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ON INVERTIBILITY OF DUHAMEL OPERATOR IN
SPACES OF ULTRADIFFERENTIABLE FUNCTIONS

O.A. IVANOVA, S.N. MELIKHOV

Abstract. Let A be a non-point segment or an (open) interval on the real line containing
the point 0. In the space of entire functions realized by the Fourier-Laplace transform of the
dual space to the space of ultradifferentiable or of all infinitely differentiable functions on A,
we study the operators from the commutator subgroup of the one-dimensional perturbation
of the backward shift operator. We prove a criterion of their invertibility. In this case, the
Riesz-Schauder theory is applied, the use of which in such a situation goes back to the works
by V.A. Tkachenko. In the topological dual space to the original space, the multiplication &
is introduced and we show that its dual space endowed with a strong topology is a topological
algebra. Using the mapping associated with Fourier-Laplace transform, the introduced
multiplication ® is implemented as a generalized Duhamel product in the corresponding
space of ultradifferentiable or infinitely differentiable functions on A. We prove a criterion
for the invertibility of the Duhamel operator in this space. The multiplication ® is used to
extend the Duhamel’s formula to classes of ultradifferentiable functions. It represents the
solution of an inhomogeneous differential equation of finite order with constant coefficients,
satisfying zero initial conditions at the point 0, in the form of Duhamel’s product of the
right-hand side and a solution to this equation with the right-hand side identically equalling
to 1. The obtained results cover both the non-quasianalytic and quasianalytic cases.

Keywords: backward shift operator, entire function, Duhamel product, ultradifferentiable
function.
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1. INTRODUCTION

Let A be a non-point segment or an (open) interval on the real line containing the point 0. In
this paper, we study a one-dimensional perturbation Dy, of the backward shift operator Dy acting
in the space A, (A) of entire functions in C of exponential type; this space realizes the adjoint to the
space of ultradifferentiable functions of Beurling type or infinitely differentiable functions on A by the
Fourier-Laplace transform. The operator Dy, is defined by an entire function u such that «(0) = 1. Tt
was first defined by V.A. Tkachenko [I4] using the function u = e, where P is some polynomial such
that P(0) = 1. In [I4], [I5] the operator afjoint to Dy, called the generalized integration operator,
was studied. Moreover, Dg,, acts in the countable inductive limit of weighted Banach spaces defined by
some p-trigonometrically convex function. We note that a general approach to the study of spaces of
ultradifferentiable functions was proposed in work by R.W. Braun, R. Miese, B.A. Taylor [19]; in this
paper the non-quasianalytic case is studied in detail. Recently, there appeared many works devoted
to ultradifferentiable functions, in which, in particular, the approach to this topic proposed in [19] is
generalized and expanded, see, for example, book by A.V. Abanin [I], paper by A. Rainer, G. Schindl
[25] and the references in these works. In [I9] the case of a non-quasianalytic weight function was
considered, but many of the results from [19] are also valid for the quasianalytic situation. Therefore,
in some cases we refer to [19] for the general situation.

The main result of this paper, Theorem provides a criterion for the invertibility of the operator
B, from the commutant Dy, in the algebra of all linear continuous operators in A, (A). It covers
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both the non-quasianalytic and quasianalytic case. The proof of the sufficiency of the invertibility
condition uses Riesz-Schauder theory for Banach spaces by considering the corresponding operators
on the Banach steps forming the inductive limit. The use of this method goes back to work by
V.A. Tkachenko [I5]. The proof of the injectivity of the operator B,, essentially employs the results of
[21]. This criterion was previously proven by the authors in [5, Thm. 2] in the case of u = 1 for the
space C°(Q2), where (2 is an interval in R containing the point 0. Moreover, the proof of the injectivity
of the corresponding operator in [5] was different and was based on singular integrals.

The duality theory allows us to apply the above results to the implementation of the adjoint of the
operator B, called here the generalized Duhamel operator. The title of the paper reflects precisely
this part of the work. In the strong dual space A,(A) of A,(A) we introduce the multiplication
® and we prove that A, (A)" with it is a topological algebra. By means of an adjoint mapping to
the Fourier-Laplace transform, the introduced operation ® is implemented as a generalized Duhamel
product in &, (A). If we fix one factor in it, then we obtain the corresponding Duhamel operator. This
is an operator from the commutant of the realization of the generalized integration operator adjoint to
Dg . Here we establish a criterion for the invertibility of the Duhamel operator in the space &,(A).
Previously, such criterion was obtained by R. Tapdigoglu and B.T. Torebek [26] for the space C*°[0, 1]
in the case of u = 1.

In the final part of the work, we apply the product ® to a new proof of the well-known Duhamel
formula for solving a differential equation of finite order with constant coefficients satisfying zero initial
conditions at point 0. It expresses this solution in the form of the Duhamel product of the right-hand
side and such a solution with the right-hand side part identically equalling to 1. In particular, the
mentioned formula was obtained for classes of ultradifferentiable functions that were not previously
considered in this regard. The proof is based on the possibility of dividing linear continuous functionals
on A,(A) by a nonzero polynomial so that the resulting quotient vanishes on monomials the degrees
of which are less than the degree of this polynomial.

