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EXPONENTIAL SERIES IN
NORMED SPACES OF ANALYTIC FUNCTIONS

R.A. BASHMAKOV, K.P. ISAEV, A.A. MAKHOTA

Abstract. There is a classical well-known theorem by A.F. Leontiev on representing func-
tions analytic in a convex domain D and continuous up to the boundary by series of form
ppaty fre** converging in the topology of the space H (D), that is, uniformly on compact
subsets in D.

In the paper we prove the possibility of representing the functions in

Ao(D) = {f e H(D)(\CD): |If]l:= Sup\f(Z)}
zeD

by the exponential series converging in a stronger topology, namely, there exists an integer
number s > 0 such that

1) for each bounded convex domain D there exists a system of exponentials e**, k € N,
such that each function f € H(D)(C®) (D) is represented as a series over this system
converging in the norm of the space Ay(D);

2) for each bounded convex domain D there exists a system of exponentials e**, k € IN
such that each function f € Ag(D) is represented as a series over this system converging in
the norm

If1] = sup [ f(2)[(d(2))*,
z€D

where d(z) is the distance from a point z to the boundary of the domain D. The number s is
related with the existence of entire functions with a maximal possible asymptotic estimate.

In particular cases, when D is a polygon or a domina with a smooth boundary possessing
a smooth curvature separated from zero, we can assume that s = 4.

Keywords: analytic function, entire function, Fourier—Laplace transform, interpolation,
exponential series.
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1. INTRODUCTION

Let D be a bounded convex domain in the complex plane. In this work we consider a problem on
representing the functions functions in the space

Ao(D) = {f e H(D)(\CD): |l = Suplf(Z)}

zeD

by the exponential series

f(2) =) fe™*, zeD, [eAyD).
k=1
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In the context of this work, the notation Ag(D) is more convenient than a traditional one A(D) since
we shall consider a parametrized family of normed spaces A,(D), n € Z. The possibility of such
representation is implied by the classical theorem by A.F. Leontiev, see [I, Thm. 5.3.2], but the series
in this theorem converge in the topology of the space H (D), that is, uniformly on the compact sets in D.
We are going to prove that the functions in Ag(D) can be represented by exponential series converging
to its sums in a topology, which is essentially stronger than the topology of uniform convergence on
compact sets but at the same time being weaker than the normed topology of Ay(D), see Theorem .
We shall also obtain the formulae for the coefficients of the series. There just few known examples of
the normed spaces, in which the expansions into exponential series are possible, that is, in which there
exist a basis of exponentials. This is the space Lo on a segment, the Sobolev space on a segment [2]
and Smirnov and Bergman spaces on convex polygons [3], [4]. It was proved in works [5] and [6] that
the Smirnov and Bergman spaces on convex domains with a smooth boundary contain no exponential
bases. The main statement of the present work reads as follows. There exists an integer number s > 0
such that

1) for each bounded convex domain D there exists a system of exponentials e**, k € IN, such that
each function f € H(D)(C®)(D) is represented as a series over this system converging in the norm
of the space Ay(D);

2) for each bounded convex domain D there exists a system of exponentials e**  k € IN, such that
each function f € Ay(D) is represented as a series over this system converging in the norm

IfIl = sup | f(2)[(d(2))*,
z€D

where d(z) is the distance from a point z to the boundary of the domain D. The number s is related
with existence of entire functions with a best possible asymptotic estimate.

In particular cases, when D is a polygon or a domain with a smooth boundary having a curvature
separated from zero we can suppose that s = 4.

2. FOURIER-LAPLACE TRANSFORMS

We introduce a family of normed spaces
A(D) = { £ € HODICOD) s 1= o sup| 9] <o, ne
=Y zeD

It is obvious that the continuous embeddings A,, C A,—1, n € IN, hold true and the differential operator
D f — f™

acts continuously from A, onto Ajp.
We define extra two auxiliary families of normed spaces of entire functions with a continuous pa-
rameter a € R:

Po(D) = {F € H(C) : ||F|| := sup |[F(\)|e~ oA —an(A+1) o oo} :
AeC

PQ(D) — {F e H(C) . ”FH := sup ‘F(/\)‘e—HD(A)—aln(|)\\+1)+2ln+ In(|A|+1) < OO} ’
AeC

where

Hp(\) =supRe Az
zeD

is the support function of the domain D and In* @ = max(Ina, 0). The following continuous embeddings

are obvious: P, C Py C Pg as 8 > «.
Finally, for a > 0 we let:

B,.(D) = {f € HD): [Ifll = sup [F(2)(d(2))* < OO},

where the symbol d(z) denotes the distance from a point z to the boundary D:
d(z) = inf |z—w|, zé€D.
w¢ D
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Lemma 2.1. 1. Let S be a linear continuous functional on A, (D) and §()\) = S(e*?) be its Fourier-
Laplace transform. Then S(X) is an entire function satisfying the estimate

|§()\)| < ||S||A¢LeHD(>\)+nln(‘>‘|+1)7 NeC,
that is, S(\) € P, and
1S]lp, < 11S]|az-

2. If F(\) € Pp_1, then F(A) = S(A\), A € C, for some linear continuous functional S = Sp on the
space An(D). At that,

1S1la; < ClF[5, -
The constant C = C(D,n) is independent of the function F.

