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ON COEFFICIENT MULTIPLIERS
FOR AREA PRIVALOV CLASSES

E.G. RODIKOVA

Abstract. The problem of describing the Taylor coefficients of functions analytic in a
disk was first resolved for the Nevanlinna class by an outstanding Soviet mathematician
S.N. Mergelyan in the beginning of 20th century. Later, the studies devoted to obtaining
similar estimates in various classes of analytic functions were made by known Russian
and foreign specialists in the complex analysis: G. Hardy, J. Littlewood, A.A. Friedman,
N. Yanagihara, M. Stoll, S.V. Shvedenko and others.

In the paper we introduce a area Privalov class ﬁq, (¢ > 0), being a generalization of
a known area Nevanlinna class. In the first part of the paper we obtain a sharp estimate
for the growth of an arbitrary function in the area Privalov class, we describe the Taylor
coefficients for this function. In the second part of the work, on the base of the obtained
estimates we describe completely the coefficient multipliers from area Privalov classes into
the Hardy classes. In a simplified form this problem can be formulated as follows: by what
factors the Taylor coefficients of a function in a given class ﬁq, q > 0, should be multiplied
in order to get the Taylor coefficients of a function in a Hardy class.
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1. INTRODUCTION

Let C be the complex plane, D be the unit disk in C and H(D) be the set of all functions
analytic in D. For all 0 < ¢ < +oo we define a Privalov class II;:

Hq:{feH(D): sup L (ln+]f(reie)\)qd9<+oo},
0<r<1 &T J_»
where In™ a = max(In a, 0) for each a > 0.
First the classes II, were considered by LI. Privalov in [4]. As ¢ = 1, the Privalov class
coincides with a well-known in a scientific literature class of functions of bounded type or the
Nevanlinna class N [2]. Employing Hélder inequality, it is easy to prove the chain of inclusions:

I,(¢>1)c NCIl,(0<g<1).
For ¢ > 1 the class II, was studied by foreign mathematicians M. Stoll, M. Pavlovi¢, M. Jevtic.
R. Mestrovi¢ and Russian specialists on the theory of functions V.I. Gavrilov, A.V. Subbotin,
D.A. Efimov, see [I] and the references therein. The case 0 < ¢ < 1 was studied in the works
by the author of the present paper and also by F.A. Shamoyan and his co-authors, see [8]-[10],
[14], [16], [23]-[25].
For all 0 < ¢ < +00 we introduce one more class

1 =
I, = feH(D)://(ln+\f(rei9)])qd9dr<—|—oo
0
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We call it a area Privalov class or Privalov class by area. As ¢ = 1, the area Privalov class
coincides with a well-known area Nevanlinna class

1 7
N=<feH(D): //anr | f(re’®)|dodr < +o0
0 —m

or
N:{fGH(D)://1n+|f(z)|dxdy<—|—oo}. 2 =x+ 1y,
D

The area Nevanlinna class is involved in the scale of the Nevanlinna-Djrbashian classes N,:
1

N, = femrD): /(1 T, f)dr < 400 b, a>—1,
0
where T'(r, f) is the Nevanlinna characteristics of the function f € H(D), see [2]:

1

T(r, f) = %/hﬁ |f(re®)|do, 0<r<1.

-7
In their turn, the classes IV, are involved the scale of classes S:
1

S = /(1—7“)O‘Tq(r,f)dr<+oo , a>—1, 0<q< +oo.

a

0

The classes S¢ were introduced and studied in [12] by F.A. Shamoyan.
Employing Hélder inequality, it is easy to show that

M,cS{ as g¢>1, T,D>85 as 0<g<l.

We note that the classes ﬁq naturally arise in studying integro-differential operators in the
Privalov space. In a recent joint work [25], the author of the present and F.A. Shamoyan paper
proved that the Privalov class is not invariant with respect to the differentiation operator for
all ¢ > 0, that is, the Bloch-Nevanlinna conjecture fails in the Privalov spaces. It was also
established in [25] that the derivative of an arbitrary function with no zeroes from the Privalov
class II, belongs to the Privalov class fIq by area.

In the present work we obtain sharp estimates for the maximum of the absolute value and

the Taylor coefficients of the functions in the classes II,, ¢ > 0, see Section 2, and on this base

in Section 3 we describe coefficient multipliers from the are Privalov classes II,;, ¢ > 0, into the
Hardy classes H?, 0 < p < +o0.

