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Abstract—Let D be a domain in the complex plane and M be an extended real-valued function
on D. If f is a non-zero holomorphic function on D such that |f| < exp M, then it is natural to
expect that there should be some upper boundedness for the distribution of the zeros of f expressed
exclusively in terms of the function M and the geometry of the domain D. We have investigated
this question in detail in our previous works in the case when M is a subharmonic function and
the domain D either is arbitrary or has a non-polar boundary. The answer was given in terms of
constraints to the distribution of zeros of f from above via the Riesz measure of the subharmonic
function M. In this article, the function M is the difference of subharmonic functions, or a -
subharmonic function, and the upper constraints are given in terms of the Riesz charge of this
d-subharmonic function M. These results are also new to a certain extent for the subharmonic
function M. The case when the domain D coincides with the whole complex plane is considered
separately. For the complex plane, it is possible to reach the criterion level of our results.

DOI: 10.1134/S1995080221040120

Keywords and phrases: holomorphic function, zero set, entire function, subharmonic function,
Riesz measure, 6-subharmonic function, Jensen measure.

1. INTRODUCTION

Asusual, N:={1,2,...}, R,R" := {z € R | 2 > 0}, C are the sets of all natural, real, positive,
and complex numbers, respectively. We often denote singleton sets {z} simply by x, without the use of
curly braces. Let Ny := OUN, R* \ 0 be the set of all strictly positive numbers, R := —oo UR U +oco be
the extended real line, RT:=R+U +00, and C, := C U oo be the extended complex plane. Each of
this sets is endowed with its natural order, algebraic, geometric, and topological structure. For z € C, we
denote by |z| its modulus and by z its conjugate. For the empty set & we put inf @ := +o00 := supR and
sup @ := —oo := inf R . For a subset S C C, let Hol(.S) denote the algebra over C of all holomorphic
functions f on open subsets Oy O S'in Co,. Therefore, Hol(C) is the algebra of all entire functions.

Let Sbeaset, J be an index set, and Z := {z;} ey be an indexed set of points z; € S. Such indexed
sets will be called distributions of points in S. We write z € Z if there is z; such that z; = z. For a
subset §" C S we write Z C S" if z; € S’ for each j € J. The counting function nz: S — N of Z is
defined by

nz(z) := ZlENO :=NoU+oo ateachze S. (1z)
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NECESSARY AND SUFFICIENT CONDITIONS 801

We denote by the same symbol nz the counting measure nz: 25 — Ny of Z defined by

nz(S") = Z 1= Z nz(z) € N foreach S’ C S. (In)
2,€8"  zeS
We say that distributions Z and Z’ of points in S are equal and write Z = Z" if nz = nz on S. Thus, both
the counting function and the counting measure uniquely determine distributions of points in S. We
write Z Cc Z'ifnz <mngz on S.

Let O # @ be an open subset in C. The zero set of f € Hol(O) is a distribution Zero; of points in O
with the counting function of the multiplicity of zeros of f defined by

lim sup ‘f(z)| <+oo}.

Nzero; (2) = sup {p € Ny NPT

Therefore, for the zero function 0 € Hol(O), we have nzero, (2) L) +ooforeach z € O and nzero, (5) ()

+oo for each S C O. The counting function nzero, of f € Hol(O) is often called the divisor of zeros of
f. 1T Z C Zeroy, then we write f(Z) = 0 and say that Z is a zero subset of f and f vanishes on Z.

For a subset S C Cq, we denote by CS := C, \ S, clos S, int S := C(clos CS), and 95 := clos S\
int S its complement, closure, interior, and boundary always considered in the topology of Co,. We
write S € Oifclos S C O.

A distribution of points Z C O is locally finite if nz(S) < +oc foreach S € O.

Weierstrass Theorem. Let Z be a distribution of points in an open set O C C. The following
three statements are equivalent:

o Thereis f € Hol(O) such that f # 0 and Z = Zeroy.
o Thereis f € Hol(O) such that f # 0and f(Z) = 0.

e Zislocally finite.

