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ALGEBRAIC REDUCTIONS OF
DISCRETE EQUATIONS OF HIROTA-MIWA TYPE

I.T. HABIBULLIN, A.R. KHAKIMOVA

Abstract. For nonlinear discrete equations in the dimension 1+ 1 there are easily checked
symmetry criterions of integrability which lie in the base of the classification algorithms. A
topical problem on creating effective methods for classifying integrable discrete equations
with three or more independent variables remains open, since in the multidimensional case
the symmetry approach loses its effectiveness due to difficulties related with non-localities.

In our recent works we discovered a specific property of discrete equations in the three-
dimensional case which seems to be an effective criterion for the integrability of three-
dimensional equations. It turned out that many known integrable chains including equations
like two-dimensional Toda chain, equation of Toda type with one continuous and two discrete
independent variables, equations of Hirota-Miwa type, where all independent variables are
discrete are characterized by the fact that they admit cut-off conditions of special form in one
of discrete variables which reduce the chain to a system of equations with two independent
variables possessing an increased integrability; they possess complete sets of the integrals in
each of the characteristics, that is, they are integrable in the Darboux sense. In other words,
the characteristic algebras of the obtained finite-field systems have a finite dimension. In
this paper, we give examples confirming the conjecture that the presence of a hierarchy
of two-dimensional reductions integrable in the Darboux sense is inherent in all integrable
discrete equations of the Hirota-Miwa type. Namely we check that the lattice Toda equation
and its modified analogue also admit the aforementioned reduction.

Keywords: integrability, lattice Toda equation, characteristic integrals, characteristic al-
gebra.
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1. INTRODUCTION

Nowadays integrable completely discrete equations with three independent variables are ac-
tively studied by many authors, see [I]-[7]. The most known representatives of this class are
Hirota-Miwa equation, Y-system, lattice Toda equation, Kadomtsev-Petviashvili equation, lat-
tice Sine-Gordon equation and others. A wide class of integrable discrete models in 3D can be
found in work by Ferapontov et al. [8]. Nine equations in the list provided in [§] are octahedron
type equations and by the point transformations they are reduced to the form

‘ - , ‘ ‘ "
uiL—i—l,m—i—l = f (uil—&-l,m? ufl—&-l,m’ uiz,m? uit,m—i—l? 'u’iz,m-i—l) ) (11)
where the unknown function u = ufl’m depends on three integer arguments 7, n, m, the function
f is given and is analytic in some domain D C C5.
Equation (1.1 relates the values of the unknown function corresponding to the vertices of
the octahedron on a three-dimensional lattice.
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In our work [9] we conjectured that all integrable equations of form (|1.1)) admit finite-field
reduction as a system of discrete equations of «hyperbolic» type:

1 _rl 1 1 1 2
un—i—l,m—i—l - f (un—i—l,m’ un,m’ un,m+17 un,m+1) ’
J _ Jj—1 J J J Jj+1 .
un—l—l,m—i—l - f (un—i—l,m’ un+1,m,7un,m7un,m+17un,m+1) ) 2 < J g N — ]'7 (]‘2)

N __ rN N—-1 N N N
un+1,m+1 - f (unJrl,m? unJrl,m? un,m? un,m+1) ’

being Darboux integrable. In [9], this conjecture was confirmed for three models in the afore-
mentioned list. The aim of the present work is to show that this conjecture is true for extra
two models in this class, namely, for the lattice Toda equation

- ‘ ) -
(uﬁmﬂ - uil-i-l,m) uil,m-&-lufl-i-l,m (1.3)

uj _
n+1lm+1 j 7 j—1
Un,m (U’n,m+1 - unJrl,m)

and a modified version of the lattice Toda equation

J Jj—1 Jj+1 i J
j . (un—i-l,m - un—i—l,m) (un,m—H - un,m) un,m—l—l j—1 1.4
un+1,m+1 - 7 j+1 7 +un+1,m‘ ( . )
Un,m (un,erl - un,m+1)

The presence of the hierarchy of the Darboux integrable finite-field reductions is an important
property of equation (1.1)). First, Darboux integrable equations can be solved explicitly, see,
for instance, works [10]-[12] in which general solutions in closed form were found for differential
analogues of system , and hence, the reductions allow one to find particular solutions to the
original three-dimensional equation. Second, such hierarchies are related with the characteristic
algebras and the condition of their finite dimension can be used for obtaining integrability
conditions in 3D, see [I3]-[17]. We note that the problem on classification of hyperbolic partial
differential equations in the Darboux sense is actively studied since the beginning of 19th
century. The survey of the results in this direction can be found in works [I8]-[22]. The
generalization of the Darboux method to the differential-difference and purely discrete equations
was actively studied in [23]-]27], [6].

