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CAUCHY PROBLEM FOR NAVIER-STOKES EQUATIONS,
FOURIER METHOD

R.S. SAKS

Abstract. The Cauchy problem for the 3D Navier-Stokes equations with periodicity
conditions on the spatial variables is investigated. The vector functions under consideration
are decomposed in Fourier series with respect to eigenfunctions of the curl operator. The
problem is reduced to the Cauchy problem for Galerkin systems of ordinary differential
equations with a simple structure. The program of reconstruction for these systems and
numerical solutions of the Cauchy problems are realized. Several model problems are solved.
The results are represented in a graphic form which illustrates the flows of the liquid. The
linear homogeneous Cauchy problem is investigated in Gilbert spaces. Operator of this
problem realizes isomorphism of these spaces. For a general case, some families of exact
global solutions of the nonlinear Cauchy problem are found. Moreover, two Gilbert spaces
with limited sequences of Galerkin approximations are written out.

Keywords: Fourier series, eigenfunctions of the curl operator, Navier-Stokes equations,
Cauchy problem, global solutions, Galerkin systems, Gilbert spaces.

1. INTRODUCTION

1.1. Problem statement. Let us consider 27-periodic functions f(z + 27mm) = f(x) for all
m € Z? in the space R®. There exists a natural realization of the factor space R®/27Z?* in the
form of a 3-dimensional torus

T = {(eixl,eim,em?’) - 03; (ZL‘l,fL’Q,I'g) c Rg},

given by the mapping (xy, 72, 23) +— (€', e €3). Whence, the standard realization of
functions periodic on R? follows in the form of functions on a 3-dimensional torus. Let the
fundamental cube @* be given by the inequality 0 < z; < 2. Integration on T is determined
by means of the Lebesgue integral on the cube (). Namely fohr dr = fQ f dx, where f is
a restriction on @ of the periodic function in R?® generated by the function f on the torus.
L,-spaces on T are identified with L,-spaces on () and are denoted by L,(T). Note that the
class of continuous functions C(T)) corresponds not to the class of all continuous functions on
@, but only to the functions that remain continuous when continued periodically on all R3.
The Banach space C(T) is a subspace in Lo (T) and is endowed with the L,,-norm ( see [1],
Ch.10, [2], Ch.7).

In addition, consider a subspace of solenoidal vector functions in [Ly(T)]* and denote it by
VP ={uv(z) € [La(T))* : divw = 0; [[vllgo = (2) *[[0l| o }-

Let us assume that complex vector functions g(z) € V° and f(t,z) € V° are given for any
t>0.
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Problem 1. Find the velocity vector v(t,x) = (vi,ve,v3) and pressure p(t,z) that are 2m-
periodic with respect to the space variables x;, continuous in Ry X R®, and that have the
corresponding smoothness and satisfy the Navier-Stokes

v

E—VAU—F(U'V)U:—VP—F]C, div v =0 when (t,7) € Ry x R® (1)

and the initial condition:
v(0,2) = g(). (2)
Here A, V, div are linear Laplace’s, gradient and divergence operators, respectively and the
nonlinear operator (v - V)v = Z§:1 v;0;v.
In the classical statement, it is supposed that the functions g and f are smooth: g € [C*°(T)]
and f € [C*>(]0, 00) x T)]*. Physically meaningful solutions satisfy the conditions that functions
v and p should be smooth and globally determined:

v(t,x) € [C%([0,00) x T)]?, p(t,z) € [C*([0,00) x T)], (3)

3

and that the kinetic energy of the solution should be globally bounded, i.e. there is a constant
E € (0,00) such that

/Q lv(t, )| dv < E for any t > 0. (4)

Wikipedia, the free encyclopedia in the Internet, discusses a complicated problem in the
article ,Navier—Stokes existence and smoothness“. Namely, prove either (A) or (B).

(A) Emistence and smoothness of the Navier-Stokes solutions in T?. Let f(t,z) = 0. For
any smooth initial condition g there exists a smooth and globally defined solution to the
Navier—Stokes equations, i.e. there is a velocity vector v(¢,x) and a pressure p(t,x), satisfying
the conditions (3), (4);

(B) Breakdown of the Navier-Stokes solutions in T3. There exists an external force f(t,x)
and an initial condition g(x) such that there exist no smooth and globally defined solutions
to the Navier—Stokes equations, i.e. the velocity vector v(¢,x) and the pressure p(t,x) do not
satisfy the conditions (3), (4).

In §5, we generate families of classical solutions to the problem in the explicit form for any
v > 0 for particular cases of initial conditions g and the right-hand sides f, corresponding to
the eigenfunctions of the curl operator.

Let us turn to a generalized statement of the problem (see monographs [4, 5, 6, 7|, we follow
the notation used in [8, 9]).

1.2. Function spaces of the problem. The basic space
VO={ve[L(T)P : dive = 0,/ vda = 0 [[vflve = (2m) P ||v]| o)} (5)
Q

where the relation div v = 0 is interpreted in the sense of the theory of distributions over
the space 11 of infinitely differentiable 27-periodic functions, where the convergence ¢, — 0
indicates a uniform convergence of ¢,, to zero when n — oo together with all derivatives (see

[1], Ch. 10). That is
(div v ,¢) = —(v,Vp) =0 for any ¢ € II*. (6)

Note the inclusion of spaces V0 C V0.
The Fourier series

oo
v(z) = v + g v, €% where vy, =

k=1 (2r)?

—_
S~
=
B
)
|
L
8]
Q.
=
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is used to represent the vector functions v(z) € [Lo(T)]?. Here k = (ki, ko, k3) are integer-valued
vectors, k? = |k|* = kI + k3 + k2, the sign v(z) = > indicates that the series converges to v(z)
in a quadratlc mean, i.e. in the norm Ly(T)3.

The Parseval-Steklov equality

2m) 7 |lull® = Juo* + ) fowl? (8)
k2=1

exists in the set I1°°, dense in [Ly(T)]?. It allows one to determine the Fourier expansion
(transform) for elements of [Lo(T)]* and for wider spaces of distributions [1].

The solenoidal condition v(z) is reduced to equalities (vg, k) = 0, i.e. to orthogonality of
vectors vy, to wave vectors k for any k # 0.

The integral condition fQ v dz = 0 indicates that vy = 0.

Following the works [1, 8|, let us introduce the Sobolev space of periodic vector functions H,
with the norm, defined by the equality

loll7, = lool® + > [k [oxl?, s € Ry (9)
[k[>=1
Further, the spaces V* and V* are intersections of V° and V° with H,:
Ve ={v(z) € H,nV v .} (10)

The squared norm in V* is defined by the previous formula, provided that (vg, k) = 0 for all
k # 0. This causes certain difficulties in investigation.
This condition disappears with turning to the Fourier series of the curl operator. According

vs = ||v]

to §2, the eigenfunctions of the curl operator have the form ¢ e*® n ke where k= k /1k|.
Any vector function v(z) from Ly(T)? can be expanded into series in terms of the eigenfunctions
of the curl operator

v(z) = v + Z 'kai‘l"ykck + Ve ¢ e e, (11)
|k|2=1
1 TN —ika
Ve = (27’(‘)3 Q(U(l’% k)e d!L‘, (12)
1 —ikx
2= W/Q(U@),c,f)e K . (13)
Then,
lollz, = ool + D> kPl + 7 P + i 1), (14)
|k[?=1
ol = 3 (i + i ) (15)
|k|>=1

because according to Lemma 1, the function v(x) € V*, if and only if all 7, = 0 and vy = 0.
The vector function v(t, z), as a function of ¢t € (0,7) with values in the space V*, belongs
to the space Lo(0,7;V?) if it has a finite norm, the square of which equals to

T
ot 210 mae) = / lot, [13.dt = (16)

/0 O 1R @O + [y (0)1))dt.

k=1
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The space Ly(0,T;V?) is indicated as Lo(Ry;V?®) when T' = +o0.
The norm of v(t, z) in the space L (0,7;V?) is defined as follows
|| Lo 0,m5vsy = €55 supgepom||v(t, -)||vs- (17)
Finally, define the space W(*) where s € [0, 00), by the formula
W) = Lu(t,z) € Ly(0,T; VF*) : du(t,x) € Ly(0,T;V*)}. (18)

Note that usually, when physical fields v are represented, the mean of the vector function v
with respect to a cube is considered to be equal to zero, i.e. the vector vy = 0. This condition
is included in definition of the space V°.

1.3. Generalized problem statement (see [7] §.3 Ch.3). Suppose that (v, p) is a classical
solution of the problem (1), (2) and

ve C*[0,T] x T),pe C*[0,T] x T).

Evidently, v € Ly(0,T;V?), dyv € Lo(0,T;V?). Multiplication (scalar n Ly(Q)) of the first
equation (1) by an arbitrary vector function w of the class V! and integration by parts provides

%(v,w) +v(Vo, V) + b(v,v,w) = (f,w), weV (19)

where

3
b(u,v,w) = Z / w;(O;v;)w;dx (20)
ij=17@
by definition. Note that Vp falls out: (Vp,w) = —(p, divw) = 0, since w € V.

