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CONVERGENCE RATE OF ONE CLASS OF
DIFFERENTIATING SUMS

M.A. KOMAROV

Abstract. We consider a differentiation formula for functions analytic in the circle |z| < 1:
azf'(z) = nf(0) — > 1 f(Aez) + Rn(z). Here a # 0 is a real constant, n = 1,2,...,
while complex parameters A\, = A\, i(a), K = 1,...,n, are defined as the unique solution
of a discrete moment system for Newtonian power sums A" 4+ --- + A\! = —ma, m =
1,...,n. Under such choice of the parameters, the function R, (z) = R,(a, f; z), which is
the remainder in the formula, is of order O(z"*1) as z — 0. In this work we show that
for each fixed a > 0 and each n > 3« (o := max{a;1}) the domain of the applicability of
the formula contains the circle |z| < exp(—3y/v — 2v), v := a/(n + 1), the radius of which
tends to one as n — oo. We establish an exponential convergence rate of differentiating
sums to nf(0) — azf/(z) in the same circle. This result completes and extends essentially
previous results by V.I. Danchenko (2008) and P.V. Chunaev (2020), which, respectively
for the cases @ = —1 and —n < a < 0 established the convergence of the differentiating
formula but only in the domains contained in fixed compact subsets of the unit circle. The
proof of the main results of the paper is based essentially on an approach for constructing
a solution for the mentioned moment system; this approach differs essentially from that by
Danchenko and Chunaev.

Keywords: differentiation of analytic functions, differentiating sums, h-sums, convergence
rate.
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1. INTRODUCTION

Let .
h(z) = Z hpmz™
m=0

be a function analytic in the unit disk D = {z : |z| < 1}. V.I. Danchenko [I, Sect. 2.4] proposed
a formula for a numerical differentiation

(zh(2)) =D ph(unz) +en(2), i =iy (n=1,2,...), (1.1)
k=1
where complex numers i1, ..., i, are uniquely determined by the condition
en(2) =0(z") (2 —0).
Namely, since

0 = Y one) = 3 (= 3o !

=1
then py, ..., u, is a unique solution of system

ittt =m, m=1,...,n,

M.A. KoMAROV, CONVERGENCE RATE OF ONE CLASS OF DIFFERENTIATING SUMS.
© Komarov M.A. 2021.
Submitted September 2, 2020.

41


https://doi.org/10.13108/2021-13-4-41

42 M.A. KOMAROV

for Newtonian power sums. One of the ways of solving the system is based on applying Newton
recurrent formulae, see [I] for more details. It is important to note that the quantities py are
independent of the function h. The sums of form Y, _, puxh(u,z) are called h-sums.

Each analytic in D function

f(2) = fm?"
m=0

can be represented as f(z) = f(0) + zh(z) with a certain analytic in D function h and this is
why formula (1.1 is equivalent to the formula

2f'(2) = —nf0)+ ) flmz) +onl(2),  on(2) = O("). (12)
k=1
Recently P.V. Chunaev considered a generalization of formula [2, Sect. 3.3.5]:
, b - _ i .
k=1

by introducing an additional real parameter ¢ # 0. It is clear that (1.3) coincides with (1.2)) for
t = n and that both formulae are exact on polynomials of degree at most n. The quantities
fi; = fin(t) are determined by the system

~m —m mn
Iu/l_i_..._i_//l/n:T’ m:l,...,n.

In works [1], [2], the domains of applicability of differentiation formulae (1.2)), (1.3) were
established and the errors were estimated. For instance, it was shown in [2] that if

fml <1, m=0,1,2,...,
then for allt > 1
23/t |(2n + 1)z Vi
(Vi — @2n+1)2))" TR

A simple analysis of the proof shows that

a) this estimate holds true also for t < —1 if we replace ¢ by |¢| in it,

b) as |t| < n we can state more, for instance, as t = n, by Theorem 4(b) in [2] with rq = n,
7 =a =1 we obtain an estimate for error in formula (1.2)):

|3Z’n+l

(1=3z)* 3

Nevertheless, the domains of applicability of formulae (1.2), found in [1], [2] are essen-
tially less than the analyticity domain of the function f, which contains the unit circle. In
the present work, for each fixed t < 0, we construct a new estimate for the error in formula
(1.3), which can be applied in a circle of form |z| < r, where r = r(t,n) — 1 as n — oo. The
way of the proof differs substantially from the approaches in works [I], [2] and it can not be
generalized for the case ¢t > 0.