Proof. 1. The fact that the Laplace-Fourier transform is an entire function and the formula
d
dA

holds is well-known and in our case it can be easily proved. The estimate implies immediately from

the definition of the norm of the functional

IS ISII - lle*]La, py = IS] sup [A[* sup eftXs < |||/ TP TR ) €

PN 0% ze

—5(\) = S(ze™), AeC,

2a. We first consider the case n = 0. Let F € P_; and
= F®)(0) _
C):Zwa (e C\D,
k=0

be its Borel transform. As it is known, in the half-plane II(¢) = {Re Ce"? > hp(p)}, where hp(p) =
r~Hp(re'®), the identity holds:
= / F(\)e S,
0

where the integral is taken over the ray {\ = 7e’?, r > 0}. Therefore, for ¢ € II(¢) the inequality
holds:

|'Y(C)| < sup ’F(A)’efHD( YHn(A|+1)+21InF In(|A\|+1) /
0

T
reC r + 1)

and hence,
VOI<Fllz_,, ¢€l(y).

In view of C\ D= |J T(p) this implies the boundedness of the function ~:
pE(0;2m)

OI<IFls,, ¢eC\D. (1)

We take an arbitrary function f € Ag(D). Without loss of generality we suppose that 0 € D. We take
an arbitrary number ¢ € (1;2] and a closed Jordan contour Cy enveloping the domain D and lying in
the domain tD = {tz : z € D}. The function f(z) is uniformly continuous on the compact set D and

hence the function
1
B = 5r; [ 101 (§) 4

Cy
is uniformly continuous on the interval (1;2); in particular, the limit
< fyy >:=lim B(t) (2)
t—1
is well-defined and it follows from that
0D)|
1< s> 1< P Q
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Thus, the formula
S(f)=<fr> [f€A,
defines a linear continuous functional on Ay and
0D

I8l < 2N,
Moreover, by the Borel formula we have:

1 p A

AZN i A2 — 1 AT
S(e )—lgri 57 /7(2)6 tdz %ERF <t> F(X).

Cy

Remark 2.1. By a more lengthy calculations one can prove that v(z) is continuous on C\ D and

the functional S = Sg is defined by the formula
1
Se(f) = g [HQHOC. 1€ Ao
oD

2b. We proceed to the case of an arbitrary n. It is easy to confirm that the linear operator

n—1
Lo(F)(A) := A" (F(/\) = F(IZ'(O))\k> . Aeg,
- !

0

acts continuously from ﬁn,l into ﬁfl. Let F € ﬁn,l. It follows from statement proved in Item 2a
that

for some S,, € Aj. Then the formula

n—1

S(f) = Su(D"f) + > FP(0)fF(0), fe An,

k=0
defines a linear continuous functional on A,, and

n—1

150145 = 11Sull g 1D Fllag + D N6M1 - 1Fll5,
k=0
-1
0D K
< o IEallp ID" flla, + SIWN-1Fl5
k=0

10D| n = (k)
< (2N L2 lag + 3 1691 ) 17115,
k=0
where by [|6()|| we denote the norm of the functional F — F®*)(0) in the space P,_1.
The identity S = F' is checked by straightforward substitution. O

Corollary 2.1. Each function f € A,(D) is the Fourier-Laplace transform of some functional S
on the space Pp_1.

Proof. For n = 0 the form < f,v > defined in is bilinear on Ay x P_1 and for a fixed f it is a linear

functional Sy on P_;. Estimate implies the continuity of this functional. The identity S = f1is
implied by the Cauchy formula. For an arbitrary n the proof also follows from Item 2b. O

3. INTERPOLATION IN SPACES P,

The properties of the systems of exponentials e’?, k € IN, are traditionally described by a charac-
teristic entire function L(A) with zeroes A\g, kK € IN. In this paper we employ the results of works [7].
In particular, Theorem 1 in this work implies easily the following theorem.
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Theorem A. There exists an universal constant A such that for each bounded conver domain D
there ezists an entire function f(\) possessing the properties:
1) the set of zeroes A\, k € IN, is separated in the sense that for some § € (0;1) the circles Bs(\;) =
Bk, S(IA| +1)71) are mutually disjoint;
2) the relations hold:

| f(N)] = HpW| < Aln(A +1) +C, A ¢ | BsOw),
k€N
| [f'(Ak)l = Hp(Ak)| < Aln(|e] +1) + €', k€N,

where C and C' are constants independent of the domain D.