Poblem 2. Given f(t,z) € Ly(0,T;V°), g € V1. In the class

W20 — {u(t,2) € Lo(0,T;V2) : do(t, z) € Lo(0,T; V), (21)

find a vector function v(t, x), satisfying Equations (19) and the initial condition (2): v(0,2)=g(x)
for any w € V1.

1.4. Results. The present paper is devoted to investigation of the Cauchy problem for the
Navier-Stokes system of equations in a three-dimensional space with periodicity conditions with
respect to space variables on the basis of Fourier series of the curl operator.

Some periodic eigenfunctions of the curl operator have long been known and used in works of
V.I. Arnold [10] and his disciples, O. Bogoyavlenskii [11], physicists [12], [13],[14],[15] . See also
V.V. Kozlov’s monograph "General Theory of Vortices"[16] and surveys by V.V. Pukhnachev
[17] and A.S. Makhalov and V.P. Nikolaenko [18].

In 2000, I managed to write out basis eigenfunctions of the curl operator in the space [Ly(T)]?
(see Theorem in §2) and informed O.A. Ladyzhenskaya about it during a seminar in Ufa (see
[19],[20]). In 2003, Ladyzhenskaya tackled the problem "Construction of bases in spaces of
solenoidal vector fields"[21]|. On page 73 she writes about the Galerkin scheme: "It is good for
proving existence theorems and further qualitative analysis of solutions. However, its numerical
realization requires knowledge of a fundamental system {p,} in H(2). In the present paper,
we suggest a method for its construction". In particular, O.A. Ladyzhenskaya was interested in
the possibility to calculate eigenfunctions of the Stokes operator in domains of simplest forms
(cube, ball etc) and asked me about it.

It turns out that the periodic eigenfunctions (vg,px) of the Stokes operator are such that
pr = const and the vector functions v, coincide with the solenoidal eigenfunctions of the curl
operator ui- for k # 0 and u) for k = 0 [22].

Later on [23]|, I calculated eigenfunctions (v,,p,) of the Stokes operator in a ball with
the condition v, = 0 on the boundary. In this case, p, are also constants and every vector
eigenfunction v, of the Stokes operator is the sum v, = u,} 4+ u,, of vector eigenfunctions of the
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curl operator u” and u;’ with the eigenvalues having the same absolute values but opposite signs.
These eigenfunctions at the ball boundary are located in the tangent plane and are oppositely
directed. Thus, in [23| another approach to solving the problem on construction of bases in
spaces of solenoid vector fields was obtained. I described the work [22] to O.A. Ladyzhenskaya
in POMI in late 2003, and the basis of the paper [23] to researchers of her laboratory in early
2005.

In [24], the Cauchy problem for the Navier—Stokes system in the class of 2p-periodic functions
was reduced to that for an infinite system of ordinary differential equations. Its explicit form
suggests a method for constructing families of exact solutions.

In the present paper, we construct "approximations" v; of the velocity vector v, using the
basis of periodic eigenfunctions of the curl operator in the space VY. Coefficients v; satisfy
the finite nonlinear Galerkin system RS;. The system has a simple form in the given basis. Its
linear part is diagonal, and the nonlinear part of every equation is a quadratic form (of unknown
functions), with coefficients calculated explicitly via a scalar product of basis vectors of the curl
operator (see §3). Programs for calculating coefficients of the systems RS;, a numerical solution
of the Cauchy problem and others are developed.

Some models are calculated. Figures in §6 give an idea of oscillation of the velocity vector
in planes, orthogonal to wave vectors k. One can see that the motion of liquid is complicated
noticeably with the decrease of the viscous parameter.

In §4, solvability of the Cauchy problem for a linear homogeneous Stokes system in the scale
of spaces W) (s > —1) is investigated. The operator of the problem (8, + A,vo)v — (0, yov)
is proved to realize the isomorphism of spaces W) N Ker(d, + A) and V**! (Theorem 2).

In §3, solutions v; of the Cauchy problems for Galerkin equations RS; with given S;f, S;g are
considered in proposition that f € Ly(0,T;V?), g € V. The sequence {v;}2, is proved to be
bounded both in the space Lo(0,T; V') and in the space Lo (0,T;V?).

In §5, families of exact global solutions are singled out. For the sake of simplicity, we limit
ourselves to four cases. Other families can be written out from [25], assuming that £ = 0.

A.Babin, A.Makhalov and V. Nikolaenko published a number of works (see [8] and the survey
[18]) devoted to investigation of the Cauchy problem for the Navier-Stokes system of equations
in a space rotating uniformly (about a vertical vector with the angular velocity Q) with the
initial data periodic with 2mwa; periods along coordinate axes e;. In this case, the Coriolis force
equal to Q[es, v] is introduced in the equations (1). Assuming that g(x) € V* and ||g(z)||, < Ma,
and the right-hand side of f(t, ) belongs to the space V! for a > 1/2 and

T+1 )
sup / W12, dt < M2, (22)
T T

they prove that there is a number €2, depending on M, M.y, v, a1, as, ag such that for Q > €,
the Navier-Stokes system has a global solution U(t) with the value in V', and ||U(t)]|, < M,
for all t > 0.

Studying the article [8], I restricted myself to the case when periodicity with respect to
variables z; is the same, a; = as = a3 = 1, and expanded the given and sought vector functions
in Fourier series in terms of eigenfunctions of the curl operator. This entailed significant
simplification and gave a possibility to write out the explicit form of the Galerkin equations
and various families of exact solutions of the Navier-Stokes equations (see [25, 26, 27]).

A.V.Fursikov |9] studied the initial boundary-value problem for the Navier-Stokes equations
in a bounded domain with a smooth boundary and proved its local solvability in V2© with
initial conditions from a unbounded ellipsoid El,> = {g € V' ||g|[y1/2 < p} with the small p.

S.S.Titov ( see, e.g., [28] Ch.4) studies the periodic Cauchy problem for the Navier-Stokes
equations by the Cauchy-Kovalevskaya method in scales of the Banach spaces. Solution is
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constructed in the form of a special power series. Existence of a solution is proved via
L.V. Ovsyannikov’s results with definite conditions of smallness v(0, z) and time t.

2. FOURIER SERIES

2.1. Fourier series and eigenfunctions of the Laplace operator. The spectrum of the
Laplace operator in the class of 2r-periodic functions consists of the numbers |k|* = k +k3+ k2,
equal to squared lengths of integer valued vectors k. When k € Z3, j = 1,2, 3, the eigenfunctions
(27r)73/2¢,¢’** generate an orthonormal basis in the space [Ly(T)]? of vector functions, integrable
with a squared module in a cube Q.

Any vector function f(z) € [Ly(T)]? can be expanded in a Fourier series

= fo+ f: fr €*® where f, = ﬁ/@ f(z)e **dy, (23)

k=1

converging in the quadratic mean (see, e.g., [1, 2, 3]).
Note that trigonometric polynomials are dense in C(T)* and L,(T)?, 1 < p < .
If all Fourier coefficients vanish for some f € L,(T)?, then f = 0.
If f € Lo(T)* and >, ;s fr € is its Fourier series, then the Parseval-Steklov equality holds

@) I @1 = Y 1A (24)

kez?3

The correspondence f < {fi} is a unitary mapping of Ly(T?)? on 15(Z3)3
The Fourier series (23) can be rewritten in the form of the Fourier integral

- /Q (" fsly — k) e dy (25)

The formula (25) indicates that a bornological function ), f; 0(y — k) serves as the Fourier
transform of the periodic function f(z) (see [1], ch. 10).

2.2. Fourier series on the basis of eigenfunctions of the curl operator. In [22], 1
proved that the spectrum of the curl operator consists of the number 0 of infinite multiplicity
and of numbers + |k| of finite multiplicity.

Let kg € Z*\{0}. Denote by wuj () basis vector eigenfunctions of the curl operator,
corresponding to their eigenvalues =+|kgl|, respectively. They satisfy the equations

rot ui (z) = %|ko| uif (v) (26)

and have the form
k(@) = (2m) el (27)

Here, points k lie on the sphere of the radius |kg|. Vectors c,f = af + ibki are chosen depending

on whether the vector k' = (ki, k2) equals to zero:

ko Fkiks
o2 D) 2 [ ) when # 20 (28)
2w\ o) e | gt

and

ks 0

) 2

PRENRC +i£ 1 | when &’ =0 and k # 0. 29
£ T2k
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One can readily verify that b, is a vector product of ;: k/|k| and a) and that for any k # 0
three vectors ¢, ¢; and k construct an orthonormal basis in a complex space C*, and three

vectors \/iag, ﬂb;, k construct it in a real space R?, respectively.

A zero eigenvalue of the curl operator corresponds to the vector functions
wy(z) = (27)73/2 | % when k # 0 and the vectors u) = (2r)"*%e; when k = 0.

Together with ui(x) they construct an orthonormal basis in Ly(T)? [22]. This result will be
used in what follows and is represented in the form of the following theorem with the proof.