Other effective modifications of the method of differentiating h-sums different from (1.3)
were constructed by the author [3] and by V.I. Danchenko and P.V. Chunaev [4]. In the first
of these works the differentiating differences of h-sums was studied, while in the other the
differentiation was by amplitude-frequency sums y ,_, A\h(pgz). In [5] A.V. Fryantsev applied
the method of h-sums for approximating differential polynomials of certain form generalizing
the differentiation operator (zh(z))’.

|on(2)] <

|on(2)] < 2n 2] <
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2. REsuLTS
Letting a = —n/t, for t < 0 we write formula (1.3) as

azf'(z) =nf(0) = > fwz) + Bu(z), a>0, M\ =s(a), (2.1)
k=1
where
Ru(2) = Ru(a, f;2) = O(z"Y), 20,  Aa(a) = fins (_ﬁ) .
a
It is clear that A{, ..., \, is a unique solution of the system
AP+ + A" =—ma, m=1,...,n, (2.2)
while the error term in formula (2.1)) reads as
Roa,f;2) =Y (ma+Sn)fmz™  Sm=Sum(a):=> A
m=n+1 k=1

Theorem 2.1. Let a > 0, n > 3« and r = r,(«), where

3V a a+1
ra(a) = exp (_\/n—Jrl - 1) , o« =max{a;1}.

Then the solution A1, ..., A\, of system obeys the estimate

__ -1
Ay (a) = 1I£]?él|)\k| <r . (2.3)

Theorem will be proved in Section 3] We recall that according [2], the parameters in
formula (1.3) satisfy the estimate

- 2n + 1
max |fin k(t)| <

1<k<n n |t|

’ t # 07
which for ¢ :== —n/a yields the following estimate for the quantities A, (a):

An(a) < 2”%1 /lal.

We see that for each fixed a > 0 estimate (2.3)) is sharper in order of n since as n — oo, an
asymptotics holds:

3 3 1
P =l 1 2 g 2L

Vn Vi

Let us find the domain of applicability and an estimate for the remainder in formula (2.1)).

Theorem 2.2. Let a > 0, n > 3a and r = r,(«), where o = max{a;1}. Let |f,| < 1 for

allm>=n+1. Then
Eias

11—z
Proof. Tn view of (2.3) we have |S,,| <nr~™ (m >n+1) and

|Ru(a, f;72)] < (n+1) 2| < 1.

o0

3m+/a
|R,(a, f;r2)] < Z (mar™ +n)|z|", ma < VM LoVt < M,

m=n+1

and this completes the proof. O
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Remark 2.1. For each n > 3, the maximal value of a, under which the assumptions of
Theorem are satisfied is equal ton/3. According to , the corresponding value of quantity

A,, do not exceed
3v3+1
exp (%) +0(1) = 7.89, n— co.
However, it is easy to establish a sharper bound, see Remark[{.1] in Section [{.1:

Ap(2) < exp (@) — 1.42838... (n = 50). (2.4)

Corollary 2.1. If a function f is analytic in D and
f(2)l <1, 2] <1,
then for r = (4.4284)~! = 0.2258... the estimate

’zf’(Z)
3

_f(0)<17 |Z|<T‘
holds true.

Proof. Formula (2.1)) is exact for polynomials P of degree at most n, in particular, for a =n/3
we have an identity

w2 ;(Z) = nP(0) — z_: P(AL2),  Af = Aur().

As n > 50 we let f(z) = P,(2) + F,.(2), where P, is the nth Maclaurin polynomial of the
function f, P,(0) = f(0). By the identity and estimate (2.4]), in the disk |z| < r we have

/
‘ZP?)( 2 ’ ZP Niz) | < max|Pa(2),
=1 Ay (2) < (4.4284) +4.42839 < 1.
Therefore,
TE o <i+a, Fl<n
where

An;zmla%dF()|—|—m|ax)3F,’L(z)‘—>O as n — 00

due to the boundedness of the function f. Since n is arbitrary, we arrive at the needed state-
ment. The proof is complete. O

The identity in the estimate in Corollary [2.1]is attained at a constant function f(z) =1. A
maximal possible value of the radius r in this estimate can be obtained from a general theorem
by G.M. Goluzin [6] and it is equal to

