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AVERAGING OF RANDOM ORTHOGONAL
TRANSFORMATIONS OF DOMAIN OF FUNCTIONS

K.Yu. ZAMANA

Abstract. We consider and study the notions of a random operator, random operator-
valued function and a random semigroup defined on a Hilbert space as well as their aver-
agings. We obtain conditions under which the averaging of a random strongly continuous
function is also strongly continuous. In particular, we show that each random strongly
continuous contractive operator-valued function possesses a strongly continuous contractive
averaging.

We consider two particular random semigroups: a matrix semigroup of random orthogo-
nal transformations of Euclidean space and a semigroup of operators defined on the Hilbert
space of functions square integrable on the sphere in the Euclidean space such that these
operators describe random orthogonal transformations of the domain these functions. The
latter semigroup is called a random rotation semigroup; it can be interpreted as a random
walk on the sphere. We prove the existence of the averaging for both random semigroups.

We study an operator-valued function obtained by replacing the time variable ¢ by v/¢ in
averaging of the random rotation semigroup. By means of Chernoff theorem, under some
conditions, we prove the convergence of the sequence of Feynman—Chernoff iterations of this
function to a strongly continuous semigroup describing the diffusion on the sphere in the
Euclidean space. In order to do this, we first find and study the derivative of this operator-
valued function at zero being at the same time the generator of the limiting semigroup.
We obtain a simple divergence form of this generator. By means of this form we obtain
conditions ensuring that this generator is a second order elliptic operator; under these
conditions we prove that it is essentially self-adjoint.

Keywords: random linear operator, random operator-valued function, averaging,
Feynman—Chernoff iterations.

Mathematics Subject Classification: 47B80, 47D06, 60B20

1. INTRODUCTION

A problem on constructing and studying averaging of random linear operators and operator-
valued functions is of interest both from the point of view of mathematics and of various
applications in problems of statistical physics and quantum mechanics. Here we can mention
works [I]-3], in which analogues of law of large numbers and central limit theorem were es-
tablished for the products of independent random matrices. In work [4] there were studied
limiting characteristics of compositions of random linear transformations. An application of
random transformations to describing solutions of evolutionary partial differential equations
was provided in work [5]. Averaging of random transformations and application of Chernoff
theorem to studying of the limit of the compositions of random semigroups were considered in
works [6]-[8].
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This paper continues studies initiated in work [9)], which was devoted to studying the com-
positions of independent random semigroups S(¢) with values in the group of unitary transfor-
mations in the space Lo(D) (here D is a spherical layer in the space R?) generated by random
orthogonal transformations of the space R? by the formula S(t)u(z) = u(e'z), where A is
a random skew-symmetric matrix. Assuming that this matrix is uniformly bounded on the
probability space and that the averaging of this matrix is zero, in [9] we showed that a sequence
of averagings of compositions of independent random operator-valued functions of form S(v/%)
converged to a semigroup resolving some initial boundary value problem for an evolutionary
second order partial differential equation being an analogue of diffusion equation.

In [9], an inaccuracy was made while studying the differential operator being a generator of
this limiting semigroup. The matter is that this operator is not uniformly elliptic if we consider
it on the space of the functions defined on the spherical layer. This is due to the fact that the
spheres are invariant manifolds for random orthogonal transformations and this is why thee
are also invariant for the averaging. As a result, a degeneracy of the operator occurs along the
radial direction and this breaks the ellipticity condition. However, as it we show in Theorem
of the present paper, if we consider this operator on a space of functions defined on a sphere,
then the ellipticity can be recovered. Thus, this inaccuracy can be easily corrected and it makes
no influence on the results and conclusions made in [9].

The aim of the present work is to make a passage to the limit for a sequence of Feynman-
Chernoff iterations of operator-valued functions arisen in averaging an operator-valued function
S(y/t) under the assumption that the random matrix A is not necessarily bounded but possesses
a finite second moment. This passage to the limit is made by using the Chernoff theorem.
Because of this, in the present paper we justify the applicability of Chernoff theorem to the
considered sequence of iterations.

The scheme of studies presented in this paper is as follows. First we recall some needed no-
tions, namely, the notion of random operator and random operator-valued function, the notion
on their averaging and list their main properties, see Statements 2.2 and Corollar-
ies We obtain sufficient conditions ensuring a strong continuity of the averaging of
a random operator-valued function, the values of which are operators defined on a separable
Hilbert space, see Statement [2.4f Then we provide some auxiliary estimates and results con-
cerning a random matrix exponent e'*, see Statement [3.1) Corollary and Theorem In
Theorem and Corollary we justify the existence of a strong continuous averaging of a
random operator-valued function S(v/t) acting on the spaces Ly(R%) and Ly(S?!) and per-
forming random orthogonal transformations in the space RY. Finally, in Theorems and ,
we obtain a derivative of this averaging at zero under the assumption that the second moment
of the random matrix A is finite, while in Theorem [£.4] and its Corollary [4.2] we establish the
convergence of the Feynman-Chernoff iterations of this averaging in the space Lo(S%!) to the
semigroup generated by the derivative.

Thus, in the paper we propose a method of constructing averagings for random orthogonal
transformations of the domain of a function leading us to constructing semigroups describing
the diffusion on a sphere.

2. PRELIMINARIES AND TERMINOLOGY

Let #H be a Hilbert space (finite- or infinite-dimensional) over the field R or C with a scalar
product (-, -) and the induced norm || - ||, B(H) be a normed space of linear bounded
operators A: H — H with the operator norm || - ||p¢) and the identity mapping I, (22, F,PP)
be a probability space.



AVERAGING OF RANDOM ORTHOGONAL TRANSFORMATIONS ... 25

Definition 2.1. A mapping A: Q — B(H) with values A,, € B(H), where w € 2, is called
a random operator on H if the functions £(-) = (Au,v) are (2, F)-measurable, that is, are
random variables, for all u € H and v € H.

If A: Q — B(H) is a random operator, then each vector v € H induces a mapping
Aou: Q@ — H, which we shortly denote Au. In the same way, for all vectors u € H and
v € H the random variable (Ayu,v) is denoted as (Au,v). A sequence of random operators
indexed by natural numbers is denoted by (A), in order to distinguish it from the writing A,,.

A random operator in Definition is a mapping measurable with respect to a standard
base of the weak operator topology, that is, the pre-image of each element in the standard base
of the weak operator topology in the space B(H) under the mapping A belongs to F. For each
u € H, the mapping Awu induced by this random operator is measurable with respect to the
standard base of the weak topology of the space H.

