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INVARIANT SUBSPACES IN HALF-PLANE

A.S. KRIVOSHEEV, O.A. KRIVOSHEEVA, A.I. RAFIKOV

Abstract. In this work we consider sequences of specified order p(r). We find necessary and
sufficient conditions guaranteeing that a sequence A? O A' consists a regularly distributed
set A with a prescribed angular density containing A'. These results cover a most part of
knonw results on constructions of regularly distributed sets.

We consider various applications of the results. On the base of them, we prove theorems
on splitting of entire functions of a specified order p(r). Moreover, we find an asymptotic
representation of an entire function with a measurable sequence of zeroes. This generalizes
a classical representation by B.Ya. Levin with a regularly distributed zero set to the case
of a function with a measurable zero set. This representation is based on the obtained
representation for a function, the zero set of which has a zero density. Its implication is the
strengthening of a known result by M.L. Cartwright on the type of a function with a zero
set having a zero density. Another corollary is the way for constructing entire functions of
exponential type with a prescribed indicator and the minimal possible zero density.

Keywords: sequence, specified order, angular density, splitting of functions, entire func-
tion, indicator.
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1. INTRODUCTION

In this work we study conditions ensuring the existence of a regularly distributed set [I,
Ch. I, Sect. 1], which is a part of a given sequence of complex numbers and contains a given
subsequence of this sequence.

On this base, we study problems on splitting entire functions and their asymptotic behavior.
The obtained results are apply to problems on completeness of systems of exponential mono-
mials in convex domains, representations of functions analytic on convex compact sets, and to
the problem of the fundamental principle for invariant subspaces of functions.

The problems on constructing regularly distributed sets (sets with angular density and regular
sets) were considered by many authors. We mention monographs [I, Ch. T, Sect. 4] and [2,
Ch. I, Sect. 1, Subset. 1, 2, 4], as well as works [3]-[8]. The obtained results were used for
constructing entire functions with a prescribed indicator, for studyig their asymptotic behavior,
the possibility of their splitting, the completeness of systems of exponentials, the representations
of functions by exponential series, see, for instance, [§], [9], etc.

The most general results related with constructing properly distributed sets of order one
were obtained in [8]. In the present work these results are extended to complex sequences of
an arbitrary refined order p(r).

In the second section we obtain a criterion ensuring that a sequence Ay contains a measurable
set A with prescribed angular density ar order p(r) containing a given subsequence A; of the
sequence Ay (Theorem 2.1). In Theorem 2.2 we provide conditions, under which a sequence
Ay D Al contains a regularly distributed set A with a given angular density at order p(r),
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which contains A!. These results involve the most part of the aforementioned results related
with construction of a regularly distributed set.

In Section 3 the obtained results are applied to the problem of splitting entire functions of
order p(r) (Theorems 3.1, 3.2, 3.3).

In the final section we study the asymptotic behavior of entire functions of order p(r) having
a zero set of zero density (Lemma 4.1). An implication of Lemma 4.1 is a strengthening of
a known results by M. Cartwright [10], [2 Ch. I, Sect. 1, Thm. 1.1.8] on a type of the
function having a zero density (Corollaries 4.1 and 4.2). Another implication of Lemma 4.1
is a way of constructing of entire functions p(r) with a prescribed indicator and the minimal
possible density, which is the zero densirty (Corollary 4.3). Finally, in Theorem 4.1, we obtain
an asymptotic representation of an entire function of order p(r) with a measurable sequence of
zeroes. It generalizes the classical representation by B.Ya. Levin of functions with a regularly
distributed zero set for the case of functions with a measurable zero set.

2. CONSTRUCTION OF REGULARLY DISTRIBUTED SETS

Let A = { )\, ni}32, be a sequence of different complex numbers A\;, and of their multiplicities
ng. We assume that |\g| is non-decreasing and |Ax| — oo, kK — co. We shall consider sequences
of refined order p(r) [I, Ch. I, Sect. 12]. We recall the main properties of p(r). A function
p(r), r > 0, obeying the conditions

lim p(r) = p >0, m rp'(r)lnr =0, (2.1)
r—00

li
7—00
is called a refined order. We have:
(0 = 0 (1) + 2 = 0 (gl () e+ ()
r
Thus, by (2.1, the function ?") increases on sufficiently large r. We let L(r) = r(M~=". The
function L(r) is slowly growing [I, Ch. I, Sect. 12, Lm. 5], that is,

. Lfer)
S

uniformly on each segment 0 < a < ¢ < b < oo. It follows from ([2.2)) that for each € > 0 and
all ¢ € [a, b] the inequality holds:

=1 (2.2)

(1 —&)cPr™ < (er)P) < (14 e)e’r”) 1 > R(e). (2.3)
An upper density of a sequence A (at order p(r)) is the quantity
n(r,A)

n(A, p(r)) = lim

r—oo  1P(r) ’

where n(r, A) is the number of points A\ (taken counting their multiplicities ny) in the circle
B(0,7) (of radius r centered at zero). We say that a sequence A has a density n(A, p(r))
(measurable) if there exists a limit

. n(r,A)
Tl;n; = n(A, p(r)) < oo.
Let a sequence Ay = {£,}52,, [&1| < [§2] < ---, consists of points A, k > 1, and each \; is
contained in A; exactly ny times. Then for each 7 > 1 by ([2.3) we have:
Er. p o n(7[§], A1) T (7—|§p|)p(7|£p‘) -
< “ATeb ) P T
Jm FEE S €, |D n(A, p(r) lim € ten S (A, p(r)-

Let » > 0. We choose a number p(r) such that [£,,)| <7 < |&pp)+1]- Then

— A — 1 —
TTRAGEP el GG Ralt P roe B
r—o0 TP(T) r—00 ygp(r)‘p(r) p—00 ygpyp(|§p|)
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Thus,
(A, p(r) = Tm —2— (2.4)

p—ro0 |5p|p(|fp|) '

If A has a density, in the same way we obtain:

n(A, p(r)) = lim P (2.5)

p—+00 |§p|P(|€p|) '
We let
— n(r,A) —n(rr,A)

~ = . n(r,A) —n(rr,A)
no(A, 7, p(r)) = rlg(r}o (L= 7o) no(A, 7, p(r)) = TIL_ISO (1 — 70)re()

A maximal and minimal densities A are respectively the quantities
no(A, p(r)) = lim no(A, 7, p(r)),  ng(A, p(r)) = lim ng(A, 7, p(r)).
Let A = { M\, ng}, A\ = mpe'?* and p(r) be a refined order. We let
N = e}, e = (re)/ e k> 1

Let us find various densities of a sequence A” at refined order p(r) = 1. By (2.4), (2.5) and
the definition of A? the identities hold:

a(A”, 1) = a(A, p(r),  n(A”,1) = n(A, p(r)). (2.6)
For all 7, a € (0,1) we have:
T n(r,A) —n(rr,A)  — n(r”(r), A?) — n((TT)”(’"), A?)
r—00 (1 — TP)TP(T) " rooo (1 — TP)TP(T)
o p(r) AU _ ppp(r) AV
< Tm n(r/" AY) — n(atPr/") A7)
r—00 (1 — TP)TP(T)
_1—ar? — n(t,A”) — n(ar?t, A?)
1= 7P tho (1 —arr)t
1—ar?_ p
=1 no(A, at’, 1).
This implies that 7ig(A, p(r)) < fp(A?,1). On the other hand,
_ A) — A _ p(r) AY) — —1opypp(r) A? 1 —a lsp
lim n(r, ) ’I”L(T?“, ) > 1 n(r ) ) n(a r ) ) _ a T ﬁO(A,Oé_ITp,l).
r—00 (1 — TP)TP(T’) r—00 (1 — TP)TP(T) 1—r7r
Therefore, nig(A, p(r)) > 7g(A?, 1). Hence,
Ro(A7,1) = Tig(A, p(r). (2.7
In the same way we obtain:
EO(Aﬁ’l) :QO(Aap(T))' (28)
If A is measurable, then by (2.6)—(2.8) and Lemma 2.1 in work []] we have:
(A, p(r)) = no(A, p(r)) = n(A, p(r)). (2.9)

We proceed to finer characteristics of the sequence A = {Ay,ni}. Let ¢, ¥ € [—27,2m),
1 — ¢ € (0,27]. We shall call such values of ¢, ¢ admissible. We let

D(p,9) = {A=te? 0 € (p,9),t >0}

By the symbol A(p, 1)) we denote a sequence formed by the pairs {Ay, n,} such that A\, €
(e, 1). A sequence A possesses an angular density [I, Ch. 1, Sect. 1] if for all admissible ¢, v,
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except for an at most countable set @, ,, the sequence A(yp, 1)) has a density n(A(p, ), p(r)).
The number ¢ satisfies p € @y ) \ {—27} if and only if

;g{)ﬁ(f\(cp —B,0+8),p(r)) > 0.

