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EXPONENTIAL STABILITY OF SEMIGROUPS GENERATED
BY VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS

N.A. RAUTIAN

Abstract. We study abstract Volterra integro-differential equations, which are operator
models of problems in the viscoelasticity theory. This class includes Gurtin-Pipkin integro-
differential equations describing the heat transfer in medias with memory. In particular, as
the kernels of integral operators, the sums of decaying exponentials can serve or the sums of
Rabotnov functions with positive coefficients having wide applications in the viscoelasticity
theory and the theory of heat transfer.

The presented results are based on the approach related with studying one-parametric
semi-groups for linear evolution equations. We provide a method for reducing the initial
problem for a model integro-differential equation with operator coefficients in the Hilbert
space to the Cauchy problem for a first order differential equation. We prove results on exist-
ing a strongly continuous contracting semigroup generated by a Volterra integro-differential
equation with operator coefficients in a Hilbert space. We establish an exponential decay of
the semigroup under known assumptions for the kernels of the integral operators. On the
base of the obtained results we establish a well-posedness of initial problem for the Volterra
integro-differential equation with appropriate estimates for the solution.

The proposed approach can be also employed for studying other integro-differential equa-
tions involving integral terms of Volterra convolution type.

Keywords: Volterra integro-differential equations, linear equations in Hilbert space, oper-
ator semigroups.

Mathematics Subject Classification: 47G20, 45K05, 35R09, 47D06

1. INTRODUCTION

We consider an abstract integro-differential equation arising in the theory of linear viscoelas-
ticity and we present a general scheme, which can be applied to many other linear models
containing Volterra operators. These abstract integro-differential equations can be realized as
an integro-partial differential equation as follows:

wn e, t) =p~* (umw, )+ +(u-+ Ngrad(diva(a, t>>)

_ /tK(t ) (Au(x,r) + % : grad(diVU(%T))) dr (1.1)

_ /tQ(t —7)p A Ggrad(divu(x, T))) dr + f(z,1),
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where u = w(x,t) € R? is a vector of small displacements of an isotropic medium filling a
bounded domain Q C R?® with a smooth boundary, p is a constant density, p > 0, A\, i are
positive parameters, namely, these are Lamé coefficients, see [I]-[6]. We suppose that the
boundary of the domain  is subject to the Dirichlet condition u|,, = 0. The kernel of the
integral operators K(t), Q(t) are positive non-increasing summable functions characterising
hereditary properties of the media.

Among Volterra integro-differential equations there are also Gurtin-Pipkin integro-differential
equations, see [6]-[10], which describe the heat transfer with a finite speed in media with
a memory. Moreover, these equations also arise in homogenization problems in multi-phase
media (Darcy law), see [11].

The mentioned problems can be united in a rather wide class of integro-partial differential
equations and this is why it is natural to consider integro-differential equations with unbounded
operator coefficients in Hilbert space, that is, abstract integro-differential equations, which can
be realized as integro-partial differential equations.

Nowadays there is a large literature devoted to studying Volterra integro-differential equations
and related problems arising in numerous applications, see, for instance, works [I]-[20] and the
references therein.

The results presented in this work are based on the approach related with studying one-
parametric semigroups for linear evolution equations and they continuation and development
of the studies made in works [I3]-[17] devoted to the spectral analysis of operator functions
being the symbols of integro-differential equations.

An approach to studying Volterra integro-differential equations related with the application
of the semigroup theory was developed in works [4], [6], [18]-[20].

2. DEFINITIONS. NOTATION. FORMULATION OF PROBLEM

Let H be a separable Hilbert space, A be a self-adjoint positive operator in the space H,
that is, A* = A > kol, where ko > 0 and [ is the identity mapping in the space H, and let this
operator possess a bounded inverse operator. Let B be a symmetric operator (Bz,y) = (z, By)
in the space H with the domain Dom (B) (Dom (A) C Dom (B)). We suppose that it is non-
negative, i.e. (Bz,z) > 0 for all z € Dom (B) and that is obeys the inequality ||Bz|| < & ||Az]|,
0 < k < 1 for each z € Dom (A).

