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ON THE GROWTH OF THE MAXIMUM MODULUS OF AN
ENTIRE FUNCTION
DEPENDING ON THE GROWTH OF ITS CENTRAL INDEX

P.V. FILEVYCH

Abstract. Let h be a positive function continuous on (0,400), f(z) = > .7 ;a,z" be
an entire function, and My(r) = max{|f(z)| : |z| = r}, ps(r) = max{|a,|r" : n > 0}, and
ve(r) =max{n > 0: |a,|r"™ = ps(r)} be the maximum modulus, the maximal term, and the
central index of the function f, respectively. We establish necessary and sufficient conditions
for the growth of v¢(r) under which M¢(r) = O(pus(r)h(Inps(r))), r — +oo.

Keywords: entire function, maximum modulus, maximal term, central index, order, lower
order.

1. INTRODUCTION

Let us assume that [ is a class of functions that are continuous on the right, nondecreasing,
unbounded from above in (0, +00), and L is a subclass of functions from I, that are continuous
in (0,+00), and C} is a class of continuous functions positive in (0, +00).

Denote by A a class of transcendent entire functions

o0

fz) =) anz" (1)
n=0
Determine the maximum of the modulus M;(r) = max{|f(2)| : |z| = r}, maximum term

ps(r) = max{|a,|r™ : n > 0}, and the central index of the function f v¢(r) = max{n > 0 :
|an|r™ = ps(r)} for the entire function (1) and any r > 0. Let
T lnlan(r), A= lim Inln M¢(r)

pf =
! r——+00 Inr r—4o00 Inr

be the order and the lower order of the function f, respectively. As it is known (see, e.g., [1],
chapter IV), one has pf(r) < My(r), vy € I, vg(r) = r(Inps(r)), for any function f € A, and
in the definition of both orders In M(r) can be substituted by In f(r) or v¢(r). Suppose that
Ala) ={f e A: ve(r) ~alr), r — oo}, if a € I.

According to the classical Borel theorem, the following relation holds for any f € A such
that py < 400 :

In Ms(r) ~Inpe(r), r— +oo. (2)

Using the Cauchy-Hadamard formula

m nlnn
= lim ———
Pr= e T fay)|

for calculating the order of the entire function f via coefficients of its expansion into power
series, one can reformulate the Borel theorem as follows. If ¢ € L, and

Inz =0((x)), x— o0, (3)
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then the relation (2) holds for any function f € A of the form (1) such that

|an| < exp{—ny(n)}, n = mno(f). (4)

It follows from results of the work 2] by M.N. Sheremeta, that the condition (3) in the latter
statement is also a necessary one: if ¢ € L and (3) are not satisfied, then there is an entire
function f € A of the form (1), satisfying (4), for which the relation (2) does not hold. Thus,
there are entire functions of an infinite order with coefficients tending to zero as rapidly as
desired (i. e. functions, growing as slowly as desired) for which (2) does not hold.

Nevertheless, the class of entire functions for which (2) holds, is much broader than the class
of entire functions of a finite order. J. Clunie [3] proved that for any function /(r), convex with
respect to Inr on (0, +00) such that Inr = o(I(r)), r — +oo, there exists an entire function
f € A, for which In M (r) ~ Inps(r) ~ I(r), r — 4o00. Hence, there are entire functions f with
an arbitrary prescribed growth for In M(r), satisfying (2). In this connection, the problem of
finding conditions of growth for an entire function, more flexible than the condition py < +o0,
that guarantee validity of the relation (2) is considered in [4].

Theorem A [4]. If the condition
Inve(r) = o(Inpys(r)), r— 4oo (5)
holds for an entire function f € A, then the relation (2) holds for it as well.

Note that one has Invs(r) < 2psInr = o(Inpus(r)), » — 400 for an entire function f € A of
a finite order. On the other hand, if, e.g., v¢(r) ~ re”, r — 400 then f is of an infinite order,
but we have (5) and hence, (2) holds as well since In p¢(r) ~ e”, r — +o00o due to the L’'Hospital
rule.

Let us assume that o € I, and & is any fixed function for which a(r) = r&/ (r) (i.e. &(r)
is «(r) transformed with respect to Inr). If ve(r) ~ a(r), r — 400, then Inpg(r) ~ a(r),
r — +o0o. The following theorem demonstrates that the condition (5) of Theorem A is
unimprovable in a sense.

Theorem B [4]|. Let o € L. If Ina(r) # o(&(r)), r — 400, then there is an entire function
f € A(h), for which the relation (2) does not hold.

The aim of the present work is finding conditions of growth for the central index of an entire
function such that relations more general than (2) hold for the function.