The number —27 belongs or does not belong to @, ,) simultaneously with ¢ = 0. It is easy
to see that a sequence possessing an angular density is measurable.

By the symbol ¥ we denote a class of non-decreasing on [—27, 27| functions w(p) with the
following properties: w(0) = 0, the function w is left-continuous, w(p) = w(p — 27) — w(—27),
¢ € [0,27). At most countable set of the discontinuity points of a monotone function w is
denoted by ®(w).

Let A possesses an angular density. It defines uniquely a function wy ,y € X by the law: for

@1, 2 € (=2m,0) \ Pa pir)s @ € (1,01 +2m) \ i ()
W) (1) = = lim (A1, 02), p(r), - wap)(0) = (A1, 0), (1)) + wa i) (01)-

More precisely, wy ,(-) is uniquely continued to a function in the class X, and the continuation is
independent on ;. It is easy to see that the sets ®, ,) and CID(wAW(,«)) coincide. The definition
of wy ¢y implies identity

TL(A(QO, ¢)> p(T’)) = WA,p(r) <w) - wA,p(r)(SD) (210)
for all admissible ¢, 1) € ®(wx (). At that,

n(A, p(r)) = wapm) (P +27) —wa i (p), @ € [-2m,0).
We shall say that a sequence A possesses an angular density w € ¥ if it possesses an angular
density and wp yr) = w.
Let Ay = {A}, ne}p2, and Ay = {A3,m;}32,. We shall say that A, is a subsequence A, and
denote this as A; C Ay if there exists a set of indices j(k), & > 1, such that )\,1C = /\?(k) and
ng < (k) k > 1.

Theorem 2.1. Let Ay C Ay, p(r) be a refined order and w € 3. The following statements
are equivalent:
1. For all admissible ¢, 1 € ®(w), the relations hold:

no(Aa(p,9), p(r)) Z w(¥) —wlp),  Mo(Ai(p, ), p(r)) < w(¥) — w(p).
2. There exists A with an angular density w such that Ay C A C A,.

Proof. We consider sequences (A1)? and (Ay)?. We have: (A;)? C (Ay)Y. By (2.7) and (2.8)),
for all admissible ¢, ¥ € ®(w) we have:

ﬁo((Al)ﬁ(gD, ¢)’ 1) = ﬁO(Al(% ¢)7 ,0(7")), EO((AQ)ﬂ(@v d))? 1) = QO((AQ)ﬂ(QO’ ¢)7 IO<T))

By Theorem 2.4 in work [§], the following statements are equivalent:
a) for all admissible ¢, 1) € ®(w) we have:

no((A2) (0,9),1) = w(®) —w(e), no((A1)"(@,9),1) < w(®) —w(p);

b) there exists Ay with an angular density w such that (A;)? C Ag C (Ag)Y.

Let A be a subsequence of A, such that A? = Ay. By for all admissible ¢, 1) € ®(w) the
identity holds: n(A(p, %), p(r)) = n(Ao(p, 1), 1). Thus, the equivalence of statements a) and
b) completes the proof. ]

Remark 2.1. In Theorem 2.4 in work [§] there was considered the case p(r) = 1. Theo-
rem extends the result of this theorem to the case of an arbitrary refined order p(r). Par-
ticular cases of Theore are Theorem 3 from work [4] and Pdlya theorem on an measurable
kernel and a measurable span [3].
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We recall that a sequence A = {\, ni} is called a regularly distributed set [3, Ch. 1, Sect.
1] at order p(r) — p if it possesses an angular density and in addition, for an integer p, the
Lindelof condition is satisfied, that is, for some number ¢ € C, there exists the limit

1
lim ,r,pfp(r) <C + _N(T; A7 P)) ) N(Tv AHO) = Z L.
P

r—00

If [A\g| =7, k> 1, then N(r, A, p) = 0.
Our next statement answers a question how to turn a given sequence with an angular sequence
into a regularly distributed set for an integer p.

Lemma 2.1. Let p(r) be a refined order, A = { A\, ny} possesses a density n(A, p(r)) =71 >0
and a > 1. Then the representation holds:

oy N (7‘2)9(7"2)
(ry)P— () Z DWE =71ln (r1 )7 + e(r,12), (2.11)

r1<| A |<ra

where ary =1y > 11 > 0 and £(r1,79) — 0, r1 — 00, uniformly in rs.

Remark 2.2. If the annulus 1 < |\ < ro contains no points A, then we assume that the
left hand side in this identity vanishes.

Proof. We consider a sequence Ay = {&,}, [&] < |&| < -+, consisting of the points A\;, k& > 1,
and each )\, appears A; exactly n; times. We suppose that n(r, A1) — 400, r — oco; otherwise
the statement of lemma becomes trivial. By our assumptions, A; has a density 7, that is, by

its definition and (2.5 the identities hold:

p
Eeien — 7 Hom), ) =0, p—oo,
P
”(7"7 Al) (212)
() =7+p6(r), Br)—0, r— o0

Let 7 = 0. Then in view of (2.3)) for all 7o > r; > 0, ro/r; < a, we obtain:

N 1 B 1
2 PP S (o) > m= Gyt (arss A) = (e, A)) = 0,y = oo,

r1<| A |<r2 r1<| g |<ari

Let 7 > 0. According Euler representation we have:

n

1
Z;zlnn—i—y—l—v(n), v(n) =0, n— oo, (2.13)

p=1
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where v is the Euler constant. In view of ([2.12]) this gives:

i B 1 B T+ (p)
2. T 2 EREN T 2 T

r1<| A, <r2 r1<|€pl<ra ri<|ép|<ra

n(rz,A1) 1 n(re,A1) 5(]))

:TZ‘+ZT

p:’n('rl,Al)—l-l p p:n(Tl,Al)—f—l

n(rz,A1)
n(ra, Ay) Z (p)

=7Iln ———= + 7(y(n(re, A1) — y(n(ry, Ay))) + —=
n(ry, Ay) (v(n(re, A1) —y(n(ri, Ay))) = »
P(TQ T+ r
:7-1 7"1 p(’f“l ( T+g ? ’Y(n(er?Al)) _’y(n(rlvAl)))
n(ra,A1)
5(2?) (rg)r(
+ Z =7ln W—F&‘o(h,rz).
p=n(r1,A1)+1

We fix € > 0. According (2.12) and (2.13) we choose an index py such that |0(p)]

|v(n)| < e, p, n = py. According (2.12)), we also choose r(¢) > 0 such that

7+ B(r2)

‘ln 7+ B(r1)

<&, n(r,M) =po, T >11>1(E).

Then

n(a’rl,Al)

leo(r1,re)| < 3eT+¢ Z

p=n(ri,A1)+1

plary)
<3et+¢eln (ar1)

()P

By ([2.3)) this yields that eq(ry, 7)) — 0, r1 — 0o, uniformly in ro:

ary = 1ro > 11 > 0.

