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LOCAL AND NONLOCAL BOUNDARY VALUE PROBLEMS

FOR GENERALIZED ALLER–LYKOV EQUATION

S.KH. GEKKIEVA, M.A. KEREFOV, F.M. NAKHUSHEVA

Abstract. In mathematical modelling of solid media with memory there arise equations
describing a new type of wave motion, which is between the usual diffusion and classical
waves. Here we mean differential equations with fractional derivatives both in time and
spatial variables, which are a base for most part of mathematical models in mechanics of
liquids, viscoelasticity as well as in processes in media with fractal structure and memory.

In the present work we present a qualitatively new moisture transfer equation being
a generalization of Aller-Lykov equation. This generalization provides an opportunity to
reflect specific features of the studied objects in the nature of the equation such, namely, the
structure and physical properties of the going processes, by means of introducing a fractal
velocity of moisture varying.

The work is devoted to studying local and nonlocal boundary value problems for inho-
mogeneous Aller-Lykov moisture transfer equation with variable coefficients and Riemann-
Liouville fractional time derivative. For a generalized equation of Aller-Lykov type we
consider initial boundary value problems with Dirichlet and Robin boundary conditions as
well as nonlocal problems involving nonlocality in time in the boundary conditions. Assum-
ing the existence of regular solutions, by the method of energy inequalities, we obtain apriori
estimates in terms of Riemann-Liouville fractional derivative, which imply the uniqueness
of the solutions to the considered problems as well as their stability in the right hand side
and initial data.

Keywords: Aller-Lykov water transfer equation, Riemann-Liouville fractional derivative,
Fourier method, apriori estimate.
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1. Introduction

The issues of heat and moisture transfer in soils are fundamental in solving many problems
in hydrology, agricultural physics, building physics and other fields in science. The researchers
focus their attention on the possibility of describing specific features of the studied objects, their
structure, physical properties of the ongoing processes and others by mathematical equations
[1, Ch. 6]. Because of this there arises a qualitatively new class of differential equations of
state and transfer with fractional derivatives being the base for many mathematical models
describing a wide class of physical and mathematical processes with a fractal structure and
memory [2, Ch. 5].
As an example of such model describing the transfer of soil moisture with taking into con-

sideration the motion against the moisture gradient as well as of the fractal structure of the
soil, a generalized Aller-Lykov transfer equation can serve:

𝐴1𝐷
𝛼+1
0𝑡 𝑢+𝐷𝛼

0𝑡𝑢 =
𝜕

𝜕𝑥

(︂
𝑘(𝑥, 𝑡)

𝜕𝑢

𝜕𝑥

)︂
+ 𝐴𝐷𝛼

0𝑡

𝜕2𝑢

𝜕𝑥2
+ 𝑓(𝑥, 𝑡),
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where 𝐷𝛾
0𝑡 is an operator of the fractional Riemann-Liouville differentiation [2], 0 < 𝛼 < 1, 𝐴1,

𝐴 = 𝑐𝑜𝑛𝑠𝑡 > 0, 𝑘(𝑥, 𝑡) is a diffusion coefficient, 𝑓(𝑥, 𝑡) is the density of the moisture sources.
For a function 𝑢(𝑥, 𝑡) depending on two variables, the operator of partial integral-differentiation
𝐷𝛼

0𝑡𝑢(𝑥, 𝜏) in the variable 𝑡 is described in the same way as for a function of one variable, while
the second variable 𝑥 is treated as a parameter. For instance, in the case 0 < 𝛼 < 1 we have:

𝐷𝛼
0𝑡𝑢(𝑥, 𝜏) =

1

Γ(1− 𝛼)

𝜕

𝜕𝑡

𝑡∫︁
0

𝑢(𝑥, 𝜏)

(𝑡− 𝜏)𝛼
𝑑𝜏.

The moisture transfer equation in the local setting (as 𝛼 = 1) were considered in works
by many authors and were solved by the separation of variables method, by the method of
apriori estimates as well as by numerical methods. Among recent works we mention [3], [4], in
which there were obtained apriori estimates for solutions to nonlocal problems for Aller-Lykov
moisture transfer equation in differential and difference setting, as well as works [5]–[7], in which
the Aller-Lykov moisture transfer with a fractional time derivative was studied with boundary
conditions o various types.
In [8] a unique solvability of Dirichlet boundary value problem for the Aller-Lykov equation

with constant coefficients was proved. In work [9] there was studied the Neumann boundary
value problem.
In [10] for generalized Aller and Aller-Lykov equations with Dirichlet boundary conditions

there were obtained solutions for a system of difference equation with constant coefficients
arising while using the methods of straight lines. There were obtained apriori estimates, which
implied the convergence of solutions to a system of ordinary fractional differential equations
with varying coefficients.
The present paper is devoted to studying local and nonlocal boundary value problems for

moisture transfer of Aller-Lykov type with varying coefficients and with the fractional Riemann-
Liouville derivative

𝐴1𝐷
𝛼+1
0𝑡 𝑢+𝐷𝛼

0𝑡𝑢 =
𝜕

𝜕𝑥

(︂
𝑘(𝑥, 𝑡)

𝜕𝑢

𝜕𝑥

)︂
+𝐷𝛼

0𝑡

𝜕

𝜕𝑥

(︂
𝜂(𝑥)

𝜕𝑢

𝜕𝑥

)︂
− 𝑞(𝑥, 𝑡)𝑢+ 𝑓(𝑥, 𝑡). (1.1)

We shall study equation (1.1) by the method of apriori estimates.

2. Local boundary value problems for inhomogeneous

Aller-Lykov equation with fractional time derivative

In a rectangle Ω𝑇 = {(𝑥, 𝑡) : 0 < 𝑥 < 𝑙, 0 < 𝑡 ⩽ 𝑇} we consider equation (1.1). A regular
solution of equation (1.1) in Ω𝑇 is a function 𝑢 = 𝑢(𝑥, 𝑡) in the class

𝐷𝛼−1
0𝑡 𝑢(𝑥, 𝑡), 𝐷𝛼

0𝑡𝑢(𝑥, 𝑡) ∈ 𝐶
(︀
Ω𝑇

)︀
; 𝐷𝛼+1

0𝑡 𝑢(𝑥, 𝑡), 𝑢𝑥𝑥(𝑥, 𝑡), 𝐷𝛼
0𝑡𝑢𝑥𝑥(𝑥, 𝑡) ∈ 𝐶 (Ω𝑇 ) ,

which satisfies equation (1.1) at all (𝑥, 𝑡) ∈ Ω𝑇 .
We consider the Dirichlet boundary value problem for equation (1.1) in a closed rectangle

Ω𝑇 = {(𝑥, 𝑡) : 0 ⩽ 𝑥 ⩽ 𝑙, 0 ⩽ 𝑡 ⩽ 𝑇}:

𝑢(0, 𝑡) = 𝑢(𝑙, 𝑡) = 0, 0 ⩽ 𝑡 ⩽ 𝑇, (2.1)

lim
𝑡→0

𝐷𝛼−1
0𝑡 𝑢(𝑥, 𝑡) = 𝑢0(𝑥), lim

𝑡→0
𝐷𝛼

0𝑡𝑢(𝑥, 𝑡) = 𝑢1(𝑥), 0 ⩽ 𝑥 ⩽ 𝑙, (2.2)

where 𝑢0(𝑥), 𝑢1(𝑥) are given functions.
In what follows we assume the existence of regular solutions for the considered problems.

By 𝑀𝑖, 𝑖 = 1, 2, . . ., we shall denote positive constants depending only on the given data of a
considered problem.



LOCAL AND NONLOCAL BOUNDARY VALUE PROBLEMS. . . 23

We define a scalar product and a norm as follows:

(𝑎, 𝑏) =

𝑙∫︁
0

𝑎𝑏𝑑𝑥, (𝑎, 𝑎) = ‖𝑎‖20,

where 𝑎, 𝑏 are given functions on the segment [0, 𝑙].