2. BASIC SPACES AND OPERATORS

Following [19], a continuous non-decreasing function w : [0,+00) — [0,4+00) is called a weight
function if it satisfies the following conditions:

(@) w(2t) =0(w(t)), t— +oc;

(8) w(t) = O0(t), - +oc;

(v) logt =o(w(t)), t— +00;

(6) The function ¢ = w o exp is convex on R.

By [19, Lm. 1.2] the weight function w satisfies the following condition:
(1) There exists a constant C' > 1 such that

wz+y) < Clw(z)+w(y) +1) forall z,ye€[0,+00).

The weight function w is called non-quasianalytic if
[ w(t)
w(t
1

and it is quasianalytic if
o
w(t)
1
By ¢* we denote a Young adjoint to ¢ functions, that is, ¢*(z) := sup(zy — ¢(y)), x > 0.
y=0
Let w be a weight function, INg := INU {0}. As in [19], we define the spaces of ultradifferentiable
functions of Beurling type defined with help of w. For a segment K C R with a non-empty interior we
introduce the space

£.(6) = L £ € ) 1l 1= sup sup — L@
’ | T aeN, zek exp(mp*(a/m))

< 400 for all me]N}



64 0O.A. IVANOVA, S.N. MELIKHOV

and define its locally convex topology by the family of semi-norms | - g, m € IN. Then &,(K) is an
(FS)-space, that is, the Fréchet-Schwartz space, see [2], Sect. 1], [24, Sect. 25].
Let Q be an interval in R. We fix a sequence of segments K,,, n € IN, such that K,, C int K1,

neN,int K1 # 0 and Q = |J K,; here int Q is the interior of a ser @ C R in R. We let
nelN

(@)
200 1010 |l = g sy )

” < 4oo forall m,neN;.
aeNy zek, eXp(me*(a/m))

A locally convex topology in &,(€2) is defined by the family of semi-norms | - |q m.n, m,n € IN, which
make &,(Q) an (FS)-space. The space &,(Q) is algebraically and topologically independent of the
choice of the segments (K, )nenN, as above.

For w(t) = log(1l 4+ t), t € [0,+00), for a segment K C R with a non-empty interior and for an
interval €2 C R we suppose that

Ew(K) := C®(K), Eu(Q) := C®(Q).
The spaces C*°(K) and C*°(2) are equipped with their standard topologies.

For a bounded set @ C R the symbol Hg denotes the support function of Q, that is, Hg(y) :=

sup(zy), y € R. Let ey(z) := e € R, A € C. For alocally convex space H by H' we denote
z€Q

a topologically dual to H. The space H' is equipped with the strong topology. The Fourier-Laplace
transform of a functional ¢ from &,(K)’ or from &, () is defined by the identity

F(p)(A) = p(en), AeC.

We continue the function w on C by letting w(z) := w(|z]), z € C. By H(C) we denote the space of
all entire in C functions. For a segment K C R, n € IN, we define a Banach space of entire functions

|/ (2)]
Aan) = {1 € B | e s= 9 g S < oo

with the norm || - ||k, and we let A, (K) = 1nn_d> Ay n(K). If Qis an interval in R, then A, () :=
inn_(} Ay n(Ky). At the same time, an algebraic and topological identity A, (2) = 1nn_(>1 A, (K,,) holds true.
The spaces A, (K) and A, (Q2) are (DFS)-spaces, see [2, Sect. 2.10], [24, Thm. 25.20]. If f € A,(K) or
f € A,(Q), then for each zero z of the function f, the function % also belongs to A, (K), respectively,
to A, (). We note that the spaces A, (K) and A, (€2) contain also polynomials if 0 € K or 0 € Q.

By the Paley-Wiener-Schwartz theorem for ultradistributions and quasianalytic functionals [19,

Prop. 3.5, Thm. 7.4], [23, Prop. 3.6] and for usual distributions [16, Thm. 7.3.1] we have the
following theorem.

Theorem 2.1. Let w be a weight function or w(t) :=log(1 +t), t € [0,400). The Fourier-Laplace
transform F is a topological isomorphism of E,(K)" onto A, (K) and of £,(Q)" onto A, ().

We provide a few statements, which will be employed in what follows.
Lemma 2.1. (i) Let K be a segment in R. Then
|Hg (t) — Hr (2)| < ag|t — 2|, t,z € C,
where ax = sup Hi(£) < 4o00.
(ii) For all t,‘i Gl(D obeying |t — z| < $log(1 + |2|) the inequality
log(1 + |z]) < log(1 + [t]) + log2

holds true.
(iii) Let w be a weight function. For all z,&,t € C such that

1 1
=2 < Jlog(L+]e]) and |t— 2| < log(1+]2)

the inequality
w(&) <C(CH1)w(t) + C(Cw(log2)+C +1)

holds, where C is a constant from condition (o).
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Proof. The inequality in (i) is well-known; it is implied by the semi-additivity and positivity homo-
geneity of the support function Hy.
(ii): Since
1 z
el < I+ 1t — 2] < I+ 5 lom(1 + =) < 1 + 2,
then |z| < 2|¢| and hence,
log(1 + |z]) <log(1+ 2|t|) < log(1 + |t]) + log2.
(iii): Using condition (aq) and Statement (ii), we obtain:

w() < Cw(t) +w(E—1t)+1) < C(w(t) +w(log(l+ |z]) + 1)