D

ary =19 > 11 > 0.

By ([2.14]) we find:
i (19)P(r2) T
b(ry) Z < 7ln ——— +¢o(r1,72) < () Z —,

r1<| g |<re |/\k|p <T1>p(rl) |/\k|p

Tlg‘)\k|<7‘2
where

b(ry) = min """ ¢(ry) = max rP°0)
T1STST2 T1STST2

It follows from (2.2) that

(1= £o(r) ()" ™) < b{ry) < (1) < (1 -+ 20(r)) ()P,

(2.14)

< g,

(2.15)

(2.16)

where g¢(r1) — 0, 71 — 00. According ([2.3)), the central part in inequalities ([2.14]) is bounded
]

as r; — oo. Thus, by (2.14)—(2.16)) we obtain (2.11)). The proof is complete.

Let A = {\g,ni}, Ay = {&,,m,} and Ay = {q;,[;}. We shall write A = Ay U Ay if for each
k > 1 there exists p > 1 such that A\, =, or there exists j > 1 such that A\; = ¢;. At that

— if there exists p > 1 such that A\, = &, and A, # ¢; for each j > 1, then ng = my;
— if there exists j > 1 such that A\; = ¢; and A\, # &, for each p > 1, then ny, = [;;
— if there exist p, j > 1 such that A\, = &, = ¢;, then n, = m, + ;.
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Lemma 2.2. Let p(r) be a refined order, p(r) — p be an integer number, A = {\.,n;}
possess an angular density n(A(p, ), p(r)) and

2

/ e dw,, ., (p) = 1= |ule™.
0

Then for each a > 1 and ary > ro > r1 > 0 the representation

(7«2)/3(7“2)

(r)70D +e(ry,re), e(ry,re) =0, 11— o0,
1

(r1))? " (N(rg, A, p) — N(ri, A, p)) = filn

holds, where 11 denotes the complex conjugation.

Proof. First we consider the case p = 0. We fix ¢ > 0 and choose § > 0 such that

|67Lp<p . eipG’ <

£
e — . 2.1
n& plrpma’ 0O 240

We choose numbers

Ys € q)(wA,p(r))a s=1p, 1€ (_27T70)a pr<---<Pp <Y1 + 27 = Pp+1,
such that
Pst1 — Ps < 9, s= m (218)

By (2.3) and in view of the definition of the integral we can assume that for all ary > ry > 1 >
r(e) the inequality holds:

2
(Tg)p(T2) p » y
n ()70 E PP (W () (Ps11) — Wiy (90s) — [ € PPdw,, . (0)| <e. (2.19)
s=1 ,

Let A\p = |Ae|e™*, ¥y € (o1, 01 + 2], k > 1. Then by (2.18) and (2.17) we have:

N N g N
2 ((W Mk‘pe%) S dn(Ap(r))plna 2 el

(VkE(psspst1]mi<|Ag[<ra (Yr€(ps,pst1]m1 <Ak |<re

By (2.3)), for all ro € (r1, ari] we have:

1‘ (7’2)/)(7"2) . (arl)p(arl)
1m

r1—+00 (T1>p(r1) = Tll—r>noo (rl)P(Tl)

This is why by (2.11]) and (2.9)) we obtain:

P
p—p(r1) e Tk
72 S (o)
s=1 | (Yr€(ws,ps+1],r1<| AR |<r2
(nyr e
< DS o
p
n(A’ p(?“))plna s=1 (P €(s,pst1],r1<|AR|<r2 ’)\k‘

— (Tl)p—p(ﬁ) ng
—€4n(A,p<T>>plna Z |)\k|p —5+€0(7’1,T2),

= a”.

r1<|Ag|<r2
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where ar; > 1y > 11 > 0, 9(r1,79) — 0, 11 = 00. Now it follows from - and . ) that

p _
nk(ﬁ)p p(r1) Cipos (rQ)p(Tz)
> > e ¢ I e e () = g (04)

’)\k‘pe%pws
s=1 \ (Yp€(@s,pst1],r1<|Ap|<r2

p —
nk(rl)p p(r1) (/)"2)9(7‘2)
<2 2 Dalr e et (o) = Wi (9))

s=1 | (Yp€(ws,pst+1],r1<IAg|<r2

E s(r1,m) = 0, ary =1y >1r — 0.
—1

Since p = 0, by (2.19)) and - we hence get:
(rl)p p(r1) IN(ro, A, p) — N(r1, A, p)| < 4de,  ary =19 > 11 > 19(e).

This completes the proof in the case p = 0.

Assume now that g # 0. We let Ay = {b,e’™+™/P 1} where b, > 0, b5 = n/|u| and
Ay = A UA. The sequence A, is located on the ray {\ = te’™*+™/? ¢ > 0} and has the density
n(Aq, p(r)) = ||, while Ay possesses an angular density wa, o) = Wa p(r) + Wa, p(r)- 1t is easy

to see that
27 27 27

/ P dwpy p(r) () = / PP dwp o) () + / ePPdw, piry (@) = pu + e = 0.
0 0 0

According to the above proven facts,
(Tl)pfp(h)(N('f’zaA27/)) — N(r1,Ag,p)) = B(ri,m2) = 0, ary = ry > 11 — 0.
By (2.11))

—p(r1 —p(Tr1 1
(r1)? (N (rg, Ay, p) = N(r, Ay, p) =(r)P 0 > (GInNn

T1<|/\k‘<1”2
i o(r 1 i r p(”n2)
=€ Zw(rl)p pirs) Z =—¢€ w|#|ln< 2 +51(7’1,7“2)
< (bn>p (7"1)
T1<| AR |<r2
where B1(r1,72) — 0, ary > 19 > r; — 0o. Tnus, in view of the definition Ay, we get the desired
identity. The proof is complete. ]

We shall say that A is a sequence of general form with respect to p if there exist —7 < 1 <
Y9 < 3 < 7 such that the angles between the vectors e"”%' and e'¥2, €'’¥? and e"%3, '3 and
e'P?t are strictly less than 7 and at that,

ny(AMew — .00 +),p(r) >0, =123, ¢e(0,7/2). (2.21)
We observe that the function, depending on ¢, in the left hand side of this inequality is non-
decreasing. This is why it is sufficient to ensure the inequality on some sequence ¢ = v, , — 0.

Lemma 2.3. Let p(r) be a refined order, p(r) — p be an integer number, a > 1, A = { A, ny}
and 7,, be complex numbers such that

(a™)P=P@™)n 0, m — oo. (2.22)

Let A = {\g,ng} be a sequence of general form with respect to p. Then there exist A € C and
a sequence Ao C A such that n(Ao, p(r)) =0 and

l
(@) A+ A = N(@ 80,0)) =0, 1= oo, (223)
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If, in addition, p(r) = p, then there exists Ag C A such that n(Ag, p(r)) =0 and
!
Z Ym — N(a™ Ao, p) = 0, [ — oco. (2.24)

Proof. As in the proof of Lemma , we consider a sequence Ay = {,} constructed by A.
Let ©1, @2, (o3 be the numbers involved in the definition of the sequence of general form and
—m < 1)y < ¥y < 13 < 7 be such that the vectors e#?1, e#?2 ¢ coincide with the vectors
eirvr g2 ir¥s possibly in another order. We let

Yo =47 min{m — (o — 1); 7 — (b3 — ha); ™ — (b1 + 27 — 3) }.
We have: 1y € (0,7/4). We mention an important property of the numbers g, ¥y, 19, ¥3.
For each straight line passing through the origin and for each of two half-planes created by this
straight line, there exists u = 1,2, 3 such that the angle I';, = I'(¢,, — 20, ¢, + 2¢) is located
in this half-plane.
Let Avm = {& )0 mH) " be the set of all elements of A; in the annulus

K(m)={&:a™ <[] <a™}, m>1

Some of these sets can be empty. We consider a sunsequence Ay = {&,(m.j) 3{m),c0

i=1m—1 Of sequence
Ay such that &) € A, j =1,7(m), m = 1. For some indices m the set {fp(m,j)};(:”;) can
turn out to be empty; in such case we j(m) = 0.