2.1. Apriori estimate for solution to Dirichlet boundary value problem.

Theorem 2.1. If

𝑘𝑥(𝑥, 𝑡), 𝜂𝑥(𝑥), 𝑘𝑡(𝑥, 𝑡), 𝑞𝑡(𝑥, 𝑡), 𝑓(𝑥, 𝑡) ∈ 𝐶
(︀
Ω𝑇

)︀
; 𝑢1(𝑥) ∈ 𝐶[0, 𝑙]; 𝑢0(𝑥) ∈ 𝐶2[0, 𝑙]

and

0 < 𝑐1 ⩽ 𝑘(𝑥, 𝑡); 𝜂(𝑥), 𝑞(𝑥, 𝑡) ⩽ 𝑐2; 𝑘𝑡, 𝑞𝑡 ⩽ 0 everywhere in Ω𝑇

and the condition 𝑢0(0) = 𝑢0(𝑙) = 0 is obeyed, then for a solution of problem (1.1)–(2.2) an
apriori estimate

‖𝐷𝛼
0𝑡𝑢‖

2
0 + ‖𝐷𝛼

0𝑡𝑢‖
2
2,Ω𝑡

+ ‖𝐷𝛼
0𝑡𝑢𝑥‖22,Ω𝑡

⩽ 𝑀
(︁
‖𝑓‖22,Ω𝑡

+ ‖𝑢0(𝑥)‖2𝑊 2
2 (0,𝑙)

+ ‖𝑢1(𝑥)‖20
)︁

(2.3)

holds, where

‖𝐷𝛼
0𝑡𝑢‖

2
2,Ω𝑡

=

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑢(𝑥, 𝜏1)‖

2
0 𝑑𝜏, ‖𝑢0(𝑥)‖2𝑊 2

2 (0,𝑙)
= ‖𝑢0(𝑥)‖20 + ‖𝑢′

0(𝑥)‖20 + ‖𝑢′′
0(𝑥)‖20.

Proof. We introduce a new unknown function 𝑔(𝑥, 𝑡) by letting

𝑢(𝑥, 𝑡) = 𝑔(𝑥, 𝑡) +
𝑡𝛼−1

Γ(𝛼)
𝑢0(𝑥) (2.4)

so that 𝑔(𝑥, 𝑡) is a deviation of the function 𝑢(𝑥, 𝑡) from a known function 𝑡𝛼−1

Γ(𝛼)
𝑢0(𝑥). In view

of [11],

𝐷𝛼+1
0𝑡 𝑡𝛼−1 = 0, 𝐷𝛼

0𝑡𝑡
𝛼−1 = 0, 𝐷𝛼−1

0𝑡 𝑡𝛼−1 = Γ(𝛼)

and the function 𝑔(𝑥, 𝑡) is determined as a solution of the equation

𝐴1𝐷
𝛼+1
0𝑡 𝑔 +𝐷𝛼

0𝑡𝑔 − (𝑘𝑔𝑥)𝑥 −𝐷𝛼
0𝑡 (𝜂𝑔𝑥)𝑥 + 𝑞𝑔 = 𝐹 (𝑥, 𝑡), 0 < 𝑥 < 𝑙, 0 < 𝑡 ⩽ 𝑇, (2.5)

with the initial conditions

lim
𝑡→0

𝐷𝛼−1
0𝑡 𝑔(𝑥, 𝑡) = lim

𝑡→0
𝐷𝛼−1

0𝑡

(︂
𝑢(𝑥, 𝑡)− 𝑡𝛼−1

Γ(𝛼)
𝑢0(𝑥)

)︂
= 𝑢0(𝑥)−

𝑢0(𝑥)

Γ(𝛼)
lim
𝑡→0

𝐷𝛼−1
0𝑡 𝑡𝛼−1 = 0,

lim
𝑡→0

𝐷𝛼
0𝑡𝑔(𝑥, 𝑡) = lim

𝑡→0
𝐷𝛼

0𝑡

(︂
𝑢(𝑥, 𝑡)− 𝑡𝛼−1

Γ(𝛼)
𝑢0(𝑥)

)︂
= 𝑢1(𝑥)−

𝑢0(𝑥)

Γ(𝛼)
lim
𝑡→0

𝐷𝛼
0𝑡𝑡

𝛼−1 = 𝑢1(𝑥)

(2.6)

and boundary conditions

𝑔(0, 𝑡) = 𝑔(𝑙, 𝑡) = 0, 0 ⩽ 𝑡 ⩽ 𝑇, (2.7)

where

𝐹 (𝑥, 𝑡) = 𝑓(𝑥, 𝑡) +
𝑡𝛼−1

Γ(𝛼)
(𝑘𝑥𝑢

′
0(𝑥) + 𝑘𝑢′′

0(𝑥) + 𝜂𝑥𝑢
′
0(𝑥) + 𝜂𝑢′′

0(𝑥)− 𝑞𝑢0(𝑥)) .

We shall obtain an apriori estimate in terms of the fractional Riemann-Liouville derivative; in
order to do this, we calculate the scalar product of equation (2.5) with

𝐷𝛼
0𝑡𝑔 =

1

Γ(1− 𝛼)

𝜕

𝜕𝑡

𝑡∫︁
0

𝑔(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
.
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We get: (︀
𝐴1𝐷

𝛼+1
0𝑡 𝑔,𝐷𝛼

0𝑡𝑔
)︀
+ (𝐷𝛼

0𝑡𝑔,𝐷
𝛼
0𝑡𝑔)− ((𝑘𝑔𝑥)𝑥 , 𝐷

𝛼
0𝑡𝑔)

− (𝐷𝛼
0𝑡 (𝜂𝑔𝑥)𝑥 , 𝐷

𝛼
0𝑡𝑔) + (𝑞𝑔,𝐷𝛼

0𝑡𝑔) = (𝐹,𝐷𝛼
0𝑡𝑔) .

(2.8)

We transform the terms in identity (2.8) by using (2.6), (2.7):

(︀
𝐴1𝐷

𝛼+1
0𝑡 𝑔,𝐷𝛼

0𝑡𝑔
)︀
= 𝐴1

𝑙∫︁
0

1

Γ(1− 𝛼)

𝜕2

𝜕𝑡2

𝑡∫︁
0

𝑔(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
1

Γ(1− 𝛼)

𝜕

𝜕𝑡

𝑡∫︁
0

𝑔(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥

=
𝐴1

2

𝑙∫︁
0

𝜕

𝜕𝑡
(𝐷𝛼

0𝑡𝑔)
2 𝑑𝑥 =

𝐴1

2

𝜕

𝜕𝑡
‖𝐷𝛼

0𝑡𝑔‖
2
0 ,

(𝐷𝛼
0𝑡𝑔,𝐷

𝛼
0𝑡𝑔) = ‖𝐷𝛼

0𝑡𝑔‖
2
0 ,

((𝑘𝑔𝑥)𝑥 , 𝐷
𝛼
0𝑡𝑔) =

1

Γ(1− 𝛼)

𝑙∫︁
0

(𝑘𝑔𝑥)𝑥
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥

=
1

Γ(1− 𝛼)

⎧⎪⎨⎪⎩𝑘𝑔𝑥(𝑥, 𝑡)
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼

⃒⃒⃒⃒
⃒⃒
𝑙

0

−
𝑙∫︁

0

𝑘𝑔𝑥(𝑥, 𝑡)
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔𝑥(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥

⎫⎪⎬⎪⎭
= − 1

Γ(1− 𝛼)

𝑙∫︁
0

𝑘𝑔𝑥(𝑥, 𝑡)
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔𝑥(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥,

(𝐷𝛼
0𝑡 (𝜂𝑔𝑥)𝑥 , 𝐷

𝛼
0𝑡𝑔) =

1

Γ2(1− 𝛼)

𝑙∫︁
0

𝜕

𝜕𝑡

𝑡∫︁
0

(𝜂𝑔𝑥)𝑥 𝑑𝜏

(𝑡− 𝜏)𝛼
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥

=
1

Γ2(1− 𝛼)

⎧⎪⎨⎪⎩ 𝜕

𝜕𝑡
𝜂

𝑡∫︁
0

𝑔𝑥(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼

⃒⃒⃒⃒
⃒⃒
𝑙

0

−
𝑙∫︁

0

𝜕

𝜕𝑡
𝜂

𝑡∫︁
0

𝑔𝑥(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔𝑥(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥

⎫⎬⎭
⩽ −𝑐1

𝑙∫︁
0

⎛⎝ 1

Γ(1− 𝛼)

𝜕

𝜕𝑡

𝑡∫︁
0

𝑔𝑥(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼

⎞⎠2

𝑑𝑥 = −𝑐1 ‖𝐷𝛼
0𝑡𝑔𝑥‖

2
0 .