We consider the following problem for a second order integro-differential operator on the
positive semi-axis Ry = (0, 00):

t

di;igt) + (A+ B)u(t) — ;/Rk(zﬁ —s) (agA+ b B)u(s)ds = f(t), teR,, (2.1)
u(+0) = o,  uM(+0) = ¢, (2.2)

where ap > 0, by > 0, £k = 1,..., N. We assume that the functions Ry : R, — R, obey the
following conditions:

Ry (t) are positive non-increasing functions, Ry(t) € Li(Ry), k=1,...,N. (2.3)
Remark 2.1. It follows from conditions (2.3)) that tE+mOO Ri(t)=0,k=1,... N.

Moreover, we suppose that the following conditions hold true:

N oo N oo
Z ak./Rk(s)ds <1, Z bk/Rk(s)ds <1 (2.4)
k=1 9 k=1 9
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We let
+00 +oo
M(t) = / Ri(s)ds = / Ri(t+s)ds, k=1,...,N. (2.5)
t 0
Let
N oo N T
Ag=|1- kz ax / Ri(s)ds | | A+ [ 1= b / Ri(s)ds | | B, (26)
=1 0 k=1 0

A known result in [21I] implies that the operators Ay, Ay are self-adjoint and positive for all
k=1,...,N.

We note that problems of form (2.1)), are operator models of problems arising the
viscoelasticity theory, see [I]-[3] and in thermal physics, see [6]-[10]. In the case, when the
kernels Ry(t) are decaying exponents of Rabotnov functions, see [5], the spectral analysis of
equation ({2.1)) was made in works [13]-[17].

We make the domain Dom(A}) of the operator A7, > 0, a Hilbert space Hpg by introducing
on Dom(Ag) a norm equivalent to the norm of the graph of the operator Ag.

Remark 2.2. It follows from the properties of the operators A and B and the Heinz in-
equality, see [22], that the operators Ay, Ay are invertible for all k = 1,... N, the operators
o1
Qr = AL Ay ° have a bounded closure in H for allk =1,...,N and Ayt is a bounded operator,
see [21].

Definitino 2.1. A vector function u(t) is called a classical solution to problem (2.1)), (2.2)
if u(t) € C*(Ry, H), Au(t), Bu(t) € C(Ry, H), u(t) solves equation (2.1)) for eacht € Ry and
satisfies initial condition (2.2)).

By LP (R, H) we denote a weighted space LP of vector functions on the semi-axis R, =
(0, 00) with values in H equipped with the norm

1
“+00 D

Jullizin = | [ w(luts) s
0

3. REDUCTION OF ORIGINAL PROBLEM TO FIRST ORDER DIFFERENTIAL EQUATION

Applying the formula of integration by parts to the integrals in the left hand side of equations
(2.1) and taking into consideration that tlir+n Ry (t) = 0, we obtain the following equation:
—>+00

+oo N

d;? + Aou(t) + Z/ / Ri(p)dp | A dl;is)ds = f(t) — Z M (t) Agu(0). (3.1)

k=1 0 k=1

—s
1 1
We note that Ay = AZQ;QrAZ and hence equation (3.1) can be rewritten as follows:

d?u(t)
dt?

du(s)
ds

N t
+ad [adut) + 3o a1 [ Mt - 9@uad B ds | = it
k=1 0

where
N

Filt) = f(1) =Y My(t) Agu(0).