By using this theorem, we are going to show the existence of two entire functions Ly, which will be
employed as a tool for constructing the systems of exponentials.

Theorem 3.1. There exists universal constants b > 0 and q € (1;2] such that for each bounded
conver domain D there exist entire functions Ly (\) and L_(\) possessing the following properties:
1) the sets of zeroes Ay and A_ of these functions are separated in the sense that for some 6 € (0;1)
the circles Bs(\) = B\, 0(|A| +1))71), A € Ay (A € A_) are mutually disjoint;
2) the function L satisfies the relations

Hp(N) +qln(Al+1) <In|Ly (V)| < Hp(AN) +bIn(A + 1) +C, A¢ | Bs(w),

weA L

I |L (V)] > Hp(\) + gln(]A[+ 1), A€ Ay;
3) the function L_ satisfies the relations

Hp(\) = bIn(A| + 1)+ C < In|L-(N)| < Hp(A) —gn(A|+1), A¢ ([ Bs(w),
wEA_

In|L (\)| > Hp(\) —bIn(J]A| +1), e A_.

Proof. Let f be a function, the existence of which is stated in Theorem A. We take a polynomial P(\)
of degree [A] 4+ 2 so that the set of the zeroes of the function Ly = fP is separated. The desired
estimates for L4 are implied by the estimates in Theorem A in a trivial way for b = [A] + 2 + A,
g=[A]+2-A.

Let N = [A] + 2 and

N
QM) = [T =),
k=1
where {Ag, k = 1,2,..., N} are the first N zeroes of the function f from Theorem A taking in the
ascending order of their absolute values. Then the function L_ = o} satisfies the desired estimates. O

Lemma 3.1. For each function F € 750“ a < q its Lagrangue series by the function Ly converges
to the function F uniformly on compact sets and moreover, as o < q — 1, this series converges in the
norm of the space Py.

Proof. The separated property of the zero set of the function L, implies the existence of the system

oo
of curves I'y, not intersecting with the set |J Bs(Ax) and satisfying the estimate
k=1

min |z| > o0, [Ty =0 (min ]z) , M — 0.
ZGFm Zerm
By the lower bound for Ly in Theorem for each function F' € 75()“ a < g, we have:

TYm
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Therefore, the Lagrange series

- Li(A)
=> F(\ )\ WA AeC,
k=1
converges uniformly on compact sets.
The upper bounds for |L| in Theorem and the Lipschitz property of the function Hp(\) +
bln(|A| + 1) we obtain an uniform in k estimate:

Li(\) 1
< Const- ——, k€N, 4
AL 0w 50w W
and therefore,
L F(
Z F(\k) O )\+(2,) \ < Const - Z 1FOw)| )\k
P MWL & 100

Since A\ are the zeroes of an entire function of exponential type, then for F € ﬁa, a < g—1 we have:

Li(\ A 1)e—4
ZF)\k +(,) < Const - Z ’k‘—i_ —0, N — .
PN )\ — )\k)L+(/\k) », SN ln |>\k’ + 1
O
Lemma 3.2. For each function F € Pa, a < —b, its Lagrange series by the function L_ converges

to the function F uniformly on compact sets and moreover, as o < —b — 1, this series diverges in the
norm of the space P_,.

Proof. By the separated property of the zeroes of the function L_ and by the lower bounds for |L_|

we get:
i | e or ) =0 (7 (min 1) ) =0 mooe

Ym
Therefore, the Lagrange series

= L_ ()\)
V=2 PGSy A€ O

converges uniformly on compact sets.
By the lower bounds for |L_| in Theorem and the Lipschitz property of the function Hp(\) +
bln(|A| + 1) we get a uniform in k estimate

L_()\) 1
< Const- ——, k€N, 5
AL | 0w ®)
and hence,
L_(N) [F'(Ae)]
Z F(A\g) ; < Const - Z —_.
oW 2 10 ()]
Since Ag are the zeroes of an entire function of exponential type, then for F € Pa, a < —b—1 we have:
Li(\ A 1)o+b
ZF +</) < Const - Z ‘k|+ -0, N — .
2RI N 2 (A + 1)
+

O

We let s = [b] +2=2(]A]+2). According to Corollary of Lemma , each function in the space As(D)
is the Fourier-Laplace transform of some functional on the space Ps_1. Since the family of spaces P, is
continuously embedded, each function f € A4(D) is the Fourier-Laplace transform of some functional
on the space Py.
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Theorem 3.2. Each function f € Ag can be represented as the series

oo
:ka'eAkza z €D,

converging in uniform norm over D. The coefficients can be found by the formulae

_ Li(N)
w5 (Gmmm) Fe

where S = Sy is a functional on the space Py generated by the function f.