Throughout this article, we only consider locally finite distributions Z of points in an open connected
subset D C C,i.e. D is a domain in the complex plane C.

If an additional constraint In|f| < M on D is imposed on a holomorphic function f # 0, where
M: D — R is an extended real-valued function, then the problem of describing zero sets and zero
subsets becomes much more complicated. In particular, zero sets are very often not the same as
zero subsets. In our paper, we consider only zero subsets under a restriction from above of the form
In|f| < M, when M is the difference of subharmonic functions with the Riesz charge Aj;. For
subharmonic functions M [1—=3], this question was considered earlier in our series of works [4—7]. In
this article, we consider the difference M = M, — M,y of subharmonic functions M, and M, with
the Riesz measures Ayy,, of My, and Ay, - of My, and with the Riesz charge Ay := Apg,, — Ay, 0f

M. 1tis shown thatifIn|f| < M, f # 0 and f(Z) = 0, then there is a number C' € R* such that

Zv(zj) < /vdAM+C’ (2)

Zj

for v from a very wide class of positive test functions. There are the necessary conditions, see Sec. 2,
Theorem 1, for (2) to be valid. Conversely, if (2) holds for much more narrow subclasses of positive
smooth subharmonic test functions v, then we have almost converse statements in the form In|f] <
M® + R, where M© is a certain averaging of M over small disks, and R is a small addition related to
the distance to the boundary 9D of D. In Sec. 3, Theorem 2, we also give some sufficient conditions.
In Sec. 3, we consider domains D with non-polar boundaries D or, equivalently, with non-polar
complements CD. This very broad class of domains D includes most of the considered in function theory
and its applications. If the complement CD contains a connected subset with more than one point, then
the boundary 9D is non-polar[1, Corollary 3.6.4], [3, Theorem 5.12]. But the boundary 0C = oo € C
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802 B.N. KHABIBULLIN, F.B. KHABIBULLIN

of C is polar. For the case of D = C in Sec. 4, Theorem 3, we obtain a criterion for a wide class of
functions M = M,, — Mo, under a single condition: There exist numbers P,C € R* such that

/Mup S+ 1| 7 ’9)d9<Mup( )+ C foreach » € C. (3)

2. NECESSARY CONDITIONS FOR ZERO SUBSETS OF HOLOMORPHIC FUNCTIONS
WITH UPPER CONSTRAINTS IN DOMAIN

2 1. Subharmonic Functions and Measures

Let sbh(S) be the cone over R™ of all subharmonic functions u on open neighborhoods of S C C
including the (—oo)-function —oo: 2 — —oc. Let har(S) := sbh(S) N (—sbh(S)) be the space over R

zEe
of all harmonic functions won S. We denote by sbh, (D) := {u € sbh(D) | u # —oo} the class of all
nontrivial subharmonic functions on a domain D C (C
I[f u € sbh, (D), then its Riesz measure is denoted by

Ay = %Au € Meas™ (D),
where A is the Laplace operator acting in the sense of the theory of distributions or generalized
functions, and Meas™ (D) is the cone over R of positive Radon measures on D. But by definition,
the Riesz measure of the (—oo)-function on D is such that A_ . (S) = o0 foreach S C D.
If f € Hol(D), then In [f] € sbh(D) and nzero, = Ay [1, 3.7.8]-

Given f E F C R, we set [tz — max{0, f(z)}, and F*:={f € F': f = f*}. For a sequence

(fr)ken C R” , we write fr, * fif this sequence (fi)ren is increasing and f = hm T
k—o00

Pt {fERX‘E'(fk) CE b f}. (4)