k=1
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We introduce new variables

o(t) = (), &(t) = AZu(t),

t
0 Ldu(s)
&t T) = —E/Mk(tJrT—s)QkAo " g
0
. ] (3.2)
:/Rk(tJrT— $)QuAZ ’;(S)ds, t.r>0, k=1,....N.
s
0
We note that
—fk (t,7) / (t+7—s QkA2 (s)ds + Ri(T)QrAZv(1).
Then problem ({2.1] can be reduced to the following system of first order equations:
N +0o0
0+ 0 [ atnar | = s,
k=1 0
déo(t) (3.3)
T )
dfk@, T) % 0
\T:Rk(T>QkAOU<t)+E€k(t7T)7 kzl,...,N,
N
where t,7 > 0, fi(t) = f(t) — > Mg(t)Axu(0) and My(t) are defined by formulae (£2.5)),
k=1
v(t)]mo = 1, fo(t)|t:0 = A§ o, gk(t77—)’t:0 =0, 7>0, k=1...,N. (3.4)

Now our main aim is as follows. First, we aim to transform (3.3), into an initial
problem ins some extended functional space, in which this problem is well-posed. Second, we
should establish a correspondence (not only formal) between solution to problem (3.3),
and solution to original problem (2.1]), (2.2)).

4. CAUCHY PROBLEM AND SEMIGROUP OF OPERATORS IN
EXTENDED FUNCTIONAL SPACE

At the first step of constructing a functional space, in which problem (3.3)), is to be
well-posed, we should well-define the operator 0, := a% involved in the third equation of system
B3).

By Q we denote a weighted space L? (Ry, H) of the vector functions on the semi-axis
Ry = (0,00) with values in H and equipped with the norm

1

“+o00 2

|lullq, = / () u(s)|ds |, re(r) =RNT) Ry =Ry, k=1,...,m.
0
We consider a strongly continuous semigroup Ly () of left shifts in the space € see [19]:
Li(t)é() =&(t+7), t > 0. It is known that the linear operator Tj£(7) = 65( ) in the space €,

with the domain 5
D(Tk) = {f - Qk . 5(7_) - Qk},

or

is a generator of the semigroup Ly(t), see [19].
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We introduce a Hilbert space H=H & H & (@szle) equipped with the norm

N
100, &0, E0(r), - Ex(Dl = ol + 1Gll + D I, 7 >0,
k=1

which we call an extended Hilbert space.
We introduce a linear operator A in the space H with the domain

N +oo
D(A)={<v7£o,51<7>,...,5N<r>>eH: veH) &+Y G [&amdren),
k=1

fk(T)GD(Tk), kzl,...,N},

acting as follows:

A(Uu 507 51(7-)7 s 7§N<T>>
N 2o 1 1

= <_A§ §O+ZQZ /§k<7—>d7— P Agva Rk(T)QkAgU+Tk§k<T>7 k= 17)N>
k=1 0

We introduce (2 + N)-dimensional vectors of form

Z(t) = (v(t),60(t), &t 7), ..., En(t, 7)) € H, 2 = (vo,&00,§10(T), - - -, Eno(T)) € HL

Now we can rewrite system (3.3, (3.4) as a first order differential equation in an extended
functional space. We consider the following Cauchy problem in the space H

d
—Z(t) =AZ 4.1
7 2(t) = AZ(), (4.1)
Z(0) = z. (4.2)
Definitino 4.1. A vector Z(t) = ( ( ) 50( ), &1(t, 7), . §N(t,7')) € H is called a classical
solution to problem ([4.1)), (4.2)) if v(t) ) € CH(( +oo) H), &(t,7) € CY((0,400), H) for
each >0, k=1,...,N, Z(t) € C([O +oo) D(A)), the vector Z(t) solves equation for

each t € Ry and satisﬁes initial condition (4.2)).

Definitino 4.2 ([22]). A linear operator A with a dense domain in a Hilbert space is called
dissipative if Re (Az,x) < 0 as x € D(A) and is maximal dissipative if it is dissipative and
possesses non nontrivial dissipative extensions.

Theorem 4.1. Let conditions (2.3), (2.4) be satisfied. Then the operator A in the space H
with a dense domain D(A) is mazimal dissipative.

