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DUAL SPACES FOR WEIGHTED SPACES OF
LOCALLY INTEGRABLE FUNCTIONS

R.S. YULMUKHAMETOV

Abstract. In this work we consider weighted Ly spaces on convex domains in R™ and we
study the problem on describing the dual space in terms of the Laplace-Fourier transform.

Let D be a bounded convex domain in R™ and ¢ be a convex function on this domain.
By Lo(D, ) we denote the space of locally integrable functions D with a finite norm

IFI2 = [ |f(t)Pe2Wat.
/

Under some restrictions for the weight ¢ we prove that an entire function F' is represented
as the Fourier — Laplace transform of a function in La(D, ¢), that is,

FO) = [ OF@d,  f e La(Dyg)
D
for some function f € Lo(D, ) if and only if

F(2)? -
F 2:: |
17 / oy et GIB.)dydz < .

where G(@, x) is the Hessian matrix of the function @,
KO =02 recn

As an example we show that for the case, when D is the wunit circle
and ¢(t) = (1 — |t])®, the space of Fourier-Laplace transforms is isomorphic to the space of
entire functions F(z), z = x + iy € C?, for which

1 B »
IF|? = / |F(z + iy) 22wl =20@8) P @t DIl P (1 4 121) %5 dpdy < oo,

_ B
where a = E
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1. INTRODUCTION

Let D be a bounded convex domain in R™ and ¢ be a convex function on this domain. By
Lo(D, ¢) we denote the space of locally integrable functions on D with a finite norm

£ = [ 1f(8)Pe 27 Wat.
/
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A system of functions €™, where t = (t1,...,%,), A= (M1,...,\y) € C" and tA = > tx )y, IS
complete in the Hilbert space Lo(D, ) and this is why the Fourier-Laplace transform

L£:8—SeE?), recr

maps the dual space L3(D, ) onto some space Lo(D, @) of the functions defined on C". Since
a Hilbert space coincides with its dual, the space Lo(D, ) consists of the functions of form

) = / AOF@d,  f € La(D, ),

D

in particular, EQ(D, ¢) is a subspace of the space of entire functions. The space Zg(D, ©) is a
Hilbert one with respect to the induced scalar product (f, 9) = (f,9).

We note that the point functionals & : F — F()) are continuous in the space Ly(D, ) for

each A € C". The function
K\ = ||6:% A e Cr,
is called Bergman function.

In this paper we consider the issue on a weighted descriptions of the induced norm in this
space. In the one-dimensional case this question was completely solved in work [2] and in a
final formulation in work [I] the answer reads as follows.

Let D be an interval in the real axis and ¢ be a convex function on this interval. Then the
space ZQ(D, ) is isomorphic to the space of entire functions F' satisfying the conditions

F(2)| < CK(2), 2€C,  |[F|P? = / P a2 < oo
e Kz 0
We shall assume that ¢ € C? and that this function is strictly convex.

2. CONVEX FUNCTIONS

In this section we introduce a regularity notion and expose some of its properties.
Let K be a convex domain, v € C?(K) be a strictly convex function and

V(1) = (g—;f@, . S—Z<t>)

(Y
6lt) = (i3 0)

be the Hessian matrix of the function ¢ at a point t € K.

The strict convexity of the function v is equivalent to the positive definiteness of its Hessian
matrix:

be a gradient vector, and

(w, G(¢Y, t)w) > 0, we R", |lw| =1, teD.
In particular, the mapping Vi) (t) is injective for each t € K. The function

U(r) = sup(t7 — (¢))

is called a Young transform. In the general case the Young transform {ﬁv is a convex function
in some convex domain K. If the supremum is attained at an internal point of the domain K,
then it follows from the inverse function theorem that the function J is differentiable at a point
7 and VQZ(VQ/)(T)) = 7. Differentiating this identity, we see that the Hessian matrices satisfy
the identity

G, Vy(t)G(w,t)=E,  teD,
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where F is the unit matrix. We shall the domain

E(,to,p) ={t € D: (t —t0)G(Y,t0)(t — to) < p}

an p-ellipsoid of the function 1 at a point t,.
In the vicinity of each point tq € K the function 1) € C? is represented by the Taylor formula

1
V() = p(to) + Veplto)(t —to) + 5 (t = t0)G (i, o) (t = to) + alto, t = to)[t = to”,
where a(tg,e) — 0 as € — 0. For a positive p we let

Q. to,p) = {t € D+ ¥(t) — ¥(to) — V(to)(t — to) < p},

then Q(1, ¢y, p) is some convex neighbourhood of the point t.
We introduce a condition: there exist numbers ¢ > 1, p > 0 such that

1

2—(?5 —t0)G (¥, t0)(t —to) < [Y(t) — ¥(to) — VY (to)(t — o)
q (2.1)

< g(t —t)G(P,to)(t —to),  t € E(¥,to,p).