17

T'max = T =0.4514....
Indeed, if we denote the coefficients of the function f by fy, fi,..., then
zf mz™
S T

Thus, inequality
2f'(2)
3

—f(O)] <1 Jdl<n
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is equivalent to

mz™

mzovmfm -

But according to Theorem 1 and formula (18) in [6], inequality (2.5 holds for all functions in
the class mentioned in Corollary 2.1]if and only if

<lvl=1,  m= 2| =7 (2.5)

Z’Ymgm = Z/ymCm on |§| =L
m=0 m=1
Summing up the series, we obtain:
w w
—1 2 = ) =T)
HETTREE ’3(1 —o|  (WimEG fel=7)
which is equivalent to the condition
’(w —1)% - %‘ >r (lw]=r).
The minimum of the left hand side in this inequality on the circumference |w| = r < 1 is
obviously attained as w := |w| = r and is equal to |(r — 1)*> —r/3| =: h(r). If r € (ry, 1), where

~ (0.5657,

e

_T-V13
=

then h(r) < 13/35 < r; and inequality h(r) > r hence fails. If r € (0,r;), then the expression
under the absolute value sign is positive and the inequality h(r) > r becomes

(T—1)2—§>T.

Choosing a maximal among its solutions lying in an admissible interval (0,7), we arrive at the
sought 7ax.

3. PROOF oF THEOREM 2.
3.1. Solution of system ([2.2)). We consider the function

1
9(2) :exp%, 2| <1, a€C, a#0,
and its Maclaurin series [7, Sect. 11.2]
- n o (n— 1\ d*
g(z) =) c2", Cn=cyla) =e (k B 1) 0
n=0 k=1
The roots of the nth Maclaurin polynomial
gn(z) = chzka gn(o) = 6%7
k=0
are non-zero; we denote them by z, = z,x(a), k = 1,...,n. It is obvious that
/ /
g (Z) - gn(z) _ O(z”) (Z N 0)
9(2)  gn(2)

On the other hand, in some neighbourhood of the point z = 0 we have:

g (2) _ a —a - .
g(z)  (1—-2)? Z
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and
g;(Z) - 1 - - —-m m—1
o Za T 2\&T
Therefore, for all n = 1,2, ... and each complex a # 0 we have

2"+ =—ma, m=1...,n.
Hence, a unique solution of system (22.2]) reads as

Mr(a) == (zop(a))™, k=1,... n. (3.1)

3.2. Estimate (2.3) in case a > 1. It is known [7, Sect. 11.2] that ¢,(a) = 2V (1+o() a5
n — oo (a > 0). We shall need an explicit estimate for quantities ¢,(a) from above and one
elementary inequality.

Lemma 3.1. Asa > 1, n > 3a, we have

cnla) < }le(g_ﬁ)(‘”l)e%eQm < eatle2van,

Lemma 3.2. Asb>1, x> 1, we have e ™ +e7= < 1.

The proofs of these two lemmata will be provided in Section [4]
By means of these lemmata, as n > 3a > 3, we establish the estimate

3va a+1
vn+1 n+1’

which in view of (3.1]) implies immediately (2.3)) for the case a > 1.
Indeed, |g(z)| > 1 in the circle D since

‘gn(Z)’ >0, |Z’ < Tn(@) = exn, Ty =

1 1— |2
Re LT3 _ @ L MY
2(1—2) 21—2Rez+ |z|?
In view of Lemma [3.1] in the circle |z| < e we have:
() 2 19(2)| = Y7 erlzl > 1=Tola), Tula):= Y ertle?okebon,
k=n+1 k=n-+1

We are going to show that T,,(a) < 1. As k > n + 1 we have

3va Va
a+1+2vVak + kz,, < 2Vak — k< — k,
vn+1 vn+1

and this is why

oo
Ak e~ a(n+1)
Ty < 30 (V) =
k=n+1 1—e vnil

__a
It remains to note that e~V < 1 — ¢"Va+T by Lemma .

Remark 3.1. The positivity of the parameter a is essential since in the case a < 0 the
absolute value |g(2)| is not separated from zero in D:

glz) ~ems =0 (>0, z—1-0).
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3.3. Estimate (2.3 in case 0 < a < 1. In view of (3.1) and a = 1 it is sufficient to
establish that |g,(2)| > 0 in the circle |z| < 7,(1), n > 3. But as a € (0,1) we have

_a “/n—1\d* " /n—1\1 1
cn(a)e 2 :Z(k—l)ﬁ<akz(k—l)gzae 2¢,(1), n=>1, (3.2)
=1

k=1
which yields
cn(a) < ae%lcn(l) < cn(1).