< C(w(t) + w(log(l + |t|) +log2) + 1) < C(w(t) + C(w(log(l + [t])) + w(log2) + 1) + 1)
< C(w(t) + Cw(t) + Cw(log2) + C +1) = C(C + 1)w(t) + C(Cw(log2) + C + 1).
The proof is complete. O

In what follows A is a non-point segment or interval in IR containing the point 0. We fix a function
u € A, (A) such that u(0) = 1. An a generalized backward shift operator Dy, linear and continuous
in Ay, (A), is defined by the identity Do, (f)(t) := w, f e Au(A), see [3, Sect. 1]. If u =1,
then Dg := Dy, is the usual backward shift operator. We mention the identities

f@&) —u(t)f(0 f@)— f(0 u(t) — u(0

Do()(e) = PO T =JO) g =20 _ o)~ po)powyn). (2.0)
They show that Dg, is an one-dimensional perturbation of the operator Dg. The operator Dy, in
the form as in the right hand sides of identities (2.1) was studied by Yu.S. Linchuk in the space of
functions holomorphic in a domain in C [22].

Following [I5], [18], we introduce shift operators

7)) = F U = 2 ult)

t—z
for the operator Dy, and Pommiez operators

Dz(f)(t) — f(t)u<z) — f(z>u(t), f c AW(A)

t—=z

All of them linearly and continuously act in A, (A).
Remark 2.1. For all functions f € Ay(K), z € C and a zero a of a function u, the function

ug(t) :== g s an eigenvector of the operator T, :
T.(u) = u(2)u, T.(ug) = —auq(2)ug.
These identities can be confirmed by straightforward calculations.

Lemma 2.2. Let K be a non-point segment in R containing the point 0.
(1) For each n € IN there exist m € IN and a constant c¢; > 0 such that for each function f € Ay, ,(K)
the inequality
|f'(O] < eall fllmexp (Hr(Imt) + m(w(t)),  teC.

holds true.

(it) For each n € IN there exist s € IN and a constant ca > 0 such that for each function f € Ay, n(K)
the inequality

IT.(f) )] < c2ll fllnexp (Hx (Imt) + Hpe(Im 2) + s(w(t) +w(2))), t,z € C,

holds true.

This statement is implied by the maximum modulus principle for holomorphic functions in view of
Lemma [2.1] see also a general result in [4, Lm. 4 (i)].
For a functional p € A, (A)" we introduce an operator

Bu(f><z) = N(Tz(f))v z € Cv f € Aw(A)v

which is linear and continuous in A, (A). By [4, Thm. 15] the set {B,, |1 € A,(A)’} coincides with the
commutant of the operator Dy, in the algebra of all linear continuous operators in A, (A). We also
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observe that due to Lemma [2.1| the sequences of functions (Hg (Im 2) 4+ nw(z))nen and (Hg, (Im z) 4+
nw(z))nen defining the space A, (A) satisfy original assumptions (1.1) in [4].

The following identities are useful, for instance, in using Riesz-Shauder theory in the problem on
invertibility of the operators B, in A, (A).

Remark 2.2. For p € A,(A), f € Au(A), 2z € C the identities

Bu(f)(2) = u(w) f(2) + (tf Wulz) — 1 (Z)““)> — () F(2) + i (1D () (1))

t—u
hold; the subscript t means that the functional u acts in the variable t.

3. INVERTIBILITY CRITERION OF OPERATOR B,
For a non-point segment K in R, for v € A (K)', n € N, we let
Yk, = sup [v(f)l.

[1f1l5,n <1

By the symbol S, (K) we denote a closed unit ball in A, ,(K).

Lemma 3.1. Let K be a non-point segment in R containing the point 0, pn € Ay,(K)', u € Ay m(K),
m € IN. Then for each n > m the operator

Cu(F)(2) = u (t

ft)u(z) = f(z)u(t)
t—=z
is compact in Ay, n(K).
Proof. We use some modification of the proving method by V.A. Tkachenko [I5, Thm. 2]. We let
d(z) := max (1; 3 log(1 + |2[)), z € C.
We fix n > m. Let |t — z| > d(z). Then for each function f € S,,(K) we have

(IfDllu()] + [f (@)
d(z)

tD.()(0)] <

< |t| HU”Km (eHK(Imt)+nw(t)eHK(Imz)+mw(z) + eHK(Imz)+nw(z)€HK(Imt)+mw(t)>
d(z)"

X 5 ||’LL||K m Hy (Im z)-‘rnw(z)eHK(Imt)-i,-nw(t)‘
d(z) ’

Now let |t — z| < d(z). By the maximum modulus principle of holomorphic functions for each function
[ € Sy (K) there exists a point £ € C, for which |{ — z| = d(z) and