We briefly dwell on the content of the work. In Section 2 we clarify the meaning of such
notions as a complete set of integrals and Darboux integrability for systems of discrete equations.
We introduce the notation of the characteristic Lie-Rinehart algebra, we formulate an algebraic
criterion of the Darboux integrability. In Sections 3 and 4 we study the systems of discrete
equations of order N = 2 and N = 3 obtained by imposing special cut-off conditions on
nonlinear chains (1.3), (L.4). We show that these four systems of equations are Darboux
integrable. For them we describe characteristic algebras in each of the directions n and m and
we provide complete sets of the integrals. We note that in the case N = 1 system for both
chains , degenerates into the same scalar equation

o un+1,mun,m+1
Un+1m+1 = —
Un,m

which is also Darboux integrable and its integrals read as

Un+1,m
[ = —2

Un,m+1
J=—

un,m ’ un,m
The results of the work supports the conjecture that the presence of the Darboux hierarchy of

integrable reductions of form (1.2]) is an integrability criterion of the three-dimensional chains
of form (1.1).



ALGEBRAIC REDUCTIONS ... 115

2. NECESSARY DEFINITIONS AND FORMULAE

In this section we discuss the notion of the Darboux integrability of the system of discrete
equations of hyperbolic type

Un4+1,m+1 = f (n, m, Unm, Un+1,m, un,m+1) > (2]—)

where the sought object u =y, is a vector-valued function u = (u',u?, ... ,uN)T, the com-

ponents of which depend on two integer variables n and m. The right hand side is of the form

f=0Nre. fN)T. Since all vertices of the quadrangular graph, on which the variables in
(2.1) is defined are equivalent, we suppose that equation (2.1)) is uniquely solvable with respect
to each of the variables w, ,n, Up41m, Unm+1, that is, three additional relations hold:

Up+1,m—1 = fl’il (n, m, Up m, Un+1,m, un,m—l) ;
Up—1,m+1 = f_Ll (na m, Un m, Un—1,m, un,m—i—l) 9
Un—-1,m—1 = f_L_l (n7 m, Unm, Un—1,m, un,m—l) .

The Darboux integrability is based on the notion of a characteristic integral. This notion
was introduced by Darboux in work [28] while studying hyperbolic partial differential equations

Uy y = f(xv Y, U, Ug, uy)-
Definition 2.1. A function of form
I'=1(n,m, Un—km,Un—kt1ms---sUntsm), k,s=0, (2.2)

depending on n, m and on shifts along n of the dynamical variable w, , s called a m-integral
of system (2.1)) of order k + s if there exists a pair of numbers ki, ko = 1,..., N such that the
product

ol ol
(9uff+s7m 8u7’?_ ko

does not vanish identically and for each natural v the identilty D] I = I holds, or, in a more
expanded form,

D] T (0, My Un—kems Un—kt+1ms - - > Untsm) = L (MM 47 Un— ks Un—kt1ms - -+ s Untsm) s (2-3)
where all mized shifts of the variable u, , are excluded due to system (2.1).

A function of form I = I(n) is called a trivial m-integral.

Here D,, denotes the shift of the argument m, for instance, D,,y(m) = y(m + 1).

Remark 2.1. The well-established term «integrals for the function I, introduced by analogy
with the differential version of system (see, for example, [23]), does not correspond well
to the meaning of identity . Perhaps the term invariant of the shift operator D,, would be
more appropriate.

Since the operators D,, and D,, commute, the operator D, maps m-integral again into m-
integral. This is why in formula (2.2]) we can let & = 0.

Definition 2.2. We shall say that system (1.2)) admits a complete set of m-integrals if there
exists a set of integrals

r (n7m7un7un+1""7un+5j)7 j:1a2>"'7N7 (24)
such that the inequality holds

oIt oIt oIt
Bu}hm 8u%ym te Gué\{m

B 0] (2.5)
aIN aIN oIN

1 2 s IV
aun,m aun,m au‘n,m
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System of equations (1.2)) is called Darboux integrable if it admits a complete set of integrals in
each of the characteristic directions n and m.

An effective Darboux integrability criterion for a system of hyperbolic equations is expressed
in terms of a characteristic algebra. The importance of the notion of the characteristic algebra
in studying the system of hyperbolic equations of exponential type was realized in works [29],
[10], where this notion was introduced.

