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HARDY TYPE INEQUALITIES INVOLVING
GRADIENT OF DISTANCE FUNCTION

F.G. AVKHADIEV

Abstract. We prove several new Hardy type inequalities in Euclidean domains; these
inequalities involve the gradient of the distance function from a point to the boundary
of the domain. For test functions we consider improved inequalities in form proposed by
Balinsky and Evans for convex domains. Namely, in Hardy type inequalities, instead of
the gradient of the test function, one takes the scalar product of the gradients of the test
function and of the distance from a point to the boundary of a given domain.

In the present paper, integral Hardy type inequalities are studied in non-convex n-
dimensional domains having a finite inradius. We prove three new Hardy type L,-
inequalities in an improved form with explicit estimates for the constants depending on
the dimension of the Euclidean space n > 2, the inradius of the domain and two parameters
p=21l s>=n.

Our proofs are based on three key ingredients. The first of them is related with an
approximation and a special partition of the domain, in particular, we employ the approx-
imation of the domain by subsets formed by finitely many cubes with sides parallel to the
coordinate planes.

The second ingredient is the representation of the domain as a countable union of sub-
domains with piece-wise smooth boundaries and applying a new theorem by the author on
convergence of the gradients of the distance functions for these subdomains. Moreover, we
prove three new Hardy type inequalities on a finite interval, which are employed in justifying
the inequalities in multi-dimensional domains.
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1. INTRODUCTION

Let n > 2 and let 2 C R™ be a domain such that £ # R". In such domains we consider weighted
integral Hardy type inequalities for the functions u € C}(Q), where C(€) is a family of real-valued
smooth functions with compact supports in the domain €.

We note that Hardy studied one-dimensional integral inequalities for various values of the parameters
p € [l,00) and s € R\ {1}. His results can be summarized as follows, cf. [IJ.

Theorem 1.1. Assume that p € [1,00) and s € R\ {1}. Then for each function f : (0,00) - R
satisfying the conditions f € C}((0,00)) and f # 0 the inequality holds:

i ! p — 1P 7 p
FOF,  ls=1 /\f(t)l "
pP t
0

5P
0

where the constant |s — 1|P/pP is sharp.
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In generalizations of Hardy inequalities for multi-dimensional case, a quantity p(z, 0f2) is used; this
quantity is a distance from a point x € €2 to the boundary of the domain €, that is,

,00) == inf |z —yl.
p(z,09) yeﬁhm'@" yl

By Vp(x,Q) we denote the gradient of this function. We also note that hereinafter we employ the
Euclidean norm |z| = (22 + 23 + ... + x%)% and the Euclidean scalar product

Ty =2x1Y1 + T2Yy2 + ... + TnYn
for the vectors x = (z1,z2,...2,) € R" and y = (y1,¥2,...,yn) € R™.

We mention a well-known fact: |Vp(z,0Q)| = 1 almost everywhere on €. Therefore, in view of
Cauchy-Schwarz inequality for the scalar product, for each function u € C}(Q) we get:
|[Vu(z)| = |Vu(z) - Vp(x,00)] almost everywhere on Q. (1.1)

There are many various multi-dimensional analogues of Hardy inequalities, see, for instance, books
[2] and [3]. We shall be interesting in generalizations of the following two inequalities, where the
parameters are chosen so that p € [1,00) and s € [1,00).

The first inequality reads as

[Vu(z)|Pdz )|pdx /|u x)|Pdx

1
(.0 Goany  TeECHO), (1.2)

while the second inequality is the improving of the first by means of (1.1]) and it reads as

/]Vu -Vp(z,00) ]pdx & /!u x)[Pdx
5=P(x,00) (x,00)

Yu € CL(Q). (1.3)

The constants c¢,(s,(2) € [0,00) and c;(s, ) € [0,00) are supposed to be maximal possible, that is,
they are defined by the formulae
|Vu(x)|Pdx
5P

x,00)
. Q
inf
weCH(Q), uz0 /|U
Q

/'\

dx

cp(s, Q) = (1.4)

x)|Pde
*(x,00)

/\/\/-\

for inequality (1.2)) and

/ |Vu(z) - Vp(w,@Q)|pda:d
7 (,09) )

* _ . Q
o T 19
(x,00)

for inequality (1.3). Maximal constants c,(s,2) and cj(s,2) in inequalities (1.2) and . ) defined by
formulae and ., respectively, are invariant w1th respect to linear conformal transformations
of the domaln In particular, the identities

CP(‘S’Q) :Cp(87kQ+x0)> CZ(&Q) :C;($7k9+x0)7
hold, where
EQ4+zg:={yeR" :y=kx+xp,z € Q} (x0€R" keR,k#0).
We attract the attention of the reader to a simple but important fact. The invariancy of the

inequalities with respect to scaling, that is, to transformations of form y = kz, k > 0, yields that the
constants c,(s,(2) and c;(s, ) are dimensionless quantities. We also note that by (1.1), (1.4) and (1.5)

(3 Q) < ¢p(5,9).