Theorem. Any vector function f(z) € [Lo(T)]® can be expanded in a Fourier series

F@)=fo+ > (60 k +oic + dpci)e™ (30)

kP2=1

with respect to eigenvalues of the curl operator. The vector fy is the integral

1
R d 1
which is the mean f with respect to a cube, the remaining coefficients ¢y, ¢}, ¢, equal to
1 TN —ika
o = s [, ) D) (32)
o = s [ (o) c)e (33)
k (27T)3 Q Tk

The brackets (f, g) indicate scalar products in C3. The series converges in the quadratic mean,
i.e. in the norm [Ly(T)].
Let us term the expansion (30) as a modified Fourier series. The Parseval-Steklov equality
takes the form

@O = 1fol+ D (ol + 1ok P + 65 1%). (34)
|k[2=1
Proof. The expansion
h=(h k) k +(h el + (b (35)

exists for any vector h of C® when k # 0.

According to the notation (32) and (33), it has the following form for the vector f; of (23):
fe = ék k +0i ¢l + ¢ c; . Substituting this expansion into the series (23), one obtains the series
(30). Denote by S;f(z) a partial sum of the series (30), projection of the vector f(z) onto a
finite-dimensional space G, spanned on the basis vectors u, u, and ukjE for |k|> < 1. Then,

l l
@) ISf @17 = 1ol + Y (ol + 1P +1op P = Y 1Al (36)

|k|2=1 |k|2=0

The vector f — Sif(z) is orthogonal to G; and || f — Sif(x)||*> = ||fII> = [|Sif(z)]|* due
to the Pythagoras theorem [4]. The Parseval equality entails that the difference norm
|f = Sif(z)|| = 0 when [ — oo. Hence, the sequence S;f(z) converges to f(x) in the norm
of the space Lo(T)? . Theorem is proved.
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2.3. Summation of series. Multiplicity of eigenvalues £|kg| of the curl operator equals to
the number (|ko|?) of points of an integer lattice in Z3, located on a sphere of the radius |kq|.
The number \ko\z is integer. Numbers n = 4™(8¢q + 7), where m,q > 0 are integer, are not
representable in the form of a sum of three squared integers, the number n = 7 is the first one.
For such n, we assume that x(n) = 0. Then, N; = k(1) + ... + £(l) is the number of nonzero
points of an integer lattice located in a sphere of the radius v/I. The sign Zf,f‘gzl indicates
that the series (30) are summed over the levels |k|* = [, where [ = 1,2.... Summation of lattice
points is arbitrary on every such sphere, and convergence of the sphere is independent of the
order of summation. The levels for which x(n) = 0 are omitted.

Calculating the Fourier coefficients (32), (33), one has to know the enumeration of the
lattice points. A program for enumeration of nonzero points of the lattice

k— 9(k) : 1(=1,0,0), 2(0,—1,0), 3(0,0,—1), ..., 18(1,1,0), ...,

where the point (—1,0,0) is the first one, the point (1,1,0) is the 18th one etc is developed.
Calculating integrals over cubes, we used Sobolev’s cubature formulae with a regular
boundary layer ([1], ch.14).

2.4. Decomposition to orthogonal subspaces. The Fourier series (23) and (30) indicate
that there are 2 ways to decompose the vector space Lo(T)? into orthogonal subspaces:

Ly(T)? = ® F} and Ly(T)*=aF] kejo(Rk ® Rf ®R;), (37)
Js J

where F,ﬁ and R, R,:f are subspaces, generated by vector functions e;e™™” (j = 1,2,3), and
L efe | cfeh® respectively.

Indeed, choosing another basis in a complex space F, = F! & F? @ F? , we obtain the
decomposition Fj, = R, & R} @ R, . These bases are equivalent, their choice is ambiguous (see
[22]).

Lemma 1. Let f(x) of Ly(T)? be represented by the series (30). It satisfies the equation
div f =0 in terms of generalized functions if and only if its coefficients (32) vanish ¢ = 0.

Indeed, due to (6), the condition divf = 0 indicates that the vector f is orthogonal to the
gradient of any scalar periodic function ¢ (z) from II*.

An arbitrary function ¢(z) of II*° is expanded into a Fourier series 1(z) = ¢o+>_; o V& etk
converging in Ls(Q) together with derivatives of any order.

Its gradient equals to >, . ki e The formula (32) indicates that i(27)3|k|¢r =

—(f, Ve*®) is a scalar product of —f and Ve*® in Ly(Q). Therefore,

o0

—(f(x), V() = i(2m)* D [klowidy. (38)

|k[2=1

Hence, div f = 0, if all ¢, = 0. The inverse statement follows from the arbitrary choice of 1/
and completeness of the exponential system {e*}.
Lemma 1 implies that there is an expansion

f@)=fot+ D (oFc +dpep)e™ (39)
k[2=1
for functions f € V0. The squared norm of the expansion equals to

150 = Lol + > (671 + 16 ). (40)

k2=1
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2.5. Gradient and solenoidal components of vector function. Let us expand the vector
function F'(z) € Ly(T)? in the Fourier series (30) and represent it in the form of a sum F(z) =

f(z) + Vq(x), where

F=rot D (87 cy + o, (t)ep) e*, q=—i > op|k| ™ e (41)

|k[2=1 |k[2=1

Whence, one can observe that f € V0 and ¢ € H 1(T). The vector functions V¢(z) and f(x)
are mutually orthogonal. They are projections of F' on the spaces
G= @ Ry, and V' = F, & (Rf ®Ry); Lo(T)P =G V. (42)
k#0 E+#£0
Denote them by ﬁOF and IIgF) ie. f = ﬁoF, Vq = HGF.A
Another formulation of the Lemma 1 is as follows: f € V? < Il f = 0.
If the function F(t,z) depends on time ¢, then the functions ¢ and f depend on t as well.

Substituting Vg + f into the right-hand side of Equation (1) and assuming that P = p — ¢, one
obtains equations of the same form, where F' = f and f(¢, z) is solenoidal for any t > 0.

2.6. Connection between eigenfunctions of the curl and Stokes operators. Periodic
vector eigenfunctions (v, p,) of the Stokes operator satisfy the equations [5]:

—vAv, +Vp, = M, div v, =0. (43)

Whence, one readily obtains that p, are harmonic functions, Ap,, = 0. However, a harmonic
function is periodic if and only if it is constant p,, = const. Hence, Vp,, = 0, and Equations (43)
do not contain pressure. Solenoidal eigenfunctions of the curl operator u)(x) and ui () satisfy
these equations with A = 0 and A = v|k|?> when k # 0. According to Theorem 1, there are no
other eigenfunctions. Thus, the series (39) is an expansion of the vector function f(z) € V°
over eigenfunctions of the curl operator as well as of the Stokes operator.

2.7. Hilbert space H,(T), s € R. This is the notation for the Sobolev space of 27 -periodic
vector functions with the norm

1A, = Lol + > kP (lonl? + [0 | + | ) (44)
|k[?=1

when s > 0, and Hy(T) is identified with Lo(T)?. The space H_y for s > 0 is defined as a
space conjugate to H, with respect to a scalar product in Ly(T)?. The norm in H, (—s) is defined
by the formula (44), where s is negative. Thus, the spaces H, are defined for any s of R (see
[1], ch. 12, [6], ch.1).

S.L. Sobolev defined and investigated these spaces when s are integer.

In section 1.2, we determined the space V¥ = H, N V° and its subspace V* = H, N VY,
consisting of vector functions f with the zero mean fy = Syf = 0 when s > 0. Now they can
be determined for all s € R. Let us single out injections of the spaces. When s > 1, one has

VicvVicvicvtcvT
If f € V* then, according to Lemma 1,

b= 30 W (ol + [oel”) (15)

Ik2=1

/]

Note that the norm (45) of the function f in the space V* for s = 1 coincides with the norm
|V fllvo, and for s = 2 it coincides with the norm ||A f]|yo.
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Furthermore, the norm of the function f(¢,z) = ﬁof(t, x) in the space Ly(0, T} ‘73) is defined
as follows:

LA, o) = / (Lfo(OF + Z (B (18 (O + |¢y, (1)) dt. (46)
|k[>=1
Substituting the series (45) into the formulae (17) and (18), we obtain the explicit expressions
for the norms f in spaces L. (0,T;V*) and W) via the modified Fourier coefficients and
their derivatives.

2.8. Real eigenfunctions of the curl operator and vortex flows. Since a curl operator
is a differential operator of the first order with real coefficients and its eigenvalues are real, the
real and imaginary parts of its eigenfunctions are also eigenfunctions with the same eigenvalues.
Let us write out the explicit form of their real parts.