Lemma 2.1. Let ¢ € C? be a strictly conver function in a bounded convexr domain D and
lo(t)| = 400 as dist(t) — 0. If ¢ satisfies condition (2.1) at a point x € R", then

~ P ~ ~
E(p,x, 5) C Q@,z,p) C E(@,2,4¢°p),

and .
p\ 2 1 . (4pg?)s
CTL - R — g Q 7*%7 g Cn—~7
(Q) det G(p, x) & .p)] Vdet G(@, x)

where the symbol |A| stands for the volume of the set A, the symbol dist(t) denotes the distance
from a point t € D to the boundary of D, while ¢, is the volume of the unit ball in R™.

Proof. Let us prove that Q(@,x,p) C E(@, z,4¢°p). Without loss of generality we assume that
r = 0. We take 77 € 9Q(p,0,p):

G(m") = 2(0) = Ve (0)7" = p.
If 7 ¢ E(,0,p), then the segment connecting the point 7”7 with the point 0 intersects the
boundary of the ellipsoid E(g, 0, p) at some point 7" € Q(@, 0, p):
7'G(g,0)7 = p.
By condition ,

~ / ~ ~ / 1 / ~ / p
— . v > -2
o(t") — ¢(0) o(0)T" > 2qT G(p,0)T 2

The function ¢(t) — ¢(0) — V@(0)t is convex in ¢t and this is why

_ _ _ = N _ X O _ V~ O / 1"
7] 2q |7
Therefore, |7”| < 2¢|7'| and
"Ny~ "o |7—” 2 1y~ / 2
T"G(p,0)1" = ’7_/|27'G(go,0)7' < 4q°p,

that is, 7" € E($,0,4¢%*p) and this leads us to the needed inclusion.
Let us prove the inclusion F(g,0, E) c Q(e,0,p). Let 77 € OE(,0, g):

'G(p,0)7" = P
q
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and suppose that 7 ¢ Q(p, 0, p):
o(r") = ¢(0) = Ve(0)7" > p.
The segment connecting the point 7”7 with the point 0 intersects the boundary of Q(,0,p) at
some point 7'
p(r') — (0) = Ve(0)7" = p.
By condition (2.1,

~ 2, - - 2p
T@mmf>$wﬂ—w@—VﬂWﬂ=?,
and therefore,
p " |7_//’2 _ |7J/’2 2p
a = TNG(% O)T” = ’7_/|2 TlG(@) 0)7—/ > |7_/|2 ?7

that is, |7”| < |7/| and 7" € Q(g,0,p). We have obtained a contradiction, which proves the
inclusion E(p, x, §) C U@, z,p).
The proven inclusions imply that

‘E (&,x, 73)
q

If A is a positive definite matrix, then the principal axes of the ellipse xAx < p are equal

< |Q(@,l‘,p)’ < |E(@,I,4pq2)|.

to /L, where )\, are the eigenvalues of the matrix A. The volume of the ellipse is equal to

EJ
cn\/%, where ¢, is the volume of the unit ball in R™ and det A = ;... \,. Thus,
2 1 _ Apg?)s
o (2) e <0 <o
q det G(p, x) det G(¢, )
The proof is complete. O

In work [1], the notion of the volume distance was introduced. It is defined by the induction
in the dimension of the space as follows. Let E be some convex domain in R", x € E. If n =1,
then we let

vd(z, F) =inf{|lxr —y|: y & E}
the volume distance to be the usual distance from a point x € E to the boundary E. Suppose
that the quantity vd(z, E) is defined in the space R" and £ C R"*'. We take a point zy € OF
such that

inf{lz —y|: y ¢ E} = v — x|.
If the number of such points is greater than one, we take an arbitrary of them. The point x; is
passed by a unique support hyperplane orthogonal to the segment connecting the points x and
xo. Let P be a hyperplane parallel to this support hyperplane and passing through the point
x. The dimension of the convex set £y = P FE is equal to n and € E;. By the induction
assumption, the quantity vd(z, F) is already defined. We let

vd(z, F) = vd(z, E1)|z — x0.