We let 3, € C, m > 1 and

J(0)=0, 7(0)=0, 7u(0) = (a™)*~") (Z;@miﬁif,?i(:f??wm), m 2 1,

(2.25)

m (a™)

Y (J) Z j=1,j(m).

ms)

s=1
Let F,u,O = F(wu - ¢0,¢u + wO)a H = 172737 H(SO) = {5 € C : Re(gei@)} > 07 @(m,j) be the
argument of the number ~,,(j) and p(m, j) be an index such that I, ;) C H(p(m, j)).
For each m > 1 we choose a set {,(m,) } 1) such that

1) For each j = 1, j(m) the number &, ; is an arbitrary element in the set Ay, \ {&p(n.s) 21

such that (&))" € Lpugm.j).0-
2) j(m) is a minimal non-negative integer number for which either

. 1
|ym (4 (m))] < (@@ sy

or the set Ay, \ {fp(m,j)};:(:”{) contains no elements &, such that (&,)” € I'yim,j(m)).0-
Thus, the subsequence A is well-defined. We are going to find an upper bound for the indices

j(m) > 0.
First of all let us prove the inequality

|7m(j)| < |'7m(j - 1)| -

According to (2.25)) we have

Ym(j) = (i — 1) —

(2.26)

sin wo

m, J= 1,j(m). (2-27)

Then by the cosine theorem

. ‘ (am)Qp—Qp(a’”)
V()P = |G — 1) +

|Epm. [

. (am)p—p(am)
= 2|Vm(j — D|7—-—cosq,
|Ep(m.i)|?
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where « is one of two angles between the vectors 7m(j — 1) and (§p(m,j))*, which does not
exceed /2 — 1o; it exists because (Epm,j))” € T'pm,j)0)- Since

cosa > cos(m/2 — 1&0)—8111%7

Epim.j) € K(m) and by 2) and (2.26)

o i(m — 1))] > !

(@) sin g

we thus have:
_ _ . (am)p—p(am) ' (am)2p—2p(am)
(G = DI = [y = 2l — 1) sin gy — ~—————
|Ep(m.i)|? |Ep(m.) [

m\p—p(a™) m\p—p(a™)
= bl = DI (2 - )

|£p(m,j)|p |£p(m,j)|p|'7m(] - 1)|
. (am)p—ram) . , sin
2 |[Ym(j — 1) Gl (2sinthy — sintbg) = [ym(j — 1)|m-

In particular, |y, (7 — 1)| > |vm(4)]. Therefore,
2 7m (7 = DI (G = DI = I () Z(vm G = DI+ 1y (DD (e (G = DI = [ (1))

. Sin’l/JO
2 Ym(d — 1)’m-

This yields inequality (2.27). Applying it j(m) times, we find:

. j(m)sin g
0< |/7m(.](m))| < |'Ym<0)| - m, m = 1. (228)
For j(m) = 0 the inequality is trivial. This is why
‘ Q(Qm)p(am)ap
< ———|"(0)], > 1. 2.29
jm) < 2,0 m (229)

Let Ay be a subsequence of A, which corresponds to the subsequence Ay C A;. Then

j(m)
1
N(aaAO)p> :O) E (f ),0 :N<am+17A07p)_N(amuA())p)) m> 1.
o—1 p(m,s)

Let us prove . By (2.25 - we have:

(5 (1)) Z(al)pfp(al) <% S + B+ N(a™, Ao, p) — N(al,Ao,/ﬁ)

(al=1)r— plal=1

)
_(al)pfp(al) - 2( ( )) + B+ B+ N(al“ A )_ N(alfl A )
= —(al 2)p=p(al=?) 1—1 ! s 130, P » 0, P (2.30)

=... pp(a (Zﬁm_ l+17 ,p)>.
Let v € (1,a) and ¢o = o/p. According to (2.21), there exists 8 > 0 such that

a’ -1
1o (A — @0, pu + w0)) = 3pc, c=a’ <7 — 1) , pn=1,23.

Then by (2.8))
1o(A” (0 = @0, 0 + 90),1) = 38, p=1,2,3.
By Lemma 2.1 in work [§],

QO<A19(Q0“ — Yo, QD,LL + SOO)) T, 1) 2 EO(A’&(SO# — Yo, QO,UI + @0)7 ]-)7 T E (07 ]-)
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Therefore,
QO(A19<§0M—Q00,Q0“+900>,T,1) 2 3ﬁc7 TC <071>7 n= 17273'
According to the definition of the quantity ny(A, 7, p(r)), we choose r(7) such that

n(r, A (@ — 0, o + @0)) — 11, A (0 = 00, o + $0)) = 2r(L = 7)Be, = r(7).
Then in view of we get:
n(@"™ ™ A — 0, 0 + o)) — n(a™, Al — o, P + o))
=n((@™ )" A (0 — g0, @ + ©0)) — (@™ A (0 — po, P + ©0))
>n((a™ ™) A (0 — o, ou + 0)) — n(va~? (@™ A (0 — o, 04 + 0))

P
>9(qm )P (1 _ lp) Be » 2L (amyrla™ ( v > Be = 2a°8(a™)P@,  m = my.
a vy

1— L
ar
In view of (2.26)), (2.28) and 1), 2) we hence obtain:

. 1 .
)] € e 0] = Bt bz (231)
By (2.22)) we can suppose that
(am 2 [ sin 1y
m\p—p(a™)

(a’ ) |’Vm| + (am_1>p(am—1) Sini/}o < 9 ) m > myo. (232)

Moreover, by (2.2) we can also suppose that

m)p—p(a™)
(a™) <2, m>m. (2.33)

(am—1>p—p(am71) =

We let 5, =0, m < mq, B = Ym, m = mg and

mo—1

A=— Z V-
m=1

Then by construction the sets {fp(mjj)};:(:"f), m < my, are empty. This is why N (amg, Ag, p) = 0.

Therefore, according to (2.30) we have:
!
(1)) = (ah)r—P@) (A + > Ym — N(a" Ay, p)) , 1= my. (2.34)
m=1
By (2.25)
Yo (0) = (@) =Py,
By (2.32)) and ([2.31]) we then obtain:

Frna o)) < ¢ !

amo)P(a™) sin ¢y’

ASSllHle that
m ] < l —_ 1 > >

In view of (2.25)), (2.32) and ([2.33]) we find:

_o(al
| <o>|<M| (1= )] + (@)~ D]y <
n X (a/l—l)p—p(alfl) Yi—1\J BUEES

Then, by (2:31),

ﬁ sin ’QDO
5 .

1

OIS G sim g
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Together with ([2.34]) this leads us to (2.23)).
We proceed to proving ([2.24]). We let 5,, = v, m = 1. If p(r) = p, then by (2.30))

N(G@) = 9m — N(@ Ao, p). (2.35)

Assume that |7y,,(p(m))| > ((a™)?sint)y)~" for all m > mg. Then in view (2.31)), (2.25) and
(2.32) we obtain:

()] <[n(0)] = Bsinvyo < |y-1(G (1 — 1))| + || — Bsinhy
<= 1) = 27" Bsintbg < -+ < Yo ((m0))| — 27 (1 — my) 3 sin .

For sufficiently large [ the right hand side becomes negative and this is a contradiction. Thus,
there exists m > mg such that |v,,(7(m))| = ((a™)?sinvy) L. Then by (2.32) we get:

Y41 (0)] = Bsingho < [y (3 (m)] + [ymsa| = Bsingyy < 0.

Therefore, in view of we have: [ym41(j(m 4 1)) < ((@™*1)?sinehg) ", This implies that
v ()] < ((a')Psinepg)~t, 1= m. Then by we get (2.24).

