV, ug)b®(ug, u_1). (2.42)

Proof. This theorem is divided in two parts. One related to ag and the second one to by. We
will prove in the following the first part only as the second can be derived in the same way.

The first relation of (2.42) is equivalent to require that

10
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2

a® = 87 logap=0. (2.43)
814,1 u

Let us define ¢ and a®® to be the functions on the left hand side of (2.374) and (2.37b). At
first we see, that
Oa® _ LT*36—2a(5) _0 8a® 1., 92

\ =T '——a® =0,
8u1 b_ 1 aui 6I/t_ 1 a 8u43u0

i.e.a® = a®(up).
Let us suppose, reductio ad absurdum, that a® = 0. As a consequence we have

d%ay 1 ., 0%a¥

o, 2Ta®  9uddu,

]

and this implies the identity

9 2.(3)
—_— =0.
o (apa®)

As a® = a®(ug) =0 by assumption, we find that guﬂ = 0. Now, due to the definition of a'®

given in (2.43), we get a® = 0. This gives a contradiction which proves the theorem. [ |

Taking into account the results just obtained in theorem 4, we can prove the following
theorem:

Theorem 5. If an equation (2.1) belongs to the Class I and satisfies conditions (2.37),
(2.38) and (2.42), then for the functions a® and bV one has:

Pd® _
o>, o

(2.44)

Proof. We prove just the first equality in (2.44), as the second one can be proved in exactly
the same way.

By direct calculation we derive from (2.37b) and (2.42) that

P 9logd® 9 (1 ., 0%
ou? | Ougu O\ aV  Oupdus

. . . . 2,2 921 (1)
In this proof @ and a'¥ are the same as in previous one. So, either ‘?9“2 =0or ;ga
u” Uouy

=0.

In the first instance the theorem has been proved.

Let us then assume that

i i - ions a(» @
o = 0. Changing notations for the functions a'" and a'”, we get
U_)

aV = aV(uy). By a straightforward calculation we can show that

0@?12aVy  aP12aW 9°72aW /T7182a(2) _ 0
Ou_; T-'aV  du_,0u ou* | ’

1
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O(uo)
aDu_y)’
do 0 0*T 'a® 9%2a®@ 0

dug — aV dwdu_, ou*,

ie. a?® = The function 6 is constant, as

The condition (1.8) is not satisfied for a, = a"(u, , )/a"(u,_ ), and the resulting equa-
tion would not be of Class I. This is in contradiction with one of the hypothesis of this theo-
rem. So this instance is not possible. O

3. Complete list of integrable equations

In this section we present the complete list of integrable equations of Class I together
with the non-point relations between them. These equations are referred by special numbers
(E1)—~(E17). Some of the obtained equations seem to be new.

The classification is usually carried out in two steps: at first one finds all integrable equa-
tions of a certain class up to point transformations, then one searches for non-point transfor-
mations which link the different resulting equations. In this paper we use autonomous point
transformations which, because of the specific form (1.5) of the equations, are linear transfor-
mations with constant coefficients:

iy = ciug + ¢, f= cat, cicz3=0. 3.1
Non-point transformations we use here are transformations of the form
o = P, Ug—15 -, ), k>m, (3.2)

and their compositions.
The equation (1.1) is transformed into

ﬁo,[ = \Ij(ﬁ27 ﬁl, ﬁ()s ﬁ,l, 1272) (3'3)

by (3.2), if for any solution u, of (1.1), formula (3.2) provides a solution i, of (3.3). To check
this, we substitute (3.2) into (3.3), differentiate with respect to ¢ in virtue of equation (1.1) and
check that the resulting relation is satisfied identically for all values of independent variables
(2.9).

We see that transformation (3.2) is explicit in one direction. If an equation A is transformed
into B by a transformation (3.2), then this transformation has the direction from A to B and we
will write in diagrams below A — B, so indicating the direction where it is explicit.