Let sbh™(S) := (sbh(S))Jr be the class of all positive subharmonic functions on S. For a closed subset
S € D we define the class [4, Definition 1], [6]
sbhi (D \ §; < b) := {v € sbh* (D \ 5)‘1) <bonD\S, limsupv(z) = o} (5)
D>3z'—z z€0D

of positive subharmonic test functions vin D\ S with an upper bound b € R, and the class

sbhi T(D\ S; < b) ‘2 (sbhif (D \ S; < b))

of upper positive test functions v in D\ S with an upper bound b € R,

The difference of two nontrivial subharmonic functions is called a nontrivial d-subharmonic
function, or a nontrivial §-subharmonic function. A d-subharmonic function 8], [4, 3.1], [9]

M = Mup — M]OW, Mup c Sbh*(D), Mow c Sbh*(D), AM = AMup — AMow? (6)
with the Riesz charge Ay of M is defined at each point z € D where M, (2) # —o0. Below we put
M(2) := 400 il Mgy (2) = —o0.

For a Borel subset S C C, we denote by Meas(.S) the class of all Borel signed measures, or charges,
on S. Meas.p (S) is the class of charges . € Meas(S) with a compact support suppp € S;
Meas™ (S) := (Meas(S))™, Meascmp(S) := (Meas¢mp(S)) .

For a charge p € Meas(S), we let u™, u= := (—p)™ and |p| :== ™ + p~ denote its upper, lower,
and total variations. A function f: S — R is called p-integrable if there are four integrals
[ fEdu* € R such that [frdp™+ [ f~du™ < +oo when [ f~du* + [ fTdu~ = +o0, and vice
versa, [ f~duT+ [ fTdu~ < +oowhen [ fTdut + [ f~du~ = +oo. A u-integrable function f: S —
Ris u-summableif [ |f|d|u| # +oc.
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2.2 Jensen Measures and its Potentials
A measure py € Measéﬁnp(D) is a Jensen measure for domain D C D at zp € Dii[10, 4]

u(zp) < /udu for each zy € sbh(D). (7)

We denote by J,, (D) the class of all these Jensen measures. Obviously, (D) = 1 for every u € J,, (D).
For pu € J,,(D), the function

| % z»—>/ln|z’—z|d,u—ln\z|, z€C\ zy, V(o0):=0, (8)

is the logarithmic potential of p € J,,(D) with pole z.

A positive subharmonic function V' € sbh™(Cy. \ 20) is a Jensen potential for D with pole zy € D
if there is a subset Sy, € D such that V(z) = 0 foreach z € D\ Sy and

1
|z — 2o

<limsup _ V) 1> = <V(z) <In

20#£2z—z0 In |Z - Z0| o

+O(1)aszo7éz—>zo>.

We denote by PJ,, (D) the class of all such Jensen potentials. If D’ € D be a subdomain in domain
D c C, theniits Green’s function gp (-, z9) with pole zy € D’ belongs to PJ,, (D).
Lemma 1[[10, Propositions 1.2, 1.4]]. Let D # & be a domain in C and zy € D.

(i) The mapping P: »@ V. is an affine bijection from J, (D) on PJ, (D), and
_ . V(z)
PLV)=A —|—<1—hmsu 7>5z, V e Pl (D). 9
( ) |4 |(C\Zo 20752—%5) —In |Z _ ZO| 0 0( ) (9)

where 6, is the Dirac probability measure with the support supp 6, = 2.

(ii) If p € J;,(D), then the following Poisson—Jensen formula holds:

u(zp) = / ud,u—/VMdAu foreach w e sbh(D) with w(z) # —oc. (10)
D\zo D

We denote by PJT (D) := (PJZO(D))T the class of all test Jensen functions.

Iif D C Cis a domain with non-polar boundary 9D, then there is its Green’s function gp (-, zo) with
pole zg € D. Moreover, gp(+, zo) is the largest Jensen test function in PJL)(D). I the boundary 9D is
polar, then the largest test Jensen function in PJlO(D) is the (+o00)-function 400 z 2 +o0.