Theorem 1. Let o € I, h € Cy. The following relations are equivalent:
a) 35 € (0,1): a(r) = O(h(d&(r))), r — 4o0;
b) Ko > 0V f € A(a): My(r) < Kopuy(r)h(Inpg(r)), m = ro(f);
&) Vf € A(a): My(r) = Oy (r)h(n (1)), 7 — +o0.
Remark 1. Let a € I, 1 € L, h € Cy and h(z) := inf{h(t) : t > z}. The inequality
a(r) < h(l(r)), r=ro, (6)
holds if and only if
a(r) < h(l(r)), r=ro. (7)
Indeed, it is manifest that (6) follows from (7), because h(z) < h(z). If (6) holds, then h(z) —
400, r — +00 and therefore, one can substitute inf by min in definition of h. Whence, due to

continuity and monotony of the function [, it follows that for any r > rq there exists " > r
such that A(l(r)) = h(I(r")). Hence, a(r) < a(r’) < h(l(r")) = h(l(r)), i.e. (7) holds.

Remark 2. If B,a € I and B(r) ~ «(r), r — +oo then, according to the L’Hospital rule,
B(r) ~ &(r), r — +oo. In view of this and Remark 1, one can readily demonstrate that the
statement a) of Theorem 1 remains valid if « is substituted by £ in it.
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The following theorems are corollaries of Theorem 1. They indicate conditions for realization
of the generalized Borel relation

p(In My(r)) ~ o(Inps(r)), r— +oo. (8)
Theorem 2. Leta €, p € L, and
p(x+1) ~p(r), = — oo (9)

For the relation (8) to hold for any entire function f € A(«), it is necessary and sufficient that
the following condition be fulfilled:

Ve>030€(0,1): @(0a(r)+Ina(r)) < (1+¢e)p(da(r)), r>re(e). (10)

(
Theorem 3. Let p € L. For the function o € I to be such that the relation (8) is valid for
any entire function f € A(«), it is necessary and sufficient that the condition (9) hold.

Remark 3. Theorem 3 indicates the the condition (9) is essential in Theorem 2.

As for Theorem 1, let us make the following observations. Firstly, the theorem allows one
to obtain necessary and sufficient conditions of growth of the central index v;(r) that provide
the prescribed relation between M¢(r) and ps(r), e.g., as in Theorem 2. Secondly, Theorem 1
provides exact relations between M(r) and pf(r) in a class of all entire functions f, satisfying
the conditions, when conditions of growth v(r) are given. In particular, the following theorem
holds for entire functions f such that 0 < Ay < py < 400.

Theorem 4. The following statements hold.
a) For any entire function f, satisfying the conditions 0 < Ay < py < 400, there is a function
e € Cy such that e(x) — 0, x — +00, and

L pe(npg(r))

Me(r) < pp(r)(Inpp(r)) ™ . T >T. (11)
b) If0 <A< p<+4o00,e€Cy, lim e(x) =0, then there exists an entire function f and a
r—+00
sequence (1,)52, increasing to +00 such that A\ = X, py = p and
My (rn) > pup(ra) (In pug (r)) 3 F=00s ol > 0, (12)

2. PROOF OF THEOREM 1

Let us prove that b) follows from a). Let K} > 0 and § € (0, 1) be arbitrary constants such
that a(r) < Kyh(éa(r)), r > 11 according to a). Manifestly, h(z) — +o00, z — +o00. Therefore,
the function h(z) = min{h(t) : t > z} is defined for all x > 0, while (see Remark 1) h € L and

a(r) < K h(6a(r)), r>r. (13)

Let f € A(a), and (¢x)72, be an increasing sequence of all discontinuity points v(r) in
(0,400). Then, if n; = v¢(cy — 0), one has vs(r) = ng for r € (0,¢p), and vy(r) = nyyy for
r € [ek, cry1) and k > 0.

Since In pf(r) ~ é(r), r — 400, then (13) provides

vi(r) < Kih(0'Inpe(r)), r>ry (14)
when ¢ € (4,1) is fixed. Consider the sequence (dj) such that dy € (0, ¢), dri1 € (ck, Crt1),

nkH(ln ¢, — In dk) < k> 0. (15)

?a
Assume that y(r) = vg(r) for r > 0 if r ¢ U2 (dk, cx). If v € (di,cx) for some k > 0, then

assume that

. T ! n — n
7(r) = min {th(5 Inpp(r)), s = (e = r)ﬁ} '
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Since y(dy + 0) = ng = v(di) = v(dy), v(cx — 0) = ng1 = vy(ex) = y(cx), then v € L.
Moreover, it follows from (14) that