The complete list has been obtained up to autonomous linear point transformations (3.1).
The precise result is formulated as follows:

Theorem 6. [f a nonlinear equation of the form (2.1)—(2.3) belongs to Class I, given by
restrictions (1.8), and has a generalized symmetry (1.6), (2.4), (2.5), then up to point trans-
formation (3.1) it is equivalent to one of the equations (E1)—(E17). Any of the equations (E1)—
(E17) has a generalized symmetry of the form (1.6), (2.4), (2.5).

For easier understanding of the results, we split the complete list into smaller Lists 1-5.
In each List the equations are related to each other by non-point transformations which are
discussed in appendix A. For each of these lists we show relations between equations in dia-
grams, where the transformations (3.2) are shown by arrows. Transformations used in those
diagrams have special numbers (T1), (T2), ... and are listed in appendix A.4. Generalized sym-
metries for key equations of the complete list are presented in the following section.

12
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List 1. Equations related to the Volterra equation

1o = uo(uy — u_») (ET)
o = ug(uz — u_s) (E2)
1o = (g + o)y — u_2) (E3)
o = (up + u)(uo + u_1) — (g + ug)(u_1 + u_») (E4)

o= (up—wm+a)uo—u-1+a)+ @ —up+a)u—us+a)+b (ES5)

1ty = outto(uou— + 1) — (uputo + Dugu— o + ugu—y — uy) (E6)

All equations of List 1 are transformed into (E1) as shown in diagram (3.4).

(E4) (E5) (E6)
) (T2) (T3) (3.4)
(B2) > (E1) & (E3)

All transformations here are linearizable except for (T5) which is of Miura
type. The notions of linearizable and of Miura type transformations are discussed
in appendix A.1. Transformations i = up or @iy = upi+1 turn equations (E1)—(E3)
into the well-known Volterra equation and its modifications in their standard form.
Transformations (T4) and (T5) also turn into the standard ones, see e.g. [40].

List 2. Linearizable equations

o = (T — a)( ( + aup + b)(u_ + au_» + b) Yoo+ au_y er) Yeug+d
ug+au_+>b
(E7)
g = 240 gy — a2(u1 + M) + cug (ES)
u u_1
In both equations a = 0, (a + 1)d = bc.
Both equations of List 2 are related to the linear one:
o = Uy — au_, + cupl2 3.5
as it is shown in diagram (3.6).
T3 T6
(3.5) () (E8) L) (ET) (3.6)

However (E7) is related to the linear equation (3.5) by a linearizable transformation
which is implicit in both directions.

13
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List 3. Equations of the relativistic Toda type

. ur(uy — Nu ug(u_1 — Du_
o = (o — 1) 2 — Dug — up(u—y — 1) 2—u1+u1) (E9)
u u_q
i uzufué(uou,l +1)  (uuo+ 1)u(2)u31u,2
0= -
o + 1 uou—_1+ 1 (E10)

(= u)Quuou—y + i + u_y)ug
(uuo + D(uou—1 + 1)
The equations of List 3 are related to the following one:
tig = (uug — D(uou—1 — D(ua — u_2) 3.7

as it is shown in diagram (3.8).

(T3) (T7)

(3.7) (E9) (E10) (3.8)
Equation (3.7), which is out of Class I, is known and well-studied [13, 14]. It is
shown in [13] that it is of the relativistic Toda type. It is natural that equations (E9)
and (E10), of Class I, being related to (3.7) are of the same type. Equation (E9)
obtained by transformation (T3) from (3.7) is also known, see [4]. The relation
between (E10) and (3.7) is linearizable, but completely implicit.

List 4. Equations related to the INB
g = uo(uy +uy — u_1— u_y) (E11)

g = (up — uy+ a)uo —u_1+a) + (w — uo+ a)u_, —u_+a)

+ (g — o+ a)(uo — u_+a)+b (E12)
tio = (up + auo)(uauy — u_1u_2) (E13)
tig = (i — o) (1o — uo(ﬁ - ﬂ) (E14)

u u_q

All equations of List 4 are transformed into the INB equation (E11) as it is shown
in diagram (3.9).