2.3. Main Result on Necessary Conditions for Zero Subsets in Domains

The main aim of this section is to establish the largest possible range of necessary conditions for
the distribution of zero subsets of holomorphic functions f € Hol(D) satisfying the upper constraint
In|f| < M on D. We establish these conditions for arbitrary domains in C and arbitrary d-subharmonic
majorants M from (6).

Theorem 1 (necessary conditions). Let Z be a locally finite distribution of points in a domain
D c C and let M be a d-subharmonic function (6). Suppose that there exists a function f €
Hol(D) such that f # 0, f(Z) = 0and

ln‘f(z)|§M(z) ateach z € D. (11)
Then, for any closed set S @ D with int S # & and Jor any b € RT, there is a number C € R™ such
5
that, for each test upper positive function v (e) sbharT(D \ §;<b), we have

Z v(z5) < / vdAp + C  provided v is Apr-summable on D\ S. (12)
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If 20 € D, f(20) # 0and Myy(20) + Mipw(20) # —00, then there is C' € R such that (12) holds with
the singleton S := {z} Jor each test Jensen function v € PJ] (D).

Proof. In the case v (é) sbhd (D '\ S; < b) without 1 we use

Lemma 2 ([4, Main Theorem]). For any point zy € int S satisfying M,p(z0) + Mpw(20) # —00,
any regular (for the Dirichlet problem) domain D C C with the Green function g5 (-, 20) with pole
at zy € D which satisfies the conditions S € D C D and Cclos D # @, any function u € sbh, (D)

satisfying the inequality w < M on D, and any test function v € sbhi (D \ S; < b), the [ollowing
inequality holds:

Cu(zp) + / vdA, < / vdAps + / vdAJT/Iluw +CCyy, (13)
D\S D\S D\S
where C :=b [ inf,cps8p(2,20) > 0 and
/ - 20)dAp + / g5 (- 20)dAy, + M1 (2) € R, (14)
D\zo D\S
but for D € D, this constant Cy; < +ocin (13) is finite and independent of v and u.

We put u (:12 In | f| and fix a point zy € int S and a regular domain D € D such that f(zo) # 0 and
the assumptions of Lemma 2 hold. Then, by (13)—(14), C € R, Cj; € R, and

/ vdA]T/[IOW < bA]TJlow (D) < 400
D\S
are independent of f and v. Thus, there is a number C such that

Z v(z5) = /vdnz§ /vanemf: /vdA1n|f

z;€D\S D\S D\S D\S
= / vdA, < / vdAy + C — Cln!f(zoﬂ
D\S D\S
for each test function v € sbhi (D \ S; < b). Hence, for €’ := C — C’ln‘f(zo)‘ € R, we obtain
> v+ / vdAyg,, < / vdAyy,, +C' (15)

for each test function v € sbhy (D \ S; < b). Let (vg)ren C sbhy (D '\ S; < b) be an increasing sequence
and v := klim Vg € sbharT(D \ S; < b)is Aps-summable. Then
—00

/'Uk:d(nZ+AM10W): Z Uk(Zj)+ /deAMlow

(15)
< / vpdApyg, +C' < / vdApg, +C" < 400 foreach k € N.
D\S D\S

Applying the monotone convergence theorem for integrals to the left-hand side, we obtain

> o)+ [ eddu, = [ vz + A0 < [ vl +C

z;€D\S D\S D\S D\S
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for each test upper function v € sbhf{T(D \ S;<0).
[t remains to consider the case of test Jensen functions.
By the Weierstrass Theorem there are a function fz € Hol(D) with zero set Zeroy, = Z and a function

(11)
g € Hol(D) such that fz(z0) # 0, g(20) # 0and In|fz| 4+ Moy < M,p, —In|g|on D outside some polar

(M)
set, and hence everywhere. Integrating with respect to a Jensen measure p € J,,(D), we obtain