2
EDL(F)(0)] < |EDL(F)(E)] < HEb e e m 2 4mea) e m ) ems(e)

d(z)
Owing to Lemma and condition () for the weight function w there exist constants A;, Ay > 0,
such that for all ¢,z € C, f € S,(K) we have

4

Hg (Im 2)+nw(z) eHK (Imt)+Aiw(t)+ A1
d(z)

tD-(f) ()] < —=5 lullx.me

1
< —= HUHK,meHK(Im Z)-‘rnw(z)eHK(Imt)+A2w(t)+A2'
d(z)

We take s € IN such that s > As. Then, for all z € C, f € S,(K),

) 1tD.(f)(D)] o Pl slullkm g 2y e
< . < et : ® R
CulN@N < Dl v o ) + (@) S d)
This is why
CulH)(2)]

lim =
|2l=+00 || [l <1 exp(Hg (Im z) + nw(z))

Hence, the set C,(S,(K)) is relatively compact in A, ,,(K). The proof is complete. O
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Let C[z] and C[z],, n € Ny, be the sets of all polynomials of one variable, respectively, of degree at
most n over the field C. For the sake for convenience we provide results from paper [21]], which will be
employed below; these are Lemmas 2, 4-6 from [21].

Lemma 3.2. (i) Let v,w € H(C), v(0) = w(0) = 1. Then for all functions h € H(C), j € N the
identity Dy ,,(vh) = vD} (k) holds.
(11) If the polynomials v,h € C be coprime, v(0) = 1, then the polynomials Dy ,(h) and v are also
coprime.

(1i) Let v € H(C), v(0) = 1. If a function f € H(C) satisfies the identity

S
ZajDéyv(f)(z)zo, z€C, selN, a;€C, 1<j<s, as#0,
j=1

then there exist polynomials p,r € C[z] of degree at most n — 1, for which f = %v,
(iv) Let v,r € C[z], v(0) = 1. If the polynomials v, r are coprime, then the system

{Df4(r) |1 < j < deg(v)}
is linearly independent in H(C).

By the symbol N (u) we denote the set of all zeros of the function u. We let uy(t) := t“ﬁ—tg for
a€ N(u).

Theorem 3.1. Let A be a non-point segment or interval in R and 0 € A, while w be a weight
function or w(t) =log(l+1t), t € [0,+00). For u € Ay,(A) the following statements are equivalent:
(i) By, is an isomorphism of A, (A) onto itself;

(i1) p(u) # 0 and p(ug) # 0 for each a € N (u).

Proof. (i)=(ii): By Remark.1] B, (u) = p(u)u and if N'(u) # 0, then By (uq) = —ap(uqa)tq, a € N (u).
Hence, u(u) # 0 and u(u,) # 0 for each a € N (u).

(ii)=(i): We first consider the case when A is the segment K. We choose m € IN such that
u € Ay m(K). We choose n > m. By Remark and Lemma [3.1] the operator Dy, acts in A, ,(K).
Moreover, by Lemma , due to the representation in Remark 2.2] the kernel Ker B, of the operator
B Aun(K) — Ay n(K) is finite-dimensional.

Let us show that the operator B, is injective in A, ,(K). Suppose that there exists a non-zero
function f € A, »(K) such that B, (f) = 0. We consider the case when f can not be represented in
the form f = %u, where r, p are polynomials. According to Lemma then f satisfies none of the

S . .
equations Y. a;D] ,(f) =0, s € N, as # 0 in H(C). Hence, the system {D} ,(f)|j € N} is linearly
j=1 ’ ’
independent in H(C). Since B,Doy = DouBy in Ay(K) (and in Ay (K)), then B, (D}, (f)) =0
for each j € IN. Hence, Ker B, is infinite-dimensional and this is a contradiction. Thus, there exist
coprime polynomials 7 and p such that f = %u. Then % € H(C) and without loss of generality we can

suppose that p(0) = 1. By Lemma for each j > 0 the identity holds:
A u
D(J),u(f) = ED{)’p(r). (3.1)

At the same time D(J)"u(f) € Ker B, for each j > 0. We let k := deg(r), | := deg(p). If [ = 0, then

p = 1, and the identities deg(D’in(r)) = 0 and as j = k yield that u € Ker B,,. Therefore,
p(u)u = 0 and this is a contradiction.

Let [ > 1. We apply a method used in the proof of Lemma 8 in [2I]. By Lemma the set
S :={Dp,(r)|1 < j <1} is linearly independent in H(C). Suppose that k < I. Since deg(D} ,(r)) <1
for all j such that 1 < j <[, then the system S is a basis in C[z];_1. Let a be some root of p. Then
a is also a root of the function u. Using , we obtain that %C[z]l,l C Ker B, and this is why the

function % also belongs to Ker B,,, which is a contradiction.