We mention some properties of random operator, which will be used in our work:

1. If A and B are random operators, then for all scalars a and [ the mapping aA + 5B is
also a random operator.

2. Let a sequence of random operators {(A),}>2, converge to the mapping A: Q — B(H)
in the weak operator topology of the space B(H) almost everywhere on 2. Then A is also a
random operator.

3. Let H be a Hilbert space, D be an everywhere dense subspace in H. Let a mapping
A: Q — B(H) be such that for all uw and v in D the function (Awu,v) is a random variable.
Then A is a random operator on H.

The latter property allows us to check the measurability of the mapping A only on a dense
subspace.

Definition 2.2. An averaging (or expectation, or integral over 1) of a random operator
A: Q — B(H) is an operator MA € B(H) such that

(MA)u,v) = M(Au,v) YueH YveH, (2.1)

where M in the right hand side of identity denotes the expectation, that is, the integral
over the probability space (2, F,P).

The averaging possesses the following properties:

1. If it exists, then the averaging of a random operator is unique.

2. If random operators A and B possess averagings, then for all scalars o and  the random
operator A + B also possesses the averaging and

M(aA + B) = aMA + SMB.

We shall also need the following sufficient condition for the existence of the averaging of a
random operator.

Statement 2.1 ([9]). Let A be a random operator on the Hilbert space H such that
Al < & where &: Q — [0;400) is a random variable with a finite expectation. Then
A possesses an averaging MA € B(H) and

IMA| ey < ME.

In particular, if the function ||A|pxy is a random variable with a finite expectation, then A
possesses an averaging and
IMA |5 < M[[A[[B0)-

We recall that an operator A € B(H) is called contractive if || A|| ) < 1; a random operator
is called a random contractive operator if all its values are contractive operator. Applying
Statement to such random operator, we immediately obtain the following statement.
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Corollary 2.1. Fach random contractive operator on a Hilbert space possesses an averaging,
which s also a contractive operator.

In the case when the space H is separable, the measurability of a random operator in the
weak operator topology implies the measurability in the strong and uniform operator topology.

Statement 2.2. Let ‘H be a separable Hilbert space, A: Q — B(H) be a random operator.
Then

a) ||Aul|y is a random variable for each v € H;

b) ||All B is a random variable.

If A possesses the averaging MA, then |[[(MA)ully < M| Aully for each w € H and
IMA[ ) < M||Al|p); at that M||Aully and M||Al| ) can be infinite.

Proof. Let {v,}22, C H be a countable everywhere dense in H set of vectors. Without loss of

generality we can assume that these vectors are non-zero. Then the vectors e, = ”U“’ﬂH form a
n

countable subset of a unit sphere in the space H dense on this sphere. Therefore,

|Aul|y = sup |(Au, e,)]
nelN

for each u e H
Since A is a random operator, then all functions |(Awu,e,)| are measurable and this is why
|| Aul|3 is measurable as a point-wise supremum of a countable set of measurable functions.
In the same way, in view of the just proven fact, the measurability of | A| gz is implied by
the identity

A5 = sup [[Aen|n.
nelN

Suppose now that A has an averaging MA. In view of the just proven fact we get
[(MA)ullz = sup [(MA)u,v)| = sup |[M{Au,v)]

lollz=1 lollze=1
< sup M[{Au,v)[ < sup M| Aulllfv]ls = M[| Aulls,
folla=1 lolla=1

and similarly, again by the just proven fact,
IMA[[ 5y = Sup [(MA)ully < Sup M[Aulls < Sup M[A[[ @ llullx = M| All 50
u||y=1 ully=1 ully=1

This completes the proof. O

Remark 2.1. Statement [2.2 remains true also in the case when the Hilbert space H is not
separable but if at the same time the probability space (Q, F,P) is discrete. Indeed, the sepa-
rability condition in Statement is needed only to establish the measurability of || Aull3 and
|Allg) and this holds immediately for a discrete probability space.

For the averaging operation we can formulate an analogue of Lebesgue’s dominated conver-
gence theorem.

Statement 2.3. Let a sequence of random operators {(A),}>2, converge to a random op-
erator A in the weak operator topology of the space B(H) almost everywhere on Q, and
[(A)nllzy < & for all n € IN, where §: Q@ — [0;400) is a random variable with a finite
expectation. Then the random operators (A), and A have averagings and M(A), converge to
MA in the weak operator topology of the space B(H).

Proof. By inequality ||(A),||pm) < & Statement [2.1] implies that the random operators (A),
possess averagings. The same inequality implies that

(A, )| < Ellullllvlln VueH VoeH. (2.2)
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Passing in to the limit as n — oo and employing the convergence of {(A),}5°, to A in the
weak operator topology, we obtain that [(Aw,v)| < &||lu||u||v||3 almost everywhere. Taking the
supremum in this inequality with respect to ||v||% = 1 and |jul|» = 1, we obtain ||A||gm) < €
almost everywhere and by Statement this implies the existence of the averaging of A. For
fixed u € H and v € H a sequence of random variables ((A),u,v) converges to (Au,v) almost
everywhere by , satisfies all assumptions of the Lebesgue’s dominated convergence theorem
and this is why
lim (M(A),u,v) = lim M({(A),u,v) = M{Au,v) = (MA)u,v).

n—oo n—o0

This completes the proof. O

Remark 2.2. For a case of a separable H or a discrete (0, F,P), analogues of Statemem‘
hold true, in which the weak topology is replaced by the strong or uniform one.

The set of all mappings F': R, — B(H), where R, = [0;4+00), is traditionally denoted by
B(H)®+ and each its element is called an operator-valued function; in what follows we shall
often omit the adjective “operator-valed” in the cases, when this does not lead to misunderstand-
ing. Let Cs(Ry, B(#H)) be a topological vector space consisting of operator-valued functions
F: R, — B(H) continuous with respect to a strong operator topology of the space B(H) (such
functions are called strongly continuous); a topology 7 in Cs(R,, B(H)) is induced by a family

of semi-norms @7, (F) = sup ||F(t)ully for all T > 0 and u € H. We note that if F' is an
te[0;7)
operator-valued function and F,, € Cs(R, B(H)) for each n € N, then

FeC(Ry,BH) &  lm|Ft)u—Flt)ulu=0 V>0 YueH,

F, = F & lim sup |F,(t)u — F(t)ullx =0 VT >0 YucH.
=00 4¢[0;T]
An operator-valued function S: R, — B(H) is called an operator semigroup (or simply
semigroup) if
S(O) = I, S(tl -+ t2) = S(tl)S(tQ) th, ty € [O, +OO)

Definition 2.3. A mapping F: Q — B(H)®+ with values F,: R, — B(H), where w € Q,
is called a random operator-valued function (or simply random function) if Fy(t) is a random
operator for each t > 0. If at the same time F, is an operator semigroup for each w € (), then
the mapping F is also called a random operator semigroup or simply a random semigroup).