To estimate the right hand side in (2.8), we use the Cauchy-Schwarz inequality and 𝜀-inequality
[12]:

(𝐹,𝐷𝛼
0𝑡𝑔) ⩽

1

4𝜀
‖𝐹‖20 + 𝜀 ‖𝐷𝛼

0𝑡𝑔‖
2
0 , 𝜀 > 0.

In view of the obtained inequalities by (2.8) we find:

𝐴1

2

𝜕

𝜕𝑡
‖𝐷𝛼

0𝑡𝑔‖
2
0 + ‖𝐷𝛼

0𝑡𝑔‖
2
0 +

1

Γ(1− 𝛼)

𝑙∫︁
0

𝑘𝑔𝑥(𝑥, 𝑡)
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔𝑥(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥

+ 𝑐1 ‖𝐷𝛼
0𝑡𝑔𝑥‖

2
0 + (𝑞𝑔,𝐷𝛼

0𝑡𝑔) ⩽
1

4𝜀
‖𝐹‖20 + 𝜀 ‖𝐷𝛼

0𝑡𝑔‖
2
0 .

(2.9)
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We integrate (2.9) over 𝜏 from 0 to 𝑡 :

𝐴1

2
‖𝐷𝛼

0𝑡𝑔‖
2
0 +

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔(𝑥, 𝜏1)‖

2
0 𝑑𝜏 +

1

Γ(1− 𝛼)

𝑡∫︁
0

𝑑𝜏

𝑙∫︁
0

𝑘𝑔𝑥(𝑥, 𝜏)
𝜕

𝜕𝜏

𝜏∫︁
0

𝑔𝑥(𝑥, 𝜏1)𝑑𝜏1
(𝜏 − 𝜏1)𝛼

𝑑𝑥

+ 𝑐1

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔𝑥(𝑥, 𝜏1)‖

2
0 𝑑𝜏 +

1

Γ(1− 𝛼)

𝑡∫︁
0

𝑑𝜏

𝑙∫︁
0

𝑞𝑔(𝑥, 𝜏)
𝜕

𝜕𝜏

𝜏∫︁
0

𝑔(𝑥, 𝜏1)𝑑𝜏1
(𝜏 − 𝜏1)𝛼

𝑑𝑥

⩽
1

4𝜀
‖𝐹‖22,Ω𝑡

+ 𝜀

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔(𝑥, 𝜏1)‖

2
0 𝑑𝜏 +

𝐴1

2
‖(𝐷𝛼

0𝑡𝑔)(𝑥, 0)‖20.

(2.10)

We are going to prove that the triple integrals in the left hand side of the latter inequalities
[13, Ch. 2]. We introduce the notations:

𝐽 =

𝑙∫︁
0

𝑑𝑥

𝑡∫︁
0

𝑘𝑔𝑥(𝑥, 𝜏)
𝜕

𝜕𝜏

𝜏∫︁
0

𝑔𝑥 (𝑥, 𝜏1) 𝑑𝜏1
(𝜏 − 𝜏1)

𝛼 𝑑𝜏 ,

𝐹1(𝑥, 𝑡) =
sin 𝜋(1− 𝛼)

𝜋

𝜕

𝜕𝑡

𝑡∫︁
0

𝑔𝑥(𝑥, 𝜏1)𝑑𝜏1
(𝑡− 𝜏1)𝛼

.

Then in view of the resolving formula for the integral Abel equation [14] we have

𝐽 =
𝜋

sin 𝜋(1− 𝛼)

𝑙∫︁
0

𝑑𝑥

𝑡∫︁
0

𝑘𝐹1(𝑥, 𝜏)𝑑𝜏

𝜏∫︁
0

𝐹1(𝑥, 𝜏1)𝑑𝜏1
(𝑡− 𝜏1)1−𝛼

.

Using the formula for the Gamma function

∞∫︁
0

𝑡𝜇−1 cos 𝑘𝑡𝑑𝑡 =
Γ(𝜇)

𝑘𝜇
cos

𝜇𝜋

2
, 𝑘 > 0, 0 < 𝜇 < 1,

for 𝑘 = (𝜏 − 𝜏1), 𝜇 = 1− 𝛼 we obtain

1

(𝑡− 𝜏1)1−𝛼
=

1

Γ(1− 𝛼) cos (1−𝛼)𝜋
2

∞∫︁
0

𝜉−𝛼 cos 𝜉(𝑡− 𝜏1)𝑑𝜉,

while for the initial integral we get

𝐽 =
𝜋

sin 𝜋(1− 𝛼)Γ(1− 𝛼) cos (1−𝛼)𝜋
2

𝑙∫︁
0

𝑑𝑥

𝑡∫︁
0

𝑘𝐹1(𝑥, 𝜏)𝑑𝜏

𝜏∫︁
0

𝐹1(𝑥, 𝜏1)𝑑𝜏1

∞∫︁
0

𝜉−𝛼 cos 𝜉(𝑡− 𝜏1)𝑑𝜉

=
Γ(𝛼)

cos (1−𝛼)𝜋
2

𝑙∫︁
0

𝑑𝑥

𝑡∫︁
0

𝑘𝐹1(𝑥, 𝜏)𝑑𝜏

𝜏∫︁
0

𝐹1(𝑥, 𝜏1)𝑑𝜏1

∞∫︁
0

𝜉−𝛼 cos 𝜉(𝜏 − 𝜏1)𝑑𝜉.

Interchanging the integration order, we have:

𝐽 =
Γ(𝛼)

cos (1−𝛼)𝜋
2

⎡⎣ 𝑙∫︁
0

𝑑𝑥

∞∫︁
0

𝜉−𝛼𝑑𝜉

𝑡∫︁
0

𝑘𝐹1(𝑥, 𝑡) cos 𝜉𝜏𝑑𝜏

𝜏∫︁
0

𝐹1(𝑥, 𝜏1) cos 𝜉𝜏1𝑑𝜏1
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+

𝑙∫︁
0

𝑑𝑥

∞∫︁
0

𝜉−𝛼𝑑𝜉

𝑡∫︁
0

𝑘𝐹1(𝑥, 𝜏) sin 𝜉𝜏𝑑𝜏

𝜏∫︁
0

𝐹1(𝑥, 𝜏1) sin 𝜉𝜏1𝑑𝜏1

⎤⎦
=

Γ(𝛼)

2 cos (1−𝛼)𝜋
2

⎧⎨⎩
𝑙∫︁

0

𝑑𝑥

∞∫︁
0

𝜉−𝛼𝑑𝜉

𝑡∫︁
0

𝑘 (𝑥, 𝜏)

⎡⎣⎛⎝ 𝜏∫︁
0

𝐹1(𝑥, 𝜏1) cos 𝜏1𝜉𝑑𝜏1

⎞⎠2⎤⎦
𝜏

𝑑𝜏

+

𝑙∫︁
0

𝑑𝑥

∞∫︁
0

𝜉−𝛼𝑑𝜉

𝑡∫︁
0

𝑘(𝑥, 𝜏)

⎡⎣⎛⎝ 𝜏∫︁
0

𝐹1(𝑥, 𝜏) sin 𝜏1𝜉𝑑𝜏1

⎞⎠2⎤⎦
𝜏

𝑑𝑡

⎫⎬⎭ .