Let k = [. Then the system S is a basis in C[z];_1, and S U {r} is a basis in C[z];. This is why
5 C[z]; € Ker By, and this leads us to a contradiction. Now let k& > [. By Lemma 3.2 the polynomials
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Dg,;l(v“) and p are coprime and the set
{Dé,p(r) =Dy M DE ) [k —1+1<j < k}

is linearly independent. Since deg(Dlg’;l(r)) = [, then this set is contained in C[z];_1, and hence, it is
a basis in C[z];—1. This is again a contradiction.

Thus, the operator By, : Ay n(K) — Ay n(K) is injective. Due to Remark and Lemma B,
is an isomorphism of each space A, ,(K), n > m, onto itself. This is why B, is an isomorphism of
A, (K) onto itself; the theorem on an open mapping implies that this is a topological isomorphism.

Now we consider the case, when A is an interval  containing the point 0. Then A, (2) =

in_()i Ay (Ky), where K, are segments such that K, C int K41, n € N, int K1 # ) and Q = | K.
n nelN
At the same time for each n € IN the restriction of g on A, (K,) is a linear continuous functional on

Ay(Ky). Ifu e Ay(Ky), then by the previous part of the proof the operator By, is an isomorphism
of each space A, (K;,) as n > s. Hence, B, is an isomorphism of A, () onto itself. The proof is
complete.

Remark 3.1. (i) The criterion in Theorem was proved in work [5, Thm. 2| in the case w(t) =
log(1+1t), u=1.

(ii) In the proof of the previous theorem, the compactness of the operator C,(f) = <tw>

in each space Ay, n(K) for sufficiently large n has been essentially employed. Under certain conditions,
this operator is not compact in A, (K), which means that in this case it is impossible to use the Riesz-
Schauder theory for operators in locally convexr spaces other than Banach ones, see, for instance, [27],
[13, Ch. VII].

Let us show this fact for w(t) = log(1+t) and u = 1. Let ji(z) := (e ™%*), x € A. Then i € E,(A)
(see Section 4.2). Suppose that the function @ — [(0) is not flat at zero, i.e., that there exists k € IN
such that 0 # A% (0) = (=i)*us(t*) and (for k > 2) 0 = aW(0) = (i) () if 1 < j < k. Let
vn(2) = (Cp)e(t™)(2) = e <ttn_zn>, z € C, n € N. Suppose that the operator C,, : Ay,(K) — Au(K)

t—=z

is compact, i.e., it maps some neighborhood of zero onto a subset of a compact set in Ay(K). Since
the countable inductive limit A, (K) is reqular, that is, each bounded subset A, (K) is contained and
bounded in some space A, s(K), see |2 Sect. 2, 2.9(c)|, then there exists s € IN such that all functions
Un, n € N, belong to A, s(K). This means that for each n € IN

[on(2)] < Jonllse™ ML+ 125, zeC,
where ||v,|| ks < +00. Therefore, forn =k+ s+ 1 we get:
k+s
| A < foallies(L+ )7 zeC
1=0
But the last inequality does not hold for sufficiently large |z| and we get a contradiction.

4. RESULTS FOR DUHAMEL OPERATOR

Let A be still a non-point segment or interval R, 0 € A, and w be a weight function or w(t) =
log(1+1t), t € [0,400).

4.1. A,(A) as topological algebra. Following [4, Sect. 2.2], we introduce an operation ®:
(e ®V)(f) = p:(V(T:(f))), @, ¥ € Au(A), fe€A,(A).

According to [4, Sect. 2.2], ® is an associative and commutative binary operation in A, (A)". Let us
show that A, (A)’ is a topological algebra with the multiplication ®. We use the following terminology.
Algebra is a complex linear space A with a multiplication, i.e., a bilinear mapping from A x A to A.
It is called topological if A is a locally convex space and the multiplication is continuous from A x A
into A.

Since the inductive limit A, (A) is regular, then [24] Thm. 25.9] a strong dual space A,(A) is a
Fréchet space with a fundamental sequence of continuous semi-norms

lellicn = sup [o(f)l, ¢€Au(K), neN,

17l & n <1
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if Ais a segment K and
lelk,n=sup lo(f), ¢€Au(Q), neN,

£l 5y, n <1
A is an interval €.
Theorem 4.1. (A,(A),®) is a topological algebra.

Proof. We fix n € N and let Q := K if A is the segment K and @ := K, if A is the interval Q. We
choose s and ¢ by n and @ as in Lemma (ii). Then

le@Ylgn=sup (@)= sup [(H(T(])))

I fll@n<1 Ifllgn<l

<ol sup_sup IO
Q% o<1 2e6 exp(Ho(Im 2) + sw(z))

W)
<lelloslvllos sup  supsup
lellaslivlias sup sy () T Ho(mi) + s(@(=) + w(@)

< e2llellgslvllg,s:

Hence, a bilinear mapping (p, %) — ¢ ®1 is continuous from A, (A)" x A, (A) into A, (A)'. The proof
is complete. O

Remark 4.1. For p € A,(A) an adjoint for the operator B, : Ayu(A) — Au(A) with respect
to the dual pair (Au(A), Ay(A)') is an operator By, : Ay(A) — Ay(A) such that By (p) = ¢ ® p,
p € Ay(A). Indeed, for all p € Ay(A)Y, f € Ay(A) we have

B, (¢)(f) = o(Bu(f)) = (g ® u)(f)

Below in Section 4.3 we shall show that the operation ® is realized in &, (A) as a generalized Duhamel
product, while B; is realized as a generalized Duhamel operator.