Let us make some important remarks about the notations related with the random function
F:

— the value of the random function F on an event w € €2 is denoted by F, and this is an
operator-valued function;

— for each ¢t > 0 the mapping F((t): @ — B(H), being a random operator by Definition ,
is denoted by F(t); such notation should not lead to a misunderstanding since according
to the previous item, the value of the random function F on an event w € () is denoted
by F, instead of F(w);

— the value of a random operator F(¢) on an event w € Q, being an operator, is denoted by
F.(t);

— the remark after Definition concerns also the random operator F(t), that is, for each
u € ‘H the mapping F(,(t)u is denoted by F(t)u.

If all values of a random operator-valued function are strongly continuous functions, then

such random function is called a random strongly continuous operator-valued function.
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Definition 2.4. An averaging of a random operator-valued function ¥ is a function
MF: R, — B(H) such that (MF)(t) is an averaging of a random operator F(t) for each
t >0, that is, (MF)(t) = M (F(¢)).

In order to prove the existence of averagings of random operator-valued functions, we use
Statement and its Corollary However, an averaging of a random strongly continuous
function is not necessary a strongly continuous function. This is why it is useful to consider
the following modification of Statement allowing us to guarantee a strong continuity of the
averaging.

Statement 2.4. Let H be a separable Hilbert space, F: Q — Cs(Ry, B(H)) be a random
strongly continuous operator-valued function, which satisfies the following condition: for each
T > 0 there exists a random variable & with a findte expectation such that |F(t)|pm) < & on
[0;T]. Then F has a strongly continuous averaging MF € Cs(Ry, B(H)) and ||(MF)(t)| s <
Mé&r on each segment [0; 7).

Proof. The existence of averaging MF € B(H)®+ and the estimate for it are implied immedi-
ately by Statement We just need to prove the strong continuity.
According to Statement [2.2] for each u € H we have

|(ME)(t)u — (MF)(to)ully = [M(F(t) ~ F(to))ul,, < MIF()u — Flto)ullp.  (2.3)

Since F is a random strongly continuous function, then ||F(t)u — F(to)u||3 converges to zero
as t — to point-wise on €. At that, if t € [to — 1;t9 + 1] N R, then

IF(t)u — F(to)ullu < (IF®)| 5o + |F )l sag) lulla < 2l|ulls - o

that is, [|F(t)u — F(to)u||% is majorized by an integrable random variable 2||u||3 - &,11 in the
vicinity of t5. Therefore, by the Lebesgue’s dominated convergence theorem, the right hand
side of the inequality in tends to zero as t — to and this is why the left-hand side in ([2.3))
tends to zero as well. The proof is complete. O]

Remark 2.3. As with Statement[2.2, the condition of the separability of H in Statement[2.4)
can be replaced by the condition of discreteness of the probability space (2, F,P).

If all values of the operator-valued functions are contractive operators, we call such function
contractive; if all values of a random operator-valued function are contractive functions, we call
such random function a random contractive function. By Statement we immediately obtain
the following corollary.

Corollary 2.2. Fach random strongly continuous contractive operator-valued function act-
g on a separable Hilbert space possesses an averaging, which itself 1s a strongly continuous
contractive operator-valued function.

Definition 2.5. A function F € Cs(Ry, B(H)) is Chernoff equivalent to an operator semi-
group U € Cs(Ry, B(H)) if the sequence of Feynman-Chernoff iterations (F(t/n))" of the
function F converges to the semigroup U in the topology of the space Cs(Ry, B(H)).

The following theorem provides sufficient conditions of the Chernoff equivalence to an oper-
ator semigroup, see [10] and [I1].

Theorem (Chernoff). Let a function F € C4(Ry,B(H)) be such that F(0) = I
and ||F(t)| gy < e for some a > 0. If the closure of the operator F'(0) is a generator
of the semigroup U € Cs(Ry, B(H)), then the function F is Chernoff equivalent of the semi-
group U.
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The checking of the assumptions of this theorem for the averaging of a random operator-
valued function T(t)u = u(e‘/iAx) takes an essential part of the calculations in the present

paper.
3. PROPERTIES OF AVERAGINGS OF RANDOM MATRICES AND MATRIX SEMIGROUPS

In this section we obtain certain auxiliary results related with random matrices and their
averagings.

If we take R? as H, where d € IN, then B(R?) can be considered as a normed space My(R)
of square matrices of order d with the spectral norm. Moreover, there exists an isomorphism
between the spaces B(R?) and My(R), which maps each linear operator into its matrix in the
standard basis of the space RY. In view of this, a random operator A: Q — B(RR?) is called a
random matrix, and its values are identified with the corresponding matrices. An entry a;; of
a random matrix A is a random variable (Ae;,e;), where {e;}? ;| is the standard basis in the
space RY. In the case H = C? we proceed in the same way.

Hereinafter the scalar product in the space R? is denoted by the round brackets (-, -), the
Euclidean norm of a vector z € R? is denoted by the symbol |z|, while the spectral norm of
the matrix A € B(R?), being also its operator norm, is denoted by ||A| without indicating the
subscript pga).-

A finite-dimensional property of the spaces R? and B(R?) allows us to make stronger conclu-
sions on the measurability and averagings of random matrices in comparison with Statement [2.2}

1. The mapping A: Q — B(R?) is a random matrix if and only if its entries are random
variables.

2. If A is a random matrix, then for each x € R? the mapping Az: Q — R? is a random
vector.

3. The random matrix A possesses an averaging if and only if the random variable ||A| has
a finite expectation. At that, the entries of the matrix MA are expectations of corresponding
entries of A.

By the product of random matrices A and B we mean the mapping AB: Q — B(R?), which
maps each w € () into the matrix A, ,B,. The product of random matrices is also a random
matrix.