Theorem 4.2. Let conditions (2.3)), (2.4) be satisfied. Then the linear operator A is a
generator of a contracting Cy-semigroup S(t) = e in the space H and at that a solution to
problem (4.1)), (4.2) can be represented as Z(t) = S(t)z, t > 0, and for each z € D(A) an energy
identity holds:

N +oo

G180l = =3 i ol + [l ol ). @)

= 0
Remark 4.1. Since the functions ri(7) are monotone, then according to |23| their derivatives
r.(T) exist almost everywhere for T € [0, +00).

The proofs of Theorems [4.1] [1.2] were provided in paper [12].
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5. EXPONENTIAL STABILITY OF SEMIGROUP S(t)

Assume that the kernels of the integral operators Ry(7), k = 1,..., N, satisfy the following
conditions:

R.(T) +~vRi(7) <0, (5.1)
for some v > 0 and for some 7 > 0. Condition is well-known in the literature and was
employed by many authors for proving an exponential stability of the semigroup related with
various equations with memory, see, for instance, monograph [6] and the references therein.

We provide a result on exponential stability of the semigroup S (¢), ¢ > 0, under the assump-
tion that H is a separable real Hilbert space.

Theorem 5.1. Let S(t)z be a solution to problem (4.1)), (4.2)) ast > 0 and let the functions

Ri(7), k=1,..., N, satisfy conditions (2.3), (2.4) and condition (5.1) for some v > 0 and for
each 7 > 0. Then the inequality

1S(t) 2]l < V3|1zlle ™ (5.2)
holds true for each z € H. At that,

1 1
W = maxuwg, wﬁz—min{ 1 a_(ﬁ)}a

B8>0 6

- 3ML0) [ 1 e 1
n#) = @1’%{5M(ﬁ> (37 (e 55)

# (I + (14 330 1ail?) ) + 5},
M,
= inf (Apzx, ), k=0,...,N,
[|z||=1, z€Dom(Ay)
+oo N
My (B) := / R(s)ds,  k=1,...,N,  M(B):=> MiB)
3 k=1

6. WELL-POSEDNESS

We consider the Cauchy problem for an inhomogeneous equation

%Z(t) _AZ() + F(8), (6.1)
Z(0) = z, (6.2)

which corresponds to the problem for homogeneous equation (4.1)), (4.2)). We suppose that the
vector function F(t) is of the form

F(t) = (fi(t),0,...0),  fi(t) = f(t) = Y M(t) Arpo,

1
Z = (@1,145@0,00) .
N

Theorem 6.1. Let the functions Ri(7) : Ry — Ry satisfy conditions (2.3), (2.4), (5.1) and
the following conditions hold:

1) the belongings hold: Aéf(t) € C(Ry, H), My(t) € C(Ry), po € Hs, o1 € Hy;

while the vector z reads as
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or
2) the belongings hold: f(t) € CY (R4, H), My(t) € C*(Ry), k=1,...,N, o9 € Hy, p; € H,.
Then problem (6.1]), (6.2)) possesses a unique classical solution

Z(t) = (U(t)af(J(t)afl(t?T)a cee 7£N(t77-))7

where v(t) = u'(t), &(t) = Aéu(t), and u(t) is a classical solution of problem (2.1), (2.2)).
The estimate

(1@l + st ) <ize ||H<d((||go1uH+||A polly) e
N ¢ +oo 2
+Z (/ wit— >(/ Rk(p)dp)ds) | Aol (6.3)

s
2

¥ ( / e‘w(t‘s)IIﬂS)HdS) )

holds true with a constant d independent of the wvector function F', vectors g, p1 and the
constant w defined in the formulation of Theorem [5.1]

7. PROPERTIES OF SEMIGROUPS OF LEFT SHIFTS L (t) IN SPACES ()
In the proof of Theorem [5.1] we shall need the following statements.
Remark 7.1. If £ € D(Ty), then ||E(7)||x € C(R4), 11)21 1£(T)| | = 0.