We call operators

9, .
Vii=D,'———Dp, j=12,...,N (2.6)
aun,m—&—l
first order characteristic operators in the direction m. It was proved in [9] that each m-integral
is a solution to the system of equations

Y}'JI = O, Xj,lj == O, j - 1,2, .. .,N, (27)

where 5
X1 = 3— (2.8)

Moreover, the m-integral lie in the kernel of the higher characteristic operators in m, which
read as
0

nml

%)
DF — X1, where X, =

7 m s oo 7
au”7m+1 aun,mfk

Yk =D, )\ : (2.9)

where k > 2
We note that the operators Y;; can be represented as the vector fields. For instance, for the
first order operators we have

P N o f-Lbs 9
+ +> D} :
7 aunm ; (aun m—H) aufb-‘rl,m sz:; (auiL,m.H) 8un 1,m

- Ofs B S i) )
§ : 1 10 § : 1
+s:1Dm< g > g " Dm( Mty T

6un,m+1 8un+27m s=1 aun,m—&—l ,m

(2.10)

where f5, f~bULs fs f71U% are the components of the vectors f, f~', fio, f-1g' with the
index s, fio = f(un+i,m7 Untit+1,m un+’i,m+1)7 i # 0.

For constructing vector fields corresponding to higher characteristic operators we can employ
the relations

N
_ C1is 0
Yiit1 = ; Dml (yj k(8 8un+1 - + ; D f 11, )) 3un —
N 5 (2.11)
+Z ( (f10 +ZD 1’1’8))u8——|—....
s=1 n+2m s=1 n—2,m

We recall the notion of the characteristic algebra in the direction m, see [9]. Here we need
some generalization of the notion of the Lie algebra, in which the multiplication of the operators
is admitted not only by constants, but also by functions.

Definition 2.3 ([30], [31]). Let R be a commutative associative ring with a unity and A be
a commutative R-algebra. The pair (A, L) is called Lie-Rinehart algebra if
1) L is a Lie algebra over R, which acts on A by left differentiations, that is,

X(ab) = X(a)b+aX(b) forall abe A, X € L;
2) The Lie algebra L is an A-module.
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The pair (A, L) should satisfy the following compatibility conditions
(X, aY] = X(a)Y +a[X,Y] forall XY €L, a€cA;
(aX)(b) = a(X(b)) forall a,be A X € L.
Definition 2.4. We suppose that the family of the characteristic operators in the direction
m of system (1.2)) satisfies the following two conditions:

1) For all j there exists a number s(j) such that each operator Y is linearly ezpressed in
terms of the operators

3/j,17 }G,QJ }/3,37 I Y],S(]) (212)
with the coefficients depending on the dynamical variables
Yik = MYj1 4+ XeYjo + A5+ 4 Ay Vst (2.13)

2) The Lie-Rinehart algebra L, generated by the operators {Xj7k7y}7k};'\[:7]1<k:17 where K =
max s(j), over the field of rational functions of the dynamical variables from the following
class:

K [e%S)
Sk = {un,mfj}jzl U {un+i,m};_:_oo 5 (214)
has a finite dimension.
We call the algebra L,, a characteristic algebra in the direction m. Under Conditions 1) and

2) we say that system (1.2)) admits a finite-dimensional characteristic algebra in the direction
m.

Remark 2.2. The examples of the characteristic algebras are provided in Sections 3 and 4.
In the algebras considered in Section 8 we have s(j) = 1 for all j. In the algebras L, in
Section 4 the numbers s(j) are also equal to one, while for the algebras L, we have s(j) = 2.

The relations of the integrals and characteristic algebras are expressed in the following cri-
terion. For system of differential equations such criteria are known for a long time, see, for
instance, [32].

Theorem 2.1 ([9]). System (1.2)) admits a complete set of m-integrals if and only if it admits
a finite-dimensional characteristic algebra in the direction m.

In other words, the following statement holds.

Theorem 2.2 ([9]). System (1.2) is Darboux integrable if and only if it admits a finite-
dimensional characteristic algebra in both directions m and n.

The mapping transforming the operator Z € L,, into the operator D,Z D, ! is an automor-
phism of the algebra L,,. This follows from the relations defining the action of the mapping on
the generators of the algebra:

N K
Dan,kDZI = Z Z O ks s (2.15)
i=1 s=k
N k k—1
DnY},k’DEI - Z ( Bj,k',i,s}/z',s + Z '7j7k7i7in,s> — DanJg_lD;l, (216)
=1 s=1 s=1

where the coefficients are defined by the identities
Oyt = Do (X, DL 1)

0 Dk—Sf—l,l,i>

n -
J
8un,m+1

Bjris = D F (D
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0 4
Vi ks = D;lk (D —Dfnslfm,z) 7

n -
J
8un,m+1

where f~51% coincides with ith component of the vector f~11.
A key role in studying characteristic Lie algebra L,, is played by the following lemma.