It remains to show that n(Ag, p(r)) = 0. Since |y(j(l))|] — 0, [ — oo, then according to
(2.29), (2.25)), (2.33) and (2.22)) we have:

Hm) 2O @ i (m = )] | (@) )
2(am)e@™) = gingyy - (am—1)p—pla™Th) sin 1o sin ¢

— 0,

as m — oo. We fix ¢ > 0. Then there exists an index m(e) such that
j(m) < e(@™)?@™, m > m(e). We can assume that r*") increases as r > (a™)r@™)

and by (22.3) the inequality holds:
(am)p(am)

(am+1)p(am+1) <S¢ mz m(e), (236)

where ¢ € (0,1). Let r > (a™©)?@™) and let an index m(r) be chosen so that
(am(r))p(am(”) <r< (am(r)ﬂ)p(am(”“)
Then in view of we obtain:
n(r, Ao) _n(am(s),Ao) n(a™M* Ag) — n(a™E), Ag)

TP(T) o fr‘P(T) fr‘P(T)
n(a™, Ay)  ((m(e) + -+ j(m(r)))
ST 0 (@@ )p(am ()

n(am(6)7 AO) (am(e))p(am(s)) 4t (&m(r))p(am(r)))

ST TE (@)@
m(e) A
n a/ U mir)—mle m(r)—mie)—
\%Jﬁg(q() @) 4 gni-me=1 4 1)

This implies that 7(Ag, p(r)) < /(1 — ). Since € > 0 is arbitrary, this completes the proof of
the lemma. O

Let A; C As. Then Ay \ Ay is a subsequence such that Ay = A U (Ag \ Aq).
By the symbol ¥, we denote a subclass of all functions w € X such that

2m
/ e dw(p) = 0.
0
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Theorem 2.2. Let p(r) be a refined order, p(r) — p be an integer number, w € ¥, and
Ay C Ay such that for all admissible o, ¥ ¢ ®(w) the inequalities hold:

no(Aa(p, 1), p(r)) Z w(W) —w(p), no(Ai(p,¥), p(r)) < w(¥) — w(ep).

Assume that for some —m < 1 < @9 < 3 < T such that the angles between the vectors €%
and €2 e'P?2 and €3 e'P?3 and e’ are strictly less than m, at least one of the following
two conditions holds:

o(A2(wp — 0,0+ ¢), p(1) > wWlpu + ) —wlp, — »), (2.37)
o(A1(p — 0,0+ 9),p(r) <wlpu + ) —wlp, — »), (2.38)

where p € (0,7/2)\ ®(w), = 1,2,3. Then there exists a reqularly distributed sequence A with
an angular density w such that Ay C A C Ay. If in addition p(r) = p, then N(r,A,p) — 0,
r — 400.

S [S

Proof. By Theorem there exists a sequence A3 with an angular density w such that A; C
A3 C Ay. Assume first that (2.37)) holds and Ay = Ay \ A3. Then by (2.9) and ({2.10]),
no(Aa(pu — .00+ ©), (1) Zn0(A2(pu — .00 + @), p(r)) — n(As(pu — .00 + @), p(1))
>W(pu + @) —wlpp — @) = (Wlpn +¢) —wlon =) =0,

¢ € (0,7/22) \ ®(w), p = 1,2,3. This implies that A4 be a sequence of general form with
respect to p. We let

"= _N(22aA3>p)> Ym = _(N(2m+1aA3ap) - N(2m7A37P))7 m 2 2.

Since w € X, then by Lemma we have: (27)?=?™)y, — 0, m — co. Then by Lemma
there exists a sequence of zero density Ag C A4 such that (2.23]) holds and under the additional

condition p(r) = p convergence (2.24)) holds. By ([2.23)) and the definition of ~,, we get:
I

(a')P (A= N(2%, Az, p)— D (N(2™, A3, p) — N(2™, As, p)) — N(a'*, Ag, p))

m=2
—(a)~ DY (A= N(d*' A, p)) =0, [— oo

where A = Ay U A3. The sequence A, as Az, has an angular density w € X,. At that,
the embeddings hold: A; € A C A,. Let » > 0 and an index [(r) be chosen by condition
21(r) < r < 2!+ Then in view of the above facts and (2.2), by Lemma 2.3 we obtain:

P00 (A= N(r, A, p)) =120 (A = N(a"*, A, p))
PO (@A) — NrAup)) 0, 7 +oc.

Thus, the sequence A is a regularly distributed set. Under the condition p(r) = p, by (2.24]) we
also obtain:N(r, A, p) — 0, r — 400.

Let hold and A5 = A3 \ Ay. Then, by and ,
19 (As (0 = @, 00+ @), p(r) Zn(As(p, — @, 0+ @), p(r))
— Mo(Ai(pu — 0 0u +0),p(1)) Z wlpn + @) — w(en — )
— 7o (Ao — @, 00 + ), p(r)) > 0,
p € (0,7/2)\ ®(w), p=1,2,3. Thus, Ajs is a sequence of general form. We let
1= N(2%,A3), Am=N2™ Ag) — N(2™, A3), m > 2.
Then, as above, we find a sequence of zero density Ag C Aj such that A = A3\ Ay is a regularly

distributed set. At that, the embeddings A' C A C A? hold. If p(r) = p, then N(r, A, p) — 0,
r — 400. The proof is complete. O
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We consider some corollaries of Theorem 2.2l Let
Az oy = { s 1}, Ao = | A €78 |/\n7m|”("\"’m|)ew"”" =n+im, n,m e 7.
In the case p(r) = 1 we have
Az oy = Azy = {n+im, 1}, n,mecZ.
The following statement holds [I, Ch. I, Sect. 1, Thm. 3|, [2, Ch. I, Sect. 3, Subsect. 1].
Corollary 2.1. Let p(r) — p be a refined order and w € X,. There exists a regularly

distributed set A C Az oy with an angular density w. If in addition p(r) = p is an integer
number, then N(r,A,p) — 0, r — +00.

Proof. 1t is easy to see that for all admissible ¢, ¢ the identity ny(Az(g, 1), 1) = +oo holds.
By the definition of Az ) we have: (Az,))” = Az;. This is why, according to , we
obtain: ny(Az,u)) (@, ¥), p(r)) = +o00. If p is not integer, then the needed sequence A C Az
exists owing to Theorem in which we let Ay = 0 and Ay = Az (). In the case when p is
a natural number, such sequence exists due to Theorem 2.2 The proof is complete. O

We shall say that w € X is a function of general form with respect to p if there exist
—m < 1 < Yo < 3 < m such that the angles between the vectors €' and e"%2, e"¥¥? and
e3¢ and e¥! are stricly less than 7 and

wipp+¢) —wlp,—9) >0, p=123 ¢e(0,1/2).

If A possesses an angular density w € 3, then it is easy to see that A is a sequence of general
form with respect to p if and only if w = wy () is a function of general form with respect to p.
Theorems [2.1] and [2.2] also imply the following statement.

Corollary 2.2. Let p(r) — p be a refined order, w € ¥, be a function of general form with
respect to p and A such that for all admissible o, ¥ ¢ ®(w) the identity

no(A2(p,0), p(1)) 2 w(¥)) —w(yp)

holds. Then there exists a reqularly distributed set A C Ay with an angular density w. If in
addition p(r) = p is an integer number, then N(r,A\,p) — 0, r — +o0.

The next statement covers the main result of work [5] as a particular case.
Corollary 2.3. Let p(r) — p be a refined order, w € ¥, and Ay be such that for all admissible
©, 1 ¢ ®(w) the identity
Mo(A1(, ¥), p(r)) S w(¥) — w(e)

holds. Then there exists a reqularly distributed set A with an angular density w such that
A C A C AN UAgpwy. If in addition p(r) = p is an integer number, then N(r, A, p) — 0,
r — 400.