Vi) < A(r) < K@ Inpig(r), 1> 7o (16)
Let 4(r) = [/ @dt, r > 0. According to (15)

og/@dt—/ vyt dt<2/ _”f ) = v gy o
1

0 0 1
Z N1 —nk lnck h’ldk S Z_k: =
k=0 k=0

for r > 1. Then,
(r) ~Inps(r), r— +oo. (17)
Let us fix any r > 7o such that v(r) > 0, and consider the function {(z) = y(r(1+z)), x > 0.
Manifestly, ¢ is a positive function from the class L. Therefore, the equation {(z) = % has a
unique solution x = z(r) > 0, and

r(14z(r))
o<iesar) -0 = [ Wars
< (1 () (1 + 2(r)) < A(r(1 + 2(r))a(r) = 1.
Hence, (r(1+x(r))) ~ 4(r), r — 4o00. Invoking (16), (17) and the latter relation, one obtains
Y(r(L+a(r)) < Kah(8 Iy (r(L+ 2(r))) < Kah(Inpy(r), 27, (18)

Now let us estimate the maximum of the module of the function f, considering it to be given
in the form (1). Definitions v¢(r) and ps(r) for any » > 0 and = > 0 yield

] (r(1 4+ )" < oy | (r(1 4 @) T < () (14 2) s O,

Whence, |a,|r" < pp(r)(1+ 2)vr0+2)=n Using the latter inequality with x = z(r), as well as
(16) and (18), one obtains

Mi(r)< Y e+ ) anl <

n<vy(r(1+x)) n>vy(r(14x))

< pp(Pvp(r(L 4 a)) +pp(r) Y (L4 o)
n>vy(r(l1+x))

1 1
:w<r>(uf<r<1+x>>+;+1)<uf Sl a) +1+1) <

< 3up(r)y(r(L+ @) < 3Kypp(r)h(In g (r)) < 3Kipp(r)h(In pug(r))

for all » > 7. Statement b) is proved.
The implication b) = c¢) is manifest.
Let us prove that a) follows from b). To this end, suppose that a) does not hold, i.e.

V6 € (0,1) : Tgr&o% — 400, (19)

and prove that there is an entire function f € A(«) such that
M;(r)

lim = +o0. 20
A R () (#0)
Without loss of generality, one can assume that a(r) =0 for r € [0,1) and &(r) = [ @dt

for all 7 > 0 (see Remark 2).
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Let 0, = 1 — 54+, p > 0. Formula (19) yields
— Dpnra()]  [a(r)] -2
r—-+oo h(dpa(r))

when p > 0 is fixed. Therefore, there exists a sequence (d,) increasing to +oo such that dy = 1,
and

—= —’—()()7

. d .
[Opr10(dp)] — [0pc(dp)] — 2 > ph(d,a(dp)), In Z_H > a(dy) (21)
P
for all p > 0. Note that if v € I, then [y] € I as well, and 400 is the only condensation point
for the set of discontinuity points of the function [y] in the interval (0, +00).
Consider the function

(@) = 8,6(d) + /d dezﬂr / o wdm v >0 (22)

P

for any p > 0. Manifestly, the function 7, is continuous in [d,, d,+1]. Using the second inequality
(21), one obtains

dp+1 7§ ¢ 2 dp+1 § t)+1
midy) =ty + [ I 2 > a4 [T A L

P

A d . )
= Op410(dpy1) +1n Z—H — (Op+1 — 0p)a(dp) > 0pi1(dpra).

P

On the other hand,

dpt1
77p<dp+1) < 5pd(dp) + / (Sp%a(t)dt =

dp
= Opr1G0(dpi1) = (Op41 — 0p)a(dp) < Opr10(dpin).
Hence, there is a point z, in the half-interval (d,, d,.1] such that
Mp(Tp) = Opr1G(dp1). (23)
Consider the function 3 such that §(r) = 0 for r € (0,1) and

6(T) _ [5p+105(7n)]7 dp <r< Lp;
[Op+10(r)] + 2, Ty ST < dpia
for all p > 0. Equations (22) and (23) provide
R dp+1 6 t R
Opa(dy) + /d ¥dt = Opr1G(dpi1). (24)

P

Let us use the following lemma.