We note that the problem on describing the Taylor coefficients of the functions analytic in a
disk was first resolved by an outstanding Soviet mathematician S.N. Mergelyan in the beginning
of 20th century, see [5]. An analog of Mergelyan’s result in the Hardy classes in a disk was
proved by G. Hardy and J. Littlewood, A. Friedman [28], in the area Nevanlinna classes by
S.V. Shvedenko [I8], in the area Privalov classes II, for all ¢ > 1 sharp estimates for the growth
of a function and its Taylor coefficients were established by M. Stoll in [26] and for 0 < ¢ < 1
this was done by the author of the present paper in [23].

Estimating of the Taylor coefficient is closely related with describing the coefficient multipliers
in the Privalov classes. As it was mentioned in [I], in a simplified form the problem is formulated
as follows: by which multipliers one should multiply the Taylor coefficients of the functions in a
given class in order them to acquire prescribed properties, for instance, to make them bounded
or to form an absolutely converging series. Postulating the obtained products to be the Taylor
coefficients of the functions in some other class, we arrive at a general definition of the coefficient
multiplier.
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Definition 1.1. Let X and Y be some classes of the functions analytic in the unit disk
D. A sequence of complex numbers A = { N} is called a coefficient multiplier from the

+00
class X into the class Y if for an arbitrary function f € X, f(2) = > ap2®, the function
k=0

+00
AF)(2) = 3 Apapz® belongs to Y. This situation is shortly denoted by CM(X,Y).
k=0

Many works by Russian and foreing mathematicians were devoted to describing the multi-

pliers in various classes of holomorphic functions; we mention some of them [1, [3], [15], [17],
23], [27].

2. ESTIMATE FOR GROWTH AND TAYLOR COEFFICIENTS OF
FUNCTIONS FROM AREA PRIVALOV CLASSES

Throughout the paper, unless else is stated, we suppose that ¢ > 0. By ¢, ¢1,...,cn(, 5,...)
we denote positive constants independent of «, (3, ...
The following statement holds true.

Theorem 2.1. If f € l:[q, then
In* M(r, f) = o((1—7)"7), r—1-0, (2.1)

where M(r, ) = I|H&X’f( z)|.

Proof. We choose an arbitrary point zyp € D and we denote

1
Ky ={C €D [C— 20| < 5(1—]z0]}
where dms is the area Lebesgue measure. By estimate [22, Thm. 9.1.1, Est. (9.3)]

it e < 2 [t @) rama)

(1 —[20])?
K-,
we obtain:
T ‘ZOH‘I L0
(In™ | f(z0)])? < 1_|Z / / (In* | f(pe®)|)2dpds,
I Izo\

and this yields:
(In* |f(20)))" < / / (tn* |£(pe®)[)dpdb.
The latter inequality implies estimate 1} The proof is complete. O

+o0 ~
Theorem 2.2. If f(2) = > ap2" is the Taylor series of the function f € 11, then
k=0

In" |ax| = o <k2i+q> . k— +oc. (2.2)

Proof. Tt follows from the Cauchy inequality and estimate (2.1)) in Theorem that for an
arbitrary small € > 0 there exists r. € (0,1) such that

x| <7 Fexp <5(1 - 7”)_%> , re<r<l, k=01,..., (2.3)
which is equivalent to

In" |ax| < e(1 —7’)_% —klnr, re<r<l1, k=0,1,.... (2.4)
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We introduce a function ,
o(r)=e(l—r)« —klnr,
Let us find its infimum. We calculate its derivative:
2¢ 1 k
¢'(r) = 2 o
q (1 — r) q r
We find the minimum of the function ¢(r) by solving the equation ¢'(r) = 0:
2e T
7 (1-— T)§+1
Since the function in the left hand side of this identity increases and is injective, then this
equation is uniquely solvable in the interval (0,1). We denote the point of the minimum of the
function ¢(r) by 7.