Let A be a random matrix. We consider a matrix exponent:

A =" . Vt e Ry. (3.1)
k=0 ’

We observe that e is a random continuous matrix semigroup. And vice versa, if S: Q —
Ci(Ry, B(RY)) is a random continuous matrix semigroup, then there exists a random matrix
A such that S(t) = e'A. We call this random matrix a random generator (or simply generator)
of the random semigroup S.

For the purposes in the next section we are interested in a random continuous matrix semi-
group performing random orthogonal transformations (rotations) in the space RY. Such random
semigroup is called orthogonal. In view of the facts said above, it is easy to observe that the
generator of each random continuous orthogonal matrix semigroup is a random skew-symmetric
matrix. And vice versa, each random skew-symmetric matrix generates a random continuous
orthogonal matrix semigroup.

Applying Corollary to a random continuous orthogonal matrix function, we arrive at the
following statement.

Corollary 3.1. Fach random continuous orthogonal matriz function possesses an averaging,
which 1s a continuous contractive matrixz function.
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We shall also need some properties of the spectral norm of a skew-symmetric matrix A:

1) (A" = [[A]";

2) || A¥|| < ||A™|| + 1 for all k from 1 to n.

This implies the following properties of a random skew-symmetrix matrix A:

1. A random matrix A" possesses an averaging if and only if the random variable ||A]|™
possesses a finite expectation.

2. If A" possesses an averaging, then random matrices A* for all k from 1 to n possess
averagings.

Finally we obtain some useful estimates for the remainder of series in the case when
the matrix A is skew-symmetric.

Statement 3.1. Let A be a skew-symmetric matriz, n € NU{0}, t > 0. Then the following
inequalities hold:

ULtk AR
tA
=2

k=0

tn+1 HAn+1 ||

_ 24
(n+ 1) 7 '

~

"Ltk AF
tA
=2

k=0

a) b)

~
n!

Proof. Inequality a) is implied by the Taylor formula of order n at the point ¢ = 0 with the

remainder in the Lagrange form [I2] applied to the matrix function e’4. Indeed, (e') (k)(O) = AF
for all k£ from 0 to n and since the matrix ¢4 is orthogonal, then

()] = parstea) < A1) - e = 4.

Inequality b) is implied by inequality a):

gk Ak L gk Ak
tA tA
¢ _Z k! € _Z k!
k=0

k=0

tr A"

_ o]
n! ’

~

<

‘

n!

O
Theorem 3.1. Let A be a random skew-symmetric matriz such that A™ possesses an aver-

aging for some n € N. Then

M(et™) — Z t"M(A") —0.

k!
k=0
In particular, if M(A*) =0 for all k from 1 to n — 1, then
n ! n
(o)) - 47,

n!

and the matriz function M(e %A> 1s Chernoff equivalent to the matriz semigroup S

Proof. For t > 0 we denote:

1A N tRAF
B(t)—t—n<e -y o)

k=0

The random matrices A* for k from 1 to n as well as a random continuous orthogonal matrix
semigroup e possess averagings and this is why B(¢) is a random matrix for each t > 0
possessing an averaging:

MB)(1) = - <M<em> - ”ﬂ#) .

k=0
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Applying inequality a) from Statement we obtain:
tIA™ ] mo+
(n+1)!

that is, a random matrix B(t) converges to the zero matrix as ¢ — 0+ pointwise on Q. On the
other hand, according to inequality b) of Statement [3.1]

By < AT

and by our assumptions the random variable HA"H possesses a finite expectation, that is, the
norm of B(t) is majorized by an integrable random variable in a right neighbourhood of the zero.
Then by Statement (MB)(t) converges to the zero matrix as t — 04 and this completes
the proof. ]

IB@)I < 0,

4. AVERAGING OF RANDOM ROTATION OPERATORS

Let H = Ly(R%) be a Hilbert space of functions u: R? — C square integrable with respect
to the standard Lebesgue measure y on R%. Let A: Q — B(RY) be a random skew-symmetric
matrix of order d.

In this section we consider random operators S(t)u(z) = u (e"*z) and T(t) = S(v/t) perform-
ing random orthogonal transformations (rotations) of the domain of a function v € H and we
study their averagings. A central result of this section is the proof of the Chernoff equivalence
of the averaging MT to some operator semigroup describing a diffusion on a (d —1)-dimensional
sphere S?~! under the assumptions MA = 0 and M(A?%) € B(RY).

4.1. Well-definiteness and existence of averaging. Foreach w € ) and ¢t > 0 we consider
an operator S, (t) € B(H), which maps each function u € H into the function u ("4« (-)).

Statement 4.1. Let U € B(RY) be an orthogonal matriz.

a) if u and v are equivalent Lebesgue measurable on R functions, then u(U(+)) and v(U(-))
are also equivalent Lebesgue measurable functions;

b) if u € Ly(RY), then u(U(")) € La(RY) and u(U(:))z, = |lullz,
c) if u,v € Ly(R?), then (w(U(+)),v(U(+))) = (u,v).

Proof. a) The measurability of the function u implies the measurability of the function u(U(-)).
Indeed, if G is an arbitrary open subset of the space C, then the measurability of v implies the
Lebesgue measurability of the set u=*(G) C R? Since the family of Lebesgue measurable sets
in the space R? is invariant with respect to the orthogonal transformations of this space, then
the set A~'(u~'(@)) is also measurable.

Let N C R? be a zero measure set, on which equivalent measurable functions v and v differ.
Then the functions w (U(-)) and v (U(+)) are Lebesgue measurable by the above proven facts
and differ on the set U~!(V). Since the Lebesgue measure is invariant with respect to ortogonal
transformations, the latter set is also of zero measure. Therefore, the functions u (U(-)) and
v (U(+)) are equivalent.

b) Let u € Ly(R%). Then there exists a finite integral |Jull7, = [pa|u(2)|*dz. Making
an orthogonal change of variables x = Uy in this integral and taking into consideration that
|det U| = 1, we arrive at the needed statement, see [I3]. Statement ¢) can be proved in the
same way. The proof is complete. O

The proven statement implies that S, (¢) is a well-defined unitary operator in B(H).
In order to present further results, we shall need the space Cy(R?) C H of compactly sup-
ported continuous on RY functions. It is known that this space is everywhere dense in H, see
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[13], and this is why each function in H is a limit of the functions from Cy(R?) in the sense of
mean-square convergence.