Proof. Indeed, for each 7 > 1 the function £(7) is absolutely continuous on [1, 7] with values in

H and B}
+/8S§(s)ds
1
On the other hand,

/Ilﬁsé(s)llﬂds=/\/Rk(s)\/m(s)llf‘?sf(s)llz{ds

1

=

T

N

T

< / Ry(s)ds / re()0:6() [Bds | < Mi(1)0:6(5) .

1 1

Thus, the limit lim f 0s€(s)ds exists in H and therefore, the limit lim £(7) exists in H. Since

T—)OOl T—00

the function r4(s)||£(s)||% is summable and liI}_l r,(7) = +00, we necessarily have lim £(7) =0
T—4-00 T—00

in H. The proof is complete. [
Remark 7.2. According [19)], the semigroup (L(t))i=o is contracting on the space .

Lemma 7.1. Let £ € Q. Then
1) the function & belongs to L*(R,, H) and the inequality

/ 1€(s)|[mrds < / Mr(0)[|1€(T)] e



70 N.A. RAUTIAN

holds true;
+oo

2) the function [ ||£(s)||uds belongs to the space C[0,+00) and tends to zero as t — +00.
t

Proof. 1. Applying the Holder inequality, we get:

+00 +00
/ 1€(3)srds = / VEEVr@NEE) lds < /RO 1€ o

2. The mentioned property is obvsiouly implied by the summability of the function [|£ (7)]|.
The proof is complete. O

The next lemma implies that the operator A is dissipative in the space H.

Lemma 7.2. For each & € D(T}) we have f r.(8)[|€(s)||% ds < oo and there exists the limit
hmo re(T)IE(T) ||, which vanishes if hr% ri(7) = 0. Moreover, the identity
T— T—

“+o00

2Re (0-£(7),£(7))q, = — lmri(T)lIE(T) 17 — /TZ(S)H&(S)H% ds <0 (7.1)

0
holds.

This lemma was proved in paper [12].

8. PROOF OF THEOREM

Taking into consideration the strong continuity of the semigroup S(t), it is sufficient to
confirm inequality (5.2)) for each z € D(A). We fix

z = (v, 00, §10(7); - - -, Eno(T)) € D(A)

for each 7 > 0 and we denote S(t)z = (v(t),&(t), & (¢, 7), ..., En(t, 7)) € D(A) .
We introduce a notation (energy):

1 2
B(t) = 5 IS(0)=I (8.1)
Rewriting inequalities (5.1]) in terms of the functions 74(7), we obtain the following inequalities
ri(t) = yre(r), 7>=0, k=1,... N.
Taking into consideration energy identity (4.3]), we obtain the following estimate:

N To©
d %Z/” V€6t ) | dr
o (8.2)
N T N
<33 [ el =33 la 0l
=1 0 k=1

Given 8 > 0, we define a continuous function p(7) : Ry — [0, 1]:

st T,
o) = 1, 7> f.
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We consider the following vector functions:

[e.o]

(1) / i< t), &t 7')>Hd7',

0 k=1
D(t) = (4o %<t>,so<t>>H.

Statement 8.1. Let the assumptions of Theorem[5.1] be satisfied. Then the inequalities

[1(8)] < max{l,N-ml?X{Mf\iO)}}E(t), (8.3)
0a(0) < —=E(0) 5.0
hold true, where
+oo
Ak = Hgﬁlth (Apzx, x), kE=0,...,N, My(B) := /Rk(s)ds, k=1,.. N
z€Dom(Ay) /3

Proof. According to Lemma the estimates

+oo
/ l€(s)llds < VIO ()l k=1,..., N, (8.5)
0
hold true. Thus, the following inequalities
o0 N )
201 < [ o) 3 [(Acote) 6t)) [ar
0 k=1
N 1 o0
<ol 3> / et Dllndr
| M,(0)
< o0l -/ =5 Neslt Dl
k=1
1 ) N M (0) 2
< @i+ [ 30455 et lla,
k=1
1 2 v S Mi(0) .
<5 (1@ + vy 2 g, >||Qk>
1 k=1 N
<5 (1ol + 8 mpx {24 }Zusk@,r)nék)
x(0)