Lemma 2.1. Assume that the vector field

satisfies the condition

D,KD;'=hK (2.17)
with some factor h, then K = 0.

An analogue of Lemma for system of hyperbolic differential equations was employed by
A.B. Shabat in his works, see, for instance, [32].

3. LATTICE TODA EQUATION

Imposing on the chain (L.3) formal cut-off conditions uf ,, = oo, ult! = 0, we obtain a
system of discrete equations of form (1.2):
2 1 1
1 . (“n,m+1 - un—l—l,m) Uy, mt1
un+1,m+1 - 1 )
un,m
Jj+1 J J J—1
j . (un,m—i-l - un—i—l,m) un,m—&—l“n—i—l,m 2< i< N—1 31
Upt1m+1 = j j j—1 ) SRS ) ( . )
Un,m (un,m—H - un—l—l,m)
N N N-1
N o un+1,mun,m+1un+l,m
un—i—l,m—i—l -

_ugxm (u{%v,m-i-l - uicv-&-_llm) '

Below we show that as N = 2 and N = 3, system (3.1]) is Darboux integrable. In order to do

this, in both cases we provide finite bases for the characteristic algebras and construct complete
sets of m-integrals and n-integrals.

3.1. Case N = 2. In this case (3.1)) becomes

_ (wn,m+1 — un—l—l,m) Un,m+1
un+1,m+1 - = U )
nm (3.2)
Whn+1,mWn,m+1Un+1,m

Wn+1,m+1 = — )
Wn,m (wn,m+1 - Un+1,m)

where w, m = Ul ., Wy =l

Let us construct the characteristic operators of system (3.2)). By formula (2.8) we find that
the operators X;; and X, are of the form:

0 0
Xii=——)  Xpy=——
b 8un,m—l 7 2 au}n,m—l

We find the operators Y] 1, Y21 by formula (2.10), where

fl o (wn,m+1 - un—l—l,m) Up,m+1

- )
Un,m

f2 o wn+1,mwn,m+1un+1,m

)
wn,m (wn,erl - un+1,m>
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f71,171 _ Unm+1Un—1,m (un,mwn,m + wmmﬂwn_l,m)

2 )
un,mwmm
f_1’172 o wn,erlwnfl,mun,m
un,mwn,m + wn,erlwnfl,m
Here
1 2 —-1,1,1 _ 112
Up+1,m+1 = f s Wp+1,m+1 = f ) Up—1,m+1 = f y Wp—1,m+1 = f .

We provide explicitly several coefficients of the vector fields Y 1, Y5 ;:

0 Un+1,m 0 Un—1,m 0
Yig = + +.os
8un,m Un,m 8un—&—l,m Un,m aun—l,m
a un,m 8 wn—i—l,m un,mwn+1,m a
Yo, = - + +
8U)'rz,rrz Un,m—1 aun+1,m Wn,m Un4+1,mUn,m—1 awn-‘,—l,m
+ Up—1,mWn—1,m a Wn—1,m (un,m—l - wn—l,m) a +
Wy, mUn,m—1 aun—l,m Wn,mUn,m—1 8U)n—l,m

We are going to find the commutators of the operators X 1, Xo1, Y7 and Y5 ;:

Rip = [X11,Y14] =0,

Ry =X Y- _ Upm 0 Up,mWn+1,m 0
21 — [ 1,1, 2,1] — 9 - P)
U m—1 aun—l—l,m Un+1,mUp m—1 aU)n—&—l,m
2
Un—1,mWn—1,m a wnfl,m a
— 5 + : +..,
wn,mun’m_l aun—l,m wn,mun’m_l a'wn—l,m

R3,1 = [X2,17Y1,1] 207 R4,1 = [X2,17}/2,1] =0.

Theorem 3.1. The set of the operators Xy 1, Xo1, Y11, Yao1, Ray @s a basis in the charac-
teristic algebra L., of system (3.2), that is, dim L,, = 5.