Therefore,
S @) < 3 D)D) < T(1) < 1
k=n+1 k=n+1

for each n > 3, see Section This completes the proof of Theorem [2.1]
We also mention that if a € (0, (n62+2*/ﬁ)71}, then

1

Ay (a) < (ane2+2‘/ﬁ); < 1L
Indeed, by Lemma [3.1] and the identities
Cl<]-) = \/E7 CQ(]-) = _\/E

we have
cn(a) < acy(1) < ae*™Vr n=1,2,..., 0<a<l,
which for each v > 1 yields

n
gn(2) = €2 = crlzlf > 1 —n- a2 <.
k=1

4. PROOFS OF LEMMATA

4.1. Proof of Lemma [3.1] It was shown in |7, Sect. 11.2] that the maximal term in the
sum expressing ¢,(a), see Section has the index

p= [%\/(a+1)2+4an—%(a+l) ;

here [z] is the greatest integer not exceeding x. Thus,
cn(a) < nez (n B 1)a—p =e2—n——.
p—1)pl pP(n —p)!

We note that under the assumptions of the lemma we have

n!pa?

(SIS

Indeed, if p = 0, then

Via+1)24+4an — (a+1) < 2,
and hence n < 1+ 2/a. This contradicts to the inequalities n > 3a > 3. Hence, p > 1. An

easily checked estimate
p<+Va —%(\/g—l)(a—i—l) <+an (4.2)
implies the second relation:

We then have

1 1 1
p>5\/(a—|—1)2+4an—§(a+1)—1>\/Cm—é(a+3)
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and therefore,
\/ﬁ<p+%(a+3). (4.3)
Transforming the right hand side in by means of the Stirling’s formula
n! = \/ﬁ(ne’l)ngn, 1 < éepi1 <&y < exp 1o,

we arrive at the estimate

cn(a) - Vnn"aPe? e (\/an)zp (1 L P )n_p
es 27p2P - \/n — p(n — p)" P 2m/1—Z \ p n—op '

We note that in view of the inequalities (4.2), (4.3)), a < n/3, we have

/ P 1 van a+3

By inequalities (1 +z)'/* < e (x > 0) and (4.2) this yields

3a 9
6a—i—3 +3—In 4e2p7

o €F
cn(a)<e2-z e’ =e2

where

3 3
a3 —Ind+2p <at3-Ind+2va —(V3=1)(a+1)

D 3

= <§ - \/§) (a+1)+ (5 — ln4> +2V/an
<a+1+2van.

The proof of Lemma is complete.

Remark 4.1. Let us justify estimate . In the circle

2l < ( 2 1)
zl<exp|——%=—=
p(-573

we have
oo o0
n\ .k <T = tr
cr(3)2"| < T, = e,
k=n-+1 k=n+1

where, owing to k = n+ 1> 50 and the previous estimate of the quantities c,(a) for a =n/3,

5 n-+3 3 2v/nk 2k k
P S Ind =k
’“(2@3*(2“)*«3 /3 3

5 2 (3 k(3
<(2-VB3)Z4(S-ma)-2(=-

-v3)5+(G-m)-5(-¥9)
=(0.62567... — k- 0.01735...) — k - 0.06

< —0.06k.

This gives the needed estimate:

T, < e 0060t (] _ o=006)=1 — o=3(1 _ =0:06)=1 — 98549 ... < 1.
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Proof of Lemma [3.2] Since F(z) := ¢ +¢e%* — 1 (z — +o00), it is sufficient to

show that F'(x) > 0 as x > 1.
We have F'(z) = —be™* 4+ br~2e7%*. The inequality F'(z) > 0 (x > 1) is equivalent to the
inequality b= 5 22 and therefore, to the inequality

G(z):==b(z —z7") —2Inz > 0.

But the latter is true since G(1) = 0 and in view of b > 1,

G'(z) = b(l + x_2) —2r ! > (1 — m_1)2 > 0.

The proof of Lemma [3.2]is complete.

6.

7.
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