Suppose that ¢y, = a,, + i3, = |¢,| €%,

, 0=
or = +iBy = || €%, where [6,], |6;| <,

then
Re(¢.e™) k= (a, cos kx — f3,sin /{:x) = |¢y| cos(kz + 0%) k,

Re(¢ifcice™) = || (cos(ka + 07 )ai — sin(kz + 6;5)b5) - (47)

The resulting expressions give a p0551b111ty to represent fluid dynamics in R?, definable by the
stationary fields dif (z) = 2Re(¢fcfe™*™). Let the fluid Velocity be v(z) = d (z ) Evidently, the
vector d () belongs to the plane, generated by vectors a;, b;. Its length ‘d* ‘ is independent
of x and equals V2 |¢k |, and the direction is constant in every plane Ps,o.,, where kx =
0+ 2mn, n € Z, because

d = d;“(x)‘Pé =2 || (cos(d + 0 )a), — sin(8 + 6;)by7) - (48)

v @lp,
The plane Pj is orthogonal to the vector k and the vector d}f (z), transferred to the point
x € Ps, is located inside the plane. Therefore, fluid flows uniformly in one and the same direction
in every such plane. If the vectors d; (z) are laid off the points z, belonging to an axis of the
vector k, then kz = |k||x| and hence, they rotate when x varies.
The vector rot dif () at the point z is called the vorticity of the flow given by the field df ().
Since
rot dif (z) = +|k| dp*(z) (49)

for any k € Z3\{0}, and the length of the vectors d; (z) is constant in x, then the vorticity of
such fluid flows is not vanishing at every point € R3. Let us call them vortices. Note that
+

vector functions Qk (x) of a unit length satisfy Equation (49) as well. Vorticity of the flows
increases with |k|.

2.9. Fourier series of a real function. Consider an integer lattice Z3 and its
subsets M; = {]{,’ kq EN, ko= ngO}, My, = {k’ ky €7z, kQEN, ngO}, My =
{k: (ki,ko) € Z?, ks € N}. Denote the union of the subsets, and a set centrally symmetric
with M by M = M; U M, U M3, and by M*, respectively. The vector —k € M*, if Kk € M and
vice versa. M U M* = Z3/{0}.

Let k € M. The formulae (28), (29) manifest that ¢ = —c*, = —c, where the bar indicates
a complex conjugation. Hence, ¢} c; et = ¢T, ¢, e if and only if ¢ = —¢7,.

The difference f(z) — f(z) = 0 for a real function f(z). Taking into account that

representation of f(x) in the form of a Fourier series is unique, one arrives at the the following
statement.
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Lemma 2. Let us assume that a vector function f(x) € Ly(T) is represented by the series
(30). It is real, f(x) = f(x) if and only if its Fourier coefficients satisfy the relations

ng’ = _¢—k’a &—]: = _gbi_k) QEI; = _¢:k> k S Mv and fé - ]Ega ] = 17273-

For a real function, the series (30) takes the form:

f(z) = fo+2Re Z (or k +och + dpcp e (50)
keM
The norm of the function ﬁo f, projection of f on ‘70, is given by the formula

ITofllZe = fol? +2 D (185 + 6 ). (51)

keM

3. THE FAEDO-GALERKIN METHOD

3.1. The generalized Cauchy problem. Let us use the Faedo-Galerkin method [5, 6, 7.
Consider eigenfunctions of the Stokes operator

u{):w_lejanduf( ) =w 'cte e*® where j=1,2,3, k#0,

w = (277)3/ 2 being also eigenfunctions of the curl operator, as a fundamental orthonormal
system in 1/°

The condition f(t,z) € Ly(0,T; \A/O) means that the vector function f = ﬁo f, represented by
the series (39), has a finite norm

0 g = [ RO+ 3 (6EOR + 6 (O (52
k=1

Since VO € V=1, the norm f in Ly(0,T; V1) is aso finite.
The condition g € V1! indicates that g = IIpg and is expanded into the series

o) =0+ 3 ek + i) (53
where o
0= Gy [, 9@n, 0= s [ (ote), e e (54)
Meanwhile,
oI, |90!2+|k|22:1 R P + 05 ?) < oo (55)

Hence, the sequence of partial sums of the series (53)
Sig(x) = go + @ Z Fug (2) + Py (x) (56)
|k|2=1
converges to ¢ in the norm V! C VO, At the same time, the quantities ||g — Sigllz, =

lgllo = I1SigllGe = =~ /\g\ dz — |go|” — Z (8P + [ 1), (57)

|k[?=1

also tend to zero when | — oo.
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Let f(t,z) € Ly(0,T; \A/O), g€ V1. Let us find the "approximate" solution to the problem 2
in the form

WZUO €0+WZ YO () + e, (D, (2)), (58)
k=1

where the functions v{(t) and Yu(t) are obtained from conditions

W0) =g, AE0)=vE j=1,2,3, 0<k*<], (59)
and equations
d . . , . '
E(vl,u{)) + v(Vu, Vud) + b(v, v, w)) = (f,ud), 7=1,2,3, (60)
d
(vhuk) + v(Vu, Vuk) + b(vl,vl,uk) (f, uk) 0< ]k!z <L (61)

dt
Here, the brackets (-, -) indicate scalar products in Ly(Q). The functions

pi(x,t) =po(t) + Y pralt)e™ (62)

k[2=1
are derived from equations
(L(v) + Vp, — f,u,) =0,0 < |k]> < 1. (63)
Manifestly, Equations (60) coincide with equations
8110
—fO()HUo( ) =90 (64)

for the vector function vy (t) = (v, va, VO)
Taking into account that v;(t, ) are smooth in x, one concludes that Equations (61) coincide
with equations
(L(v) + Vpr — fug) = 0,0 < [k[* < L. (65)

Let us write them out in more detail. Note that the vector function

l l
V(e t) =i Y pra(Oke™™ =i > [klpra(t) k e** (66)

|k[>=1 |k[>=1

is orthogonal to basis vector functions uki of VO ie. (Vp, uf) = 0.

The operator L(v) in Equations (1) is a sum of the linear and nonlinear operators:
Sv = 0w —vAv and N(v,v) = (v V)v.

Calculate the values of the operators in the sum (58).

S = atvo+2 (O + vIkP)v (et + (8 + vIE[ )i, (8)ey ) €. (67)

|k[2=1

Denoting the vector 7, (t)¢i + v, (t)e; by wi, one has N(w,e™, wn,e™™) = 1™ (wy,, m)wn,
when n +m = k. Hence,

N(o,v) = (vo- Vo +i Y & Y7 (w,m)wn, (68)

|k|2=1 n+m=k
where p; = maz|n +m|* if [n|?> <1 and |m|* <,
l

(vo - V)uy =i Z ((vo, k)wi, (Bt + (vo, k) v, (t)ey) et (69)

k=1
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The vector w,, for k # m is decomposed in basis vectors k, ¢, ¢; :

—~ o~

Wy = (Wa, k) b+ (Wi )6+ (Wi 65) - (70)

Substituting the expressions (69), (70) into (68), and using the formula (67), one readily obtains
the explicit form of Equations (65):

0y, .
5+ (IR + (v, k)i (71)
l
+i Z [%jfm,z(csz m) + ’yk_fm,l(clzfmv m)][/}/:r_z,l(C:w C:) + 77;,1(0;17 C:)] = ¢—k3~_(t>7
m2=1
Oy, .
TEL (WK i, )i (72

l
Y (G ™)+ Vit (G M [ (65 €0) A+ V(s )] = 0 (£),
m2=1

0 < |k—m|? < I, with respect to unknown functions 7:,1 and ., satistying the initial conditions
T(0) =, 0 < [k]? < L. (73)

Equations (63) are reduced to algebraic equations and according to (66), functions py () are
determined via 71?51 :

pra(t) = —i [k (6(t)— (74)
l
Z [VIj—m,z(Cz—ma M) 4+ Vet (Co_ms m)][%ﬁ,z(cjm k) =+ Vo a (s K)])-
m2=1

The function po(t) is not defined and not taken into account in Equations (1), because
Vpo(t) = 0. In order to determine the pressure p(x,t) uniquely, assume that po(t) =
@ ? [, pla,t)dr = 0, as usually.

In statement of Problem 2 in section 1.3, we made an assumption that f(t,z) € Lo(0,T;V?),
g € V1. In this case Sof = fo(t) = 0 and Spg = go = 0. Problem (64) has only a trivial solution
vo(t) = 0, and Equations (71), (72) are reduced.

The system of equations (71), (72) with resect to unknown ;' () and v, (#) is denoted by RS
(from "reduced system"). Note, that the system RS is linear and is integrated elementarily,
and the systems R.S; are nonlinear when [ > 2. They compose a complex Galerkin system of
equations on the basis of eigenfunctions of the Stokes operator.