Proof. First we prove that the commutators of the operator Ry with the operators X i, Xa1,
Y11, Ys, are linearly dependent. In order to do this, we clarify the action of the automorphism
Z — D, ZD,! on the aforementioned operators. Employing formulae (2.15), (2.16)), we find

2

U U Wy, mWn,m—1
-1 __ n,m n,m , s
D X1,D," =——X11 — Xa1,
un+1,m un+1,mun,m71 (un,mwn,m + unJrl,mun,mfl)
Whm (U W + U Unm—1)
1 n,m n,mYnm n+1lmUnm—1
DnXQ,an = X2,1;
Un+1,mUn,m—1Wn+1,m
u
-1 n,m
D Y1.D," =———Yi1, (3.3)
un+1,m
D,Ya1 D' = ol 2 Y, Y;
nYo1l), = (Unm 1,1 T Unt1,mUnm—1 271) ;
Wn+41,m (un,mwn,m + un—f—l,mun,m—l)
U w u u w _
1 n,m%Ynm n,m n,mWYnm—1
DnRQ,an - (Un,m—lRQ,l - —Xl,l + —XZ,I)
Wn+1,m (un,mwn,m + un—f—l,mun,m—l) Un+1,m Un4+1,mUn,m—1

2
u w
n,m - n,m
- (un,mlfl,l — Wp m}/é,l) .

2
wn+1,m (un,mwn,m + unJrl,mun,mfl)

We pass to considering the action of the automorphism on the operators

P =[X11,Ra4], Py =[X21,Roq], Q11 =[Y11, R, Q21 = [Ya1, Roa -
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In this case we have:

3
2un’mwn7m

—1
anl,an - 3 (Un,m)/l,l - wn,m}/&l)

Wn41,m (un,mwn,m + un—l—l,mun,m—l)

3
2un7mwn,m

(wn,mRQ,l + Xl,l

+ 2
unJrl,mwnJrl,m (un,mwn,m + un+1,mun,mfl)
un,mfl (un,mwn,m + un+1,mun,mfl>
X271 + Pl,l )
un,mfl 2un,m
2

(% w.
-1 n,m > n,m
DnPoy D, =————=——Da,

2
un+17mwn+1,m

wn,mfl

un,mwn,mun,m—l

Dan,lD;1 = Q11,

Un4+1,mWn+1,m (un,mwn,m + un+1,mun,m—1)

2
un,mwmmun,m—l

DnQQ,lD;l = (Ui,le,l + un+l,mun,mle2,l) .

2 2
wn—i—l,m (uﬂ,mwn,m + unJrl,mun,mfl)

Employing the first of the relations (3.4)), it is easy to see that the identity holds:

2 _ u?,, mWnmUnm—1 2
D, <P1,1 — —R2,1) D' = : (Pl,l — —R2,1) :

Un,m—1 Un+1,mWn+1,m (un,mwn,m + un—&-l,mumm—l)

2
Hence, by Lemma [2.1] this yields the identity: P, ; = ——Ra ;. It follows from relations ({3.4))

n,m—1
and Lemma @ that PQJ = Ql,l = Qg’l =0.
Now let us show that the higher operators Y; o, Y52 are also linearly expressed via Ry;. We
calculate the action of the automorphism Z — D,ZD.' on higher operators Y12 and Y.
We use formulae (2.16]) and we find:

2
U w w _ (7 u —
-1 n,m - n,m n,m—1 n+1mUnm—1
D,Y12D," =— (Xl,l ———Xa1 — —Yl,z)
un+1,m (un,mwn,m + unJrl,mun,mfl) un,mfl un,mwn,m

2
un,mwn:m

- 2 (un,m}q,l - wn,myé,l) ’
(un,mwn,m + Un+1,mun,m—1)

UpmUWn,m (un,mwn,m + un+1,mun,m—1)

D,Yy2D, " =

Wn+1,m (un,mwn,mun,m—Z + Un+1,mUnm—1Un,m—2 + un,mun,m—lwn,m—l)

1,1 —

Up,m—1 Wp,m—1 Up,m—1 Up,m—2 (Un mWn,m + Up+1,mUn m—l)
. ) ) X2 + 9y }/’1 9 + 9 ) 9 ) ) )/'2 9
(un+1,m Wn+1,m Unp+1,m 7 Un+1,mUn,m—1Un,m ’

)

Un,mUn,m—1 Wp, mUn,m—1
Yii— You ).
Up,mWn,m + Up+1,mUn,m—1 UpmUWn,m + Up+1,mUn,m—1

By the above relations in view of simialar formula (3.3) for the operator R, ; and by Lemma
we see easily that

U

n,m—1
Y1,2 = wn,mR2,17 Yoo = ———Ray;.
O

Thus, we have proved that the algebra L,, is five-dimensional and therefore, the m-
integral of the minimal order depends on five variables. We seek m-integral as I =
I (Un s Wi s U1 ms Wit 1,ms Wn—1,m) Satisfying the system of equations

Y1,1[ = 0; YQ,lf = 0; R2,1[ =0,
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on in an expanded form
8] Un+1,m 8[