<max{1 N - m]?X{

oo

2a(0) < || 40 2ot0)| 6ot %%(Hvunzﬂr&()n]{) < B0,
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are true, where

A = Hiﬁl_fl (Apz,z),  k=0,....,N,  M(p):= /Rk(s)ds, k=1,...,N.
:cEDon:(Ak) 3

This completes the proof of Theorem [5.1]

Lemma 8.1. Let the assumptions of Theorem be satisfied. Then for each 5 > 0 the
mequality

d leolly o3 | <=
i < ) (-5 ) + e, (86)
holds, where
N M0 1 1
M) = w(0), o= i (s (o0 ) + v (e + 1) ).
k=1

Proof. 1t is easy to see that

%qn(t)——]Op(r)ki<A;§%v(t),§k(t,7)> dr

S ’ 87
- [ 3 (4w, ) i

Let us estimate the expressions in the right hand side of the latter idenity by employing equa-
tion (4.1) and Lemma For the first term we have:

- [ o > <Af? o) fk<t7f>>HdT - [ otr) > (A Aje().&lr.7) dr
+7P(T)§:<Ak5 ]_V Aé@;7gj(t,7’)dr’,gk(t,7)> dr

ZkZN; Qi '&(®), 07 p(T)fk(t,T)dr>H
+ ﬁ: <Q2—1 ﬁ: Q; 7§j(t, )dr', 7,0(T)§k(t, T)d7‘>

N o0
SO o WA
k=1 0

+ (Z@klll / sk@,r)Hdr) (Z@n / §j<t,T'>HdT’)

<o @)l Y NQH | VM) €t Tl (8.8)
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" (Z sl ¢Mk<o>ufk<t,r>ugk> (Z 12 \/Mj(O)HEj(t,T)HQk>
22 Do) LNV

£ Mkz(ﬁ)
+ ((Z@klll mnw,ﬂngk) + (Z ol \/Mj<o>||£j<t,r>|rm> )

. SQr ) o
<) ( Hfo ) + VAL Hﬁk(taT)HQk)

||§ ol

k=1

L Z (1R I* + NQul”) Mi(0) llge(t, DI,

Z( o + L0 (6%5')‘ +N(||Q,;1H2+||an2))||§k<t,7>||ék)-

k=1

We proceed to estimating the second term in formula (8.7) and we first observe that according
Remark that the condition & € D(T}) yields that ||&(7)]|z € C(R,), lirf 1&e(T)|lg =0
T—+400

and therefore,

sup [[&(7) [ < oo, sup [Qp&k(T)||m < [|Qll1 sup [|£k(7)[|n < oco.
7>0 7>0 >0

Thus, integrating by parts the following expression, we obtain:

(8.9)
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Integrating by parts in the second term in formula (8.7) and taking into consideration (8.9),
we get:

(8.10)

1€k (2, 7l

ot HHZMk Z( Aj; e <>HHWW¥ﬂTH@< >|\Qk)

- ||v(t)HEZMk(5)+—||v(t)||?qZMk ZQA BQM Hék( 7)llg,

_Z(__”U Wi Mi(8) + 2%”&@,7)”%)@)

Combining estimates and (8.10)), we obtain inequality (8.6). The proof is complete. [
Lemma 8.2. Let the assumptions of Theorem be satisfied. Then the inequality holds:

d

S00(0) < o0l — SN + N S 1R Me(0) e 0) - (811)

Proof. The statement is implied by the following chain of identities

00 = T4 500.60), = (41 Go0.60) + (At Faw)