3.2. Expansion of the curl operator in terms of real eigenfunctions. Let us assume
that the vector functions f € Ly(0,T;V?) and g € V! are real and

Sif(t,x) =2wRe Y (¢f (t)u + ¢y, (tuy ), (75)
keM,;
Sig(x) = 2wRe Y (fuf +Pyuy). (76)
keM;
Then, the Galerkin approximations are obtained in the form
vy = Revy(z,t) = 2wRe Z (v,j’l(t)u,': + Ve (B)uy,), (77)
keM;

where the complex functions 71::,1 and their conjugates satisfy the equations (71), (72), where
k € M; and vy(t) = 0. The set M, is an intersection of the set M with a sphere of the radius
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V1, it contains N, /2 points. The remaining N, equations are complex conjugate to the previous
ones. This can be readily verified via the explicit form of Equations (71), (72), since due to
section 3.10

Suppose that ’y,;'fl = oz,j;l —i—zﬂf;l and change to the real variables «, 3. Then, upon calculating the
real and the imaginary part of complex equations, one obtains the system 2N, of real equations
with 2/V; real unknown variables. Denote it by G.S;. It is a real form of the Galerkin equations.
One the other hand, it can be easily verified that using an orthonormal basis of real
eigenfunctions of the curl operator in the space V°, one arrives at the same equations G'S; :

V2ReuE (z) and V2Imui(x), k€ M. (79)
Let us write out analogues of Equations (61).
d
E(Ul’ Reuf) + v(Vu, VReu?) + b(vy, vy, Reu) = (f, Reuy), (80)
d
E(Uz, Imu) + v(Vu, VImul) + b(v, v, Imu) = (f, Imu), (81)

where k € M;. Note, that in this basis

v = 2w Z (oz;’lRe ul — ﬁ,j,l]m ul + oy Rewy, — B Im Uy ), (82)
ke M,
[[u(t, ||V0 =2 Z ﬁkl) (O‘I;l)g + (ﬁk_l)2) (83)
keM;

In practice, it is more convenient to work with the complex equations RS;. If the functions
f and g are real, one automatically obtains a real solution v; and according to Lemma 2, it has
the form (77).

3.3. Basic relations between v(t,z), v/(0,x) and f(t,z) [5, 6, 7]. Multiplying Equations
(80) by 2wa§l, and Equations (81) by —2wﬁ,;'fl, and adding them together, one obtains the
basic relation

duy

o dt’
where b(v;, v, v;) = 0 because the vector v; is periodic and solenoidal. Indeed, omitting the
index [ temporally, one obtains b(v,v,v) =

Z/ (Osv; vy = = Z/avz dx——Z/ Zavz

3,j=1 Zjl

,01) + V|| Vul[fo + b, v, v) = (f,0), (84)

Furthermore, invoking the formlae (82), (83), one has
dvl 1d

@0y = 2 L ule and [Vl = ol
Therefore, the formula (84) takes the form
1d
—lullvo + vllolly: = (f,v). (85)

2 dt
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3.4. Two a priori estimates. Multiply the equality (85) by 2 and note that the right-hand
side of the resulting equations is bounded by

2/(f, )l < 2lullvall fllv-r < vllollin + v 1T (86)

Therefore,
d _
Zllivo +vllodli < v fllv-. (87)

Integrating (87) from 0 to s, 0 < s < T, and invoking that ||v;(0,-)|30 < [|g|l30, one obtains

1 [® 1 [T
s Mo < a0, o + 5 [ 1 Mmrdt < N+ [ 1A(E )
Hence,
sup [o(s, ) To < Nlgllfo + v AT, 0001 (88)
s€|0,

The right-hand part is finite and independent of [. Therefore, the sequence of vector functions
vi(t, ) is bounded in the space Lo.(0,T;V?).
Upon integration of (87) from 0 to T, one has

T 1 T
nmnwm+uA|mwwmw<umaw%+;ﬁuﬂnmadt

Then,
vllvllZyoran < l9livo + v a0z (89)

Hence, the sequence of vector functions v;(¢, z) is bounded in the space Ly(0,7; V') as well.

The nonlinear system GS; with boundary value conditions has a solution, defined in some
maximal interval [0, ;).

If t; < T, then the norm ||v;(¢,-)|[yo (see (83)) should tend to +oo when ¢t — t;. However, the
first a priori estimate (88) demonstrates that this is impossible and therefore, ¢, = T

An assumption was made that f(t,x) € Ly(0,T;V?), g(x) € V!, and solution to Problem 2
is sought in the space

W20 — Lo(t,x) € Lo(0,T; V?) : du(t,z) € La(0,T; VO)}. (90)

Therefore, the right-hand parts in the system G.S;, belong, generally speaking, only to the space
Ly(0,T), and the derivatives are interpreted as generalized ones.

An important part of justification of the Faedo-Galerkin method is the existence proof of a
converging sequence of the sequence v; in some space. In the monographs [5, 6, 7|, devoted
to boundary value initial problems for the Navier-Stokes equations in domains of various
dimensions, this fact follows compact injection of definite Hilbert spaces. Some statements
proved there are extended the Cauchy problem (1), (2) with periodic boundary value conditions.
This matter is to be studied in a separate work.

3.5. Orthogonal projection method. Let II; be an orthoprojector of the space Ly(T)? on
V0 (see section 3.7). Applying it to both parts of the first equation (1), we dispense with the
vector Vp. This leads to an operator equation in vector functions of ¢ with values in the space
Vo

Ow(t, )+ vAv+ B(v,v) = Ilpf with the condition ~ov = v|i=o = g, (91)
where
3
A=-ThA, Bv,w)=T()_ vo;w). (92)
j=1

Projections of the equation to orthogonal subspaces R}, R; coincide with Equations (71),
(72), where | = 0o and vy(t) = 0.
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Problem (91) corresponds to the operator
(O + VA + B,yo) : W) — Ly(0, T3 V) x VI, (93)

whose invertibility indicates that the problem is solvable.

4. SOLUTION OF THE CAUCHY PROBLEM FOR THE STOKES SYSTEM

4.1. The problem is as follows. Given f and g. Find a vector function (v, p), 2m-periodic
in z;, and satisfying the conditions

% —vAv = —Vp+ f; div v = 0, ?J(O,ZL‘) = g(ﬂ?) (94)

The classical and generalized statement of the problem are the same as for the nonlinear system
in §1. Operator (93), with B = 0, corresponds to the problem.
The Cauchy problem for the Galerkin system

Ovie + vk = o (1), 7 (0) = vy, (95)

splits into separate problems, that can be solved trivially.
When k # 0 is fixed,

¢
ylf(t) = @Z),fe_’j'k' b4 pf(t), where p,f(t) = / eV Ikl (T_t)gzﬁf(T)dT. (96)
0

The function v () € C1[0,T), if ¢ (t) € C[0,T].
If ¢i=(t) € Lo[0, T}, then 7 (¢) € C[0,T] and has generalized derivatives from Ls[0, T].
First, assume that f = fi, ¢ = gr, where
e =& (1) w (2) + 6, () wi (), g = Vg ug +y uy (97)
-

ui(z) = wlcfe* are eigenfunctions of the curl operator and ¢f(t) € C[0,T]. Then, the
vector function (v, px), where

v = (g () + 7, (D (), Vpe =0, (98)

is a classical solution of Problem (94).
If f and g are real and

f = Re (o} (t) uf () + ¢ (1) uy, (x)) , g = Re (Vfuif +vpup ) (99)

then (Rewy, Repg) is the real solutions of the Problem (94).

Definition. Vector functions (vg,px), (Revk, Repy), and (Imuwvy, Impg) are called basis
solutions of the linear problem (94).

Finite sums of basis solutions are also solutions to the problem.

4.2. General case. Let f € Ly(0,T;V?),g € VT s> —1. Then f and g are represented
by the series

flat) =) (¢ O (@) + o (D, (2)), (100)
k=1
g(@) = Y Wuf (@) +diu (@)). (101)
k=1
Let .
o= (wte s pf @) wl (o) + (e 4 (1) i (), (102)

k=1
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be a formal series, Vp = 0. If partial sums Sjv of the series (102) converge in the space W1H2(*),
then the vector function (v, p) is a solution to Problem (94). The nonhomogeneous problem will
be studied in a separate work.

Let us dwell upon a homogeneous pro]zlem.

Theorem 1. Let f=0,ge VTS Cc VIt s> 1,

vy(t,z) = * Z e " Z (Ve +pcp) €™, py(t,x) = 0. (103)
n=1

|k[2=n

Then the vector function (vg,p,) is a unique solution to the homogeneous problem (94).
Meanwhile, if t > 0, then [|0]"vy|lve < Ml|g|lvo for any ¢ and m > 0. Partial sums Sy,
and S;0;"v, of the series vy, and its derivative with respect to t of the order m converge when
[ — oo in a norm of the Sobolev space H,. If t > 0, then Sjv, converge when | — oo in spaces
W2 and Loo(0,T; VoY) for any T > 0. Moreover, if t — 0, the norm of the difference
lvg(t, ) — g|lvs+1 — 0, and if t — 400, the norm ||vy(t,-)|lys+1 — 0.