+ =0,

aun,m Un,m aun—l—l,m
ol _ Unm ol N (wnﬂm N Un,mWnt1,m ) ol
8wn,m un,m—l aun—i—l,m wn,m un-l—l,mun,m—l au}n—&—l,m
wn—l,m (un,m—l - wn—l,m) al o 0
+ P =0,
Wn,mUn,m—1 Wn—1,m

oI Warm 0L (- 0

6un+1,m Un+1,m a'wn—i-l,m Up,mWn,m a,wn—l,m

Solving this system of equations, we find a complete set of m-integrals:

un+l,mwn+1,m unJrl,m wn,m
Il = ) IQ = +
Up,mWn,m Un,m Wn—1,m
In the same way we can show that dim L,, = 5 and the basis consists of the operators
~ 0 ~ 0
1,1 —a ) X2,1 = o ’
Un—1,m Wn—1,m
2
> a Un m+1Wnm+1Wn—1,m Un,m+1 8 wn,erlwn*Lm 8
Yii= + 5 + _ .
aun,m un,mwn,m Un,m aun,m—i—l un’mwn,m awn,m—‘rl
Unm—1 — Wn—1,m a Wn—1,mWn,m—1 8
+ +...,
Up,m 8un,m—l un,mun,m—l aU)n,m—l
¥ 0 Wn,m+1 0 Wn,m—1 0
Yoi = + +.o
awn,m W, m aU}n,m—‘rl Wn,m au}n,m—l
2
7 < Y Un,m+1Wn,m+1 0 wn,m—H 9,
R3,1 - X2,1>Y'1,1 = 2 B} Y P}
un7mwn,m Un,m+1 un7mwn,m Wn,m41
1 0 Wn,m—1 0

- + + ...
un,m aun,mfl un,mun,mfl awn,mfl

Therefore, the sought n-integrals of system ([3.2]) satisfy the system of equations

le,lj = 07 }/2,1J = O; RS,IJ = 07 where J = J(un,m> Wn,ms Un,m+1, Wnm+1, un,mfl)
and read as
un,erlwn,erl un,mfl wn,m
J=—"—- Jo = + .
un,mwn,m un,m wn,erl

3.2. Case N = 3. Here system (3.1)) is of the form

(Un,m-l—l - un+1,m) Un,m+1

un—i—l,m—f—l - - W )
n,m
v - (wn,m—i—l - 'Un—l—l,m) Un,m-l—lun—‘rl,m (3 5)
n+1lm+1 — s .
Un,m (Un,m—H - un—i—l,m)
. Wn41,mWn m+1Un+1,m
Wp+1,m+1 = —

7
Wn,m (wn,m—H - Un+1,m)

gl g2 g3
where wp m = Uy, s Vnm = Up, s Wom 7= Uy, 4.

Similar to the previous example one can show that the basis of the algebra L,, of system (3.5])
consists of the operators
0 0 0
Xipg=57— Xog=5—— Xg1=5—), Yia, Yo, Y31,

1= ) 1= ) 1=
aun,mfl 8/Un,mfl a/wn,mfl
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R — [Xl,h }/3,1] ) P - [Xl,la 3/2,1] 3 Q - [XQ,la Y?),l] )

that is, dim L,, = 9.
Solving the system of linear equations

Vi l=0, Yy I=0, Y3 I=0, RI=0, PI=0;, QI=0,

with respect tol =1 (un,ma Un,my Wn,m, Un+1,ms Unt+1,ms Wnt1,my Un—1,m> Wn—1,m, un+2,m>> we find a
complete set of m-integrals:

Un4+1,mVUn+1,mWn+1,m

-[1 = )
Un,mUn,mWn,m
Un,mWn,m Wn, mUn+1,m Un+1,mUn+1,m

-[2 - + + )

Un—l,mwn—l,m wn—l,mun,m Up,mUn,m

Un+2,m Un+1,m Wn,m
I; = + + :

Un+1,m Un,m Wn—1,m

We briefly dwell on the algebra L,, for (3.5): it basis consists of the operators

S 0 - 0 - 0 - N -
Xp=q7—" Xa=5—— Xyi= % v; Y.

b 8unfl,m7 2 a'Unfl,m’ o awnfl,m’ b 2l b
R = |:X2,17 }’}1,1] ) ﬁ = |:X371’ ﬁ’1:| , Q = |:X371, %’1:| .