Let us adduce an example showing that conditions ([2.37), (2.38) in Theorem [2.2] are essential.
Let Ay = A~ UA™, where
A = {_\3,/]—9}2;%:037 AT = {/\k,u};g:izp Aoy = gk,uei((Qﬂ(u_l))/?))’ Regy, > 0,
In s(k, 1) + i(— 1))
1+ 1In?s(k, p)

where o(k, ) takes value 0 or 1, which will be determined later. We are going to show that A
possesses an angular density at order p(r) = 3. We have:
1 1 Ins(k, p) — i(—1)7k 1 o (=1)etkn) (2.39)
= = = —1 : .
()\k,,u)3 (96,#)3 S<k7:u) lns(kalu’) S(kalu) S(kaljl) lns(kau)

(k) = sk, ) In s(k, 1) . s(kop) =3k +p—1,
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By straightforward calculations for all ¢ € (0,7/3) we get:

n<A_(7T - YT = 90)73) = lim L - ]-7

TR
n(A+ (QW(“_l)—so,%(“_l)—so),?)) L S LA )

3 3 o0 P koo s(k, ) 3

n(AJr <:|:g—g0,:|:g—<p),3> = 0.

Thus, the sequence A, has an angular density. The function wa, 3 is piece-wise constant. It
is left continuous and has jumps at the points ¢o = 7 and ¢, = 27(p —1))/3, p=1,2,3. At
the first point its jump is equal to 2, while at other three points it is equal to 1/3. This is why

21
/61350de273<€0> — €l3ﬂ' 4 g(ezoﬂ 4 ez27r + e1471') — 0’
0

that is, wa, 3 € X3. If wy, 3 would have been a function of general form with respec to p = 3,
then according to Corollary 2.1 the sequence Ay had contained a regularly distributed set with
an angular density w = wy, 3. However, e®¥° = —1 and e”®#+ =1, u = 1,2, 3. Therefore, wx, 3
is not a function of general form with respect to p = 3. We are going to show that the sequence
Ay does not contain a regularly distributed set with an angular density w = wy, 3. According
to (2.39), we have:

N(r,A™,3) 4+ N(r,A",3) Z ¢ —'( 17 k>
k> €k = Elnk , D, /3

p<r3 /1€ <r?

Hence, by (2.13) we get:
ReN(r,Ag,3)[ = )

r3<k<a(r)rd

<lna(r)+ p(r) =0, r— +oo,

| =

where a(r) — 1, r — +00. We choose numbers o(k) so that
lim |N(r, Ay, 3)| <, m |[ReN (r, Ag, 3)| + @ IImN (r, Ag, 3)|
T—+00

r—-+00

2.40
= lim |[ImN(r, Ay, 3)| < +oo. (2:40)
r—+00
First of we all we observe that by ([2.13] - the relations hold:
In2 4+ fy(m) 1 1 1
L e S/ — <
(m+1) 2m<kz<2m+1 k(m +1) 2m<kz<2m+1 k(m+1)kInk
h - 241
1 1 In2+ Bo(m) (241)
<Yl A
k(m+1) km m

om <k<2'm+l

where fy(m) — 0, m — oo. This is why there exist m(l), [ > 1, such that for o(k) = 0,
1<k <2m) om@=1) <k < 2mC) and g(k) = 1, 2™ < k < 2+ [ > 1, the inequalities
hold:

(-1 (-1
< — <4, < ——— <1 (=21
k Z klnk 0 Z klnk

2m(1)<k<2m(2l)) 2m(1)<k<2m(2l))

This implies (2.40) and

(1w 1
— = = 2. .
Z klnk Z lflnk;/2 (242)

2m(1)<k<2m(2l)) 2m(1)<k<2m(21))
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Let A C A, be a sequence with an angular density w = wy, 3. Then A; = Ay \ A has a zero
density n(Aq,3). This is why for each € > 0 there exists mq(¢) such that

(g1, A1) — n(rm, A1) < 2™, m = mo(e), rm= /| Mepl, sk,p)=2", m=>=1

Therefore,

1
|Im(N(Tm+17A173) _N<Tm7A173))| < Z

klnk
2mk<2mtl
1
< (mets M) = 0, ) < o ).

Since A = Ay \ Ay, in view of (2.41)), for a sufficiently small € > 0 this yields:

In2+ fy(m) e _ In2+ fo(m)
— > > = .
Im(N(rme1, A, 3) = N(rm, A, 3)) > (m+ 1) e - , m=my(e)

Then, by (2.41)) and ([2.42]),
Im<N(rm(2l+1)7 Aa 3) - N(Tm(Ql)a A7 3)) > 1, m(2l) = my (5)

This means that the limit lim N(r, A,3) does not exists. Thus, there exists no regularly
r—>00

distributed set A C A? with an angular density w = wy, 3.

3. SPLITTING OF ENTIRE FUNCTIONS

Regularly distributed sets are closely related with the functions of regular growth. Let
p(r) — p be a refined order and f be an entire function of order at most p(r), that is, there
exist A > 0 and B > 0 such that

In|f(z)] < A+ Blz)/l?)  xecC.

By the symbol Ay = { A\, n;} we denote a sequence of all zeroes of the function f and of their
multiplicities; this is the zero set of the function f. A representation holds [I, Ch. I, Thm. 13]:

o] p ng 0 ~ Nk
f(Z) = aneP(z) H [G (Tk,)>] ,)\1 = 0, f(Z) = eP(z) H |:G <)\—k,p)] ,)\1 % 0, (31)
k=2 k=1
w? wP
Glu) = (1= wjesp (w G o+ D), G0 = (1)
where 0 < p < p and P is a polynomial of degree at most p. For an integer p we have: p = p
and

P(z) =ap+ a1z + -+ a,2”.

An upper indicator of f (or simply indicator) is a function

_In|f(re®)]
Hy(p) = lim ——5—, ¢ € [0,27].
The indicator Hy is trigonometrically convex function with respect to p [T, Ch. I, Sects. 16,
18]. In particular, H; is a continuous function.

A function f has a regular growth [1l, Ch. I if

o) = tm O

t—00,t¢E rP(r) P [0’27T]’

where E' is a set of a zero relative measure on the ray (0, +00), that is, the Lebesgue measure
of each its intersection with the interval (0,r) is infinitesimal with respect to r as r — +oo.
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A function f has a regular growth if and only if Ay is a regularly distributed set [I, Ch. I,
Thm. 4], that is, in the case of a non-integer p the sequence A; has an angular density, while
for an integer p, in addition, the limit

1
v(Ay) = lim rP=(") (ap + ;N(r, Af,p))

r—00

exists. We note that the constant in the brackets coincides with the coefficient at the leading
power in the polynomial P. We recall [T, Ch. T, Sect. 1] that R € C is called a C-set if it can
be covered by circles B(z;,r;), j > 1, such that

o1
lim — g r; = 0.
r—00 /r
|Zj‘<’l”

The regular growth of f is equivalent also to the representation [1, Ch. I, Thms. 1, 2|, [2,
Ch. I, Thm. 1.2.5]:

In|f(2)] = "MW H (@) +a(z), z=re¥eC, lim a(z) =0, (3.2)
r—00,2¢1f re(r)

where I; is some C%-set. At that, the angular density satisfies wy ;o) € 2, and the identity
holds:

.
Hi(e) = 7 [ cosple =0 = m)dun, i 0) (33
o2
if p is non-integer and
.
Hy(o) = rrcospl = os) = [ (o= O)sinplie = O)dan, i 0), 3.4)
o—2m

where e = v(Ay), if p is integer.

Theorem 3.1. Let p(r) — p be a refined order, p is a non-integer number, g is an entire
function of order p(r) and w € ¥. Assume that for all admissible p, 1 ¢ ®(w) the inequality

no(Ag(p, 1), p(r)) 2 w(¥) — w(ep)

holds.