Lemma 4.1. Let u € Co(R%). Then for all t > 0 and x € R? the functwn u(ez) is a
random variable with a finite expectation and Mu (etA( )) € Co(R?) for all t >

Proof. Let t > 0. For each z € R? the function u (e Ax) is a random variable as a composition
of a continuous function u and a measurable mapping e*Ax. Moreover, u (etAa:) is bounded on
() since u is bounded on R¢. Therefore, Mu (etAa:) is well-defined for each z € R¢.

For all  and 7, in R* we have

}Mu (etAx) — Mu (e o ‘ = ‘M( tAac) —u (etAx0)>‘ < M‘u (etAx) —u (etAaco)

(4.1)

tAW(~)) is continuous on R? as a composition of continuous

For each w € ) the function u (e
mappings v and eA~. Hence, |u (etAac) —u (e A:co)] converges to zero as © — x( pointwise on
Q. At that, |u (etA“:c) —u (etwao)} < 2C for all w € Q and € RY, where the constant C
majorizes u on R Therefore, by the Lebesgue’s dominated convergence theorem, the right
hand side in inequality in tends to zero as x — xg, and this is why the same holds for the
left hand side in the same inequality. This yields the continuity of the function Mu (etA(-)) on
R¢.

Finally, if B is a closed ball centered at the zero vector and containing the support of the
function u, then the supports of the functions u (etA“(-)) are contained in B for all w € Q.
Hence, the support of the function Mu (e*4(-)) is also contained in B. Thus, Mu (e"4(-)) is a

continuous compactly supported in R? function, that is, Mu (etA(-)) € Cy(RY). O

Theorem 4.1. The mapping S: Q — B(H)®+ with values S, : Ry — B(H) defined by the
formulae

Su(t)u(-) = u (e« ()) Vi>0 Ywe) YueH,

where A: Q — B(RY) is a random skew-symmetric matriz, is a random strongly continuous
unitary operator semigroup and its averaging MS is a strongly continuous contractive operator-
valued function with (MS)(0) = I. At that, if u € Co(R?), then (MS)(t)u(-) = Mu (e"2(:)) €
Co(RY) for all t > 0.

Proof. 1. Let us check first that S, € Cy(Ry, B(H)) for all w € Q. It is obvious that S,

is a unitary operator semigroup and hence, according to [10], it is sufficient to confirm that

|Sw(t)u — ul| 29 0 for all u from a dense subspace Co(R?).

We take u € Cy(R%). Let B C R be a closed ball centered at the zero vector and containing
the support of the function u and let |u(z)| < C on B. Then for each ¢ > 0 and each w € Q
the support of the function u (e"«(-)) is also contained in B since the ball B is invariant with
respect to the orthogonal transformation e~ mapping bijectively the support of the function
u (e"«(-)) into the support of the function u. This implies that |u (e"*<z) — u(m)‘2 < 4C?% on
B and |u (etA“:B) — u(:zc)‘2 = 0 on R?\ B. Moreover, by the continuity of the function u and
the matrix exponent e+ as a function of the variable ¢, the function u (e~ (-)) converges to
u as t — 0+ pointwise on R?. Then by the Lebesgue theorem on the dominated convergence
we get:

1Su () — ull% _/\u (o) —u(@)[* de 2250 Vu e Co(RY

and this gives the desired statement.
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II. Now we are going to show that S(¢) is a random operator for each t > 0. In order to
do this, it is sufficient to show the measurability of (S(¢)u,v) for all u € Cy(R?) and v € H.
Moreover, we shall show that M(S(¢)u,v) € C is well-defined for such v and v and

M(S(t)u,v) = (Mu (e"(-)) ,v).
Let t > 0, u € Cy(R?) and v € H. We consider a vector function
foi (w,z) > ety
on a measurable space 2 x R?. The entries of a random matrix e'* are random variables on
Q and this is why the components of the vector function f; are measurable on Q x R? as finite
sums of the products of measurable functions. Therefore, f; is a measurable mapping from

Q x R? into R%. At the same time, u is continuous on R¢, while v is measurable on R?. Hence,
the function

(uo fy) -0 (w,x) —u (etwa)m

is also measurable on € x R?.
Since

M ([ Ju (e ) @] d | < () - ol = el <
R4

by the Tonelli theorem the function (uo f;)- ¥ is integrable on © x R, Therefore, by the Fubini
theorem, the function

/u(ft( . ,x))v(x) dx = (S(t)u,v)
Rd
is measurable on © and there exists M(S(¢)u, v). Taking into consideration that, by Lemmal[4.1]
Mu (e"(-)) € Co(R?), again by Fubini theorem we obtain:
M(S(t)u,v) = (Mu (e"*(-)) , v)
and this is exactly the needed statement.

It remains to summarize and make final conclusions. According to the facts proven in [tems I
and II, S is a random strongly continuous unitary operator semigroup. Then by Corollary [2.2]
S possesses averaging MS being a strongly continuous contractive operator-valued function;
(MS)(0) = I since S,(0) = I for all w € Q. And by the facts proved in Item II,

(MS)(t)u, v) = M(S(t)u,v) = (Mu (e"*(-)) ,v) Vt >0 Yuc Cy(RY) VYoucH.
Since this identity holds for all v € H, then
(MS)(t)u = Mu (e"2(1)) Vvt =0 Vue Co(R?),
this completes the proof of Theorem O

Since the function ¢ — /% is continuous on R, the strong continuity of S,, implies a strong
continuity of Ty : ¢t — S, (v/%). Then by Theorem we obtain the following corollary.

Corollary 4.1. The mapping T: Q — B(H)®+ with values T,,: Ry — B(H) defined by the
formulae
i \/iAw
T, (H)u(-) = u (e (-)) VE>0 YweQ VueH,

where A: Q — B(R?) is a random skew-symmetric matriz is a random strongly continuous
unitary operator-valued function and its averaging M'T is a strongly continuous contractive
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operator-valued function with (MT)(0) = I. At that, if u € Co(R?), then (MT)(t)u(:) =
Mu (e‘/ZA()) € Co(R?) for all t > 0.

4.2. Derivative of averaging at zero. Now we are going to study a strong derivative of the
averagings MS and MT at zero. In order to do this, we shall make use of the space C§(R%) C H
of k times continuously differentiable compactly supported on R¢ functions. As Cy(R?), this
space is everywhere dense in #H, see [13].