Jmlseld+ [ Moydp < [ Mot~ [1nlgidn < [ My~ n]g(0)].
D D D

D D

By the Poisson—Jensen formula (10), for In | f|, M, and M, we have

/Vudnz + In| f(20)] +/VHdAMW + Moy (20) < /VHdAMUp + Myp(20) — In|g(0)|
D D D

Hence

[ Vatnz + [ Vi, < [ Vidg, + (Map(0) =1l £ o) = Mgy (20) ~ Inlg(0)])
D D D

C

for logarithmic potentials V), of all Jensen measures p € J (D). By Lemma 1(i), if x runs through
J:, (D), then V;, runs through the whole class PJ,,. Thus,

/Vd(nz + An,,) = /Vdnz + /VdAMIOW < /VdAMup +C foreachV e PJ, (D).
D D D D

Let (Vi)ren C PJ,, (D) beincreasing and V' := klim Vi € PJZO (D) be Apr-summable. Then
—00

/de(nz + AMIUW) < /deAMUP +C < /VdAMw +C < 4o0.
D D D

Applying the monotone convergence theorem for integrals to the left-hand side, we obtain
> Viz)+ / VdAy,, = / Vd(nz + An,) < / VdAy, + C’
z;€D\S D\S D\S D\S

for each test Jensen function V' € PJEO(D). O

3. SUFFICIENT CONDITIONS FOR ZERO SUBSETS OF HOLOMORPHIC FUNCTIONS
WITH UPPER CONSTRAINTS IN DOMAINS

3.1. Integral Means of Subharmonic and d-subharmonic Functions

We denote by D(z,t):= {2 € C: |2/ —z| < t}, D(z,t):={2 €C: |/ —z| <t}, OD(z,t):=

D(z,t)\D(z,t) an open disk, a closed disk, a circle of radius t € R centered at z € C, respectively.
[f D # @ be a proper domain in C, i.e. D # C, then we use a function r: D — R on D such that

0 <r(z) <dist(z,0D) := inf |z— 2| foreachze D,
2'€dD (16D)
inf 7(2) >0 foreach K € D,
zeK
but if D = C, then we use another function
with a number P € RY. (16C)

QN ra
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Let u: D — R be a function. The integral means of u over circles 0D(z,r(z)) are

2
% /u(z + r(z)ew)dQ, z€D, D(zr(z)) CD, (17@)
0

u®"(z) =

the integral means of u over disks D(z,r(z)) are

T

—~

z) 27

/u z+te?)ddt, ze D, D(z,r(z))CD,. (17e)
0

U.T(Z)

o\

Naturally, we assume that the above integrals are well defined and [1, 2.6],[11],[12, Theorem 3]
u<u* <u® <u*™e)  on Dioreachu € sbh,(D), (18)

where the last inequality holds under the assumption that \/er < dist(-,0D) on D.
We impose one very weak requirement on function (16D). For the function

r(z) :== inf{RERJF‘ U D(Z,r(z")) C D(z, R)} z€eD, (19r)
2'€D(z,r(z))
we require
D(z,7(z)) ¢ D foreach z € D. (197)
We define the class [6, (1.12)]
sbhiy (D \ S;< b) == {v € sbhi (D )\ S; < b)( (20)
there is a subset S, € D such that v(z) = 0 ateach z € D'\ Sv}. (21)

of test subharmonic positive compactly supported functions for D outside of S € D.

3.2. Main Result on Sufficient Conditions for Zero Subsets in Domains

The order of formulating sufficient conditions in Theorem 2 differs from the order of formulating
necessary conditions in Theorem 1. First, we give sufficient conditions for arbitrary domains D and
d-subharmonic majorants M in terms of smooth Jensen potentials from PJ,, (D), and then we state
sufficient conditions for arbitrary domains D with non-polar boundary 0D and arbitrary d-subharmonic
majorants M from (6) in terms of smooth test subharmonic functions from sbhy(D \ S; < 1). The main
task of this section is to establish the smallest possible set of sufficient conditions for the distribution of
zero subsets of holomorphic functions f € Hol(D) satisfying the upper constraint In | f| < M on D.