Let us consider the case 0 < g < 1. For the sake of convenience we introduce the following
notations:

— k. (2.5)

1 1—Tk
= S =
NG SN

178

where 6 > 1.
We can suppose that s, < tp < 1. Indeed, the inequality s < t; is obvious. Then ¢, < 1 is
equivalent to

1
sk < 11is equivalent to
VoZ+4—90
Vi Y Et (2.7)
and (2.6 implies (2.7)).
In terms of new notations equation (2.5)) becomes
2 1 [t
e —k
q6? s¢ \ sk
or ,
s,gﬂ 2
Since t;, < 1, the latter identity implies the estimate
1
2e \ i+
< =" . 2.8
Sk (kq52> 29

By the same identity we obtain:

3 %_ ks3qd? =
sk) 2¢ '

Taking into consideration estimate ([2.8)), we obtain:

2 2
tk q q52 2+q _2
— < | = k2+a, 2.9
() =(3) e

Employing established estimates (2.8)), (2.9), we estimate the value of the function ¢(r) at the

point r = 7y, of its strict minimum:

o(ry) =e(1 — rk)_% — klnry.
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Taking into consideration estimate (2.9), we now get:

(52
o(rg) <e <q2€ ) "k kElnry.
In order to estimate the latter term, we observe that
1 1
"2 2 exp(—2ilnry) —exp (ilnr 1 1 o
(re) 5 T — p(3 k)z p(3lnm) = —sinh <§lnrk) = sinh (—anrk) = —S;

and this implies

)

0 )
—Inr, = 2arcsinh % < 2%, —klnr, < ksio.
Thus, we have:
2 q _2 1
o(ri) < k7aemia (¢67) 7+ - (2 + 5) (2.10)
q

This implies needed estimate ([2.2)).

We proceed to the case ¢ > 1. Here for the sake of convenience we introduce the following

notations:

1 11—
tk:— S = il

In this case s, <1 < {.
In terms of new notations equation (2.5) becomes:

2e 1 tk %—H
e =k,
q t Sk

241 28ty

which is equivalent to

Sk - 1. 2(1—1
qk tk(
This yields:
2e 2 [
Skqu ké—k sy + 2.

We finally obtain the following estimate for s:

2v/3¢ 2%1
sk\< ra ) . (2.11)

Further arguing follow the same lines as in the case 0 < ¢ < 1. The proof is complete. O]

Q

3. DESCRIPTION OF COEFFICIENT MULTIPLIERS
FROM AREA PRIVALOV CLASSES INTO HARDY CLASSES

For all values of the parameter 0 < p < 400 we introduce the Hardy classes in a disk:

H? .= (¢ fe HD) :sup/|f7"e )Pde < +o00 7,

0<r<1

where H is the class of bounded analytic in D functions.
In this section we describe coefficient multipliers acting from the area Privalov classes into
the Hardy classes. The following theorem holds true.
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Theorem 3.1. Let A = {\}{=3, ¢ >0, 0 < p < 400. The identity A = CM(I1,, H?) holds
true if and only if

Akl =0 (exp (—ck%ﬁ) , k— +oo, ¢>0. (3.1)
The proof of this theorem is based on a series of auxiliary lemmata.

Lemma 3.1. [I, Lm. 9.7| Let F and H be linear classes of functions holomorphic in the
unit disk D with metrics, the convergence with respect to which is not weaker than the uniform
convergence on the compact sets D. Then each coefficient multiplier from the class F' into the
class H s linear and closed as an operator between linear and metric spaces F' and H.

In order to formulate a next lemma, in the class f[q we introduce a metrics by the rule:

1 =
p(f,g) = In? (1 + |f(re”) — g(re”)|) dodr, 0<q<1,
/1

p(f,g) = //lnq (L4 |f(re?) — g(re?)|) dbdr | , q>1.

0 —m
Lemma 3.2. The class 11, with the introduced metrics is an F-space.

Proof. Let 0 < g < 1, the case ¢ > 1 can be proved in the same way.
The proof is equivalent to checking following properties of the metrics, cf. [I1].

a) p(f,g9) = p(f — g,0), which is obvious;

b) ﬁq is a complete metric space.

Let {f,} be an arbitrary fundamental sequence in the class fIq, that is, for each £ > 0 there
exists an index N(g) > 0 such that for all n, m > N the inequality p(f,, f) < € holds. Let us

show that it converges to some function f € II,. We observe that the functions In(1+ |f,|) are
subharmonic in D. Employing again the estimate from [22, Thm. 9.1.1], we obtain:

(L (Re) = SR < 20 o o
and hence,
| fu(1€?) — fr(re®)| =0, n, m — +oo,

forall 0 <7 < R < 1,0 € [—m,7]. Thus, the fundamental sequence {f,} € II, converges
uniformly inside the disk D to some function f € H(D).

Let us prove that f € fIq. We have:

/1/7r(1n+ | f(re®®)|)?dfdr g/l/ﬂ(ln(l + | f (re®)|)idfdr

0 —m 0 —m

1«
S 0/ _/ I (14 [f(re”) = fu(re®)| + | fa(re®)]) dodr.