The proof of the theorem is based on following estimates of the row (103) and its formal
derivatives. Let t > 0. For any ¢ > 0 and an integer m > 0, one has

1O vgl[5s = 2™ D nP e N ([P [ ). (104)
n=1 |k|2=n
Introduce the notation
M?(v,m, q,t) = v*"max,en(n*™ e 2, (105)
If t > 0, the constant M < oo for any v > 0, m > 0,q > 0. Therefore,
107" vgllve < Mlgllvo. (106)

Let m = 1,q = s in (104). Integrating this series term by term and invoking that

T o)
/ e dt < / et dt = (2vn) 71,
0 0

we obtain
2 g 2 1 2
ol = [ 10wyl de < Golgli (107
Since —Au (z) = |k|?uif (z), then
2 r 2 1 2
80y = [ 1800 dt < o llglR (108
Hence,
1 _
H%H%vl,zm = ||Ug||%2(O,T;VS+2) + ||atUgH%2(o,T;vs) < 5(” + v )gllfei (109)

The exponent e ™ < 1 when t > 0, > 0,n > 1 in (104). Therefore,

Vgl Lo 0,1ve+1) = €58 supreo,m||vg(t, <) [[verr < || gllystr. (110)

Finally, the inequality

[vgllvess < e lgllver, 0<p<w, (111)

is provided by (104), since 0 < e 2"~ < 1 when v > pu > 0,n > 1,¢ > 0.
The resulting inequalities yield estimated deviations v, — Sjv, and their derivatives via
deviations g — S;¢g. Thus, when ¢ > 0, one has

107" vy — S107"vg|lve < M||g — Sigllyo for any ¢,m > 0ml > 1 (112)




68 R.S. SAKS

according to (106). By virtue of (109),(110), if ¢ > 0,

1 -
1oy = Sl < 5 +v7)llg = Siglliens, (113)
||’Ug - Slvg||Loo(0,T;VS+1) < ||g - Slg| Vs+l. (114)

The space V¢ = H,NV? by definition, ¢ > 0. By condition of the theorem g € V1*$ 145> 0
and Vs C V% Hence, the sequence Sju, converges to v, when [ — oo in spaces W) and
Loo(0,T; Vth) for any T > 0. According to (112), if ¢ > 0, the sequence Sjv, of partial sums
of the series v, (as well as the sequences S;0]"v, of its derivatives with respect to t) converge
when [ — oo to v, (and to 0]"v,) in the norm of the Sobolev space H,. If ¢ > 2, the Sobolev
spaces H,(Q) are embedded in the Hilbert spaces C9~15(Q).

Hence, the series (103) has continuous derivatives with respect to x; and ¢ of any order and
the superposition principles holds when ¢ > 0. According to Section 5.1, the series v, satisfies
the equations (94), where p = 0 and f = 0. Further,

lg = vg(t, M[Vor = ZHSH =Y P+ 1), (115)
|k|2=n
therefore |lg — vy(t,-)||}ess — 0 when ¢t — 0. Finally, the estimate (111) entails that
|lvg(t, )||ys+1 — O when ¢t — +o0.

Single valued solvability of the problem follows from the uniqueness of expanding ¢ into a
Fourier series. If ¢ = 0, then gy = 0 and ¢,f = 0 for all £ # 0 and hence, v, = 0. The theorem
is proved.

4.3. Theorem 1 holds if ¢t € Ry = (0, +00). The formulae (104)—(109) reveal interesting
inequalities:

g1, vy = 20) " lglTan, (116)
100y 120y = 27 Vgl (117)
Hence,
g ly1.200 = 271 (v + 27| gllFresn (118)
Ifr=1

[vgllwr2e = llgllvasr. (119)
Recall that isomorphism of Euclidian spaces is a one-to one correspondence that preserves linear
operations defined in the spaces as well as a scalar product.

If s > —1,v =1, the following theorem is true.

Theorem 2 a. A linear operator g — vy, defined by the series (103), realizes its isomorphism
of the spaces V*+ and W) 0 Ker(9, + A).

Indeed, every element g of V™ with gy = 0 corresponds to a unique element v, of Wh2(s)
such that (0, + A)v, = 0,vv, = g. Conversely, the series v determines the series g, equal to
V|t=0, and according to (119) the lengths of these vector functions coincide. Thus, g <> v. Let
h,w be another pair such that h < w, hyg = 0 and ¢f are Fourier coefficients h. The relations
ag < av and g+ h < v+ w follow from linearity of the operator. The scalar product of vector
functions g and h in V**! has the form

h)vers = ZHS“ S8 + (W5, 63)- (120)
|k|2=n
Whence, one can readily see that if v =1

(U,w)wl,z(s) = (g, h)Vs+1. (121)
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The theorem is proved. It can be formulated differently.

Theorem 2. A linear operator (0, + A,vo)v — (0,7v) realizes the isomorphism of spaces
W26 N Ker(9;, + A) and V**1.

Using the theorem and following the work [9], one can prove local solvability of a nonlinear
problem in the class W2 with the initial conditions from an unbounded ellipsoid Elfl/ 2 =
{g € VY |gllviz < p} when p is sufficiently small.

Boundary value problems for equations rot u + A\u = h with A # 0, Stokes and Sobolev
equations (in a stationary case), their Fredholm solvability in a domain with a smooth boundary
have been studied by me earlier in |29, 30, 31].

In what follows, we provide families of explicit solutions to the nonlinear problem that are
used in testing a program of numerical solution.

5.  EXPLICIT GLOBAL SOLUTIONS TO THE NONLINEAR PROBLEM

5.1. Basis solutions. Basis solutions are solutions (v, px) to the nonlinear problem with
the data fy, gx, that correspond to eigenfunctions of the curls operator v (z) = w™!cfe** with
eigenfunctions +|k| for any k # 0:

fro = o5 () u () + 0 (1) u (), g = Vi u +1y ug, (122)
v = Y (g () + 3 (D, (2), Vpr =0, (123)
where
VE(t) = eI / P gE(T)dr, and ¢f(t) € C[0,T], (124)
0

for example. Let us fix the vector k # 0.

Theorem 3. Any basis solution (vg,pg) (corr., (Revg, Repy)) to the linear problem (94)
with the data (122) (corr., (99)) is a classical solution to the nonlinear problem (1), (2) with
the same data.

Proof. The pair (vg, px) is a solution to the linear problem Vp, = 0. It remains to demonstrate
that N (vy,v,) = 0. Obviously, d;uy, = ik;vy, and (vy, k) = 0, since (¢, k) = 0. Therefore,

3
N(Uk,l}k) = ka’jﬁjvk = i(Uk, ]{J)Uk = 0. (125)
j=1

Let (wg, qx) = (Rewvy, Repy). Since J;wy, = kjRe (ivg) and (wy, k) = 0, then N(wyg, wy) =
(wk, k‘)RG(Z’Uk> =0.

Then, the pair (Rewy, Repy) is also a solution to the nonlinear problem.

Let us single out an important particular case. Let

GE(t) = BFert, F =0, then
Bt evIkPt when o = v|k|?%,
i () = {

+ +
(o e when o £ vk

v

(126)

This formula shows that if t — 400, the velocity modulus {v,f(x, t)} tends to zero, if Reaif >

0,
+
|ﬁk‘ -7, if Rea,ﬁczo

N T

and }v,:f (z, t)‘ — +oo exponentially, if Re i < 0.
The resonance occurs when o3 = v|k|?.
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5.2. Let Ay be a ray, given by the vector k. The points k and Ak € Ay, if A is a natural
number. In this case, basis solutions can be summed up. For example,
Theorem 4. Let f =0,9=gw € V', s> —1, where

00y = D (Uuse(a) + iy (2). (127)
A=1
Suppose that
= ! Z (wjkcirk + Q/J)ch;\k) ei)\szz/,\Q‘th? p=0. (128)

A=1
Then the pair (v(r),0), is a solution to the problem (1), (2) with f =0, g = gw).
Proof. The data of the problem satisfy the conditions of Theorem 1. Therefore, the pair
(vky,0) is a solution to the linear problem. It remans to demonstrate that N(v(),ve)) = 0.
Since c)i\k = cf for A € N, then

vy = afcf +a ¢, where aif(t,x) Z@Di ko= Xkt (129)

and the series aki(t, z) and their derivatives with respect to x; converge when t > 0, g € V°.

One has
Vai = ikail, where akl (t,x) Z/W}i iNkz A2 [kt (130)

N (v, o)) = of N(cf b )b + ...+ o N(cp, o e, =0, (131)
since every addend of the sum equals to zero. Indeed, invoking that (c,f, k) = 0, one obtains for
the first one

N(eyel,afep) = o (cf - V)agef =iaf(cf, k)% o =0, (132)
which was to be proved.

5.3. Let ¢ be a plane given by vectors m and n. Some solutions to the linear problem

(vg, px) when k € ¢, can be summed up. For example,
Theorem 5. Let f =0,9 =g, € V' s> —1, where

gg =Y tpe™ m xn. (133)
keq
Assume that
Vg = Zwkeikx_”‘k‘% mxn, p=0. (134)
keEq

Then, the pair (vy,0) is a solution to the problem (1), (2) with f =0, g = g,.
Proof. Let us expand the vector m X n in terms of the basis k, ¢;, ¢, and take into account
that any vector k € ¢ is orthogonal to the vector product m x n. Then,

mxn=(c¢,mxn)e + (c;,mxn)c. (135)

Substituting this expression to the formulae (133), (134), one obtains the expansion g, and v,
in terms of eigenfunctions of the curls operator.