(E13)

(T8) 3.9

14
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List 5.

Equation (E12) with ¢ = 0 and (E13) with a = 0 are simple modifications of the
INB. The corresponding transformations are linearizable, and these equations are
presented in [31] and [11], respectively. Equation (E13) with a = 1 has been found
in [7, 31] together with corresponding transformations (T8). As it is shown in [7,
16], these transformations are of Miura type.

Equation (E14) is discussed in [16] as a preliminary result of the present classifica-
tion. It is shown there that the transformation (T9) is linearizable, as it can be decom-
posed as a superposition of simple linearizable transformations, see diagram (3.10).

(3.12) < =IO (3q7)
n:(T'3) m:(T3) (3.10)
(E11) mi(T9) (E14)
Equations (3.11) and (3.12) used in this diagram have the form:
tig = (up — uo)(y — u_1)(up — u_2), 3.11)
Il() = uo(u1u2 — u,lu,z). (312)

Equation (3.12) is well-known [11]. It is interesting that this superposition consists
of linearizable transformations in different directions, but it can be rewritten in the
explicit form (T9):

n=momnon
Other equations
tig = ug(uatty — u_1ut_2) — (i — u_p) (E15)
2 2

1y = (ug + 1)( uguoltn £ 17 uatto(u 1) + (1 + 2ug)(uy — u_l))

“ to (E16)
y = (u% + 1)(u2\lu12 +1 — u_2\/u31 + 1)

(E17)

Equation (E15) has been found in [38] and can be called the discrete Sawada—
Kotera equation [1, 38]. Equation (E17) has been found as a result of the present
classification and seems to be new. We know no relations between it and the other
known equations. Equation (E16) has been found in [4] and is related to (E15) as it
is shown in the following diagram [4]:

(T11) (T12)

(E15)

Here

(3.14) (F16) (3.13)

g = (1 — uo)(uo — u_ )t — ).
(up — u_1)(uy — u_)

15
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Introducing

Vo = U — U, Wwo = Vo/_i, (3.15)

we can rewrite transformations (T11) and (T12) in form of the Riccati equations for
unknown function w,,:

+ it

—wo+1=0, W1W0—i-11

1
wiwo + —
U + i

wi+wy+1=0. (3.16)
This means, as shown in [16], that, up to linearizable transformations, both transfor-
mations (T11) and (T12) are of Miura type. It is very difficult to use these relations
(3.16) for the construction of solutions, as, if we know one of the solutions i, or i,
and need to find the other one, we have to solve a Riccati equation.

Let us explain now why (E15)-E17) cannot be transformed into the INB by an
explicit non-point transformation. Transformation iig = aug, f = a>t introduces
into equations (E15)—(E17) the parameter a, e.g. in case of (E15) it gives:

. 2 2
tig = ug(uguy — u_1u_3) — a-uo(uy — u_y).

All these three equations with the parameter a are analogues of (E13) as they
generalize the same equation. More precisely, if we substitute a = 0, then in all
cases we obtain (E13) with @ = 0. This is a well-known modification of the INB
equation, see List 4. Equation (E13) is transformed into the INB by (T8), and it is
natural to search analogoues transformations for (E15)—(E17).