By integration by parts the latter identity is transformed to the form

𝐽 =
Γ(𝛼)

2 cos (1−𝛼)𝜋
2

⎧⎨⎩
𝑙∫︁

0

𝑑𝑥

∞∫︁
0

𝜉−𝛼𝑘

⎡⎣⎛⎝ 𝜏∫︁
0

𝐹1(𝑥, 𝜏1) cos 𝜏1𝜉𝑑𝜏1

⎞⎠2

+

⎛⎝ 𝜏∫︁
0

𝐹1(𝑥, 𝜏1) sin 𝜏1𝜉𝑑𝜏1

⎞⎠2⎤⎦ 𝑑𝜉 −
𝑙∫︁

0

𝑑𝑥

∞∫︁
0

𝜉−𝛼𝑑𝜉

𝑡∫︁
0

𝑘𝜏

⎡⎣⎛⎝ 𝜏∫︁
0

𝐹1(𝑥, 𝜏1) cos 𝜏1𝜉𝑑𝜏1

⎞⎠2

+

⎛⎝ 𝜏∫︁
0

𝐹1(𝑥, 𝜏1) sin 𝜏1𝜉𝑑𝜏1

⎞⎠2⎤⎦⎫⎬⎭ .

Under the condition 𝑘𝑡 ⩽ 0, since Γ(𝛼) > 0, 0 < cos (1−𝛼)𝜋
2

< 1, we obtain that 𝐽 ⩾ 0.
Thus, under the conditions 𝑘𝑡, 𝑞𝑡 ⩽ 0, the triple integrals in the left hand side in inequality

(2.10) are negative.
Strengthening inequality (2.10), we obtain

𝐴1 ‖𝐷𝛼
0𝑡𝑔‖

2
0 + 2(1− 𝜀)

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔(𝑥, 𝜏1)‖

2
0 𝑑𝜏 + 2𝑐1

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔𝑥(𝑥, 𝜏1)‖

2
0 𝑑𝜏

⩽
1

2𝜀
‖𝐹‖22,𝑄𝑡

+ 𝐴1‖𝑢1(𝑥)‖20,

and this implies the estimate

‖𝐷𝛼
0𝑡𝑔‖

2
0 + ‖𝐷𝛼

0𝑡𝑔‖
2
2,Ω𝑡

+ ‖𝐷𝛼
0𝑡𝑔𝑥‖

2
2,Ω𝑡

⩽ 𝑀1

(︁
‖𝐹‖22,Ω𝑡

+ ‖𝑢1(𝑥)‖20
)︁

or, returning back to 𝑢(𝑥, 𝑡), we arrive at (2.3). The proof is complete.

Remark 2.1. Inequality (2.3) implies the uniqueness of solutio to problem (1.1)–(2.2). In-
deed, let 𝑢 be a solution to the inhomogeneous problem, that is, 𝑓 = 𝑢0 = 𝑢1 = 0. Then by (2.3)
we have

‖𝐷𝛼
0𝑡𝑢‖

2
0 + ‖𝐷𝛼

0𝑡𝑢‖
2
2,𝑄𝑡

+ ‖𝐷𝛼
0𝑡𝑢𝑥‖22,𝑄𝑡

= 0.

Applying the generalized Newton-Leibnitz formula [11]

𝐷−𝛼
0𝑡 𝐷𝛼

0𝑡𝑢(𝑥, 𝑡) = 𝑢(𝑥, 𝑡)− 𝑡𝛼−1

Γ(𝛼)
lim
𝑡→0

𝐷𝛼−1
0𝑡 𝑢(𝑥, 𝑡),

in particular, we get

𝑢(𝑥, 𝑡) =
𝑡𝛼−1

Γ(𝛼)
lim
𝑡→0

𝐷𝛼−1
0𝑡 𝑢(𝑥, 𝑡) =

𝑡𝛼−1

Γ(𝛼)
𝑢0(𝑥) = 0 in Ω𝑇 .
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2.2. Apriori estimate for solution to Robin boundary value problem. We consider
a Robin boundary value problem for equation (1.1) in the domain Ω𝑇 with the boundary
conditions {︂

Π(0, 𝑡) = 𝛽1(𝑡)𝑢(0, 𝑡)− 𝜇1(𝑡),

−Π(𝑙, 𝑡) = 𝛽2(𝑡)𝑢(𝑙, 𝑡)− 𝜇2(𝑡)
(2.11)

and initial conditions (2.2), where Π(𝑥, 𝑡) = 𝑘(𝑥, 𝑡)𝑢𝑥 +𝐷𝛼
0𝑡 (𝜂𝑢𝑥) .

Theorem 2.2. If, in additions to the assumptions of Theorem 2.1, the relations

𝛽1, 𝛽2 ∈ 𝐶1[0, 𝑇 ]; 𝜇1, 𝜇2 ∈ 𝐶[0, 𝑇 ];

𝛽1, 𝛽2 ⩾ 𝑐0 > 0; 𝛽1𝑡 ⩽ 0; 𝛽2𝑡 ⩽ 0 everywhere inΩ𝑡

hold as well as the condition 𝑢0(0) = 𝑢0(𝑙) = 𝑢′
0(0) = 𝑢′

0(𝑙) = 0, then a solution of problem
(1.1), (2.11), (2.2) satisfies an apriori estimate

‖𝐷𝛼
0𝑡𝑢‖

2
0 + ‖𝐷𝛼

0𝑡𝑢‖
2
2,𝑄𝑡

+ ‖𝐷𝛼
0𝑡𝑢𝑥‖22,𝑄𝑡

⩽𝑀

(︃
‖𝑓‖22,𝑄𝑡

+

𝑡∫︁
0

(︀
𝜇2
1 + 𝜇2

2

)︀
𝑑𝜏 + ‖𝑢0(𝑥)‖2𝑊 2

2 (0,𝑙)
+ ‖𝑢1(𝑥)‖20

)︃
.

(2.12)

Proof. We introduce a new unknown function 𝑔(𝑥, 𝑡) by formula (2.4). As a result we obtain
that the function 𝑔(𝑥, 𝑡) should solve equation (2.5) with initial conditions (2.6) and boundary
conditions {︂

Π1(0, 𝑡) = 𝛽1(𝑡)𝑔 − 𝜇1(𝑡), 𝑥 = 0,

−Π1(𝑙, 𝑡) = 𝛽2(𝑡)𝑔 − 𝜇2(𝑡), 𝑥 = 𝑙,
(2.13)

where Π1(𝑥, 𝑡) = 𝑘(𝑥, 𝑡)𝑔𝑥 +𝐷𝛼
0𝑡 (𝜂𝑔𝑥) .