For instance, for an ellipsoid F in R™ with principal axes aq,...,a,, which is centered at the
origin, we see easily that vd(0, E) = a; ... a,.

Lemma 2.2. Let ¢ € C? be a strictly conver function in a bounded convexr domain D and
lo(t)| = 400 as dist(t) — 0. If ¢ satisfies condition (2.1) at the point x € R", then

(2%”) (det G(F,2)) 72 < vd(w, @, z,p)) < (4¢°p)"(det G(B,)) 2.
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Proof. 1t was shown in [I, Lm. 7] that if C'is a convex set containing the origin and H(z) is a

support function of this set, then

1 7 (2n)"
— < H(@) q < —7
vd(0, ) / < S 0,0

By Lemma 2.1
~ P ~ ~
EGJE)CM%meEWm%ﬁ) (2.2)

Without loss of generality we suppose that x = 0. Let H(y) be a support function of the domain
Q= Q(p,0,p), H_, H, be the support function of respectively the ellipsoids £_ = E(,0, g)
and E, = E(g,0,4pq*). By two latter relations we have

(2n) " vd(0, E_) < vd(0,9) < vd(0, E}).

As it has been mentioned above, vd <0,E ((E,O, §>> is equal to the product of the principal

axes, that is, (g)n()\l ) ..)\n)_%, where Ai,...,\, are the eigenvalues of the Hessian matrix
G(p,x) and at that,

det G(@,z) = A1 ... A\
The proof is complete. O
Theorem 2.1. Let ¢ € C? be a strictly convex function and |o(t)] — +oo as dist(t) — 0.
If ¢ satisfies condition (2.1) at a point x € R™ with p =1, then
(4¢*)™"
e(l+n!)
for A e C", x = Re .

det G(3, 2)e*?® < K(\) < €2(4nq)"(1 4 nl)y/det G(, z)e*?®).

Proof. By the Cauchy inequality for F' = ]?E E(D, ¢) we have:
2
OA(F)[? = / M2OF ()t < | £ / 220 5~ Re),
D D

and this inequality becomes the identity at the function &,(t) = e*. Thus,

K(\) = / N2 Ne
D
It was shown in [I, Thm. 2| that
1 e2(1+n!)(2n)"

2¢(x) < 22t=2(t) 1y < o(x) c R™.
e(1+ n)vd(Q(F, 2, 1)) / ‘ W@, 1) ¢ "
D

It remains to employ Lemma to complete the proof. O

Lemma 2.3. Let ¢ € C? be a strictly convex function in a convex domain and |¢(t)| — +o0
as dist(t) — 0. Then Young adjoint function ¢ satisfies the Lipschitz condition:

p(z) —o(y)l <suplt] [z —yl,  z,ycR"
teD
If ¢ satisfies condition (2.1) at the point x € R™ with p = 1, then
det G(@, ) < (16¢*d*)™, r e R,

where d = sup,¢p [t].
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Proof. Let
P(z) = zt, — p(ts),
then
P(x) = o(y) < wte — p(ta) = (Ylo — @(ta)) = (z — Y)tz <dlz —yl.
Swapping x and y, we arrive at the first statement of the lemma.

It follows from the Lipschitz property that for each € R™ the set Q(p, x, 1) contains a ball
of radius = centered at x. Indeed, if |z — y| < =5, then since V@(z) € D we have

2d 2d°
Py) —plx) = Vo(r)(y —r) < 2dfr —y| < L.
Therefore,
1@, x,1)] = en(2d)7, r € R"™.
By Lemma this implies the second statement. The proof is complete. O
We take an arbitrary € > 0 and we let
p(z,e) = max(1, (det G(@, z)™°).
Theorem 2.2. Let p € C? be a strictly conver function in a bounded domain D, |o(t)| —

+00 as dist(t) — 0 and @ satisfies condition (2.1) at each point x € R™ with some q independent
of x and p = p(x,e). Moreover, a condition holds:

1 _ detG(4,y) _
— < 57— = < E(3,z, 7 n 5
¢ detG(p,x) @ as y € E(@p(r)) reR (2.3)

for some qu > 1. Then

/ G G(F,y)dy = X0 D
——detG(p,y)dy < e ) teD.
J K@)

Proof. By Theorem
2yt ~
/ %detG({o’, y)dy = / eV=2W), /det G(@,y)dy, te D,
Y
Rn

R

and hence, for x = Vp(t),
2yt ~
/% det G(@,y)dy - / 2P [det G(F, y)dy, t=Vo(z) €D,
)
Rn