Let us consider a more general equation:

tig = auo)b(uy)uz — a(ug)b(u_)u_s + c(uy, uo, u_1), (3.17)

where the function a(x)/b(x) is not constant. This equation generalizes (E13),
(E15)—(E17). Let us look for a transformation of the form:

N 0 0
o= Ot o), k>0, 220, 22 g (3.18)
8uk auo
which can be obtained with no loss of generality from (3.2) by a shift. If we con-
sider a transformation (3.18) which transforms (3.17) into the INB (E11), then the
function ¢ must satisfy the differential-functional equation

k
; 0¢ . _ _
¢EZ—¢uj:¢(T2+T—T =T, (3.19)
=0 Ou;
where i1 are defined by shifting j times (3.17).
For all k == 2 it is sufficient to use two consequences of (3.19), which are obtained
by differentiation with respect to uy,» and u_j:

0 0
a—ia(mb(ukm - ¢T28—Z

o9
8140 '
By a short calculation it is easy to show that the transformation (3.18) does not exist

for all k = 2. The case k = 2 requires a more detailed investigation, as a solution of
the problem exists in case of (E13). We are led to the following result:

s

99 oYy = 6T
814()

16
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Theorem 7. Equations (E15)—(E17) cannot be transformed into the equation INB
(E11) by a transformation of the form (3.18).

In conclusion, let us briefly discuss the existence of a possible link between
the various Lists 1-5. In List 5 we exclude from the consideration (E17), as at the
moment we have no information about it.

The L — A pair for the Volterra equation (E1), presented in List 1, is given by 2 x 2
matrices as well as for (3.7), related to List 3, see [13]. The L — A pair of the INB
equation (E11) and of the discrete Sawada—Kotera equation (E15), contained in List 4
and 5, is given by 3 x 3 matrices, see [10] and [1] respectively. List 2 consists of line-
arizable equations. For this reason, three groups of equations, namely, List 2, Lists 1,3
and Lists 4,5 should not be related by transformations (3.2) and their compositions.

Volterra type equations of List 1 essentially differ from relativistic Toda type
equations of List 3 in their algebraic properties [8, 40]. Then such equations cannot
be related by the transformations mentioned above. As for equations of Lists 4 and
5, except for (E17), at the moment we see no essential difference between them. We
have a negative result for the explicit transformations (3.2) formulated in theorem
7. However, there might be some compositions of transformations (3.2), analogues
to the one shown in diagram (3.13), relating these Lists.

4. Generalized symmetries of key equations

In this section we present the generalized symmetries for the key equations of the Lists 1-5.
The symmetries for other equations can be easily obtained by using the simple transformations
shown in diagrams (3.4), (3.6), (3.8), (3.9) and contained in appendix A.4. Those transforma-
tions either are contained in table A2 or are point equivalent to transformations of table A2.
The way how to construct the symmetries, using such transformations, is explained in sec-
tion A.3. There is one exception which will be commented separately.

List 1. Generalized symmetries for the Volterra equation and its modifications are well-known,
see e.g. [40], and we just replace u,; by u, ;.

The simplest generalized symmetry for (E1) reads:

ug,r = uo(ua(us + us + ug) — u_s(ug + u_p + u_4)).
The symmetry

uor = (ué + cuo)((ug + cup)(ug + up+c) — (uzz + cu_p)(uo+ u_a+ c))
corresponds to (E2), if ¢ =0, and to (E3), if ¢ = 1. Generalized symmetries of
(E4)—(E6) are constructed by using the transformations (T1)—(T3).

List 2. A generalized symmetry for (E8) could be obtained from the linear equation (3.5) by
applying the transformation (T3). However, we write it down here in explicit form:

“4.1

u_1u_s3 Uo_2U_4
u_, u_1u_s3

g, = (T*— a4)( +
A symmetry for (E7) can be constructed by the transformation (T6). Equation (4.1)
can be represented as

uor = (T + a)h, 4.2)

17
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and the symmetry for (E7) is obtained from (4.2) as follows:
Uo,r = hluk—>uk+1+auk+b'