The series (133) satisfies conditions of Theorem 1. It remans to demonstrate that N(v,,v,) =
0. This can be achieved similarly to the previous theorem:

v, = am x n, where o(t, z) Zw etha—vIkPt (136)
keq
N(vg,vq) = ia(t, x) Z(m X n, k)@bkeikx_wk'% m xmn =0. (137)

k€q
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5.4. Let o be a sphere of the radius \/n and n = |kg|>. The sum of solutions of the linear
problem (v, px) for k € ¢ is not a solution to the nonlinear problem. However, the following

theorem holds for eigenfunctions with the same eigenvalues.
Theorem 6. Let ¢; (t) € C[0,T],

=" ot ui(@), o= dfuf. (138)
|k|2=n |k|2=n

Assume that .
V() = eI / e/ FP=D gt (7Y dr, (139)

0

1
vy = D W), pi= > pl—50)" Vpl=0. (140)
|k|%=n |k|2=n

Then, the pair (vi,pl) is a classical solution to the nonlinear problem (1), (2) with
f=159=95
Proof. By construction, one has

Svf=fF-V > (141)
|k|2=n

for the linear operator S. While calculating the nonlinear operator N from v}, let us use the

correlation N(v,v) = (rot v) x v+ V3v? and take into account that rot v} = v/nv;. Then,

N(vS,vf) = (rot v}) x vi + V%(Uj) = V%(zﬁ). (142)

e
Hence,

Sug + NGt o) = £ =V 5 ol + V3 d) = £~ Vil (143)
|k[2=n

which was to be proved.

Note that a similar theorem holds for eigenvalues with negative eigenvalues —y/n. Generally
speaking, it is not true for eigenfunctions with various eigenvalues +/n.

Families of global solutions to the Cauchy problem for the nonlinear Navier-Stokes system in
a uniformly rotating space with the angular velocity €2 are published in my work [25]. Assuming
that 2 = 0, one can easily write out other families of exact global solutions to the nonlinear
problem.

6. NUMERICAL SOLUTION OF MODEL PROBLEMS

A model problem is the Cauchy problem for the Galerkin system R.S;.

6.1. Standard form of the Galerkin equations. A program for enumerating nonzero
points of the lattice is developed

k — 9(k): 1(=1,0,0),2(0,—1,0),3(0,0,—1), ..., 18(1,1,0), ...,

where the point (—1, 0, 0) is the first one, the point (1, 1, 0) is the eighteenth one and so on. Using
this numbering, let us introduce the numbering J(k) for the known and unknown functions
75 (t). Thus, e.g., 7?(71,0,0) indicates that the element 'V(tl,o,o) is the first one in the numbering
system and so on. If |k[*> < [, the last element has the number N;, equal to the number of
nonzero points of the lattice in the sphere with the radius v/1.

Let us introduce a vector-row into our consideration. Let

Y= =08 Y M T) (144)
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and B:/{(k), B;(k) be matrices of quadratic forms. In this notation 2/N; of complex equations R.S;

and the initial conditions have the form

d_ . + + + +
ap o) T _V|k|2%9(k VBﬁ(k v+ Doy 719(19)(0) = Yok (145)

where 9(k) = 1, ..., N;. Quadratic forms
!

VB;E(kﬂT =1 Z (Vijm(thma m) (C;’r—w Cf)’y'm + Vl—gtm(cl—llma m) (C;za Cf)%:ﬁ’

m2=1
Vi (o M) (s 6V Viom (G 70) (€ €5 Vo)
split into four similar quadratic forms y*CH+(y*)T, ...  v~C~~(y7)*. Nonzero elements in

matrices of these forms hold the same positions (k — m,m) and are situated “perpendicularly”
to the main diagonal. These matrices and the matrices B,f are sparse.

A program for calculating the modified Fourier coefficients (32), (33) of vector functions
f(t,z) and g(x), contained in the equations and the initial data of the problem (145) is
developed.

The Sobolev cubature formulae with a regular boundary layer were used in calculating the
integrals with respect to a cube.

Programs for calculating coefficients of the system RS; and numeric solution of the Cauchy
problem by the Runge-Kutta method were developed.

The printout of the system RS consists of approximately 20 A4 pages. Therefore, only the
first plus equation from R.S, is represented:

%Vfr(—l,o,o) = _V”Vfr(—l,o,o)_

{7;(0’71,0)(0.6035532')7%(7171,0) + ’)/;(0771’0)(0.1035532’)71_0(7171’0)

+ 7;(0,0,71)(0'6035532.)7;271,0,1) + '7;_(0,0,71)(_0'103553i)7s3_(71,0,1)

+741F(070’1)(—0.6035532')7;(_1707_1) + 72_(0,0,1)(0'103553i)753_(—1,0,—1)

Jr’ygr(o 1 0)( 0. 6035532')7;'( ) + 7;_(07170)(—0.1035532')’}/7_(_17_170)

+77( 1,-1 0)(0 25@)75(0 1,0) + 77( ~1,0) (0‘25i)7;(0,1,0)

Jr78( 1,0,— 1)(0 25Z)74(0,0,1) + 78(—1,0,—1)(0'25i)7zf(o,0,1)

Jr”Vg( 1,0 1)( 0. 25@7;(00 " VS;F( 1,0 1)( 0'25i)7?:(0,0,—1)

+710( 10)( 0. 252)72(0 —10) 710( 1 10)( 0-252‘)72_(0,71,0)

Y(0,-1,0) (—0. 603553@)710(71,1,0) + 72(0,71,0)(_0'1035532')71_0(71,1,0)

+73_(0707_1)( 0. 6035532')7;(_17071) + 73_(070’_1)(0.1035532')79_(_170,1)

00, (06035530731 o 1) + Va0 (—0-1035530)75_y oy

+75*(07170)(0.6035532’)77*(_17_170) + ’)/57(07170)(0.103553i)7;(_1,_170)

Jr’777(—1,—1,0)(_0-252')7;(0,1,0) + 7;(—1,—1,0)<_0'25i)7§(0,1,0)

+78_(71,0,71)(025@‘)%&0,0,1) + 78_(71’0771)(0.252')74_(070,1)

Y0100, (70:251)%30.0 1) + Vor_1.01)(—0-25) V50001

+’yl_0(71,1,0)(0'25i)7;_(0,71,0) + 71_0(71,1,0)(0'25i)72_(0,71,0)} + qb;r(fl,o,o) (t).

Its coeflicients are calculated with the sixth order of accuracy.
6.2. Solvability of Problem (145). In §4, two a priori estimates

Sup loi(s, Ve < Nlgllio + v~ 12,0201 (146)
se|0,

and
||Ul||%2(O,T;V1) < V_1||9||%/0 + V_2||f||%2(O,T;V*1) (147)
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have been proved assuming that f(¢,z) € Ly(0,T;V?), g(x) € V1.

Whence, one concludes that Problem (145) is solvable on the whole interval (0,7"), and its
solution (¢, z) is bounded in spaces Lo (0,T;V?) and Ly(0,T;V?!) for any [ = 1,2, .... Note
that vector functions f and g are real, fy(t) = 0, go = 0 and S;f (¢, x), Sig(x) are their partial
sums:

Sif(t,x) = 2wRe Y (¢ (D (x) + & (H)uy (), (148)
Sig(x —2wReZ Luld () + U ug (), (149)

and the Galerkin approximations v;, solutions to equations GS;, have the form

v = Revy(z,t) = 2wRe Y (v, () + v, (t)uy (2)). (150)

ke M,

6.3. Visualization. Consider a flow whose velocity is given by a real eigenfunction of the
curl operator in the form

dif (t, @) = 2Re(d (t)cfe™)

when k # 0. It is defined by the complex function ¢} (¢) = |¢} ()] €’ or(®),
Let us assume that P 5 is a plane given by the equation kz = 6. By construction, the vectors

k, V2a; 2a;, V2 2b; generate an orthonormal basis in the space R®, which induces a basis in the
planes P, 5. The velocity of the flow on every plane is

vis(t) = d [ps= 2| ()] (cos(0 + O (t))a — sin(0 + O (1))by]) , (151)

and it is independent of x € Py 5.

Its basis coordinates (v/2a;,v/2b}) are the same as that of the complex function
Pis(t) = V2 ¢ (t) €% in the basis (1,4). In other words, the curve ¢p5(t) can be obtained
from the curve ¢; () by means of dilation on V2, rotation at the angle o and reflection from
a real axis.

Therefore, the drawing of the curve ¢f(t) on a complex plane gives one a possibility to
imagine the behavior of the velocity vector v;{ s(t) in the plane P 5, orthogonal to the vector k.
Let us term it as the ¢ h a r t of the flow d;f (¢, z).

Let us chart every addend of the solution (150). A set of such charts gives an idea of the flow
as a whole.

6.4. Solution to the Cauchy problem for the system RS;. Let us assume that v = 0.1,
f =0 and ¢ are given when k = (0,0,1), £k = (0,1, 1), and ¢, is given when k = (0, 1,0), i.e
the initial flow g consists of three stationary vortex flows:

g =2Re(¢i cfe 1km)|k (0,0,1) + 2Re( Fore lkx)|k:(o,1,1) +2Re(wkfcgeikm)|k:(ovljo).