4.2. Operator of generalized integration. Let 7' : A,(A) — &,(A) be the adjoint mapping for
the Fourier-Laplace transform F : £,(A) — A, (A) with respect to dual pairs (E,(A), E,(A)) and
(Au(A), A, (Q)). Since the space &, (A) is reflexive and F is a topological isomorphism of £,(A)" onto
Ay, (A), see Theorem [2.1] then F” is a topological isomorphism of A, (A) onto £,(A). For z € C, and
a function f defined at the point z, we let §.(f) := f(2). It is clear that §, € E,(A) for z € A and
5, € Ay (A) for z € C. Moreover, for all p € A,(A), © € A we have

F (o) (@) = 0:(F'(9)) = o(F(6z)) = wlex). (4.1)

We let § := F'(¢), ¢ € Ay(A). We observe that , = e, for each o € C. Moreover, standard
identities hold:

o (e ™) =13V (x), pe A (A), zeA, jelN. (4.2)
They are implied by the fact that for each function f € A, (A) there exists a limit %1_)1% W in the
space A, (A), which is equal to f’, see, for instance, [8, Lm. 2]; original assumptions (V1) and (V2)
for considered in [8] spaces are satisfied in this case.

For a linear continuous operator B : A, (A) — A, (A) we denote by B’ the operator in A, (A)" adjoint
to B with respect to the natural dual pair (A, (A), A, (A)'). Following V.A. Tkachenko [I5], we call
D{)’u a generalized integration operator. V.A. Tkachenko [I5] introduced the generalized integration
operator as well as the adjoint to the operator Dy, acting in the countable inductive limit of weighted
Banach spaces of entire functions defined by a p-trigonometrically convex function. Moreover, in [15]
u = eP, where P is a polynomial. Operators with this name were studied by R. Crownover, R. Hansen

[20]. Due to (2.1), the identity
Dpu(p) = Do) — @(Do(u))do, ¢ € Au(A) (4.3)

holds.
We define a complex-valued bilinear form

(f.9):=F (f)9), feA(D), ge&u(d).
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It makes a duality between A, (A) and &,(A). We note that

f(z)=(f,e:), feA,(A), ze€C, and h(z)= (es,h), hel&,(A), zeA.
For a linear continuous operator B : A, (A) — Ay (A), by B we denote an operator acting in &,(A)
and adjoint to B with respect to the dual pair (Au(A), E,(A)). The identity B = F'B'(F)~! holds.
If u=1, then Dy = Dy, is a Volterra operator:

T

Do(h)(z) = —i / hE)dE, z € A, h e Ey(A). (4.4)
0
The proof of this identity is standard, see, for instance, [7, Lm. 2]. By (2.1)) the identity holds:

Dou(h)(x) = /h(f)d€ —(Do(u), h), €A, he&,(A). (4.5)
0
Let us specify the latter representation in the case u = Pey, where P € C[z], P(0) =1, A € A. For
a polynomial w(z) = 3 b;27 € C[z] we define a differential operator
§=0

w(d)(f) == 3 b1,
j=0

We note that for all w € C[z], h € E,(A), x € A, we have

(weg, h) = w(d)(h)(x). (4.6)
Since
Do(Pex)(t) = P(t)eAt(t) -1 _ P(t)t— 16)\(75) N e,\(tz -1
= Do(P)(t)ex(t) + Do(ex)(t),
then for h € &,(A)
A
(Do(u), h) = (Do(P)ex, h) + (Do(ex), h) = Do(P)(d)(h)(A) +/h(§)d§- (4.7)
0

It follows from identities (4.4)—(4.7)) that for all h € £,(A), x € A the idenity holds:

Bo.(h)(z) = [ E)E = Do(PYDHI)
A
4.3. Generalized Duhamel product. We consider the case u = Pey, where P € Clz], P(0) =1,
A€ A Let P(z) = Y a;2?, m € N (at the same time ap = 1 and the case a,, = 0 is not excluded).

7=0
We introduce polynomials p;, 0 < j < m — 1, such that

—_

m—
N . P(t)— P(z
(=ippi(n)7 = TO=TE
, —z
7=0
for all ¢,z € C. The identities hold:
pit) =¥ apt™™,  0<j<m-1.
k=j

We let p;(t) :=tp;(t),0<j<m—1,teC.
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We define a generalized Duhamel product: for g,h € C*°(A), x € A we let
z m—1
(g + h)(z) = P(d)(g)(A\)h(z) + /(P(d)(g))'(f)h(fv +A=8)d =Y pi(d)(g)(@)hD (V).