List 3. One could get a generalized symmetry of (E9), using the known symmetry of (3.7)
[13, 14] and the transformation (T3). However, we write it down explicitly:

o = (o — (T = T YT+ T Vs; — (1 + T Vs, + 53),

s i

—wguou o(u — D(ug — D1 —1) o — wu1(uy — D(ug — 1)

mu_q Uo
2
o (o — D(uuo — wy —uolu”y  (ugiy — uy — upuo(uo — 1)
3= - .
u% u

A symmetry for (E10) can be obtained from this one by the transformation (T7).
List 4. Generalized symmetries for almost all equations of this List are known; for the
INB equation (E11) and for (E13) with a = 0 see [41], and for (E13) witha =1
and for (E12) with @ = 0 see [31]. Nevertheless, for completeness, we present
here the generalized symmetries for the most interesting equations of this List. For
(E11) the symmetry has the form
o = uo(T?+ T — T~ =TT + T Dy + (T + Duou_; + up),

for (E13) the form
uo,r = (ug + auo)(T* — T~ uou_ (1 + T~ ((uawy + u_u_2)(uo + @) + augu,),

and for (E14) the form

o, = (uy — uo)(uo — u_p) ((T2 _ T‘Z) up(uy — ug)(ug — u_u_,

Ug uju_1

(g — uo)(uo — u_u_,

+(T—-T > Pt
Uy
_ u3(uy — w)uou o " upito(U_1 — U_2)U_3
! UsU_1 mu_» ’

_ (wpuy — wu ) (o + uou 1 — wu_1)

%)
umu_q

The symmetry for (E12) is constructed by using the transformation (T2).

List 5. The generalized symmetry for the discrete Sawada—Kotera equation (E15) has
been found in [1] and it has the form:

uo.r = ug(wi(ws + wa + wi + wo) — woi(wo +w-1 +wo + w.3)
—ug(w3 +wop) + u_1(wi +w3)),  wo = uo(l + uw_y).

For (E16) one has:

18
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uor = o+ WI* =T HA+(T—-T B+ T —-T )C+ (1 —-T D),
A = DU wou_suo(1 + ug) + Uptyu 1,
B = upu_1((uoUy + DUy + 1) + ugU; + ui Uy — 1)
uz_u(z) + @ + uuo,
u uo
C = (Uou—1 + 1)* + Upuo(1 + wpu—y(2 + 3uy + 3u_y))
+ upou—1(2(uo + 1) — 3(u1 + u-1)),
D = UUpupuuou_1 + Upuzsuquo(uy + 1) + U_yjuou—_o(ug + 1) + Uluzu%
+ Uoulzu_l + ulz(ug.uz +2u3+ur +2u_y) + u(z)(u_lu_g +u_1+2u_y+ 2up)
+ ulzuo(4u_1 - ZM% +3)+ u1u5(4u2 - 2u31 +3)+ 2u12u% + Suuy,
_ (o + 1)?
Uo

+

Uy

For (E17) the symmetry reads:

ugr = Uo<u4\/73U2\/71 — VU Uy Uzuy—y
+ M2M1x/71(u3\/ﬁz + VU M71) —JU;, u71’/¢72(’41\/70 + JU, u,3)

+ uo(u%Ul — U_luzz)), Uy = u% + 1.

5. Conclusion

In this article we have done the classification of the differential-difference equations depending
on five lattice points and belonging to Class I. This Class is a natural subclass of the differential-
difference equations (1.5) from the point of view of the integrability conditions. In this Class we
have found 17 equations, some of which seem new. We have found the non-point transformations
which relate them to fewer key equations and presented for them the generalized symmetries.
This work is the starting point of a research which we plan to continue. From one side,
using the results presented here, we can extend the classification outside Class I by consider-
ing the case when (1.7) is not satisfied. We can call this class of equations as a Class II. We
already have an example belonging to this class, namely (3.7). From the other side, we can
construct the Bécklund transformations for differential-difference equations obtained in this
paper. They possibly will provide autonomous integrable partial difference equations, defined
on a square lattice, different from the known examples, see e.g. [1, 5, 14, 28, 31]. The con-
struction of integrable partial difference equations is briefly discussed in appendix B.
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Appendix A. Some remarks on non-point transformations of differential-
difference equations

In this appendix we follow the paper [16] and briefly formulate some results of the transforma-
tion theory necessary for this paper. In particular, we introduce the notions of linearizable and
Miura type transformations used here. We also explain how to find transformations relating
equations obtained. Schemes of the construction of modified equations by using those trans-
formations are presented in appendices A.2 and A.3 in a new way compared to [16]. Then
we present the list of transformations necessary to reduce the list of equations to their key
representatives.