N

= —ll&o(®)l3 <@k / (¢, 7)dr, 5o<>> + (45 Fo(t), A§o(t))

k=

H
H

< o@®IE = lle®Iz + Héo(t)l\HZ 1@k / 1€k, ) dr

< o) — o)y + 21! Z 1Qull/ Ot ) o,

< o) — ooy + LU (Z u@kn\/M_k(musk(t,r>||9k)
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3 N
< @l = 1@ + N D 1QulFMi(0) llgk(t, 75,

k=1
O
We define a vector function 5
P(t) i = —+P P
()= 375700+ )
for which, according to Lemmata [8.1) and [8.2] the inequality holds:
d 3 d d oll7 3||qu S :
—O(t) =———P(t) + —=Ds(1) < —
- 2() M (B) dt 1(t) + 2 Pa(t) 1 ; CkakHQk
N
- —||€o( W+ lv@17 + N Mi(0)[1QulIP11€x(E 7)1, (8.12)
k=1
1
=~ Sl — 3l + Z (750 + ¥ MO ) e, IR,
We introduce a notation
3
c = ch + N - M (0)||Qxl)?
3Mk(0) ( 1 ( = 1 ) —11|2 2 ) 2
- 6 + + ( +1QuI) ) + N - (0 .
In its turn, inequality (8.12) implies the estimate
d al 1
G20+ B0 <X (ot 3 ) It DI, < Z eI, (613)
k=1
1
where v, = max (ck + 5) and the vector function F(t) is defined by formula (8.1)).
By Statement [8.I] we obtain the following estimate:
3
()] < —o— |®(8)] + |®o(8)] < 1 E(D), 14
|[©(2)] M(ﬁ)|1()|+|2()| 12 E(t) (8.14)
where 0
3 M;(0 }} 1
‘= ——max< 1, N - max + —.
T M) { ¢ { M on
We let
At
g:=min{4 —; —
271 27
and consider a vector function V(t) := E(t) + e®(¢).
Statement 8.2. In terms of the introduced notations, the inequality
1
§E(t) < U(t) < ;E(t) (8.15)
holds true.
1
Proof. 1. Let ¢ = 2 , then 2 < o and therefore according to inequality (8.14) we have
g g 72
1 1
SE@) =E@{) — 5—nE{t) < E(t) —enb(t) < E(t) +e2(t)

2 27,
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= W) < B(0) + enB(0) < BO) + 3—nE(D) = 5E().

1
2. Let e = o Then according to inequality (8.14) we have
V2

1 3
SE(t) = B(t) —enB() < V() < E(t) +enE(t) = 5 E().
O
In its turn, inequalities (8.2)) and (8.14) imply the following estimate
d d 7
%‘I’(t) = th( )+5— Z 166 (t, 7)1, + € 712 1€x(t, 7)1, — E) ] -
Hence,
d ~y al
0+ <80 < =3 D et + em Z lex(t, )3, (8.16)
We consider two cases.
1. Ife = QL, then by (8.16) we obtain:
T
d
dt\IJ( )+eE(t) <0. (8.17)
1 1
2. If e = 2—,then T < 21, and by (8.16) we get (8.17)).
Y2 2 1
According to Statement [8.2] we obtain the following inequality
2
eE(t) > ge\ll(t). (8.18)
Letting w = %, by inequalities (8.17) and (8.18) we arrive at the inequality
d
dt\I’( ) + 2wW(t) < 0. (8.19)

It follows from Statement [8.2] that the function W(¢) > 0 is continuous as ¢ > 0 and is differen-
tiable as ¢t > 0. By arguing similar to the proof of the Gronwall-Bellman lemma, see [24], we
get:

t
d¥(s)
2wt < 0. 8.20
[ S (520
0
By inequality (8.20) we find:
U(t) < W(0)e . (8.21)

Finally, taking into consideration Statement and inequality (8.21)), we obtain inequal-
ity (5.2):

1S(t)z]|5 = 2E(t) < 4U(t) < 4V(0)e > < 6E(0)e > = 32|75 e 2.
The proof is complete. O

The proven statement completes the proof of Theorem
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9. PROOF OF THEOREM [6.1]

In order to prove Theorem [6.1, we employ notations and theorems from a known mono-
graph [22].