Then g = f1fa, where fi1, fo are entire functions of order p(r) and the following statement
are true:

1) Ay, has an angular density w;

2) f1 has a regular growth;
3) Hy = Hyp, + Hy,, and Hy, is defined by formula , wn which we let f = fi.

Proof. By Theorem there exists a regularly distributed set A; C A, with an angular density
Wa,pr) = w. Let Ay = {Ag,ni} and f; be a canonical function of the set A;. It is defined by
the formula (3.1)), where P(z) = 0 and p = [p].

By the Lindeldf theorem [I, Ch. I, Thm. 18], f; is an entire function of order p(r). Since p
is non-integer, then the function f; has a regular growth at order p(r), and its indicator Hy,
is defined by formula , where f = f;. We let fo = g/f1. Then f; is an entire function of
order p(r), [I, Ch. I, Sect. 13]. Since f; is a function of regular growth, then [1, Ch. I, Thm.
5] the identity H, = Hy, + Hy, holds. The proof is complete. O
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Theorem 3.2. Let p(r) — p be a refined order, p be an integer number, g be an entire
function of order p(r) and w € X, be a function of general form with respect to p. Suppose that
for all admissible v, 1 ¢ ®(w) the inequality holds:

no(Ag(p, 1), p(r)) 2 w(¥) —w(ep).
Then g = f1fa, where f1, fo are entire functions of order p(r) and the following statements
hold:
1) Ay, is a regularly distributed set with an angular density w at otder p(r); if in addition
p(r) = p, then N(r,A,p) — 0, r — +oo;
2) f1 has a regular growth;
3) Hy = Hy, + Hy, and Hy, is defined by formula , where we let f = f;.

Proof. By Theorem [2.2] there exists a regularly distributed set A; C A, with an angular density
WA, pry = w. If in addition p(r) = p, then N(r,A,p) — 0, r — 4o0. In particular, for some
number ¢ € C there exists the limit

1
lim 7#—*) (c + —N(r, A, p)) :
p

T—00

Let Ay = {\g, ng} and f; be a canonical function of the set A;. It is defined by formula ({3.1)),
in which we let P(z) = e” and p = p. The rest of the proof reproduces that of of Theorem 3.1.
The proof is complete. n

Remark 3.1. Theorem contains a strengthening of the main result of work [6], which
concerned the case p(r) = p.

Lemma 3.1. Let p(r) — p be a refined order, p be an integer number and f be an entire
function of order p(r). Assume that Ay has an angular density w. Then w € 3.

Proof. Assume that
2m

p=lule? = [ (o) £0.
0
By assumption, f is an entire function of order p(r). It is represented by formula (3.1]). By the
Lindelof theorem [I, Ch. U, Thm. 18] we have:

m 1
lim |vp,| < 00, v = (2M)PPE") (ap + —N(Qm,Af,p)) : (3.5)
m—0o0 p
We let
1 (2m+1)P*p(2m+1)
= —— =1490d,,, m=1.
14+ vm (2m)p=p(2™)
Then
my 1
Vi1 — Vm =(27)P7PC );(N(Qm“, A, p) = N(@2™, Mg, p)) + 0m (1 + Y ) Vi1
m\p— m 1 m m
:(2 )p P );(N<2 +17Af7/0) - N<2 7Af7:0)) = YmVm+1, MM =1
We choose € > 0 such that i
mle < —, > 1. 3.6
pale < g, m (36)

Since Ay has an angular density then by Lemma
(2mt1)e@™ )

<2m>p—p(2m)(N<2m+1, Af7 )0) - N(2m7 Af7 p)) = ﬂln (2m)p(2m)

+6m7 Gméo, m — OQ.
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In view of ([2.3)) we hence obtain:
(27)P P Re(e” (N (2™ Ay, p) = N(2™, Ay, p))
(2mH1)pm )
= |u[In ———rr—
(2m)P2™)
By (2.2)) we can assume that |v,,| < €, m = mg. Then in view of (3.6 . we find:

+ Re(ee,,) > |,u| m = mo.

Re(c”(vy — 1)) > ‘Qﬂp’@ ) - %@o —m) = ’4%'@ Cm), pemme

This contradicts to (3.5)). Thus, x = 0 and hence, w € ¥,. The proof is complete. O

Theorem 3.3. Let p(r) — p be a refined order, p be an integer number, g be an entire
function of order p(r). Assume that A, has an angular density w of general form with respect
to p. Then w € ¥, g = fi1fa, where fi, fo are entire functions of order p(r) and the following
conditions hold:

1) Ay, is a regularly distributed set with an angular density w at order p(r); if in addition
p(r) = p, then N(r,A,p) — 0, r — +o0;

2) f1 has a regular growth;

3) Hy = Hp, + Hy, and Hy, is defined by formula , where we let f = fi;

4) Ng, has a zero density at order p(r).

Proof. By Lemma we have w € X,. Since A, has an angular density w, then by (2.9), for
all admissible ¢, ¥ ¢ ®(w) the identities hold:

no(Ag(@, 1), p(r)) = n(Ag(w,9), p(r)) = w(¥)) — w(p).

Then by Theorem 3.2/ g = f1 fo, where fi, fo are entire functions of order p(r) and Items 1)-3)
hold true. It remains to observe that A, and Ay has the same angular density. This is why
Ay, = A, \ Ap, has a zero density. The proof is complete. O

Remark 3.2. In Theorem there is a condition that w s a function of general form.
Let us adduce an example showing that without this condition the theorem is wrong. Let Ay =
{ Ak, ni} be a sequence from the example considered in the end of the previous section. It has an
angular density w = wa, 3 € X3, which is not a function of general form with respect to p = 3.
Let f be a function defined by formula , where we let P(z) =0 and p = 3. By
and Lindeldf theorem, f is an entire function of order p(r) = 3. As it was shown in the above
example, there exists no reqularly distributed set A C Ay with an angular density w. Thus, in
this case Theorem|3.3 fails, that is, f can not be represented as a product of two functions, one
having a reqular growth, while the other vanishing on a set of zero density.

4. FUNCTIONS WITH ZERO SET OF ZERO DENSITY

Let p(r) — p be a refined order, p be an integer number and A = { Ay, nx}, Ay # 0, have a
zero density at order p(r). By fa we denote a function defined by formula (3.1]), where we let
P(z) =0 and p = p. We also let

p
P = ] e 22 —exp (1N<|z|,A,p>zP).
p

p
niziel PO

Lemma 4.1. Let p(r) — p be a refined order, p be an integer number and A = { A\, ny},
A1 # 0, have a zero density at order p(r). Then there exists a C°-set Z(A) such that

)y GG

\zHoog}gzz(A) | z|P(7) ’

In|fa(z)| = m[Fa(2)[ + a(2), z€C,

0. (41

|z| =00 |Z|p r
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o= TL[e (o )" IL o)

IAk[<|z] [Ar[>]2

Proof. Let

We have:
[ fa(2)] = I [Fr(2)] + In[fo(2)].
We let a(z) = In|fo(z)|. Since A has a zero density at order p(r), then by Lemma 5 in [I]
Ch. T there exists a C%set Z(A) such that the second identity in (4.1]) holds true.