E(@a1)

and by condition (2.3) we get

2yt ~

/e S det. G(Z.)dy = /At Gz 2) / W gy 4= V() € D.
)

R™ E( )

K

3‘57171

Since
yt —o(y) — o) = —(o(y) —p(x) = Vo(x)(y —x)) = =1,  ye€Qp,r,1), (2.4)

and due to (2.2 the same is true for y € E ({5, x, %) Then

- 1
E (QO,ZU, _)
q

e2yt—2tp(t)

————det G(p,y)dy = \/det G(p, x)

K0 , t=Vo(z) €D,
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and by Lemma [2.1
€2yt—24p(t) q G( )d D
————detG(p,y)dy = 1, teD.
K(y)

We proceed to upper bounds. We let x = V(t) and E(p, z,p(z)) = E(x) and let us estimate
the integral over the set E(x). By Theorem and by Condition (2.3)),

2yt _
/ % det G(3, y)dy < /At G(B.2) | e-2Wdy  teD. (2.5)
E(x) )

E(z
The representation in (2.4) and Condition (2.1) imply
/ (2250 ~20(8) gy, / o~ HW-DOEN ) gy / B GO

A positive definite form G can be reduced to the diagonal form by means of the rotations in
the space. After appropriate changes we get:

/ (2-260)-200) gy, (2‘1)%~ IR g
B Vdet G(@, x)Rn
By this yields the estimate
62yt72tp(t) _
J NAOR det G(p,y)dy < 1, teD. (2.6)

In order to estimate the integral over R" \ E(x) we employ the boundedness of det G(p, z)
proved in Lemma and by Theorem

2yt—2p(t) -
/ 6— det G(&, y)dy < / e2(yt—<p(y)—§9(t)) v/ det G(@J’ y)dy

K(y)
R\ E(z) R\ E(x) 2.7)
- / 230~ gy  te D,
R\ E(z)
Let y € OE(x), then by condition (2.1)) we have
- - - " 1 - P
Ply) —elt) —at = 3ly) = @lz) = Velz)ly —2) 2 5 (y = 0)G (@, 2)ly —2) = o .
Hence,
~ p
Ply) —(t) — ot > 2w Y ¢ E(z),
and thus, R"\ E(z) C R"\ Q($,z, Z). Therefore, it follows from (2.7) that
€2yt72<p(t) B -
/ R det G(p,y)dy < / PWt=2W—e®) gy teD. (2.8)
Y
RV E(r) RM\Q(Z0.2)

By the representation

e *daf(t)

Il
\8

/ (20— (1) g

RMQ(B.0,2)

3

I~
8

N2
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we get

/ 2Wi=8W) =) gy = o (@) ) / a(t)e *dp. (2.9)
q

By Lemma 2.1

a p(r) e . —— I P
(5 s e o 210

< (29)"suppiie T = (20)" - M.
p

Owing to Minkowski inequality for mixed volumes, the function (a(t))w is concave on R, and

this is why 1
o <o ()’ 2

es () () e

or

n 1
at) < (2q)2”(p(x))_5+%t" < (2¢)*"t" as - g +-<0.
£
If =3 + % > 0, then for t > 7%) we have
alt) < (20)" (p() 34" < (20) A
Hence, in each case,
2 [ altledp < 0.0
p()
2q
By (2.8)—(2.10) this implies
/ 62yt724p(t) 4 G(~ )d
—————det G(p,y)dy < 1.
K(y)
R\ E(x)
In view of (2.5)), (2.6) we then get the needed upper bound. The proof is complete. O

3. PROOF OF MAIN THEOREM. SPACE OF FUNCTION OF FINITE ORDER IN CIRCLE

In this section we are going to prove the main result of the paper.

Theorem 3.1. Let ¢ € C? be a strictly convexr function in a bounded domain D, |p(t)| —
+00 as dist(t) — 0 and @ satisfies condition (2.1) at each point x € R™ with p = p(x) as well
as condition (2.3)). Then in the space Lo(D, @) the norm

HFH2—//\F(erz’y)\?detGg(aj))dfvdy

R™ R™

is equivalent to the original one induced by L5(D, ).
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Proof. We take a function F' € EQ(D, ©), that is, for some f € Ly(D, p),

Flatiy) = Flo+ig) = [ e (2207 0) at
D
For a fixed x € R™ we let

g(t) = e >Vf(t),  teD,
and g(t) =0 ast ¢ D. Let g be the classical Fourier transform of the function g. Then
F(z+iy) =g(-y),  yeR"
and by the Parseval formula
[1FG iy = [ 120 F )
R

D

Therefore,

detG o2t
2 = _ TANT T 2 7490 ~
| F| / (R/F x + iy)[*dy / t)|%e /K(x) det G(@, z) dx | dt.