Then we transform the terms in (2.8) by using (2.6), (2.13) and we obtain:(︀
𝐴1𝐷

𝛼+1
0𝑡 𝑔,𝐷𝛼

0𝑡𝑔
)︀
=
𝐴1

2

𝜕

𝜕𝑡
‖𝐷𝛼

0𝑡𝑔‖
2
0 ,

(𝐷𝛼
0𝑡𝑔,𝐷

𝛼
0𝑡𝑔) = ‖𝐷𝛼

0𝑡𝑔‖
2
0 ,

((𝑘𝑔𝑥)𝑥 , 𝐷
𝛼
0𝑡𝑔) =𝑘𝑔𝑥 (𝑙, 𝑡)𝐷

𝛼
0𝑡𝑔 (𝑙, 𝜏)− 𝑘𝑔𝑥 (0, 𝑡)𝐷

𝛼
0𝑡𝑔 (0, 𝜏)

− 1

Γ (1− 𝛼)

𝑙∫︁
0

𝑘𝑔𝑥 (𝑥, 𝑡)
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔𝑥 (𝑥, 𝜏) 𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥,

(𝐷𝛼
0𝑡 (𝜂𝑔𝑥)𝑥 , 𝐷

𝛼
0𝑡𝑔) ⩽𝐷𝛼

0𝑡 (𝜂 (𝑙) 𝑔𝑥(𝑙, 𝜏))𝐷
𝛼
0𝑡𝑔(𝑙, 𝜏)

−𝐷𝛼
0𝑡 (𝜂 (0) 𝑔𝑥(0, 𝜏))𝐷

𝛼
0𝑡𝑔(0, 𝜏)− 𝑐1 ‖𝐷𝛼

0𝑡𝑔𝑥‖
2
0 ,

(𝐹,𝐷𝛼
0𝑡𝑔) ⩽

1

4𝜀
‖𝐹‖20 + 𝜀 ‖𝐷𝛼

0𝑡𝑔‖
2
0 , 𝜀 > 0.

In view of the obtained inequalities in (2.8) we have

𝐴1

2

𝜕

𝜕𝑡
‖𝐷𝛼

0𝑡𝑔‖
2
0 + ‖𝐷𝛼

0𝑡𝑔‖
2
0 +

1

Γ(1− 𝛼)

𝑙∫︁
0

𝑘𝑔𝑥(𝑥, 𝑡)
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔𝑥(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥

+ 𝑐1 ‖𝐷𝛼
0𝑡𝑔𝑥‖

2
0 +

1

Γ(1− 𝛼)

𝑙∫︁
0

𝑞𝑔(𝑥, 𝑡)
𝜕

𝜕𝑡

𝑡∫︁
0

𝑔(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥

⩽
1

4𝜀
‖𝐹‖20 + 𝜀 ‖𝐷𝛼

0𝑡𝑔‖
2
0 + Π1(𝑥, 𝑡)𝐷

𝛼
0𝑡𝑔(𝑥, 𝜏)|

𝑙
0 .

(2.14)
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Let us estimate the last term in the right hand side of inequality (2.14):

Π1(𝑥, 𝑡)𝐷
𝛼
0𝑡𝑔(𝑥, 𝜏)|

𝑙
0 =𝐷𝛼

0𝑡𝑔(𝑙, 𝜏) (𝑘𝑔𝑥 (𝑙, 𝑡) +𝐷𝛼
0𝑡 (𝜂 (𝑙) 𝑔𝑥(𝑙, 𝜏)))

−𝐷𝛼
0𝑡𝑔(0, 𝜏) (𝑘𝑔𝑥 (0, 𝑡) +𝐷𝛼

0𝑡 (𝜂(0)𝑔𝑥(0, 𝜏)))

=𝐷𝛼
0𝑡𝑔(𝑙, 𝜏) (𝜇2(𝑡)− 𝛽2𝑔)−𝐷𝛼

0𝑡𝑔(0, 𝜏) (𝛽1𝑔 − 𝜇1(𝑡))

=𝐷𝛼
0𝑡𝑔(𝑙, 𝜏)𝜇2(𝑡)−𝐷𝛼

0𝑡𝑔(𝑙, 𝜏)𝛽2𝑔 (𝑙, 𝑡)

−𝐷𝛼
0𝑡𝑔 (0, 𝜏) 𝛽1𝑔 (0, 𝑡) +𝐷𝛼

0𝑡𝑔 (0, 𝜏)𝜇1 (𝑡)

⩽−𝐷𝛼
0𝑡𝑔(𝑙, 𝜏)𝛽2𝑔 (𝑙, 𝑡)−𝐷𝛼

0𝑡𝑔 (0, 𝜏) 𝛽1𝑔 (0, 𝑡) +
1

2
(𝜇2

1 + 𝜇2
2)

+
1

2

(︀
(𝐷𝛼

0𝑡𝑔 (0, 𝜏))
2 + (𝐷𝛼

0𝑡𝑔 (𝑙, 𝜏))
2)︀ .

Taking into consideration the obtained estimate, by (2.14) we arrive at the inequality

𝐴1

2

𝜕

𝜕𝑡
‖𝐷𝛼

0𝑡𝑔‖
2
0 + ‖𝐷𝛼

0𝑡𝑔‖
2
0 +𝐷𝛼

0𝑡 (0, 𝜏) 𝛽1𝑔 (0, 𝑡) +𝐷𝛼
0𝑡𝑔(𝑙, 𝜏)𝛽2𝑔 (𝑙, 𝑡)

+ (𝑘𝑔𝑥, 𝐷
𝛼
0𝑡𝑔𝑥) + 𝑐1 ‖𝐷𝛼

0𝑡𝑔𝑥‖
2
0 + (𝑞𝑔,𝐷𝛼

0𝑡𝑔)

⩽
1

4𝜀
‖𝐹‖20 + 𝜀 ‖𝐷𝛼

0𝑡𝑔‖
2
0 +

1

2
(𝜇2

1 + 𝜇2
2)

+
1

2

(︀
(𝐷𝛼

0𝑡𝑔 (0, 𝜏))
2 + (𝐷𝛼

0𝑡𝑔 (𝑙, 𝜏))
2)︀ .

We integrate the latter inequality over 𝜏 from 0 to 𝑡 :

𝐴1

2
‖𝐷𝛼

0𝑡𝑔‖
2
0 +

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔‖

2
0 𝑑𝜏 +

𝑡∫︁
0

𝛽1𝑔 (0, 𝜏)𝐷
𝛼
0𝜏𝑔 (0, 𝜏1) 𝑑𝜏 +

𝑡∫︁
0

𝛽2𝑔 (𝑙, 𝜏)𝐷
𝛼
0𝜏𝑔 (𝑙, 𝜏1) 𝑑𝜏

+

𝑡∫︁
0

(𝑘𝑔𝑥, 𝐷
𝛼
0𝜏𝑔𝑥) 𝑑𝜏 + 𝑐1

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔𝑥‖

2
0 𝑑𝜏 +

𝑡∫︁
0

(𝑞𝑔,𝐷𝛼
0𝜏𝑔) 𝑑𝜏

⩽
1

4𝜀

𝑡∫︁
0

‖𝐹‖20 𝑑𝜏 + 𝜀

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔‖

2
0 𝑑𝜏 +

1

2

𝑡∫︁
0

(𝜇2
1 + 𝜇2

2)𝑑𝜏

+
1

2

𝑡∫︁
0

(︀
(𝐷𝛼

0𝜏𝑔 (0, 𝜏1))
2 + (𝐷𝛼

0𝜏𝑔 (𝑙, 𝜏1))
2)︀ 𝑑𝜏 +

𝐴1

2
‖(𝐷𝛼

0𝑡𝑔) (𝑥, 0)‖
2
0 .

Under the conditions 𝑘𝑡 ⩽ 0, 𝑞𝑡 ⩽ 0, 𝛽1𝑡 ⩽ 0, 𝛽2𝑡 ⩽ 0, strengthening this inequality, we obtain

𝐴1

2
‖𝐷𝛼

0𝑡𝑔‖
2
0 +

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔‖

2
0 𝑑𝜏 + 𝑐1

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔𝑥‖

2
0 𝑑𝜏 ⩽

1

4𝜀

𝑡∫︁
0

‖𝐹‖20 𝑑𝜏 + 𝜀

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔‖

2
0 𝑑𝜏

+
1

2

𝑡∫︁
0

(︀
𝜇2
1 + 𝜇2

2

)︀
𝑑𝜏 +

1

2

𝑡∫︁
0

(︀
(𝐷𝛼

0𝜏𝑔 (0, 𝜏1))
2 + (𝐷𝛼

0𝜏𝑔 (𝑙, 𝜏1))
2)︀ 𝑑𝜏

+
𝐴1

2
‖(𝐷𝛼

0𝑡𝑔) (𝑥, 0)‖
2
0 .