Theorem 4.2. Let MS be the operator-valued function from Theorem and let MA €
B(RY) be well-defined. Then for each u € C}(R?) there exists

(MS) (0)u = Tim )=

t—0+ t

= (Vu, (MA)x),
where the limit is treated in the sense of the convergence in H.

Proof. Let as above B C RY be a closed ball centered at the zero vector and containing the

support of the function u. Since this function is continuously differentiable and compactly

supported, there exists M; = max |Vu(x)|. By the Taylor formula, for all points x and y in the
Te

ball B the identity
u(y) = uw(@) + (Vu(z),y — ) + r(z,y) - [y — | (42)
holds, where r(x,y) satisfies the conditions
| (z, )| < 2M; Vx € B Vye€ B,
limr(z,y) =0  VzeB.

y—
Substituting y = e'A~x € B into identity (4.2)), for each w € Q and t > 0 we obtain:
u(e®z) —u(z) = (Vu(z), ez — ) + ri(z,e?z) - [er — 2. (4.5)

According to Theorem {4.1] there exists Mu (e"4(-)) = (MS)(t)u € Co(R?) for all t > 0. More-
over, a random matrix e’ also possesses an averaging M(e'#). Then the remainder term in the
right hand side of identity (4.5 also possesses an averaging, which for each ¢ > 0 is a function
from the space Co(R?). Dividing identity (4.5) by ¢ and passing to the expectation, we obtain:

MS)(¢ - M(etA)x — —

OISIONE) =00) _ (00 M=) s () [“572)) (0
Let us show that the last term in the right hand side of identity (4.6) tends to zero in H

as t — 0+. Taking into consideration (4.3) and the estimate ||e'* — I|| < t||A]| proved in
Statement [3.1] we obtain:

tA

ey —

t

where rp is the radius of the ball B. The existence of MA implies the existence M||A|| and
this is why for each x € B the left hand side of inequality is majorized by an integrable
random variable. Moreover, by the function (x, etAx) tends to zero as t — 0+ pointwise
on () for each x € B, while e“\% tends to Ax. This is why the left hand side of inequality
tends to zero as t — 0+ point-wise on €2 for each x € B. Hence, by the Lebesgue’s
dominated convergence theorem, the last term in the right hand side of identity tends to
zero as t — 04 point-wise on B. At that, it follows from estimate that

'M (7"1 (2, ¢ a) -

‘7“1 (x,etA )} . < 2Mirg|All, (4.7)

Ay —

t

)‘ < 2M1TBM||A|| < 00,
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and this is why by the Lebesgue theorem on majorized convergence the last term in the right
hand side of identity tends to zero as ¢ — 0+ also in the space H; outside the ball B this
term is identically zero.

It remains to find the limit of the first term in the right hand side of . In order to do
this, we note that by Theorem

' <Vu(x), W) — (Vu(z), (MA)z)

t
M(etA) — T — tMA

t
M(etA) — T — tMA
t

_ ‘ (Vu(x), M) — T - tMAx) ‘

< |Vl - 2] -

t~>0+\

< Myrp

0,

which implies the uniform on B convergence of this term to (Vu, (MA)x) and hence, the same
convergence in H. The proof is complete. ]

Theorem 4.3. Let MT be an operator-valued function in Corollary and let there exist

M(A?) € B(R?) and MA = 0. Then for each u € CZ(R?) there exists
MT — 1 1
(MT) (0)u = lim MT)tu—u _ 5 (Vu, MA%)z) = = (2, M(AH,A)z),  (438)

t—0+ t
wherew H, is the matriz of the second derivatives of the functions uw (Hessian matriz). The
limit is treated in the sense of the convergence in H.
Proof. Similar to the proof of Theorem , we consider a closed ball B C R? centered at the zero
vector and containing the support of the function u. Let M; = max |Vu|, My = max | Hy(z)]].
BAS re

We expand u in the ball B by the Taylor formula

u(y) = ula) + (Vu(e),y — o) + 5 (v — o, Bu)y = 2) +ralag) - ly— 2P, (49)
where ro(z, y) satisfies the conditions

Iro(z, )| < My Ve e B Vyé€ B, (4.10)

lei_)rr;'rg(:c,y) =0 VzreB. (4.11)

Substituting y = eV*<z € B into identity 1) for each w € 2 and t > 0 we obtain:
1
u (6\/£AW.CB> —u(x) = <Vu(:t), eVihoy — :L') + 5 <e‘/ZA“35 -, Hu(x)(e\/%A“a: — 3:))

(4.12)
2
+ 79 (:17, e‘/iA‘*’x> . )e‘/iA“:E — x‘

According to Corollary there exists Mu (e\/gA(-)> = (MT)(t)u € Co(R?) as well as
M(ev4) € B(R?) for all ¢ > 0. Moreover, since by Statement

2
("0 = 2, H(o) (@0 = )| < | H@)] - ol - || ™ = 1| <t @)l - |2 - Al

and the existence of M(A?) implies the integrability of the random variable ||A||? on €2, then
there exists an averaging of the second term in the right hand side of identity ; at that,
since this term is a sum of products of the coordinates of the vector x and of the entries of
the Hessian matrix H,(z), being continuous functions, with the entries of the random matrix
eViA _ I, then after averaging, for each ¢ > 0, it is a compactly supported continuous in x
function. The above said facts imply that there exists an averaging of the remainder term in
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identity (4.12); for each ¢t > 0 it is a function from the space Cy(R%). We divide identity (4.12))
by t, pass to expectation and, taking into consideration that (e\/gA — I)* = ViA_ ] by the

orthogonality of the matrix eViA  we obtain:

(MT)(t)u(z) — u(x) _ (Vu(x), M(e\/ZA):B — x)

t t

M ((e—ﬂA ~ ) Hy(2)(eVA — f)) .
5@ ; (4.13)

2
6\/EA.Z' —

Vit

We are going to find the limit of each term in the right hand side of (4.13)) as ¢ — 0+. Let
rp be the radius of the ball B. By Theorem [3.1] and the condition MA = 0, for the first term

we have

+ M | ro (x, e\/iAx) .

eﬁA r—X
(Vu(x), M( t) ) _ %(Vu(x),M(Az)x) :

M(eViA) — T — IM(A2)
<|Vu(a)] - [« 2
VIAY 1t 2
<Mrg M<€ ) f 2M<A ) t—0+ 0,

which implies the uniform on B convergence (and hence the convergence in H) of this term to
1(Vu(z), M(A?)z).
For the second term we first note that in view of Statement
1
: H(e—ﬁA ~ D Hy(2)(eV™A — 1) + tAHu(x)AH
1 1
<< H(e-ﬂA — D)H,(z) (V"™ — T — ViA) H 3 H Cay g \/ZA)Hu<x)\/ZAH (4.14)
1 1
< < VAL [Hu@)l - 2VHAL + 5 - 2VEI AL [Hu(@)]] - VEA] < 4Ms - || A%]).