Lemma [5]. Let (ng) be an increasing sequence of nonnegative entire numbers and (c) be a

positive sequence increasing to +00. If a complex sequence (ay,) is such that ag = ... = ay,_1 =
0, an, # 0 and
U
|| = langl ]| T (25)
j=0 3
|an| = |ank|czkin7 if né€ (nk’nk+1) (26)

for any k > 0, then the power series (1) with such coefficients a,, governs an entire function
such that v¢(r) = ng when r € (0,¢p) and v¢(r) = ngy1 when r € (¢, k1) and k> 0.
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Let (¢x) be an increasing sequence of all discontinuity points of the function (3 in the interval
(0, +00), and ny = (et —0). Then, 5(r) = ng = 0 for r € (0, ¢y) and B(r) = ng1 if r € [cx, crr1)
and k > 0. Let us define a positive sequence (a,) as follows. Assume that ag = a,, = 1 and
find a,,, n > 1 proceeding from the equalities (25) and (26). According to the lemma, the power
series (1) with such coefficients a,, assigns an entire function f for which v¢(r) = §(r), r > 0.
Since ((r) ~ a(r), r — 400, then f € A(a). Let us demonstrate that the relation (20) holds
for f.

Since Inpp(0) = Inag = 0, then Ingy(r) = f; VfT(t)dt =/ @dt. By means of induction
over p and using the latter equalities together with (24), one can easily demonstrate that
Inpis(d,) = 6,G4(d,), p > 0. Therefore, according to the first inequality (21),

B(dpy1) — B(dpi1 — 0) > [0pr2a(dpi1)] — [Opr1a(dpyr)] — 2 > (27)
> (04 Dh(Gyra(dyen)) = (p+ Dh(In igldyin)) > 0.

In particular, (27) provides existence of the sequence (k,) such that c;, = dpy1, p > 0.
Furthermore, according to relations (25), (26) and the lemma, one has

Ng41 Nk+4+1
Mp(er) 2 " andh = 3 a4 = (g — mi + Dpglcp)-
n=ng n=ng

Therefore, using (27), one obtains
Mi(cr,) 2 puy(cn,) (a1 = 1,) = pp(cn,)(Ber,) — Blew, —0)) =
= iy, ) (Bdps1) = Bdpta = 0)) > (p + )y (er, ) (I pup(cr,)
for all p > 0, whence (20). Theorem 1 is proved.

3. PROOF OF THEOREM 2

Without loss of generality, one can assume that the function ¢ is increasing in (0, +0c). Then,
the function

he(z) = exp{e™ (1 + e)p(2)) — z} (28)
is defined when € > 0 is fixed and h. € C..
Sufficiency. Let us assume that the conditions (10) and (9) hold. Consider an entire function
f € A(a) and demonstrate that the relation (8) holds for this function.
Let us fix any € > 0. Then, according to (10), there is § € (0,1) such that
a(r) < exp{e™ (1 +)p(0a(r))) — 6a(r)} = ho(0a(r)), =10,

i.e. if h = h,, the statement a) of Theorem 1 holds. Therefore, according to the statement b)
of Theorem 1,
My (r) < Kopg(r)he(Inpug(r)), =i, (29)
where Ky is a positive constant. Using (28), rewrite (29) in the form
(I My (1) — I Ko) < (1+ )pinpg(r), 7= 7.
Whence, in view of the Cauchy inequality pf(r) < My(r) and the relation (9), one obtains
In M — @(InM
L PO ()
r—too P(Inpg(r)) = r=too p(lnpug(r))

Since ¢ is arbitrary, (30) provides (8). Sufficiency is proved.

Necessity. Let us assume that (9) holds and the relation (8) is true for any entire function
f € A(a). Let us prove that in this case (10) holds.

Let us fix an arbitrary € > 0 and let £; = 5. Then,

VieAla):  w(lnMg(r)) < (1+e)e(lnpg(r), r=ro(f). (31)

<l+e. (30)



98 P.V. FILEVYCH

Using (28), one rewrites (31) in the form

vieAla):  Mg(r) < pp(r)he, (Inpug(r)), = ro(f).
According to Theorem 1, there are constants K; > 0 and 6 € (0, 1), for which
a(r) < Kihe, (6&(r)), r>ry. (32)

The formula (32) provides ¢(0a(r) + Ina(r) — InK;) < (1 + €1)p(da(r)), r > r, whence,
according to (9), ¢(0a(r) + Ina(r)) < (1 + &)e(d0&(r)), r > 1y, which was to be proved.
Theorem 2 is proved.

4. PROOF OF THEOREM 3

Necessity. Similarly to the above, the function ¢ can be considered to be increasing in
(0, 400).

Let us suppose that there is a function o € I such that (8) holds for any f € A(«), and
prove that (9) is true.