In view of the estimates [15]

(𝐷𝛼
0𝜏𝑔 (0, 𝜏1))

2 ⩽ 𝜀 ‖(𝐷𝛼
0𝑡𝑔)𝑥‖

2
0 +

(︂
2

𝜀
+

1

𝑙

)︂
‖𝐷𝛼

0𝑡𝑔‖
2
0 ,
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(𝐷𝛼
0𝜏𝑔 (𝑙, 𝜏1))

2 ⩽ 𝜀 ‖(𝐷𝛼
0𝑡𝑔)𝑥‖

2
0 +

(︂
2

𝜀
+

1

𝑙

)︂
‖𝐷𝛼

0𝑡𝑔‖
2
0

we obtain

𝐴1

2
‖𝐷𝛼

0𝑡𝑔‖
2
0 +

(︂
1− 𝜀−

(︂
2

𝜀
+

1

𝑙

)︂)︂ 𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔‖

2
0 𝑑𝜏 + (𝑐1 − 𝜀)

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔𝑥‖

2
0 𝑑𝜏

⩽
1

4𝜀

𝑡∫︁
0

‖𝐹‖20 𝑑𝜏 +
1

2

𝑡∫︁
0

(𝜇2
1 + 𝜇2

2)𝑑𝜏 +
𝐴1

2
‖(𝐷𝛼

0𝑡𝑔) (𝑥, 0)‖
2
0

or

‖𝐷𝛼
0𝑡𝑔‖

2
0 +

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔‖

2
0 𝑑𝜏 +

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔𝑥‖

2
0 𝑑𝜏 ⩽ 𝑀2

⎛⎝ 𝑡∫︁
0

‖𝐹‖20 𝑑𝜏 +

𝑡∫︁
0

(︀
𝜇2
1 + 𝜇2

2

)︀
𝑑𝜏 + ‖𝑢1(𝑥)‖20

⎞⎠ .

Returning back to 𝑢(𝑥, 𝑡), we obtain (2.12), and this implies the uniqueness of the solution to
problem (1.1), (2.11), (2.2). The proof is complete.

3. Nonlocal boundary value problem for inhomogeneous

Aller-Lykov equation with fractional time derivative

Many works were devoted to problems with nonlocal boundary conditions including work
[16], which has already become classical. It is conventional [17] that nonlocal problems are ones
involving conditions relating the value of the values of the sought solution and/or its derivatives
at different points on the boundary or on the boundary and at some internal points.

Problem 3.1. We consider a nonlocal boundary value problem for equation (1.1) in the
domain Ω𝑇 with the boundary conditions{︂

Π2(0, 𝑡) = 𝛽1(𝑡)𝑢(0, 𝑡) +𝐷𝛼
0𝑡𝑢(0, 𝜏)− 𝜇1(𝑡),

−Π2(𝑙, 𝑡) = 𝛽2(𝑡)𝑢(𝑙, 𝑡) +𝐷𝛼
0𝑡𝑢(𝑙, 𝜏)− 𝜇2(𝑡)

(3.1)

and initial conditions (2.2), where Π2(𝑥, 𝑡) = 𝑘(𝑥, 𝑡)𝑢𝑥 +𝐷𝛼
0𝑡 (𝜂𝑢𝑥).

Nonlocal boundary value problems involving time nonlocality in the boundary conditions
were first studied by A.I. Kozhanov [18]. Boundary value problems for the moisture transfer
with such boundary condition were also considered in works [19], [20].

Theorem 3.1. Under the assumptions of Theorem 2.2 a solution of problem (1.1), (3.1),
(2.2) satisfies the apriori estimate

‖𝐷𝛼
0𝑡𝑢‖

2
0 +

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑢‖

2
0 𝑑𝜏 +

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑢𝑥‖20 𝑑𝜏 +

𝑡∫︁
0

(𝐷𝛼
0𝜏𝑢(𝑙, 𝜏1))

2 + (𝐷𝛼
0𝜏𝑢(0, 𝜏1))

2 𝑑𝜏

⩽ 𝑀3

(︃ 𝑡∫︁
0

‖𝑓‖20𝑑𝜏 +

𝑡∫︁
0

(︀
𝜇2
1 + 𝜇2

2

)︀
𝑑𝜏 + ‖𝑢0(𝑥)‖2𝑊 2

2 (0,𝑙)
+ ‖𝑢1(𝑥)‖20

)︃
.

(3.2)

Proof. For a new unknown function 𝑔(𝑥, 𝑡) we obtain equation (2.5) with initial conditions (2.6)
and boundary conditions{︂

Π3(0, 𝑡) = 𝛽1(𝑡)𝑔(0, 𝑡) +𝐷𝛼
0𝑡𝑔(0, 𝑡)− 𝜇1(𝑡),

−Π3(𝑙, 𝑡) = 𝛽2(𝑡)𝑔(𝑙, 𝑡) +𝐷𝛼
0𝑡𝑔(𝑙, 𝑡)− 𝜇2(𝑡),

(3.3)
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where Π3(𝑥, 𝑡) = 𝑘(𝑥, 𝑡)𝑔𝑥 +𝐷𝛼
0𝑡 (𝜂𝑔𝑥) . In view of (3.3), the latter term in the right hand side

in inequality (2.14) is represented as

Π3𝐷
𝛼
0𝑡𝑔
⃒⃒𝑙
0
=𝐷𝛼

0𝑡𝑔 (𝑙, 𝜏) (𝑘𝑔𝑥 (𝑙, 𝑡) +𝐷𝛼
0𝑡 (𝜂 (𝑙) 𝑔𝑥(𝑙, 𝜏)))

−𝐷𝛼
0𝑡𝑔 (0, 𝜏) (𝑘𝑔𝑥 (0, 𝑡) +𝐷𝛼

0𝑡 (𝜂 (0) 𝑔𝑥(0, 𝜏)))

=𝐷𝛼
0𝑡𝑔 (𝑙, 𝜏) (𝜇2(𝑡)− 𝛽2 (𝑡) 𝑔 (𝑙, 𝑡)−𝐷𝛼

0𝑡𝑔 (𝑙, 𝜏))

−𝐷𝛼
0𝑡𝑔 (0, 𝜏) (𝛽1 (𝑡) 𝑔 (0, 𝑡) +𝐷𝛼

0𝑡𝑔 (0, 𝜏)− 𝜇1(𝑡))

+𝐷𝛼
0𝑡𝑔(𝑙, 𝜏)𝜇2(𝑡)−𝐷𝛼

0𝑡𝑔(𝑙, 𝜏)𝛽2𝑔 (𝑙, 𝑡)−𝐷𝛼
0𝑡𝑔(𝑙, 𝜏)𝐷

𝛼
0𝑡𝑔 (𝑙, 𝜏)

+𝐷𝛼
0𝑡𝑔 (0, 𝜏)𝜇1 (𝑡)−𝐷𝛼

0𝑡𝑔(0, 𝜏)𝛽1𝑔 (0, 𝑡)−𝐷𝛼
0𝑡𝑔 (0, 𝜏)𝐷

𝛼
0𝑡𝑔 (0, 𝜏) .

Let us estimate the sum 𝜇2(𝑡)𝐷
𝛼
𝑜𝑡𝑔(𝑙, 𝑡) + 𝜇1(𝑡)𝐷

𝛼
𝑜𝑡𝑔(0, 𝑡):

𝜇1𝐷
𝛼
𝑜𝑡𝑔(0, 𝑡) + 𝜇2𝐷

𝛼
𝑜𝑡𝑔(𝑙, 𝑡) ⩽

1

2
(𝜇2

1 + 𝜇2
2) +

(︂
𝜀 ‖(𝐷𝛼

0𝑡𝑔(𝑥, 𝑡))𝑥‖
2
0 +

(︂
2

𝜀
+

1

𝑙

)︂
‖𝐷𝛼

0𝑡𝑔(𝑥, 𝑡)‖
2
0

)︂
.