A.1. Miura type and linearizable transformations

There are two essentially different classes of transformations (3.2). The first one consists of
Miura type transformations. The inversion of such transformations is equivalent to solving the
discrete Riccati equations and their generalizations [16]. For example the well-known discrete
Miura transformation

fio = (1 + ug)(1 — uy) (A1)

relates the Volterra equation to its modification. Equation (A.1) may be considered as a dis-
crete Riccati equation for the unknown function u,, with i, a given function.

The second class consists of linearizable transformations which are not of Miura type. We
will use bellow linear transformations with constant coefficients:

o= vty + Vg itj—1+ ... + Upltyy + v, k>m. (A.2)
We can introduce the following definition:

Definition A.1. A transformation of the form (3.2) is called linearizable if it can be repre-
sented as a superposition of linear transformations (A.2) and point transformations #ig = ().
A superposition of linearizable transformations in different directions will be also called a
linearizable transformation.

For example, the transformations

At - ~
ity = uju, iy = u/uo, ily = upliy, (A.3)

which are of the form (3.2), are linearizable since they can be expressed as

ﬁoi = (expo(T £ 1) o log) uy, iig = (exp o(T? + T + 1) o log) uy.
Transformations can be in different directions. As an example we have the composition
B«D«C—-A,

consisting of linearizable transformations, which can be rewritten as a transformation A — B
of the form (3.2), see diagram (3.10). In diagrams (3.6) and (3.8) we have superpositions of
the form A — B « C. In these cases, linearizable transformations relating A and C are implicit
in both directions.

The inversion of any linearizable transformation is reduced to solving a number of linear
equations with constant coefficients. For this reason the linearizable transformation is not of
Miura type and the construction of solutions by such transformations is more easy.

Any linearizable transformation of the form (3.2) can be expressed as a composition of the
transformation
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Table A1. Examples of point symmetries (A.6) and corresponding autonomous
linearizable transformations (A.5).

Un(un) 1 (71)’1 Uy (71)nun

o(uy, up) Uy — U u + ug w/ug g

Table A2. Examples of conserved densities of (A.13) and corresponding autonomous
linearizable transformations (A.11).

P,y) u, (—D"u, log u, (—=1)"log uy,
(i, i) il — dlo iy + o i/iio iilo
flg = (T — Dug (Ad)

and non-autonomous point transformations i,, = ¥,(u,) [16]. So, in order to invert a lineariz-
able transformation, we have to solve a few times the simplest discrete linear equation (A.4)
for the unknown function u,. The transformation (A.4) is solved by the discrete analogue of
the integration.

Next, we will explain how to construct simple autonomous linearizable transformations,
according to definition A.1,

ito = ¢(uy, uo) (A5)

by using point symmetries and conservation laws. These techniques will be hereinafter used
to find links between equations of the resulting list presented in section 3.

A.2. Point symmetries

Here we construct the transformations (A.5), starting from point symmetries.
For an equation of the form (1.1) we can describe all non-autonomous point symmetries
of the form

aTun = Un(un)v Un(un) =0, vn: (A6)
by solving the determining equation:
2
ov
o)V = Y ———0 (U ) (A.7)
j=—2 Ouy

where by a ¢/, we mean the derivative of the function with respect to its argument.

Theorem A.1. [f (1.1) has a point symmetry (A.6), then it admits the following non-
autonomous linearizable transformation:

iy = (T — Dn,(un), 1l (un) = (A.8)

on(Un) '

which allows us to construct a modification of (1.1).