Theorem 2 [sufficient conditions]. Let Z be a locally finite distribution of points in a domain
D c Ccontaining zg ¢ Zand M be a d-subharmonic function (6) with M, (z0) + Miew(20) 7 —00.

Let there be a subdomain U,, € D containing zy € U,, such that the inequality (12) with
S :={z}is Julfilled for each smooth Jensen potential

v € PJ, (D) (Vhar(Us, \ 20) [ | C™(D\ 20) (21P)

satisfying
v(z) = —In|z — 2| + O(1) as zp # z — 2. (21p)

Then, for each function (16), satisfying (19), and for any number a > 0 there exists a function
f € Hol(D) such that f #0, f(Z2) =0and

17 N
In |f| §® Mfl?f — Mow + R on D, where 7 is defined in (19), and (22M)
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In— +(1+a)n(l+])), JD#C,

r(z)
- 1
R(z) = {1 %, if D # Cis simply connected or G clos D # @, (22R)
0, ifD=C,

ateach z € D.
In addition, if the boundary 0D of D is non-polar and there exist a closed subset S € D with
int S # @ and a number C € RT such that the inequality (12) is fulfilled for each smooth test

20
function v (6) sbhiy(D \ S;< 1) C>=(D\ S), then, for any function (16D), there is a function
f € Hol(D) such that f #0, f(2) = 0and (22) is fulfilled.

Proof of Theorem 2. We first prove the statement for Jensen potentials. We denote by PJ (D) the
class of all Jensen potentials v satisfying (21¢) and put (cf. [7, (13V)])

V(Us,) =PI (D) [\ har(Us, \ 20) [ | C™(D\ ). (23)

We denote by Meas (D) the subclass of all measures p € Meas™ (D) with densities m € C*°(D), i.e.
dp = mdA, where X is the Lebesgue measure on D, and put (ci. ¢[7, (13M)])

M(Usy) = (D) (Y Meascrp(D \ Us,) [ |Meas, (D). (24)

By Lemma 1(i), it is easy to see that the mapping P~! in (9) defines a bijection from the subclass V(U,,)
to the subclass M(U,,) [7, Theorem A].

By the Weierstrass Theorem there is a function fz € Hol(D) with zero set Zeroy, = Z.

For all Jensen potentials v € V(U,,) we have the inequality (12) with S :={zp}. Hence, by
the Poisson—Jensen formula of Lemma 1(ii), (10), applied to In|f|, M,,, M., and by bijection

PUD): V(U.,) % M(U.,), we have (cf.[7, (15)])

/ (In | 2] + Miow)dps = / In |fzldp + / Miwdn
—_—————
D D D

u

< /Mupdu + (1n|fz(z0)\ + Migw(20) — Mup(zo)) for each € M(Us, ). (25)
D

[

Lemma 3 (A very special case of [13, Corollary 8.1.11.1] with H := sbh, (D), cf. [7, Theorem BJ]). /f,
for some number c € R, assertion (25) holds, then, for any function r, satisfying (16D), there are
a function h € sbh,(D) and a positive function i < r from the class C*°(D) such that

u+h<Mj € C®D) onD, (26)

where, by the construction from [13, (8.3—6), (8.10)], [6, (2.18—19)], Mf;f are “moving
contracting” smoothing averages over some probabilistic measures o"?) € Meas? (D(z,7(2))).
obtained by the shift, compression, and normalization of a single approximate unit a € C*(C),
depending on the modulus | - | only with support suppa C D(0,1).