As a result of calculating the problem, one obtains 8 nonzero functions 'y,:f (t) for
ke M =1{(0,1,0),(0,0,1),(0,—1,1),(0,1,1)}, and the resulting solution v has the form

v(t,x) = 2Re Y (% (B)et + i () )e™™. (152)

keM’

Further, the calculations are repeated for ¥ = 0.01 and one can see the difference of the
curves.
Example. The variable ¢ varies from 0 to 10. The initial data are

wZ(O,o,l) -3, ¢14 0,1,1) — = 14, w5_(0,1,0) =2,
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and by symmetry
@Z};—(O,O,fl) =3, @Z}f—l(o,fl,fl) = 144, ¢2_(0,71,0) =2
The figures represent charts of vortex flows, i.e. the curves ’y;t(t) in a complex plane that give
an idea of behavior of the velocity vector in the plane orthogonal to the vector k.
v=0,01, 7&0’0,1)(0) = —3. v=0,1, 74?(0,0,1)(0) = -3.

) I

//,@;;;?\ ) t %Q\)
. 7/ 4
=/ =/
& \\ - \ i S g

e —— bt
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v =0,01, 7;1(07171)(0) = 143 v=20,1, 7?4(0,1,1)(0) = 144
S —T
—————
<>

Fig.13. Fig.14.
v=0,01, 70,0 =0 v=0,1, 70110 =0

Fig.15. Fig.16.

In conclusion, note that the idea of the given method for numerical solution of the
problem belongs to O.A. Ladyzhenskaya, who also suggested calculating model problems and
interpreting the character of solutions breakdown with the decrease of the viscosity coefficient
of the system and with other conditions in a numerical experiment. The issue remains open.
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A.G. Khaibullin did a great job in programming mentioned in the present article.

Acknowledgements. [ am grateful to professor M.D. Ramazanov for his support and to
PhD student A.G. Khaibullin for his help in preparing the paper. I would also like to thank
professor N.H. Ibragimov and organizers of the conference MOGRAN-13 professors V.A. Baikov
and R.K. Gazizov.

-

10.
11.

12.
13.
14.
15.
16.
17.

18.

19.

20.

21.

22.

23.

REFERENCES
Sobolev S.L. Introduction to the theory of cubature formulae. Moscow. Nauka. 1974. 810 p.

. Stein E., Weiss G. Introduction to harmonic analysis on Fuclidean spaces. Moscow. Mir. 1974. 335

p.
II’'yin V.A. Selected works. Vol. 1 Moscow.: Makspress. 2008. 730 p.

Vladimirov V.S. Fquations of mathematical physics. Moscow. Nauka. 1988. 512 p.
Ladyzhenskaya O.A. The mathematical theory of viscous incompressible flow. Moscow. Nauka.
1970. 288 p.

Lions J.-L.. Some Methods for solving nonlinear boundary-value problems. Moscow. Mir. 1972. 590
p.

Temam R.I. Temam P.U. Navier—Stokes equations: Theory and Numerical Analysis. Moscow. Fazis.
1997. 770 p.

A.Babin, A.Mahalov, B.Nicolaenko Global reqularity of 3D rotating Navier-Stokes equations for
resonant domains // Indiana Univ. Math. J. 1999. V. 48. Ne 3. P. 1133-1176.

A .Fursikov Local existence theorems with unbounded set of input data and unboundedness of stable
invariant manifolds for 3D Navier-Stokes equations |/ Discrete and continuous dynamical systems
series. 2010. V. 3. Ne 2,

Arnol’d V.I. Selecta-60. Moscow. Fazis. 1997.770 p.

O.1. Bogoyavlenskij Infinite families of exact periodic solutions to the Navier-Stokes equations//
Moscow Mathematical Journal. 2003. V. 3. Ne 2. P. 263-272.

Landau L.D., Lifshits E. M. Theoretical Physics. Vol. 6, Hydrodynamics.. Moscow. Nauka, 1986.
736 p.

S. Chandrasekhar, P.S. Kendall On force-free magnetic fields // Astrophys. Journal.1957. V. 126.
P. 457-460.

J. B. Taylor Relazation of toroidal plasma and generation of reverse magnetic fields // Phys. Rev.
Letters. 1974. V. 33. P. 1139-1141.

D. Montgomery, L. Turner, G. Vahala Three-dimensional magnetohydrodyamic turbulence in
cylindrical geometry// Phys. Fluids. 1978. V. 21. Ne 5. P. 757-764.

Kozlov V.V. General Theory of Vortices. Izhevsk: Izd.Dom «Udmurtskii Universitet». 1998. 240 p.
Pukhnachev V.V. Symmetries in the Navier-Stokes equations // Uspekhi mekhaniki. 2006. Ne 1.
Makhalov A.S., Nikolaenko V.P. Global solubility of the three-dimensional Navier-Stokes equations
with uniformly large initial vorticity// Uspekhi mat. nauk. 2003. V. 58. Ne 2. P. 79-93.
Ladyzhenskaya O.A. Various equations for viscous incompressible fluids and thier investigations. //
Methods of functional analysis and theory of functions in various problems of mathematical physics
IT (Proceedings of the seminar with the same name supervised by prof. RAS Ladyzhenskaya O.A.
and prof. Saks R.S., Ufa 2000). Ufa. BGU, IMVZ UNZ RAN. 2002. Pp. 89-100.

Saks R.S., Polyakov Yu. N. On a spectral problem for the vortex operator in a class of periodic
functions// Methods of functional analysis and theory of functions in various problems of
mathematical physics II (Proceedings of the seminar with the same name supervised by prof.
RAS Ladyzhenskaya O.A. and prof. Saks R.S., Ufa 2000). Ufa. BGU, IMVZ UNZ RAN. 2002.
Pp. 175-194.

Ladyzhenskaya O.A. Construction of bases in spaces of solenoidal vector fields //Zapiski Nauch.
Seminarov POMI. 2003. Vol. 306. P. 71 -85.

Saks R.S. The solution of a spectral problem for the curl and Stokes operators with periodic
boundary conditions //Zap. Nauch. seminarov POMI. 2004. Vol. 318. P. 246-276.

Saks R.S. Spectral problems for the curl and Stokes operators // Dokl. Akad. Nauk. 2007. Vol. 416,
Ne 4. Pp. 446-450.



24.

25.

26.

27.

28.

29.

30.

31.

32.

CAUCHY PROBLEM FOR NAVIER-STOKES EQUATIONS, FOURIER METHOD T

R.S. Saks The solution of spectral problems for curl and Stokes operators with periodic boundary
conditions and some classes of explicit solutions of Navier-Stokes equations// More progress in
Analysis (Proc. V International ISAAC Congress. Italy. 2005). Berlin: World Scientific. 2009.
P. 1195-1207.

Saks R.S. Global solutions of the Navier—Stokes equations in a uniformly rotating space // Teoret.
Mat. Fiz. 2010. Vol. 162. Ne 2. Pp. 196-215.

Saks R.S. Ezxplicit global solutions to the Navier-Stokes equations and periodic eigenfunctions of
the curl operator // Dokl. Math. 2009. Vol. 424. Ne 2. Pp. 171-176.

Saks R.S., Khaybullin A.G., One method for the numerical solution of the Cauchy problem for the
Navier-Stokes equations and Fourier series of the curl operator // Dokl. Math. 2009. Vol. 429,
Ne 1, Pp. 22-27.

Titov S.S. Solution of equations with singularities in analytic scales of Banach spaces.
Ekaterinburg.lzd. Ural. GAHA. 1999. 266 pp.

Saks R.S. On boundary-value problems for the system rot u+ X\ uw = h // Differential Equations.
1972. Vol. 8. Ne 1. Pp. 126-140.

Saks R.S. Normally solvable and Noetherian boundary value problems for some systems of equations
of mathematical physics// in: Application of Functional Analysis to Partial Differential Equations
(Trudy Seminara S.L. Soboleva) Novosibirsk. Akad. Nauk SSSR Sibirsk. Otdel., Inst. Mat., 1983.
Ne 2. Pp. 129-158.

Saks R.S. Noether boundary—value—problems for a system of Sobolev equations in cases of
steady—state processes// Sov. Math. Dokl. 1984. Vol. 279. Ne 4. Pp. 813-817.

Khaybullin A.G., Saks R.S. On a program for finding coefficients of the Fourier series and its
application in investigation of the Navier-Stokes system //Collected Works of 9th Intl. Seminar-
Workshop “Cubic Formulae and Their Applications”. Inst. Math. Comp. Center, Ufa Science
Center, Russ. Acad. Sci., Ufa. 2007. Pp. 175-181.

Romen Semyenovich Saks,

Institute of Mathematics with Computer Center, Ufa Science Center,

Russian Academy of Sciences,

Chernyshevskii Str., 112,
450008, Ufa, Russia

E-mail: romen-saks@yandex.ru

Translated from Russian by E.D. Avdonina.