A j=0

It is clear that gxh € C°°(A) and a bilinear mapping (g, h) — gxh is continuous from C*°(A) x C*(A)
into C*°(A), and hence, from &,(A) x &,(A) into C*°(A). If P =1, then
(9 W)@) =gh(o) + [ o (Ohta + X~ e

A
As P =1 and A = 0, the product g * h is the usual Duhamel product:

T

(9 W)@) = gO)h(w) + [ o (©hler - )
0
Earlier, a generalized Duhamel product similar to the above introduced one was defined in the space
of germs of all functions holomorphic on a convex locally closed subset C |21} Sect. 4] and in the space
of entire functions of exponential type realizing by means of the Laplace transform the dual space for
one of functions holomorphic in a simply-connected domain in C [6, Sect. 1.2]. In [9], M.T. Karasev
considered a generalized Duhamel product as some discrete analogue of the Duhamel product.

Lemma 4.1. The mapping t — & is continuous from C into A,(A).

Proof. We fix n € IN. Let Q := K if A is the segment K and @ := K, in the case when A is the
interval 2. We choose m € IN, ¢; by n as in Lemma[2.2) (i). For a fixed ¢y € C and for t € C we obtain:

/t 7()de|

[0t = Stllgn = sup  |f(t) — f(to)| = sup

Ifllen<l [flen<l
<[t—tol sup  sup |f'(§)] < caft —to] sup exp((Hg(Im¢) +mw(§)).
£l @n<1 £€[t0,1] £€lto,t]
This implies that [|6; — ¢, [|5),, — as t — to. O

Theorem 4.2. For all p,¢ € A,(A) the identity cp/®\1/) = $ 1 holds.
Proof. First let us show that for all o, 8 € C, in C*°(A) the identity
(5a/®\65 =eq *eg (4.8)
holds. Indeed, for x € A,

L R N (A e e )

t—=z

O[efixap(ﬂ)efi/\ﬁ o 567ix,ﬁp(a)efi)\a
a—f '
A straightforward calculation shows that

—wwap —iAB _ Be—izB p —idoy
(cax e5) () = 2 L) a_ff e 2

We take ¢,19 € A,(A). Since the set {; |t € C} is dense in the Fréchet space A, (A)’, then there
exist sequences of functionals ¢, 1,, n € IN, from the linear span of the set {0; |t € C} such that
On = @, Yn — ¥ in A,(A). Due to 1’ On ® Pp = @p * Yy, for each n € IN. Since the mappings
(v,n) — v ®n are continuous from A, (A) x A,(A) into A,(A), F: Ay(A) — E,(A), (g,h) — gxh
from C*®(A) x C*(A) into C*(A), &,(A) is continuously embedded into C*°(A), then passing to
the limit in the later identity, we obtain ¢ ® ) = @ x ¢ in &,(A). Simultaneously we have shown that
g*h € &,(A) for all functions g, h € &,(A). The proof is complete. O
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For g € £,(A) we define the Duhamel operator S;(h) := g * h, h € £,(A), linear and continuous
in &,(A). It follows from [4, Thm. 15|, Remark 4.1} Theorem that the set {S;|g € £&,(A)} is the
commutant of the realization Dy, of the generalized integration operator in the algebra of all linear
continuous in &,(A) operators. We note that in the space C°°[0,1] the commutant of the Volterra

operator
x

Bo(h)(z) = Do (h)(w) = [ h(€)dg
0
corresponding to the case u = 1 was described in work [26].

For a root a of a polynomial P we let P,(t) := %. By means of usual dual arguing, Theo-

rems and identity (4.6 implies the following corollary.

Corollary 4.1. The Duhamel operator Sy is an isomorphism of £,(A) onto itself if and only if
P(d)(g)(X) # 0 and P,(d)(g)(\) # 0 for each root a of the polynomial P.

4.4. Proof of Duhamel formula for solution of differential equaiton with constant coef-
ficients by means for multiplication ®. In the section we suppose that u = 1. We apply the
multiplication & for proving a formula expressing a solution f € £,(A) to a differential equation with
constant coefficients

Y aifV =g, ge&u(d), neN, a,#0, (4.9)
j=0

satisfying zero initial conditions f@)(0) = 0, 0 < j < n — 1, via a similar solution for the right
hand side identically equalling to 1. There are various approaches for justifying this formula for some
classes of functions different from the spaces considered in this paper, see, for instance, monograph by
M.A. Lavrentiev, B.V. Shabat [II, Ch. VI| and paper by L.L. Kogan [10].

For a polynomial ¢ € C[z], ¢ € A,(A)" we let

(q0)(f) == wl(af), fe€Au(A).

Since the operator M,(f) := ¢f of multiplication by ¢ is linear and continuous in A, (A), then gy €
Ay (A) for each functional ¢ € A, (A). Let mj(z) := 27, 2 € C, j € Ny.
Lemma 4.2. Let L € IN. For all pairwise different numbers \j, 1 <I < Landallkj e N, 1 <I< L,
L
c; €C,0<j<n—1, where n:= ) ki, the system of equations
=1
L k-1
S X bem ) =¢ 0<j<n-1, (4.10)
=1 s=0
has a unique equation by, € C, 1 <I <L, 0<s <k — 1.