Thus, the left hand side of inequality (4.14) for each # € B is majorized by an integrable
random variable 4Ms[|A?||. On the other hand, by the same statement,

™ = DE@ ™ - 1)+ aE @A
1 —VtA tA 1 —VtA
<§ (e —1>Hu(x>(if —1—1\/2{:A)) FrfEe - vinymevial -
<5 VI @) - 1A%+ 5 SIA% - @) - VAl

< VM, - A =25 0,

i.e., for each x € B the left hand side of inequality (4.15)) converges to zero as t — 0+ point-wise
in Q. Then by Statement

t—0+
—

% HM ((e—ﬂA ~ DH,(z)(e"™ — I)) + tM(AHu(:wA)]

0 VzeB (4.16)
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Employing now estimate (4.14), by Statement on B we obtain:

M ((e*‘ﬁA — D Hy(z)(eVA — 1)) -

x, . + (z,M(AH,(z)A)z)

(x, %M (™ — DH, ()™ ~ 1) + tAH,(1)A) x) ‘

< Jaf?-

1
’;M ((e—ﬁA ~ D Hy(z)(eV™A — 1) + tAHu(:Jc)A> H < AMprEM||A?| < o,

and this is why the Lebesgue’s dominated convergence theorem and (4.16]) imply the conver-
gence of the second term in the right hand side of identity to —%(m,M(AHUA)x) in
H.

Taking into consideration (4.10) and the estimate ||e'® —I|| < t||A|| proved in Statement [3.1]

we obtain:
2

VA
e xr— X
< My || A% (4.17)

Vit

Since the random variable ||A?|| is integrable, for each x € B the left hand side in (4.17))
is majorized by an integrable function. Moreover, by (4.11)), for each x € B, the function

eViAy

ro (:C, e\/EA:C) tends to zero as t — 04 pointwise on €2, while T’x tends to Ax. This is why
the left hand side in (4.17) tends to zero. Hence, by the Lebesgue’s dominated convergence
theorem the last term in the right hand side of identity (4.13]) tends to zero as ¢t — 0+ pointwise

on B. At that, it follows from estimate (4.17)) that

o) |

2
e\/%Ax — X

Vit

on B. This is why by the Lebesgue’s dominated convergence theorem, the last term in the right
hand side of identity (4.13)) tends to zero as ¢ — 0+ in the space H. The proof is complete. []

M | rs(z, e‘/ZAx) : < MyrgM||A?|| < oo

4.3. Divergence form of derivative. Operator (4.8) can be written in a divergence form
if for each z € R? and each w € Q we introduce the tensor product A,z ® A,z, which is
considered as a bilinear form on C¢ acting on the pair of the vectors &, n by the rule

(A ® Aur) (€,n) = (Auz, §)(Ayz,m).

The averaging of this tensor is introduced component-wise as in the case of the operators, that
is, by M (Az ® Ax) we mean the tensor acting on a pair of vectors &, n by the rule

M (Al’ ® Al‘) (5777) = M((A.CL', 6)(A1’,7]))

The existence of the averaging of this tensor is implied by the existence of a finite M| A|?,
which is true by the assumptions of Theorem [4.3

In what follows, it will be convenient to regard the tensor Az ® Az as an operator from C?
into C¢, which maps each vector £ into the vector

(Az® Ax) & = (Ax, &) Ax.
We note that then the identity
V- (Az® Az) Vu =V - ((Az, Vu)Az) = (A’z, Vu) + (Az, H,Az) + (Az,Vu) tr A
:(VU,A2I) — (x,AHqu)
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holds for an arbitrary function v € CZ(R?); here in the latter identity we have taken into
consideration that tr A = 0 and (Ax,y) = —(x, Ay) by the skew-symmetricity of A. Applying
now averaging and employing the linearity of the operators A, V and of the scalar product and
comparing with (£.8), we conclude that

(MT) (0)u = %V - (M(Az ® Az) Vu) Yu € C2(RY). (4.18)

4.4. Study of derivative in Ly(R?). For the sake of brevity we denote operator (4.18)) by
—%L. A sesquilinear form associated with the operator L reads as

(Lu,v) = — / V- (M(Az® Az) Vu)vde = /(M (Ar ® Ax) Vu,ﬁ) dx

R4 R4

= /M((A[E, Vu) (Aa:,%)) dx,
R
where we have integrated by parts and employed that the functions v and v are compactly
supported. In particular,

(Lu,u)y = /M|(Am, Vu)ﬁd:z; >0,
R4

that is, the operator L is non-negative on CZ(R%) and therefore, it is symmetric. However,
it is not elliptic. Indeed, let u(x) = v(|z|?), where v € C(R). Then u € C(R?) and
Vu = 2xv'(|x|?), and this is why

(Az,Vu) = 20'(|z|*)(Az,2) =0 VYweQ VreR?

by the skew-symmetricity of A. Hence, on such functions we have (Lu,u) = 0.

The matter is that the operator L degenerates along the radial direction, what can be also
seen from the definition of this operator as a derivative of MT: on functions u depending only
on |z| we have (MT)(¢)u = wu for each t. This arguing leads us to the conclusion that it is natural
to consider the operator L in polar coordinates, in which it should contain no derivatives with
respect to |z|. Let us check this by straightforward calculations.

We let @ = ro with r = |z[ > 0, and 0 = £ € S*!, where S*! is a (d — 1)-dimensional
unit sphere in the space R?. Then V = 0% + %VS4_1, where Va1 is the gradient on S 1.
Substituting this into and taking into consideration that (Ao,o) = 0, we successively
obtain:

1
M (Ar ® Az) Vu = r*M (Ao ® Ao) (au;, + —Vga1 u)
r

= r’u,M((Ao,0)Ac) +rM (Ao ® Ao) Vsi-1u
=rM (Ao ® Aco) Vga-1u;
1
V- (M(Az ® Az) Vu) = (0% + ;VSCH) - (rM (Ao @ Ao) Vga-1u)

=0-M(Ao® Ao) (TVSd—lu); + Vga-1 - (1\/[ (Ao ® Ao) ng_m)
=M ((Aa, o) (Aa, (’T‘VSd—lU)/T)) + Vi1 - (M (Ao ® Ao) Vsi-1u)
= Vgi-1 - (M (Ao ® Ac) Vgaru).