Taking into consideration the above obtained estimate, by (2.14) we have

𝐴1

2

𝜕

𝜕𝑡
‖𝐷𝛼

0𝑡𝑔‖
2
0 +

(︂
1− 𝜀−

(︂
2

𝜀
+

1

𝑙

)︂)︂
‖𝐷𝛼

0𝑡𝑔‖
2
0 + (𝑘𝑔𝑥, 𝐷

𝛼
0𝑡𝑔𝑥) + (𝑐1 − 𝜀) ‖𝐷𝛼

0𝑡𝑔𝑥‖
2
0

+ (𝑞𝑔,𝐷𝛼
0𝑡𝑔) + 𝛽2(𝑡)𝐷

𝛼
0𝑡𝑔(𝑙, 𝜏)𝑔 (𝑙, 𝑡) + 𝛽1 (𝑡)𝐷

𝛼
0𝑡𝑔(0, 𝜏)𝑔 (0, 𝑡)

+ (𝐷𝛼
0𝑡𝑔(𝑙, 𝜏))

2 + (𝐷𝛼
0𝑡𝑔(0, 𝜏))

2 ⩽
1

4𝜀
‖𝐹‖20 +

1

2
(𝜇2

1 + 𝜇2
2).

(3.4)

We integrate (3.4) over 𝜏 from 0 to 𝑡 :

𝐴1

2

⃦⃦
𝐷𝛼

0𝑡𝑔
⃦⃦2
0
+ 𝜈 (𝜀)

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔‖

2
0 𝑑𝜏 +

𝑡∫︁
0

(𝑘𝑔𝑥, 𝐷
𝛼
0𝜏𝑔𝑥) 𝑑𝜏 + 𝜈1(𝜀)

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔𝑥‖

2
0 𝑑𝜏

+

𝑡∫︁
0

(𝑞𝑔,𝐷𝛼
0𝜏𝑔) 𝑑𝜏 +

𝑡∫︁
0

𝛽2𝑔(𝑙, 𝜏)𝐷
𝛼
0𝜏 (𝑙, 𝜏1)𝑑𝜏

+

𝑡∫︁
0

𝛽1𝑔 (0, 𝜏)𝐷
𝛼
0𝜏 (0, 𝜏1)𝑑𝜏 +

𝑡∫︁
0

(𝐷𝛼
0𝜏𝑔(𝑙, 𝜏1))

2 + (𝐷𝛼
0𝜏𝑔(0, 𝜏1))

2 𝑑𝜏

⩽
1

4𝜀

𝑡∫︁
0

‖𝐹‖20 𝑑𝜏 +
1

2

𝑡∫︁
0

(𝜇2
1 + 𝜇2

2)𝑑𝜏 +
𝐴1

2
‖(𝐷𝛼

0𝑡𝑔) (𝑥, 0)‖
2
0 ,

where 𝜈 (𝜀) = 1− 𝜀−
(︀
2
𝜀
+ 1

𝑙

)︀
, 𝜈1(𝜀) = 𝑐1 − 𝜀.

Under the conditions 𝑘𝑡 ⩽ 0, 𝑞𝑡 ⩽ 0, 𝛽1𝑡 ⩽ 0, 𝛽2𝑡 ⩽ 0 we can strengthen the latter inequality.
As a result we get

𝐴1

2
‖𝐷𝛼

0𝑡𝑔‖
2
0 + 𝜈(𝜀)

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔‖

2
0 𝑑𝜏 + 𝜈1 (𝜀)

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑔𝑥‖

2
0 𝑑𝜏 +

𝑡∫︁
0

(𝐷𝛼
0𝜏𝑔(𝑙, 𝜏1))

2 + (𝐷𝛼
0𝜏𝑔(0, 𝜏1))

2 𝑑𝜏

⩽
1

4𝜀

𝑡∫︁
0

‖𝐹‖20 𝑑𝜏 +
1

2

𝑡∫︁
0

(𝜇2
1 + 𝜇2

2)𝑑𝜏 +
𝐴1

2
‖𝑢1(𝑥)‖20 .

This implies estimate (3.2), which proves the uniqueness of solution to problem (1.1), (3.1),
(2.2). The proof is complete.
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Problem 3.2. In problem (1.1), (3.1), (2.2) we replace boundary conditions (3.1) by ones
of form {︃

Π4(0, 𝑡) = 𝛽1(𝑡)
(︀
𝑢(0, 𝑡) +𝐷𝛼−1

0𝑡 𝑢(0, 𝜏)
)︀
− 𝜇1(𝑡),

−Π4(𝑙, 𝑡) = 𝛽2(𝑡)
(︀
𝑢(𝑙, 𝑡) +𝐷𝛼−1

0𝑡 𝑢(𝑙, 𝜏)
)︀
− 𝜇2(𝑡).

(3.5)

Theorem 3.2. If the assumptions of Theorem 2.2 are satisfied, then a solution of problem
(1.1), (3.5), (2.2) satisfies an apriori estimate

‖𝐷𝛼
0𝑡𝑢‖

2
0 + ‖𝐷𝛼

0𝑡𝑢‖
2
2,Ω𝑡

+ ‖𝐷𝛼
0𝑡𝑢𝑥‖22,Ω𝑡

+
(︀
𝐷𝛼−1

0𝑡 𝑢(𝑙, 𝜏)
)︀2

+
(︀
𝐷𝛼−1

0𝑡 𝑢(0, 𝜏)
)︀2

⩽ 𝑀

⎛⎝‖𝑓‖22,Ω𝑡
+

𝑡∫︁
0

(𝜇2
1 + 𝜇2

2)𝑑𝜏 + ‖𝑢1(𝑥)‖20 + 𝑢2
0(0) + 𝑢2

0(𝑙)

⎞⎠ .
(3.6)

Proof. We calculate the scalar product of equation (1.1) with 𝐷𝛼
0𝑡𝑢 :(︀

𝐴1𝐷
𝛼+1
0𝑡 𝑢,𝐷𝛼

0𝑡𝑢
)︀
+ (𝐷𝛼

0𝑡𝑢,𝐷
𝛼
0𝑡𝑢)− ((𝑘𝑢𝑥)𝑥 , 𝐷

𝛼
0𝑡𝑢)

− (𝐷𝛼
0𝑡 (𝜂𝑢𝑥)𝑥 , 𝐷

𝛼
0𝑡𝑢) + (𝑞𝑢,𝐷𝛼

0𝑡𝑢) = (𝑓,𝐷𝛼
0𝑡𝑢) .

(3.7)

We reproduce the same arguing as in the proof of inequality (2.14), then we obtain

𝐴1

2

𝜕

𝜕𝑡

⃦⃦
𝐷𝛼

0𝑡𝑢
⃦⃦2
0
+
⃦⃦
𝐷𝛼

0𝑡𝑢
⃦⃦2
0
+

1

Γ(1− 𝛼)

𝑙∫︁
0

𝑘𝑢𝑥(𝑥, 𝑡)
𝜕

𝜕𝑡

𝑡∫︁
0

𝑢𝑥 (𝑥, 𝜏) 𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥

+ 𝑐1
⃦⃦
𝐷𝛼

0𝑡𝑢𝑥

⃦⃦2
0
+

1

Γ(1− 𝛼)

𝑙∫︁
0

𝑞𝑢(𝑥, 𝑡)
𝜕

𝜕𝑡

𝑡∫︁
0

𝑢(𝑥, 𝜏)𝑑𝜏

(𝑡− 𝜏)𝛼
𝑑𝑥

⩽ Π4(𝑥, 𝑡)𝐷
𝛼
0𝑡𝑢(𝑥, 𝜏)

⃦⃦𝑙
0
+

1

4𝜀
‖𝑓‖20 + 𝜀

⃦⃦
𝐷𝛼

0𝑡𝑢
⃦⃦2
0
.