Indeed, if the condition (9) is not met, then there is a number £ > 0 and a sequence (x,,)2
increasing to 4+o0o such that p(z, +1) > (14 ¢)¢(z,), n > 0. However, in this case e > h(z,,),
n > 0 according to (28). Hence, the statement a) of Theorem 1 is not valid and therefore,
the statement b) of the same theorem is not true as well. Thus, there exist an entire function
f € A(a) and a sequence (1,)%, increasing to +oo such that

Mf(?“n> > Mf(rn)hs(ln,uf(rn))u n > 0.
Whence, using (28) one readily obtains
o(In My(rn)) > (14 &)(Inpp(ra)), n=>0,

i. e. the relation (8) does not hold for f. This contradicts the assumption made above. Necessity
is proved.

Sufficiency. Let us assume that the condition (9) holds. Then, as one can readily notice, there
is a function [ € L such that

olx+1U(z)) ~p(r), = — +00. (33)

Consider a function « € I, for which a(r) < exp{i(Inr)}, r > ro. Since Inr = o(&(r)), r — +o0,
then

Ina(r) <l(lnr) <l (%d(r)) . T>T. (34)

Using (33) with = $d&(r) and (34), one obtains

1 1
© (507(7“) +1In a(r)) ~ (5&(7")) , T — +o0.
Whence, it follows that the condition (10) of Theorem 2 holds for the function a. According to
this theorem, the relation (8) holds for any f € A(«). Thus, Theorem 3 is proved completely.

5. PROOF OF THEOREM 4

a) Let f be an entire function such that 0 < Ay < p; < +00. Using the fact that one can
substitute In M (r) by In us(r) or vs(r) in definition of the order p = p; and the lower order
A = Ay of the function f, one obtains

vp(r) < P ) () > A )

for some function n € C; such that n(z) — 0, x — 400 and for all r > r;. Hence,

ptn(ln py(r)) ptn(n py(r))

ifnﬁwf(f;; 1 X () 1 A=n(npp(r)
ve(r) < 227t §ln,uf(r) <4 §lnpf(7“)

>
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for all » > ry. Then, according to Theorem 1 (when a(r) = v¢(r)), there is a constant Ky > 1
such that

pinlinug (7))
My (r) < Kopp(r)(In pep(r)) A -rimes @) =
o (PEXN(npg(r)) In K

= g (r) (I g ()N POTEETER T > g,
whence, choosing the function € € C so that

6(1’) — (p + )‘)TI(‘T) ln KO
AA=n(z))  Inzx

one obtains directly (11) and readily verifies that e(xz) — 0, z — +o0.
b) Let (£,)22, be a fixed sequence, decreasing to zero. The condition lim e(x) = 0 provides

9 $2$0,

T—+00
the existence of an increasing sequence (c,)>, such that ¢y > 1 and
P
en > e(c)), o >, Cny1 > ci(ﬁen) (35)
for all n > 0.
L
Let d,, = cfﬁ”e”), n > 0. Using the third inequality (35), one readily obtains ¢, < d,, < ¢,41,
n > 0. Assume that a(r) = 0 for all » € [0, ¢y) and let
Aept2ren, cn <1 <dp;
a(r) =9, 1 _
AT s dn S r < CTL+1
for every n > 0.
Manifestly, a € I, and
1 1
lim na(r) = p, lim na(r) =\ (36)
r—4oo Inr rotoo DT

Suppose that h(x) = 2575 According to the first and the second inequalities (35),
aey) = Ao = A== @R () > A R() > An + Dh(c)), n>0.  (37)

n

Let us consider an antiderivative of «(r) with respect to Inr :

ar) = /0 ' %”dt.
a(t)

dn Cn+1
A(Cpy1) = / —dt+ X /d 2 dt < a(d,)Ind, +chy = (1 +m.)ch iy (38)
co n

One has

for the function & for any n > 0. Here, according to the third inequality (35),

d,)Ind, 2)e, )PP In ¢,
o Sl (e e "
Cn+1 Cn+1

Let us prove that the statement a) of Theorem 1 is not true for the functions h and «. Indeed,
if the statement holds, then there are constants § € (0,1) and K > 0, for which

a(r) < Kh(da(r)), r>0.
Whence, in view of Remark 1, (38) and (39), one obtains
a(cn) < Kh(6a(cy)) < Kh(S(1 + 1u_1)c?) < Kh(c?) < Kh(c)
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for all n > ngy. This contradicts (37). Hence, the statement a) of Theorem 1 is not true.
Consequently, the statement c) of the same theorem is not true as well. Therefore, the equality
Tim M;(r) — 400,
r=o0 () h(In iy (1))
holds for an entire function f € A(«). Whence, one immediately concludes that the sequence
(rn)pe, is such that (12) holds for f. Moreover, according to (36), Ay = A, py = p. Thus,
Theorem 4 is proved.
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