Thus,
L= —defl . (M (AO‘ X AO‘) ngﬂu). (419)
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4.5. Study of derivative in Ly(S?!). We note that for each point o € S*! the vector Ao
is orthogonal to ¢ and this is why we can suppose that Ao belongs to a complexified tangent
space T,S%! to the sphere S ! at the point o. Therefore, we can suppose that the tensor
M (Ao ® Ao) acts in T,S?"!. At that, the spherical gradient Vgs-1 is a vector operator with
values in 7,S? ! at each point o € S*"1. Thus, the operator L represented by formula is
a well-defined operator in the space Ly(S?!) with the domain C?(S%1).

Theorem 4.4. Let a random matriz A satisfies the assumptions of Theorem and there
exists a constant v > 0 such that

M|(Ac,&)]P > le?  VoeSH veeT,s¢ (4.20)
Then the operator L defined on the space Lo(S*™1) by formula with the domain C*(S41)

15 essentially self-adjoint, while the domain of its closure coincides with the Sobolev space

W2(S41).

Proof. In the same way as above we establish the non-negativity and symmetricity of the
operator L, while condition (4.20) makes operator L elliptic. Moreover, the coefficients of
the form M (Ao ® Ao) are infinitely differentiable in each local coordinate system and are
bounded by the number M||A|>. The sphere S*! is a compact Riemannian manifold. Thus,
L is a symmetric elliptic operator with bounded infinitely differentiable coefficients defined on
the space Lo(S? 1) with the domain C?(S?1). According to [14], the statement of the theorem
holds true for such operator. The proof is complete. O]

Theorem is a key result of this study: it provides conditions under which the derivative of
the averaging of a random operator-valued function T(t) = S(v/) is an essentially self-adjoint
operator, and therefore, it is a generator of some strongly continuous operator semigroup. It
implies a final result of the paper.

Corollary 4.2. Let a random matriz A satisfies the assumptions of Theorems and [4.4
Then the operator-valued function MT is Chernoff equivalent to a contractive strongly contin-

uous semigroup generated by the closure of the operator —%, where L is defined by formula
/.19).
Proof. By Theorem the operator L is non-negative and essentially self-adjoint. Then the

operator —% = (MT)'(0) is non-positive essentially self-adjoint and this is why its closure gen-

erates a contractive strongly continuous semigroup. It remains to apply the Chernoff theorem
in order to complete the proof. O

ACKNOWLEDGMENTS

The author is grateful to V.Zh. Sakbaev for fruitful discussion of the problems considered in
the work.

BIBLIOGRAPHY
1. H. Furstenberg, H. Kesten. Products of random matrices // Ann. Math. Statist. 31:2, 457-469
(1960).
2. H. Furstenberg. Noncommuting random products // Trans. Amer. Math. Soc. 108:3, 377-428
(1963).

3. V.N. Tutubalin. On limit theorems for products of random matrices // Teor. Veroyat. Prim. 10:1,
19-32 (1965). [Theory Probab. Appl. 10:1, 15-27 (1965).]

4. V.I. Oseledets. A multiplicative ergodic theorem. Characteristic Ljapunov, exponents of dynamical
systems // Trudy Moskov. Matem. Obsh. 19, 179-210 (1968). [Trans. Moscow Math. Soc. 19,
197-231 (1968).]



40

10.

11.

12.

13.
14.

K.Yu. ZAMANA

. A.V. Skorokhod. Operator stochastic differential equations and stochastic semigroups // Uspekhi

Matem. Nauk. 37:6, 157183 (1982). [Russ. Math. Surv. 37:6, 177-204 (1982).]

. V.Zh. Sakbaev. On the law of large numbers for compositions of independent random semigroups

// Izv. VUZov. Matem. 10, 86-91 (2016). [Russ. Math. (Iz. VUZ). 60:10, 72-76 (2016).]

. V.Zh. Sakbaev. Averaging of random flows of linear and nonlinear maps // J. Phys. Conf. Ser.

990, 012012 (2018).

. Yu.N. Orlov, V.Zh. Sakbaev, O.G. Smolyanov. Feynman formulas and the law of large numbers

for random one-parameter semigroups // Trudy MIAN. 306, 210-226 (2019). [Proc. Steklov Inst.
Math. 306, 196-211 (2019).]

. K.Yu. Zamana, V.Zh. Sakbaev, O.G. Smolyanov. Stochastic processes on the group of orthogonal

matrices and evolution equations describing them // Zhurn. Vychisl. Matem. Matem. Fiz. 60:10,
1741-1756 (2020). |[Comput. Math. Math. Phys. 60:10, 1686-1700 (2020).]

K.J. Engel, R. Nagel. One-parameter semigroups for linear evolution equations. Springer-Verlag,
Berlin (2000).

P. Chernoff. Note on product formulas for operator semigroups // J. Funct. Anal. 2:2, 238-242
(1968).

V.I. Bogachev, O.G. Smolyanov. Real and functional analysis: University course. RKhD, Moscow
(2009). (in Russian).

V.I. Bogachev. Measure theory. V. 1.. RKhD, Moscow (2003). [Springer, Berlin (2007).]

M.A. Shubin. Spectral theory of elliptic operators on non-compact manifolds // in “Méthodes
semi-classiques Vol. 1. Ecole d’Eté”. Nantes (1991). Soc. Math. France, Astérisque. 207, 35-108
(1992).

Konstatin Yurievich Zamana,

Moscow Institute of Physics and Technology,
Institutskiy av. 9,

141701, Dolgoprudny, Russia

E-mail: zamana.kyu@phystech.edu



	to1. Introduction
	to2. Preliminaries and terminology
	to3. Properties of averagings of random matrices and matrix semigroups
	to4. Averaging of random rotation operators
	to4.1. Well-definiteness and existence of averaging
	to4.2. Derivative of averaging at zero
	to4.3. Divergence form of derivative
	to4.4. Study of derivative in L2(Rd)
	to4.5. Study of derivative in L2(Sd-1)

	 References