We are interested here in autonomous linearizable transformations of the form (A.5),
and therefore primarily in autonomous point symmetries (A.6). However, sometimes a non-
autonomous point symmetry of the form (A.6) may also lead to the autonomous result. This is
the case when there exists a non-autonomous point transformation
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which turns the transformation (A.8) into an autonomous one. We guarantee that, in this case,
the resulting equation for U, will be also autonomous [16].

For any equation (1.1) and any transformation (A.5), we can get an equation of the form:

ﬁo,l‘ = \Ij(ﬁZ’ ﬁla ﬁO’ ﬁ—l? ﬁ—2’ MO)' (A 10)

To do so we differentiate (A.S5) w.r.t. to ¢ in virtue of (1.1) and express all variables uy, k=0,
in terms of i}, ug by using (A.5). In the case of the autonomous transformations obtained with
a help of theorem A.1 and the remark just after it, the dependence on u in (A.10) disappears,
and one gets in this way an autonomous modified equation (3.3).

Let us write down in table A1 the four most typical examples of point symmetries, two of
which not autonomous, together with the corresponding autonomous transformations (A.5).
Some of them have been simplified by applying an autonomous point transformation of .

A.3. Conservation laws

We can construct simple autonomous linearizable transformations
ug = Y(in, i), (A.11)

starting from conservation laws. Transformation (A.11) relates equation (1.1) and an equa-
tion of the form

o, = W(ita, i, dlo, fi_1, i_2). (A.12)
For any equation (1.1) we can find all conservation laws of the form
Op(un) = (T — Dhn,  p) () =0, Vn, (A.13)

where h, = h,(un+1, ..., un—2). The conserved density p, is found by using a criterion intro-
duced in [25]. A function p,(u,) is a conserved density of (1.1) iff

OO l)) _ 0D

j==2

0.
S (A.14)

0 Un+j
If p, is known, then the function 4, can be easily constructed [25].

Theorem A.2. [f (1.1) has a conservation law (A.13), then it admits the following non-
autonomous linearizable transformation:

Uy = p,, (s 1 — din), (A.15)
which allows us to construct a modification of (1.1):

Oty = (), (g2 — fins)s - Py Sl 1 — fn—2)). (A.16)

In the case of autonomous conservation law (A.13), we get an autonomous modified equa-
tion (A.12). When a non-autonomous point transformation

Uy = (@) (A.17)

makes the transformation (A.15) autonomous, we often can get an autonomous modification
too, see [16]. In the particular case when
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p(un) = (=1)"p(uy,), (A.18)

the transformation (A.17) has the form U, = (—1)"*i,, hence

Uy = p_l(UnJrl + U,

and we are guaranteed that there exists an autonomous modification [16].

Let us write down in table A2 the four most typical examples of conserved densities, two
of which not autonomous and of the form (A.18), together with corresponding autonomous
transformations (A.11). Some of them have been simplified by autonomous point transforma-
tions of .

Let us explain how to find the modified equation for these examples. For the first and sec-
ond ones we have to obtain the representations:

o = (TF Dh,
and then we get the modification i ; = &, where the variables u in & are replaced by i1 F .
For the third and fourth examples we have to write down the representations

O;logug = (TF Dh.

A modification has the form #iy , = iigh, where the variables i in & are replaced by i lﬁfl.

In conclusion, we note that if for a given conserved density p, (u,) we get the representation
(A.13) with a different linear difference operator with constant coefficients, then we can get
a different linearizable transformation and corresponding modified equation in a similar way.
For instance, for the conserved density log u,, of the INB equation (1.2) we have:

Ologug = (T*+T>—T— Du_,
=T =T+ INT = )T = c)us,

where ¢, = —% + %, and this provides a lot of possibilities to construct modified equations,

see details and other examples in [16].