Since Z(A) is a C%-set, then for each m > myg there exists 7, such that 2™ < r,, < 2™*! and
the circumference |z| = r,, does not intersect Z(A). Let

by, = sup a(z), m =mg.

|z|=rm
We have
b
(Tm>p(7"m) =0, m— oo (42)
In|fa(2)| —In|Fa(2)] = a(2) < b, |2]| =7Tm, m=mg. (4.3)
We let

1
F,.(z) = exp (—N(rm,A,p)zp> , M = my.
p
Let |z| = rypy1. By Lemma 2.2 and (4.3)),

| fa(2)| = In |Fn(2)| I |fa(2)] = In[Fpa(2)] + %(Tm+1)”|N(Tm+1, A, p) = N(rm, A, p)]

(Tm—i-l)p ny
by + T
1 > PN

Tm<|)\k|<r2

1)? 4P
=bpps1 + ugm(rm)p(rm)—p < b1 + —Em(rm)”(””),
P P

where €, — 0, m — o0. Let z5 € (C\ B(0,2™)) NZ(A). We choose an index m > my such
that r,, < |z| < rmy1. The function In |F),(z)| is harmonic. Therefore, in view (4.3), by the
maximum principle the inequality holds:
40
In|fa(z0)] — In|Fp(20)] < byy1 + ?5m(rm)p(rm)-

Hence, applying Lemma [2.1] once again, we obtain:

Z p
)] = I Fx ()] < fa(en)] = )]+ 2 [N (ol A ) = N )

4° EN ng
gbm + —en(rm p(rm) + —
+1 P ( ) D Z |)\k|p

rm<|)\k|<7‘2
40 4°

gbm-&-l + _sm(rm)p("’m) + _5m(rm)p(TM)7
p p

where §,, — 0, m — oo. In view of (4.2)) this leads us to the third identity in (4.1)). The proof
is complete. O

Corollary 4.1. Let p(r) — p be a refined order, p be an integer number, f be an entire
function of order p(r) and Ay = {Ag,ni}, M # 0, has a zero density at order p(r). Then
the indicator of the function f coincides with the indicator of the function F(z) = e%* Fx(z),
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where a, is the coefficient at z* in the polynomial P(z) in expansion of function f, that
18,

H(p) = lim r*7") Re ((ap + ;N(r, Ay, p)) e’p“") :

T—00
Proof. According to (3.1]),
f(z) = ep(z)fA(Z); P(z)=ay+arz+---+ a,z’.

By (4.1) we have:
T " w— |P(re* In |F)(re® _ p(r)

r—00 rp(r) r—00 re(r) roo  1P(T)

r—00

:HF(S0> = lim Tp—p(T)Re ((a’p + _N(Ta Af7 p)) 6Zp<p> ) 2 € [07 27T]
p

Let ¢ € [0, 27]. We choose numbers 0 < r; — 400 such that

1 .
lim (r;)? ") Re ((ap + —N(’rl,Af,p)) e”’@> = Hp(yp).
p

l—o0

Since Ay has a zero density at order p(r), then by Lemma and (2.2)) we get:
1 . 1 .
e ( (0, 08 ) 92} sty #o0me ( (o, TN (A ) ) 7)) 2

1 .
<(r)”_p(r)Re ((ap + —N(r, Ay, p)) emw) + 0y,
P

r € (r,2r;), & — 0, 1 — oo. Since Z(A) is a C%set, then for all [ > [ there exists t; € (r, 2r;)
such that t;e’ € Z(A). Thus, in view of the first identity in (4.1)) we have:

— In|f(re)|

— 1 )
; p—p(t1) - ipp ; —
Hr(p) < lh_glo(tl) YRe ((ap + pN(tl, Af,p)) e ) < Tlggo R He(p).
The proof is complete. [

Let f be an entire function of order p(r). According to Theorem 29 in [I, Ch. I, the type
oy of the function f can be determined by the formula:

= Hy ().
o5 = max Hy(p)

This is Corollary 4.1 implies the following statement.

Corollary 4.2. Let p(r) — p be a refined order, p be an integer number, f be an entire
function of order p(r) and Ay = {\g, i}, M1 # 0, has a zero density at order p(r). Then the
type oy of the function f can be determined by the formula

T—00

— 1
o; = lim r*~*") |q, + ;N(r, As,p)|.

Remark 4.1. A particular case of Corollary 4.2 is Cartwright theorem, see [10], [2, Ch. T,
Sect. 1, Thm. 1.1.8], in which a similar result was obtained in the case p(r) = 1.

Corollary 4.1 allows one to construct entire functions f of order p(r) with a prescribed
indicator Hy. At that, Ay C Az, is a regularly distributed set with a maximal possible, for
a given indicator, angular density. Corollary 4.1 also allows one to construct entire functions f
of order p(r) = p, where p is an integer number, with a prescribed indicator Hy. At that Ay is
a set with a minimal possible (zero) angular density. We recall that a characteristic property
of the indicator Hy is its trigonometric convexity with respect to p [I, Ch. I, Sect. 16].
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Corollary 4.3. Let p be a natural number, vy, k > 1, be a non-decreasing sequence of
positive numbers such that vy, — 0o, k — 0o, and

k = 1
lim =0, = +00.
k—o0 (I/k)p kZ:; (Vk)p

Then for each trigonometrically convexr with respect to p function H, there exists a sequence
ok, k=1, such that Hy, = H,, where A = {ve™*, 1}.

Proof. We let py, = (v,)?, k > 1, and Hi(y) = pH,(¢/p). The function H; is trigonometrically
convex with respect to one. This is why it is a support function of some convex set K. Thus, all
assumptions of Corollary 2.3 of Lemma 3.2 in work [§] are satisfied. According to this corollary,
in view of Corollary 2.1 of the same lemma there exists a sequence ¥, k > 1, such that

Hy () = lim Re(N(r, Ay, 1)e™),
r—00
where A = {upe™*, 1}. We let o = 1/p, k > 1. Then by Corollary 4.1
1 1 .
Hy(p) = —Hl(pso) = lim ~Re(N(r, A, p)e') = Hy, ().

T—00 p

The proof is complete. n
In conclusion we provide a result, which specifies Theorem [3.3]

Theorem 4.1. Let p(r) — p be a refined order, p be an integer number, g be an entire
function of order p(r). Assume that Ay = {\i,ni} has an angular density w of general form
with respect to p. Then the identity holds:

In|g(2)| = "™ H(p) + 1” Re ((ap + %N(r, Ag,p)) ”’“’) +B(2), z=re¥ €C, (4.4)

©
| )
H(p) = - / (o= O)sinplp = 0)dw(®),  lim e =0,
p—27

where a, is a coefficient at z* in the polynomial P(z) in expansion of the function f = g
and I, is a C°-set.
Proof. We can suppose that A, # 0; otherwise we consider the function g(z)/z™. By Theo-

rem , g = f1f2, where fi, fy are entire functions of order p(r) and Items 1)—4) of this theorem
hold. Let

T z o .
fj:eP](Z)H |:G (V,pﬂ ) Pj(z):a07j+a1,j2+"-—{—ap7jzp’ j=1,2.
7]

k=1

We have: a, = a,; + a,2. Since f; has a regular growth, then
In | f1(2)| = r*(H () + 7 cos p( — @) + an(2), (4.5)

1 ay(re')
—ipr _ - p—p(t) — 1 bt A
rye V(Afl) thjgo r (apyl + pN(t> Afl ) p)) 7r—>£>r,121¢11 ro(r) 0’
where 7, is some C%-set. It follows from the penultimate identity that

1 )
rp(r)rf cos p( — ¢y) =1"Re ((a,,,l + —N(t,Afl,p)) e“’“”) + ap(2),
P

ip
lim —ao(re )

r—00 rp(r)

—0. (4.6)
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Since Ay, has a zero density at order p(r), then, according to Lemma

o (ret?)

1 )
In|fa(z)] = r’Re <<ap,2 + ;N(t, Ay,, p)) e“’“") + as(z), lim ————+=0, (4.7)

r—00,2¢71o ,,ap(r)

where 7, is some C%set. We let Z, = Z; UZ, and 3 = a1 + ag + as. Then by (4.5)-(4.7) we
obtain (4.4). The proof is complete. O

Remark 4.2. Theorem[].1] generalizes a result by B.Ya. Levin for the functions with a regu-

larly distributed zero set [1, Ch. T, Sect. 1, Thm. 2] to the functions with a zero set possessing
an angular density.

1.

8.

9.
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