By Lemma 3 we choose a subharmonic function h € sbh, (D) such that In|fz| + Moy + h < MS’%’;
on D. By [14, Proposition 3] or [15, Theorem 4], for the subharmonic function M,, we have MS%" <
MY < M on D. Thus In | fz| + Mioy + h < M) on D. Hence,

17e
In|fz| + Migw +h*" < (In|fz])™ + M, + b < (MS)™ onD. (27)

Lemma 4 ([16, Theorem 3, Corollary 3(i),(iii)]). Let h € sbh.(D) be a subharmonic function on a
domain D C C. Then, for any number a > 0, there is a function g € Hol(D) such that g # 0 and

Injg| <h*+ R on D, (28)
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where R is a function from (22R).
By Lemma 4 and (27), we get

In|fzg| + Mgy = In|fz| + Moy +In|g| < (M) + R on D, (29)

where f := fzg # 0and f(Z) = 0.
The following lemma is an elementary very special case of [15, Theorems 2, 4].
Lemma 5. If r and 7 are defined by either (16D) or (16C) and (19), then (u®")*" < u®" on D.
By Lemma 5, it follows from (29) that

ln|f| + Moy = 1H|fzg| + Moy < MS%?—F R onD.

Thus, under (12) for smooth Jensen potentials, we have proved (22).
Now consider the case of a domain D with non-polar boundary 0D.

Lemma 6 ([6, Theorem 3]). Under the conditions of Theorem 2, there is a subharmonic function
u € sbh,(D) such thatny < A, and uw < M*" onD.

By Lemma 6 there is a subharmonic function u € sbh, (D) such that
(18)
nz <A, and u<M* = MJ{; - M, < MJ{; - M, onD. (30)
By the Weierstrass Theorem, there is fz € Hol(D) with Zeroy, = Z, and fz # 0.

(30)
Consider a d-subharmonic function h := u — In | fz| with Riesz charge Ay, = A, —nz > 0, 1i. e,

Ap, € Meas™ (D) and h € sbh, (D). It follows from (30) that

(30)
In|fz| +h=u < MJ;?;_MOW on D. (31)
Hence, forIn|fz| € sbh,(D) and h € sbh,(D), we obtain

inlfal + A% < (I 1f2)" + 5 = (in|fzl + )" = "
(31) R .. 18 o or
< (Myp)™ = Mgy, < (MRD)™ — Mgy, on D. (32)

low

Using Lemma 4, we put f := fzg # 0. Then f(Z) = 0 since Z = Zeroy,, and
(28) (32) W
In|f|=In|fzg| =In|fz| +In]g] < In|fz]|+hr*"+ R < (MJ{;) — My + R onD. (33)
(33) A
By Lemma 5 with u := M, we obtain In | f| < MG — My + Ron D. O

4. ZERO SUBSETS IN THE COMPLEX PLANE

In this section, we give to the results of Theorems 1 and 2 a form related to subharmonic functions
of polynomial growth and point out a very general case when the necessary and sufficient conditions
coincide. We denote by

Pot := {p € sbh*((C)‘ lim sup () < +oo}
Z—00 In |Z|
the convex cone over R of all subharmonic functions of polynomial growth [17, 6.7.2]. We use the
convex subcone over R

Potarl =<pe Pot‘p(O) =0, p>00onC, limsup& <1, C Pot (34)

Z—00 111‘2’|
of positive subharmonic functions of polynomial growth with unit upper seminormization at oc.
Theorem 3. Let Z be a locally finite distribution of points in C and 0 ¢ Z. Let M be a
d-subharmonic function (6) on D :=C. Suppose that M,,(0) + My,(0) # —oc and there are

numbers P € RT and C € Rt such that (3) holds. Then the [ollowing three statements are
equivalent:
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[. There exists an entire function f # 0 such that f(Z) = 0 and
In|f(2)] < M(z) ateachz¢€ C. (35)

1. There is a number C € R such that, for each p € Poti?, we have

Zp(%) < /p(%)dAM(z) +C providedp(%) is Ap-summable on C\ 0. (36)
C

III. There are numbers C € R* and Ry > 0 such that (36) is fulfilled for each
p € Potf () C(C) | har(C\ D(0, Ry)) (37P)

such that p = 0 on some neighborhood of the origin and
p(z) =In|z|+ O(1) asz— . (370)