Since for all @ > 0, b > 0 the inequality (a + b)? < (a? + b%) holds for 0 < ¢ < 1 and
(a+b)? < 29a?+b9) as ¢ > 1, by the latter estimate we find:

/ / (In* | f(re)])1d0 < / / d(L + |f(re) — fu(re®)]) + (1 + |fu(re®)])] dOdr < const.

0 —m 0 —m
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Hence, ﬁq is complete.
c) If f, f, € II, and p(fn, f) = 0, n — 400, then for each 5 € C p(Bf,,Bf) — 0, n — +o0.

For |B| < 1, the property follows immediately. Let |3] > 1. We can suppose that 5 > 1.
Since the sequence {f,} converges. it is fundamental. But as it has been established above,
this implies the uniform convergence of this sequence inside D.

Since for each 8 > 1 and x > 0 the estimate (1 + Bz) < (1 + z)? holds, we have

P(Bfns BS) z//lnq(l + Blfn(re®) — f(re)|)dodr

0 —m

1 7
<ot [ [0 )  fre) dodr = 5905 ),
0
and this implies property ¢).
d) If B, 8 € C and B, — B, then p(B.f, 5f) — 0, n — +oo for each function f € l:[q.
This property is due to the inequality

In(1 46, = B[f]) < In(1 + |f]) + In(1 + |5, — BI).
The proof is complete. O

Lemma 3.3. Let a sequence of complex numbers {\}2] satisfy the following condition:
|IAk] = O (exp (—ck /{:fq>> . k— +o0 (3.2)

for an arbitrary positive sequence {cx}25, cr 1 0, k — +o00. Then there exists a number ¢ > 0

such that for all k € N condition (3.2)) is satisfied.
The proof of this lemma reproduces the arguing from the proof of Lemma 1 [27] with the

2
exponent 5

Lemma 3.4. Let c

T 2o Z€D7 (33)
(1 —2)q

g(2) = exp

+o00o
where 0 < ¢ < % and > a,(c)z" is the Taylor series of the function g. Then the estimate holds:

n=1
lan(c)| > exp(cTa - n75e). (3.4)

The way of proving this lemma reproduces the arguing from the thesis of the author [7] with
the exponent 3 and goes back to S.N. Mergelyan [5].

As it has been showed above, the convergence p(f,, f) — 0, n — 400 implies the uniform
convergence of the sequence of functions f,(2) to the function f(z) in D. Therefore, if f,(z) =
Jioalgn)zk and f(z) = Jioakzk7 then a,gn) — ag, n — +o0.

’ (iet X be an F—spa]éeoformed by the complex sequences {by}, such that the convergence of
the sequence 3 = {b,i")} to B = {bx} as n — 400 means the component-wise convergence
B = by, n — 400, k=0,1,2,. ...

We consider the coefficient multiplier A = CM(ﬁq, X). By Lemma A is a closed operator.
Therefore, by the closed graph theorem [I1], the operator A is continuous and it maps bounded
sets in the class ﬁq into bounded sets in the class X.

Now are in position to prove Theorem (3.1
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Proof. Let A = {\.};>% be a multiplier from the class II, into the Hardy class H? (0 < p < 00).
We are going to prove that there exists ¢ > 0 such that estimate is satisfied, that is,

| Akx| = O (exp (—ck%q» , k— 4o0.

According to Lemma [3.3] it is sufficient to show that the sequence A satisfies condition ([3.2))
for an arbitrary infinitesimal sequence {c}

Suppose that we are given an arbitrary positive infinitesimal sequence {c};>;. We consider
an auxiliary sequence {c';};23,

p . (1 _1
') = min §,max<k 4,ck> , k=1,2,....

If condition ([3.2)) is satisfied for this sequence, it remains true also for the sequence {c¢; };>7. This
is why we can suppose that the terms in the sequence {c;}; > satisfy the following condition:

1
k0 < < 5 (3.5)
for all kK = 1,2,.... In the class ﬁq we consider the sequence of the functions satisfying the
assumptions of Lemma
c
fr(2) = g(rkz) = exp i 5 k=1,2,..., (3.6)
(1 —rgz)a

where the sequence {ry}° is such that r, — 1 —0, k — +o0, and

1
1——<rk<1—exp(—(ﬂ)>, k=1,2,... (3.7)
k Cr

Here {v;}2] is a positive infinitesimal sequence such that ¢, = o(y;), k — +oo.
Let us confirm that f € II,. We have:
q
> dfdr