D n

1P| = / F(t)Pe2e®
D

The proof is complete. O

By Theorem [2.2]

Remark 3.1. Since statement of Theorem[3.1]is of an asymptotic nature, then the following
theorem holds true as well.

Theorem 3.2. Let ¢ € C? be a convex function in a bounded domain D and is strictly
convex in the vicinity of the boundary of D, |Vo(t)] — +oo as dist(t) — 0 and ¢ satisfies
condition (2.1) at the points x € R™ with a sufficiently large absolute value with p = p(z) as
well as condition ([2.3). Then in the space Lyo(D, ) the norm

717 = [ [ 17 it By

R™ R™

is equivalent to the original one induced by L5(D, p).

As an example we consider the functions p(t) = a(1—[t|)™?, 8 < 0, in the unit circle B(0, 1).
By straightforward calculations we find:

pla) = [z —clz®, xR,
where o = ﬁ+1 and ¢ = (aﬁ)ﬁ+1 (a +1). For the sake of simplicity we suppose that ¢ = 1 and
n = 2:

P(z) =z|—|z|*, 2R

Let us confirm that the assumptions of Theorem are satisfied. By the radial property we
consider the points at the ray x = (¢,0), t > 0. By straightforward calculations we find the
gradient vector

V@) = (mlz[™ —al2]*™?),  aa(l2]7" = al2]*?),



DUAL SPACES ... 121

and the Hessian matrix

( 82~
A 31e — afal*? — afa— el 2}
1
05
A 21e — afal*? — afa— Dfef23 (5.)
2
82(,5/(13) — a—
| 520, — —z12o (|72 + ala — 2)|z]*7?).

At the point xy = (¢,0) we have:
V&(wo) = (1 —at*™, 0),
0*@(wo)

D Sl - a—2
07 all —a)t* =,
82@(%) 1 -2
= — at“ 3.2
o t at® 2, (3.2)
O*Plwo) _
\ axlal'z )

At the point zy the Hessian matrix is of the diagonal form and therefore,
A(z0) = a1l — a)t* 2, Aa(mo) =t + (1 — a)at™?

are the eigenvalues of the matrix G(p, xy) and for ¢ = Bw

we get
p(xo) < t2, t — 00.

We proceed to checking conditions (2.1) and (£2.3). We first estimate the principal axes of
the ellipse E (@, xq, p(xo)):

p(ﬁo)

_a p(l‘o) 1 o
= = ¢ = = t2T
al(l’o) )\1(56'0) ) 662(950) )\2(%) )
in particular, for = € E(, xq, p(z0)),
oo < t2%5, oy < |wo| =t, |o— x| <t (3.3)

Let x € E(p, zo,p(x0)) and w = e T = Yw + To, u(y) = p(yw + o), y > 0. By (3.3)) we
obtain:

a2~ 82~
(;i(;:) wf < to‘_zwf, (;i(f)w% =< t_lwg. (3.4)
1 2
Since x5 = |x — xo|wg, then
*o(x
a;pém) Wiy | < t_lwg.
1029

By (3.2), this implies that
wG(p, x)w < wG (@, zo)w.
Swapping xo and x, we get
wG (P, r)w < wG(P, zg)w. (3.5)
By the mean value theorem,
P(z) — o(wo) — V(o) (T — 20) = (T — 20) G (P, 2") (T — T0),
where x* is a point in the segment connecting zy with x. Relation implies:

o(x) — @(x0) — VO(20) (T — 20) X (T — 20)G(P, 27) (T — 20),
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that is, condition ([2.1)) is satisfied.

By (3.2) det G(¢,z) =< |z|*® and this is why condition (2.3) obviously holds. Thus, the
following theorem holds true.

Theorem 3.3. If D = {t € R?, [t| < 1, p(t) = a(1—|t|)~?, 8 < 0}, then the space Ly(D, )
regarded as a normed space is isomoprhic to the space of entire functions F(z), z = v +1y € C?
with

1 B -
1F)* = / |F(@ 4 dy) [Pe 272D T @ DT (1 4 12]) %5 dady < oo,

B

where o = 7
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