Proof. Here (35) is a particular case of (11) for D = C. Let 2y := 0. The inversion transformation

z »—C> %, 0 — oo — 0 from C onto C, gives a bijection from Potarl onto PJg((C) and a bijection
ze

from the class (37) onto the class (21), or onto the class V(U,,) from (23). Thus, (36) is (12) with
v(z) = p(1/2). Hence, the implication I = II follows from Theorem 1, the implication [1 = 11 is
ze

(o]

obvious, and the implication [Il = I follows from Theorem 2 if we take into account condition (3). O

FUNDING

The research is funded in the framework of executing the development program of Scientific Educa-

tional Mathematical Center of Volga Federal District by additional agreement no. 075-02-2020-1421/1
to agreement no. 075-02-2020-1421.

CONFLICT OF INTEREST

The authors declare that they have no conflict of interest.

REFERENCES
1. Th. Ransford, Potential Theory in the Complex Plane (Cambridge Univ. Press, Cambridge, 1995).

2. W. K. Hayman and P. B. Kennedy, Subharmonic Functions, Vol. 9 of London Math. Soc. Monography
(Academic, London, New York, 1976), Vol. 1.

3. L. L. Helms, Introduction to Potential Theory (Wiley-Interscience, New York, London, Sydney, Toronto,
1969).

4. B. N. Khabibullin and A. P. Rozit, “On the distribution of zero sets of holomorphic functions,” Funct. Anal.
Appl. 52, 21-34 (2018).

5. E. B. Menshikova and B. N. Khabibullin, “On the distribution of zero sets of holomorphic functions. II,”
Funct. Anal. Appl. 53, 65—68 (2019).

6. B. N. Khabibullin and F B. Khabibullin, “On the distribution of zero sets of holomorphic functions.
[IL. Inversion theorems,” Funct. Anal. Appl. 53, 110—123 (2019).

7. E. B. Menshikova and B. N. Khabibullin, “A criterion for the sequence of roots of holomorphic function with
restrictions on its growth,” Russ. Math. 64 (5), 49—55 (2020).

8. M. G. Arsove, “Functions representable as differences of subharmonic functions,” Trans. Am. Math. Soc.
75, 327—-365 (1953).

9. V. Azarin, Growth Theory of Subharmonic Functions (Birkhauser, Basel, Boston, Berlin, 2009).

10. B. N. Khabibullin, “Criteria for (sub-)harmonicity and continuation of (sub-)harmonic functions,” Sib. Math.
J. 44, 713—728 (2003).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No.4 2021



810

1.

12.

13.

14.

15.

16.

17.

B.N. KHABIBULLIN, F.B. KHABIBULLIN

A. F. Beardon, “Integral means of subharmonic functions,” Proc. Cambridge Philos. Soc. 69, 151—152
(1971).

P. Freitas and J. P. Matos, “On the characterization of harmonic and subharmonic functions via mean-value
properties,” Potential Anal. 32, 189—200 (2010).

B. N. Khabibullin, A. P. Rozit, and E. B. Khabibullina, “Order versions of the Hahn—Banach theorem and
envelopes. II. Applications to the function theory,” Itogi Nauki Tekh., Ser.: Sovrem. Mat. Pril. Temat. Obz.
162, 93—135 (2019).

T. Yu. Bayguskarov, G. R. Talipova, and B. N. Khabibullin, “Subsequences of zeros for classes of entire
functions of exponential type, allocated by restrictions on their growth,” SPb. Math. J. 28, 127—151 (2017).

B. N. Khabibullin, “Balayage of measures with respect to (sub-)harmonic functions,” Lobachevskii J. Math.
41 (11),2179-2189 (2020).

B. N. Khabibullin and T. Yu. Baiguskarov, “The logarithm of the modulus of a holomorphic function as a
minorant for a subharmonic function,” Math. Notes 99, 576—589 (2016).

W. K. Hayman, Subharmonic Functions (Academic, London, 1990), Vol. 2.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No.4 2021