Definitino 9.1. The Cauchy problem

d
—Z(t) = AZ(D), (9.1)
Z(0) = z, (9.2)

is called well-posed (uniformly well-posed) if

1) for each z € D(A) there exists a unique solution to problem , ;

2) this solutions depends continuously on initial data in the following sense: the convergence
Z,(0) = 0 (Z,(0) € D(A)) implies that Z,(t) — 0 for each t € [0,T] (uniformly in t) on each
finite segment [0, T.

Remark 9.1. If Cauchy problem 7 generates a contracting semigroup in the space
H, then this problem is uniformly well-posed.

In what follows we shall use the following theorems from monograph [22]; their indexing
coincides with that in [22].

Theorem 1.1. If Cauchy problem (9.1)), (9.2)) is well-posed, then its solution is given by
the formula Z(t) = S(t)z, (z € D(A)), where S(t) is a strongly continuous as t > 0 operator
SemLgroup.

Theorem 6.5. If Cauchy problem 7 15 uniformly well-posed, then the formula
t
2(6) = S0z + [ St~ D)F )iy 99
0
gives a solution of the Cauchy problem for an inhomogeneous equation:

d

SZ(t) = AZ(t) + F (1), (9.4)

Z(0) = z, (9.5)
for z € D(A) and a vector function F(t) obeying one of two following conditions:
1) the values of the function F(t) belong to € D(A) and the function AF(t) belongs to

C(R-i-v H)7
2) the function F(t) belongs to C*(R,, H).

We proceed to the proof of Theorem [6.1]

Proof of Theorem[6.1. We rewrite Cauchy problem (6.1]), (6.2]) component-wise:

[ w) , v N
== ab (a0 + 305 [ G|+ 10 - Y MoA >0,
k=1 0 k=1
d&o(t 1 (9.6)
Slt) _ o),
BT _RMQuATol) + &t k=1,

v(0)],_g =1, &o(t)|—g = Adpo, &(t.T),_y =0, 7>0, k=1,...,N. (9.7)
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It was shown in paper [12] that solving last N equations of system (9.6]), we obtain the following
representations for the vector functions & (¢, 7):

Eult ) = /Rk(Tth—s)QkAév(s)ds, k=1, N

Taking into consideration initial conditions (9.5, by the second equation in system (9.6) we

obtain that
t

§o(t) :/Ao; (s )ds"‘AoSOo

0
We substitute the obtained expressions for &y(t), {x(t,7), K = 1,..., N, into the first equation
in system (9.6) and take into con31derat10n that by the assumptlons of Theorem [6.1] we have

either ¢ € Hs or o € Hy and hence Ag Yo € D(A ). Then we find:

t N +o0
1 i .
/ 4 +Z /Rk(TJrf—S)dT Qi QrAZ | v(s)ds € D(A?).
0 k=1 0

It was shown in paper [12] that v(t) € D(Ap). Opening the brackets in the first equation
in system after substituting the expressions &y(t), &(t,7), k = 1,..., N, and letting

v(t) == u/(t), u(4+0) = g, we obtain that &y(t) := Aéu(t) and hence,

N oo
—Ag fo(t)‘i‘ZQZ/fk(t,T)dT + f(t) ZMk )Arpo
k=1

—(A+B)u +Z/Rkt—s ) (arA + b B) u(s)ds + f(t).

k=17
Thus, letting v(t) := u/(t), u(4+0) = g, by the first equation in system (9.6) we obtain that
the vector function u(t) is a classical solution of problem (2.1, (2.2)):

d*u(t)
dt?

— —(A+B)u +Z/Rkt—s (apA + by B) u(s)ds + f(t),

k=17
u(+0) = o, u(l)(—l—O) = .

Moreover, the assumptions of Theorem [6.1] ensure that the assumptions of Theorem 6.5 in [22]
are satisfied for problem (6.1), (6.2) and then estimate (6.3)) is implied by formula (9.3 and

estimate (5.2). The proof of Theorem [6.1]is complete. O
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