//ln | fr(re® qd&dr—//(ln
! 1
< [ —F—dr=1 = 7.
//\1—rk7’e’9\2 /(1—7’kr) " Cknl—rk T
0

We are going to show that {f;};> is a bounded sequence in the class Hq, that is, there exists a
real number 0 < A < 1 such that for all natural k the inequality p(Afx,0) < e holds where ¢ is
a fixed positive number, see [I1]. In order to do this, first we are going to check the inequality

In(1+[Allg]) < (In(1 +[A]) +In™ |g]). (3.8)

Indeed, if |g| < 1, then |A||g| < |\| and estimate (3.8]) follows immediately.
If |g| > 1, then

Ck
2
(1 —rgref)a

(1 + [Allgl) < In(|g| + [M]g]) < In(1+ |A) + In" [g].

Now let us prove the inequality p(Afy,0) < e. Let 0 < ¢ < 1; for ¢ > 1 the proof is the same.
We have

p(Afx, 0) //lnq (1 + [Afu(re®))dodr < 2 (In%(1 + X)) + (3)9) -
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Since v, = o(1), k — 400, the for each € > 0 there exists a number ky € IN such that for all
k > ko the inequality
e
Tk e
€

In(1+ [ |) < /1=

holds true. Choosing A, such that

we see that starting from the number ko, all elements of the sequence { fx} are contained in the
ball of the radius «.

Since 11, is an F-space, then for all indices k < k¢ there exists a positive number \; such that
for all A € C with || < \g the inequality p(Afx,0) < € holds. Letting \g = min(Ay, Ao, ..., Ag, ),
we get that for |A| < A¢ the entire sequence {fi} is contained in the ball of the radius e, that
is, p(/\fk, O) <e€

By the arbitrariness of € we conclude that {fx} is a bounded sequence in the class ﬁq.

Thus, we have proved that for all natural k the sequence of the functions {f;.}/> is bounded
in IT, and hence, the coefficient multiplier A(f;) is bounded in the class H?.

We have:

IA(fe)llar < C, C > 0.

+o0 - oo
We fix k € N. If fu(2) = 3. alPz" € T, then A(f)(2) = 3. Awa'’2" € H?, and hence, [19]
n=0 n=0

IAa®| < e || A(S, k)HHpn%*l as 0<p<l,
Maal] < Al as 1< p < oo,
which implies
A < Cc, nrt as 0 <p<l, (3.9)
M| < Ce, as 1< p < +oo, (3.10)

where ¢, is a positive constant depending on the parameter p.
Since fi(2) = g(rp2), then af = an(cx)ry. In accordance with Lemma

|a®™| > rexp < n2+q> :

Taking into consideration inequality (3.7]), we obtain:

1\
\a,(f)] > (1 — E) exp ( 2+qn2-2+q) : (3.11)
By (3.9), (3.11]) we conclude:

1\ F . >
Ak < Coc, (1 — E) k»~'exp ( 2+‘1n2+q> ,
and in view of estimate (3.5) we get:
M| < Cexp ( n2+q> . (3.12)

Applying Lemma by inequality ([3.12]) we conclude that estimate (3.1)) is valid. In the same
way, as 1 < p < 400, by (3.10), (3.12)) we arrive at the desired estimate.
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We proceed to proving the inverse statement of Theorem Let a A = {\:}/2] satisfies
- +oo
condition (B.1) of the theorem and f € II,, f(2) = >_ az*. It follows from Theorem that

k=0
lag| < Chexp <8kk22T‘1>, ex 40, k — +o00.
We choose an index kg so that &5, < 5 for all k > ky and we get:
| Awar| < Cyexp <—§k%q>

+oo
Since the series ) exp <—§kﬁ> converges, then A(f)(z) € H?. The proof is complete. [
k=0
Remark 3.1. We note that the way of proving Theorem goes back to work |27] by
N. Yanagihara. Theorem remains true also if the Hardy class is replaced by the Bergman
class AP,

1 27
A = fEH(D)Z//(1—T)O‘|f(rei9)|pd0rd7’<+oo , p>0, a>-1,
0 0

or by the class ﬁq/, 0<qg<d.

Remark 3.2. An immediate corollary of proven Theorem [3.1] is the statement on sharpness
of the estimates obtained in Theorems and 2.1, The proof of this fact is made in the same
way as in work by R. Mestrovié, see |1, Cors. 9.24, 9.26].
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