A.4. List of non-point transformations

Here we list all non-point transformations used to link the equations presented in section 3:

ilg = w1 + uo, (TDH
g = u — uo +a, (T2)
flg = o, (T3)
flo = Uy, (T4)
ilg = ux(uo+ 1) or dg= (uz + Duy, (T5)
flg = uy + aug + b, (T6)
flo = wuo + 1, (T7)
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ilo = upu(uo +a) or g = (ux + a)uuyo, (T8)

_ G — uo)(uo — uy)

ﬁ b
0 0 (T9)
flg = u — u_y, (T10)
ity = ——"L, (T11)
U —u_q

_l—u ) —u)
(1 — u_o)(uo — u_y)

I

0= (T12)

Some of these transformations were known before, as for example, the Miura type transfor-
mations (T5), (T8), (T11) and (T12). The other transformations, which are linearizable, were
constructed in this work by using the transformation theory presented above in appendix A. A
more detailed discussion of this theory can be found in the recent article [16].

Appendix B. Construction of integrable partial difference equations

Here we briefly discuss the construction of integrable completely discrete equations of the
form

F(un+1,m+1, Un+1,m> Un,m+15 un,m) =0 (B 1)

by using the differential-difference equations. We do it by example of the well-known modi-
fied Volterra equation:

thy = (U — D)1 — thy1). (B.2)

A construction scheme and the same example (B.2) have been first considered in [27]. A dif-
ferent scheme by example of the INB equation (1.2) has been presented in [26, appendix], but
with a negative result.

We follow here the article [15], where the three-point equations (1.3) are considered in the
more general non-autonomous case. However, the method of [15] can also be applied to five-
point equations (1.1). That method is suitable for equations with polynomial and rational right
hand side. In the case of more complex equations like (E17), it is better to follow the example
of [26, appendix].

d°F

We will look for equations (B.1) linear in all their arguments, i.e. such that — =0
Untim+j

for all i,j € {0, 1}. In this case the function F is a fourth degree polynomial with 16 constants
coeffictients ¢x, 1 <k < 16. Besides, we look for nondegenerate equations. If we rewrite equa-
tion (B.1) in the form

Un+1,m+1 :f(un+l,m’ Un,m+1, un,m)’ (B3)
then the nondegeneracy conditions read:
OF of of of

8un+1,m+1 8l'thrl,m aI'tn,erl al'tn,m

=0. (B.4)

These conditions allow us toavoid degenerate examples like (i, 11 m+1+ Un+1,m)4n.m+1Un.m = O.
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We rewrite (B.2) in the form

thy = (U — DUt 10 — Un—1.m) (B.5)

and require that the equations (B.1) and (B.5) would be compatible. The discrete equa-
tion (B.1) defines the Bicklund transformation for (B.2), while (B.5) is the generalized sym-
metry of this dicrete equation.

To check the compatibility, we differentiate (B.1) with respect to the time in virtue of (B.5)
and get the relation

OF

un+i,m+j =0, B.6
ije{0,1} 8MnJri,erj ( )

which must be satisfied on all solutions of (B.1). Then we express in (B.6) the functions
Unt2.m+1> Unt+1m+ 1> Un—1,m+1 10 terms of

Un+2,ms Un+1,m> Un,ms> Un—1,m> Un,m+1, (B.7)

which can be considered in this problem as independent variables. Passing to the numerator of
(B.6), we get a polynomial of the variables (B.7). By equating to zero the coefficients of this
polynomial, we are led to a system of algebraic equations for the coefficients c; of F.

Using computer algebra systems like Maple, Mathematica and Reduce, we can find all
solutions of this system of algebraic equations and can choose among them the nondegenerate
ones. Up to the transformation uy, , = —u, m. leaving (B.5) unchanged, we get two discrete
equations of the form:

(un+1,m+1 - 1)(un,m+1 + 1) = (un+l,m + c)(un,m - C), (BS)

where ¢ = 1 or ¢ = —1, compatible with (B.5). Both of them are known integrable equations.
The first one is integrable by the inverse scatterring method, while the second one is Darboux
integrable, see details and references in [15].
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