Proof. We take an arbltrary point z € D. The function e?, A\ € C, belongs to all spaces Py, o > 0,
and by Lemma [3.1] the Lagrange series

+(A)
ez
Z = )\k ow €Y

converges in the space P,. Therefore, a point-wise identity holds:

0= 56 = 3 s (5t ) = S e

k=1

We are going to prove a uniform on D convergence of this series. By estimate we have:

/\) 1
S <Const-7, k € IN.
< 159 = 70w | 0w
Hence,

eHp (M)

Z Az LM < Const - Z

/ ~ /
= (A= Ap) L/ (Ar) = L ()\k)

By the lower bounds for the derivatives and the inequality ¢ > 1 this implies:

)\kz ()‘) Z 1
Z e < Const - - =0, N — 0.

O

By Corollary of Lemma each function in Ag is the Fourier-Laplace transform of some functional
S = Sy on P_y. Since the spaces P, are continuously embedded, the functional Sy acts also in the
spaces P_, for ¢ < —1.

Theorem 3.3. Each function f € Ay can be represented by the series
o
= kae’\’“z, z €D,

converging in the space Bs(D), where s = [b] + 2. The coefficients can be calculated by the formulae:

B L_(\)
fe=S5 ((A— /\k)l/_()\k)) , kel

where S = S} is a functional on the space P—y generated by the function f.

Proof. We take an arbitrary point z € D. The function e**, A € C, z € D, belongs to all spaces P,
and by Lemma [3.T] the Lagrange series

RISV S O
_;EA Dol 0y €O

k
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converges in the space P_,. Therefore, a pointwise identity holds:

> L_
f(z) = S(e*) = ZeAkZS (()\ ) (L/ OF) > kae)‘kz

k=1

Let us prove the convergence of this series in the norm of the space BS(D). By estimate we have:

L_(\)
| fel < 1Syl H (A=) L (k) P

1
< Const- ————  keNN.
I (Ar)]

Therefore,

)\kz”B

b2 —(A) e 8,
Ze’\ 0L OF) < Const - Z

k>N WL B, k>N
To estimate the norms of the exponentials in the space Bs(D) we make use of the inequality
Hp(A) —Redz=supReA(( —2) > sup RelA((—2z)=d(2)|\,
¢eD I¢—2|<d(2)
where z € D, X € C, d(z) is the distance from a point z € D to the boundary D. Hence, for sufficiently
large |A|, the inequality holds:
M|, = efID(V) gsup.ep(—d(2)|A+snd(2)) (f)seHD(A)*sln\/\l.
° e

Therefore, by the lower bounds for the derivatives and the relations b —s =b — ([b] +2) = —¢ < —1
we get:

Az —()\) Z 1
Z e < Const - ——— >0, N — 0.
v A= AWLL() iz Pl +1)7

In conclusion we mention that Theorems and [3.3] imply the following statement.

Theorem 3.4. If for a support function Hp(\) of a bounded conver domain D there exists an entire
function L obeying the conditions:
1) the set of zeroes A\, k € IN, is separated in the sense that for some § € (0;1) the circles Bs(\g) =
Bk, §(|A| + 1)71) are mutually disjoint;
2) the relations hold:

[In|L(N)| = Hp(\) < Aln(Al+ 1)+, A ¢ | Bs(w),
k=1
|In [L' (M) — Hp(Ow)] < Aln()\] +1) +C', k€N,

and s = 2([A] + 2), then
1. There exists a system of exponentials eM*, k € IN, such that each function f € A, is represented
by the series

o0
2)=> fee™*, z€D,
k=1

converging in the uniform norm over D.
2. There exists a system of exponentials e*, k € IN, such that each function f € Ag is represented
by a series

[o@)
= kae’\kz, z €D,

converging in the norm

If1] = sup [f(2)[(d(z))".
z€D
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It was shown in work [3] that for bounded convex polygons there exist entire functions L with
constant A = 0. In work [§], for the domains D, the boundary of which has a continuous curvature
separated from zero, there were constructed entire functions L with constant A = % Thus, for these
classes of domains, we can suppose that s =4 in Theorems [3.2
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