Proof. With the family of complex numbers ¢ = (¢;,5)1<1<L,0<s<k;—1 We associate a stretched vector

O‘(C) = (61,07 co 3 Clk =1y CL0s -+ CL,kL—l) e Cc".

The mapping
_ (&)
(b(f) =0 ((f (Al)) 1<1<L,O<s<k1—1>

is linear from Clz] into C™. Due to the uniqueness of the solution of the corresponding multiple
interpolation Hermite problem in C[z],—1, see [12, Ch. 4, Sect. 16.2], ® bijectively maps C[z],—1 onto
C™. Since the system of polynomials M,, := {m; |0 < j < n — 1} is linearly independent in C[z],_1,
then its image ®(M,,) is a linearly independent subset in C". This implies that for each (cj)?:_& eC”
system possesses a unique solution. The proof is complete. O

We introduce the functionals 6y ;(f) := fON), X e A, j >0, where dx0 is the above considered
delta function dy. All of them are linear and continuous on A, (A). For a subspace @ of the space
A, (A) by Q° we denote the annulator of Q in A,(A). We are going to prove the following statement
on dividing by a polynomial in the space A, (A)".
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Theorem 4.3. Let g € C[z] be a polynomial of degree n € IN.
(i) For each ¢ € Ay,(A) the equation qp = 1 possesses a solution ¢ € A,(A). This equation has a
unique solution po € Ay, (A) obeying the conditions ¢(m;) =0, 0<j<n—1.
(ii) Let %0 € A,(A) be a solution to the equation qp = 0g such that %O(mj) =0,0<j<n—1. Then
for each b € A, (A) the functional vy == V¥ ® %0 is a solution to the equation qp = 1 obeying the
conditions po(m;) =0, 0<j<n—1.
Proof. (i): The adjoint operator for the operator M, : A,(A) — A,(A) of multiplication by ¢ is
My 2 Au(A) — Au(A), ¢ = qp. Since M, is injective and has a closed image, then M, is surjective
[I7, Ch. 8, Sect. 8.6; Thm 8.6.13]. At the same time,

Ker M, = (Im My)" = span{dy,s |1 <I< L, 0< s < ky — 1} (4.11)

Let Ay € C,1 <1< L, L €N, be all pairwise different roots of ¢ and k; be the multiplicity of A,
while ¢ € A, (A)" be some solution of the equation g = v, ¢; := ¢(m;), 0 < j < n—1. By Lemma
the system of equations

= S
has a solution b; s, € C, 1 <1 < L, 0 < s < k; — 1. The functional
ki—1
po =Y — Z Z bl,s(sz\,s S Aw(A)/
1<ISL 5=0
satisfy the identities gpo = 9 and @o(m;) =0,0<j <n—1.
Let us show that such functional ¢ is unique. Let ¢§ = 0, that is, M;(§) = 0, where § € A, (A)".
By (4.11) there exist numbers dj s, 1 < j < L, 0 < s < &k — 1, for which

L k-1
§= Z Z dy,s0x,,s-
j=1 s=1
If {(mj) =0,0<j <n-—1, then
L k-1
szl,sm§‘3)(>\l) =0, 0<j<n—1
=1 s=0

Due to Lemma [£.2] we have £ = 0.
(ii): First we are going to show that qpg = 1. For f € A,(A) we have

e =a(v0%) (1= (ve®) @)

- (i;@(qf))) i < @)) <tq(t)f(t)t—_ zzq(Z)f(Z)>>

(8, (T )

t—z
e (‘?)t (tq(t)W) = (do)s (tW) -
" (a0)(f) = 2 <f(z) @J)t <tq<t1:zq(2)>> '
Let

Q(Z) = Zajzja Qn 75 0.
=0
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Then
n J
tQ(t)t: iQ( 2) _ — Zai (1 — ity = > a) Zt ik
Jj=0 =0 k=0
This is why
1) 1)
o) = v: (56) (2) @) =000 (L) (@)
¢ ¢
Since

().00-(3), (0 Eo0) - (80

then (qeo)(f) = ¢ (f) for each function f € A,(A). Thus, gpo = 7.
Let us confirm the initial conditions pg(m;) =0, 0 < j <n — 1. For j such that 0 < j <n—1 we

obtain:
(o) o= ((3),(5=27)) = ((3), () =

The proof is complete. O
Since F’ is an isomorphism of A, (A) onto &,(A), then (4.2)) and the identity, see Section 4.2,

Up(x) = (vp)(ex) = plves) = P(F(FH(ver))) = F~H(ver) (F'(9))
= <’Uerv(/ﬁ> = ’U(d)(@)(x)a GRS C[Z], Z8S Aw(A>/v T €A,
yield such statement.

Corollary 4.2. For each function g € E,(A) equation has a unique solution f € E,(A)
obeying the conditions f9)(0) =0, 0<j<n—1.

If f1 € E,(A) is a solution of equation with the right hand side g = 1 saitsfying the conditions
flm(O) =0,0<j<n-—1, then for each function g € Eu(A) the function f = gx* f1 € E,(A) is a
solution of such that f9)(0)=0,0<j<n—1.
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