(3.8)

In order to obtain an apriori estimate, we use (3.5) in order to transform the first term in
the right hand side of inequality (3.8):

Π4𝐷
𝛼
0𝑡𝑢
⃒⃒𝑙
0
=𝐷𝛼

0𝑡𝑢(𝑙, 𝜏) (𝑘𝑢𝑥 (𝑙, 𝑡) +𝐷𝛼
0𝑡 (𝜂 (𝑙)𝑢𝑥(𝑙, 𝜏)))−𝐷𝛼

0𝑡𝑢 (0, 𝜏)
(︀
𝑘𝑢𝑥 (0, 𝑡)

+𝐷𝛼
0𝑡 (𝜂 (0)𝑢𝑥(0, 𝜏))

)︀
= 𝐷𝛼

0𝑡𝑢 (𝑙, 𝜏)
(︀
𝜇2(𝑡)− 𝛽2 (𝑡)

(︀
𝑢 (𝑙, 𝑡) +𝐷𝛼−1

0𝑡 𝑢 (𝑙, 𝜏)
)︀)︀

−𝐷𝛼
0𝑡𝑢 (0, 𝜏)

(︀
𝛽1 (𝑡)

(︀
𝑢 (0, 𝑡) +𝐷𝛼−1

0𝑡 𝑢 (0, 𝜏)
)︀
− 𝜇1(𝑡)

)︀
=𝐷𝛼

0𝑡𝑢(𝑙, 𝜏)𝜇2(𝑡)−𝐷𝛼
0𝑡𝑢(𝑙, 𝜏)𝛽2(𝑡)𝑢 (𝑙, 𝑡)−𝐷𝛼

0𝑡𝑢(𝑙, 𝜏)𝛽2(𝑡)𝐷
𝛼−1
0𝑡 𝑢 (𝑙, 𝜏)

+𝐷𝛼
0𝑡𝑢 (0, 𝜏)𝜇1 (𝑡)−𝐷𝛼

0𝑡𝑢(0, 𝜏)𝛽1 (𝑡)𝑢 (0, 𝑡)−𝐷𝛼
0𝑡𝑢 (0, 𝜏) 𝛽1(𝑡)𝐷

𝛼−1
0𝑡 𝑢 (0, 𝜏) .

Taking into consideration the estimates

𝐷𝛼
0𝑡𝑢(𝑙, 𝜏)𝛽2(𝑡)𝐷

𝛼−1
0𝑡 𝑢(𝑙, 𝜏) ⩾ 𝑐0

1

2

𝜕

𝜕𝑡

(︀
𝐷𝛼−1

0𝑡 𝑢(𝑙, 𝜏)
)︀2

,

𝐷𝛼
0𝑡𝑢(0, 𝜏)𝛽1(𝑡)𝐷

𝛼−1
0𝑡 𝑢(0, 𝜏) ⩾ 𝑐0

1

2

𝜕

𝜕𝑡

(︀
𝐷𝛼−1

0𝑡 𝑢(0, 𝜏)
)︀2

,

by (3.8) we find that

𝐴1

2

𝜕

𝜕𝑡
‖𝐷𝛼

0𝑡𝑢‖
2
0 +

(︂
1− 𝜀−

(︂
2

𝜀
+

1

𝑙

)︂)︂
‖𝐷𝛼

0𝑡𝑢‖
2
0 + (𝑘𝑢𝑥, 𝐷

𝛼
0𝑡𝑢𝑥) + (𝑐1 − 𝜀) ‖𝐷𝛼

0𝑡𝑢𝑥‖20

+ (𝑞𝑢,𝐷𝛼
0𝑡𝑢) + 𝛽2(𝑡)𝐷

𝛼
0𝑡𝑢(𝑙, 𝜏)𝑢(𝑙, 𝑡) + 𝛽1(𝑡)𝐷

𝛼
0𝑡𝑢(0, 𝜏)𝑢(0, 𝑡)

+
𝑐0
2

𝜕

𝜕𝑡

(︀
𝐷𝛼−1

0𝑡 𝑢(𝑙, 𝜏)
)︀2

+
𝑐0
2

𝜕

𝜕𝑡

(︀
𝐷𝛼−1

0𝑡 𝑢(0, 𝜏)
)︀2

⩽
1

4𝜀
‖𝑓‖20 +

1

2
(𝜇2

1 + 𝜇2
2).

(3.9)
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We integrate (3.9) over 𝜏 from 0 to 𝑡 :

𝐴1

2
‖𝐷𝛼

0𝑡𝑢‖
2
0 + 𝜈 (𝜀)

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑢‖

2
0 𝑑𝜏 +

𝑡∫︁
0

(𝑘𝑢𝑥, 𝐷
𝛼
0𝜏𝑢𝑥) 𝑑𝜏 + 𝜈1 (𝜀)

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑢𝑥‖20 𝑑𝜏

+

𝑡∫︁
0

(𝑞𝑢,𝐷𝛼
0𝜏𝑢) 𝑑𝜏 +

𝑡∫︁
0

𝛽2𝑢 (𝑙, 𝜏)𝐷
𝛼
0𝜏𝑢(𝑙, 𝜏1)𝑑𝜏 +

𝑡∫︁
0

𝛽1𝑢(0, 𝜏)𝐷
𝛼
0𝜏𝑢(0, 𝜏1)𝑑𝜏

+
𝑐0
2

[︁(︀
𝐷𝛼−1

0𝑡 𝑢(𝑙, 𝜏)
)︀2

+
(︀
𝐷𝛼−1

0𝑡 𝑢(0, 𝜏)
)︀2]︁

⩽
1

4𝜀

𝑡∫︁
0

‖𝑓‖20𝑑𝜏 +
1

2

𝑡∫︁
0

(︀
𝜇2
1 + 𝜇2

2

)︀
𝑑𝜏

+
𝐴1

2
‖(𝐷𝛼

0𝑡𝑢) (𝑥, 0)‖
2
0 +

𝑐0
2

(︀
𝐷𝛼−1

0𝑡 𝑢(𝑙, 0)
)︀2

+
𝑐0
2

(︀
𝐷𝛼−1

0𝑡 𝑢(0, 0)
)︀2

,

where 𝜈(𝜀) = 1− 𝜀−
(︀
2
𝜀
+ 1

𝑙

)︀
, 𝜈1(𝜀) = 𝑐1 − 𝜀.

Under the conditions 𝑘𝑡 ⩽ 0, 𝑞𝑡 ⩽ 0, 𝛽1𝑡 ⩽ 0, 𝛽2𝑡 ⩽ 0 we strengthen the latter inequality. As
a result we obtain the estimate

𝐴1

2
‖𝐷𝛼

0𝑡𝑢‖
2
0 + 𝜈 (𝜀)

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑢‖

2
0 𝑑𝜏 + 𝜈1 (𝜀)

𝑡∫︁
0

‖𝐷𝛼
0𝜏𝑢𝑥‖20 𝑑𝜏 +

𝑐0
2

[︁ (︀
𝐷𝛼−1

0𝑡 𝑢(𝑙, 𝜏)
)︀2

+
(︀
𝐷𝛼−1

0𝑡 𝑢(0, 𝜏)
)︀2 ]︁

⩽
1

4𝜀

𝑡∫︁
0

‖𝑓‖20 +
1

2

𝑡∫︁
0

(𝜇2
1 + 𝜇2

2)𝑑𝜏 +
𝐴1

2
‖(𝐷𝛼

0𝑡𝑢) (𝑥, 0)‖
2
0

+
𝑐0
2

(︀
𝐷𝛼−1

0𝑡 𝑢(𝑙, 0)
)︀2

+
𝑐0
2

(︀
𝐷𝛼−1

0𝑡 𝑢(0, 0)
)︀2

,

which implies desired estimate (3.6) and it proves the uniqueness of solution to problem (1.1),
(3.5), (2.2). The proof is complete.
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