We provide a complete set of independent n-integrals of system (3.5)):

un,m+lvn,m+1wn,m+1

Jl = ’
Un,mUn,mWn,m
un,mflvn,mfl un,mflwn,m Un,mwn,m
JQ = + + 5
un,mvn,m un,mwn,erl Un,m+1wn,m+1
wn,erl Un,m un,mfl
Js = + + .
W, m+2 Un,m+1 Un,m

4. MODIFIED LATTICE TODA EQUATION

In this section we study Darboux integrable reductions of the modified lattice Toda equation
(1.4) corresponding to the cases N =2 and N = 3.
The finite-field system for ([1.4)) reads as

2 1 1 1
1 . (un,m—l—l - un,m) Ut 1,mUn,ma1

U =
n+1,m+1 1 2 1 ’
Uy, m (un,erl - un,erl)

J Jj—1 J+1 J J
(un+1,m - un+1,m) (un,erl - un,m) Uy ma1

J _ Jj—1
Upt1,m+1 — j 1 j + Ut 1,m> (41)
Un,m (un,m-l—l - un,m-‘,—l)
N N-1 N N N-1
N . (un—i-l,m - un+1,m) Uy a1 + Up mUnt1,m
un—i—l,m—l—l — 9

N
un,m

where 2 < 7 < N — 1. System (4.1)) can be obtained by imposing the following formal cut-off
conditions:
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4.1. Case N = 2. Here we have the system of equations

(wn,m+1 - Un,m) Un4+1,mUn,m+1

Un+1,m+1 =

Up,m (wn,m+1 - un,m—l—l) ’ (42)
o (wn+1,m - un—l—l,m) Wp,m+1

wn+1,m+1 - + unJrl,ma

Wn,m

where w, , == ul w,, =l

Similar to the previous examples, we construct a basis for L,,. It consists of the five operators

0 0
9 X21

)

Xll

)

) }/1,17 }/2,17 R - [Xl,h }/2,1] )

OUp, -1 OWnm—1

while the sought m-integral are of the form:

un+1,m Wn+1,m Un+1,m UpmWn—1,m
[1 = - - ) [2 .
Wn,m Wn,m Up,m Unp+1,m (un,m - wn,m)

We dwell on the characteristic algebra L,, of system in more details since this case differs
from the above studied examples. Namely, for constructing n-integral of system (4.2]) we need
to employ also the higher operators. We first construct first order characteristic operators 371,1
and )7271 employing formula . We write out several first coefficients of these operators:

? o a Un,m+1 a Wn,m+1 — Wn,m a
1,1 =
aun,m Un,m aumm—i—l Un,m — Wn,m 8wn,m+1
Un,m—1 a Un,m—1 (wn,m - wn,m—l) a Un,m+2 a
+.
Un,m aun,m—l Un,m (wn,m - un,m—l) aU]n,m—l Un,m aun,m—‘rQ
> a Wn,m+1 — Un,m a Wn,m—1 — Un,m—1 a
21 = + S
awn,m Wn,m — Un,m au}n,m-‘rl Wn,m — Un,m—1 8rwn,m—l
, - ) )
It is easy to confirm that the commutators of the operators Y;,, Y5; and X;; = ——,
8un—1,m
- 0 : - . . .
Xog = R vanish. This is why the system of differential equations
Wp—1,m

X10J =0,  X1J=0, Yi,J=0, Yy J=0

has a non-trivial solution. However, this solution is not an integral of system . In other
words, the characteristic algebra has a higher dimension and in order to construct it, we need
to study also higher characteristic operators. We first find second order operators }7172, }7272.
We calculate several first coefficients of these operators by employing formula (2.11)):

Y/l , = (wn,m - Un,m) (un,m—i-l - un,m) Up,m4-1 0 4 Wnm+1 — Wnm 0
T (Whetm = Un—1m) (Whms1 — Unom) Ungm OUpmt1  Woe1m — Un—1m OWp mt1
N (Unm — Unm—1) Un,m—1 0 (Wnm — Unm) (Wnm — Whom—1) Unm—1 0 L
(Wn—1,m — Un—1,m) Unm OUpnm—1  (Wn—1.m — Un—1m) (Wnm — Unm—1) Unm OWp m—1
¥y, — (Wnm — Unm) (Unmt1 — Unm) Unmt1Un—1,m 0
T (Whetm = Un—1m) (Whnmt1 — Unam) UnmWi—1.m OUn mi1
N (Wnm41 — Wnm) Un—1.m 0 (Unm — Unm—1) Unm—1Un—1.m 0
(Wn—1m — Un—1.m) Wn—1m OWnmt1  (Wn—1m — Un—1.m) UnmWn—1m OUn m—1
N (Wnm — Unm) (Whm — Wim—1) Unm—1Un—1,m 0 L

(wnfl,m - unfl,m) (wn,m - un,mfl) un,mwnfl,m a'wn,mfl
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U
One can show that YQ 9 = "—lel 2, and the commutators of the operator Y, 2 with X1 1 and
Wp—1 m

Xg’l are of the form:

-~ -~ 1 ~ -~ 1 ~
X1, Yio| = Vo, [XeYia] = - ¥z

Wp—1 mo Up—1 m Wp—1 mo Up—1 m

Hence, we can suppose that the characteristic algebra L, consists of the operators X, 1 X, 1
Y, 1 Y, 1 Y, 2. Solving a linear system of equations

Y1,1J = 0; Y2,1J = 0; Yi2J =0,
where J = J(Upm; Wnm, Unm+1s Wnm+1s Unm—1), We find functions:

Wn,m — Un,m + Un,m (wn,m-‘rl - wn,m)

Ji =

Womt1 — Unm U1l (Wnma1 — Unm)
Ungn  Ungm (Wnm1 — Ungm) (Unm — Unm—1)
Unm—1  Unm—1 (Unm — Wom) (Unms1 — Unm)
By straightforward checking one can confirm that the found functions form a complete set of
n-integrals. Therefore, system (4.2)) is integrable in the Darboux sense.

Jy =

4.2. Case N = 3. Formal cut-off conditions u?, = 0, u},k = oo transform chain (1.4)) to
the system of equations

(Un,m—l—l - un,m) Up+1,mUn,m+1

Un+1,m+1 = ’
un,m (Un,m+1 - un,erl)
o (UnJrl,m - unJrl,m) (wn,erl - Un,m) Un,m+1
Un+1,m+1 - + un—i—l,m; (43)
Un,m (wn,m+1 - /Un,m+1)
o (wn+1,m - anrl,m) wn,m+1
Wn41,m+1 = + Un+1,m7
Wn,m
1 2 3
Where Uy, = Uy, 105 Unim 2= Uy s Woom 2= Uy,
Here dim L,, = 9 and the basis of the algebra consists of the operators
0 0 )
Xl,l = P ) X2,1 = P ) X3,1 = P )
un,mfl Un,mfl wn,mfl
}/1,17 }/2,17 }/3,17 R = [Xl,lu }/2,1] ; P = [X1,17 1/3,1] ) Q = {X2,17 1/3,1] .

We find the sought set of independent m-integrals by solving a linear system of equations
Yi1l = 0; Yol = 0; Y511 = 0; RI = 0; PI =0; QI=0,

where [ =1 (un,ma Un,m; wn,ma unJrl,ma anrl,ma wn+1,m7 ’Unfl,n’u wnfl,m> un+2,m):
Un+1,m Un+1,m Un+1,m Un+1,m Wn+1,m

L= 2tm g nim vim mm e,
Un,m Wn,m Un,m Un,m Wy, m
12 _ un+2,m (Un+1,m - Un+1,m) (Un,m - U)n,m)7
Un+1,mUnmWn—1,m
[3 _ Un+1,m (Un,m - Un,m) + Un+1,m (Un,m - wn,m) N (un+1,m - Un+1,m) (Un,m - wn,m) '
un,mvnfl,m un,mwnfl,m Un,mwnfl,m
The characteristic algebra L, of system is generated by the operators
Xl,l = %L’ X2,1 = &]L; X3,1 = %La }/1,17 }/2’1’ YE’),1>
n—1m n—1m n—1m
Xl,? = Lv X2,2 = L; X3,2 = 0 ) }/1,27 YE&,2

auan,m awan,m



ALGEBRAIC REDUCTIONS ... 125

and by their multiple commutators. The basis of the algebra consists of the aforementioned

operators and the operator R = [)N(&l, }712} Then we seek the functions

J = J(un,n’u Un,my» Wn,my Un,m+1; Unm+15 Wn,m+1, Unm—1, Un,m—1, wn,m+2>>

which are annulated by all basis operators. As a result, we find a complete set of independent
n-integrals:

10.

11.

12.

13.

14.

15.

16.

J = (Un,m+1 - vn,m) (un,m - un,mfl) (wn,m+2 - wn,erl)
1

Y

un,mfl (un,m - Un,m) (Un,erl - wn,m+l)

Iy = (un7m+l - un,m) (Un,m-i—l - Un,m) (wn,m—i-l - wn,m)
2 — )

Un,m+1 (Un,m-‘rl - un,m) (wn,m—i-l - Un,m)

T = Un,m — Wn,m Un,m—1 (Un,m - un,m) (wn,m—i-l - Un,m)
3

wn,m—l—l - wn,m (Un,m-‘rl - Un,m) (wn,m—H - wn,m) (un,m - un,m—l)
un,m (Un,m - wn,m) (Un,m - un,m—l)

(wn,m—i-l - wn,m) (un,m - un,m—l) (Un,m - Un,m—l) .

+
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