This paper is devoted to proving new inequalities of form (|1.3]) and their generalizations. There are
just few results in this direction and we shall describe them below.
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2. BASIC PROPERTIES OF FUNCTIONS ,0( -,Q) AND THEIR APPLICATIONS

The distance function p( -, d€2) has numerous applications in a series of fields of theory of functions
and the theory of differential elliptic equations. This function is rather well studied. Its basic properties
are the following two facts, see, for instance, Chapter 2 of book [2]: the function p( -, 02) satisfies the
Lipschitz condition:

and therefore, is differentiable almost everywhere by the Rademacher theorem [4]. Thus, the distance
function p( -, 090) is differentiable on the set '\ S(£2), where S(Q2) is the set of all singular points, that
is, all points in which p(-, ) is non differentiable, and mes, S(2) = 0.
It is also known that € Q\ S(2) if and only if there exists a unique point ' € 9 such that
p(x,00) = |r — /|, and
/

r—x

Vp(z,00) = (2.1)

|z — 2’|
As it was mentioned in [2], this statement goes back to K.S. Motzkin [5], later it was independently
obtained by other mathematicians independently of Motzkin. As an implication of (2.1) we obtain

that
|Vp(z,00) =1 Ve e Q\ S(Q).

There exist domains for which mes, S(Q) = 0, where S(2) denotes the closure of the set S(Q) of
singular points in 2. The examples of such domains are a ball, a half-space and a convex polygon.
However, it turns out that mes, S(2) > 0 for a series of domains of planar and spatial domains.
C. Mantegazza and A.C. Mennucci published [6] an example of a bounded convex domain Q* C R?,
for which the set S(2*) has a positive two-dimensional Lebesgue measure. In fact, in paper [6], there
was give a series of such domains Q* C R?. The geometric construction of Q* is based on Smith-
Volterra-Cantor type set on the unit circumference {x € R? : |z| = 1}.

The example by C. Mantegazza and A.C. Mennucci can be easily generalized for the case n >
3. In particular, let Q** := Q* x (0,a)" 2, where a is a sufficiently large positive number. Then
mes,, S(**) > 0. Several methods were developed for proving Hardy type inequalities in domains of
form in Euclidean domains. The simplest and most effective methods are based on employing
integration by parts via Green-type formulae.

But in domains, in which mes, S(Q2) > 0, one can not employ these simple methods for proving
inequalities of form and of their generalizations. This is why we developed a new approach based

on employing representations of form
oo
o=Jq,
j=1

where ; are chosen so that mes, S(€2;) = 0. Moreover, we shall need statements, which we proved
in recent papers [7] and [§] on the convergence of the distance functions and their gradients under
exhausting a domain.

Let us recall the main result of paper [§].

Theorem 2.1. Letn > 2 and
(o)
o=,
j=1

where ) and Q; are open sets in the Euclidean space R", 1 # R", K 1is some compact set in R", and
the conditions

KCQ]‘CQJ‘_H VjeN
are satisfied. Then the following statements hold:
(i) p(z,085) = p(x,00) as j — oo uniformly on the compact set K, that is,

lim max |p(z, Q) — p(z,08;)| = 0;

Jj—o0 €K
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(7i) there exists a set S C K such that its n-dimensional Lebesgue measure satisfies the identity
mes, S =0 and
lim Vp(x,0Q;) = Vp(z,0Q)

]—)OO

at each point x € K\ S.

In papers [7] and [§] we also obtained similar results on convergence under outer approximations of
the domain and on their applications for verifying strict forms of Hardy type inequalities.
In particular, in paper [8] we proved the following theorem.

Theorem 2.2. Assume that n > 2 and Q C R"™ is a conver domain,  # R", p € [1,00) and
€ (1,00). Then
_ 1)
g@mzﬁ%i
p
A.A. Balinsky and W.D. Evans had proved this theorem earlier in paper [9] for the case p = s €
(1, 00) and under some additional conditions for the domain. It was pointed out in paper [9] that some
inequalities of form have applications in problems on images recognition and recovering.
The next theorem belongs to the author, see [8] and [10].

Theorem 2.3. Let n > 2 and Q) C R"™ is an arbitrary domain satisfying the condition Q) # R™. If
p€[l,00) and s € [n,oo), then
(s —n)P

pra

These estimates are sharp in the sense that there exist both bounded and unbounded domains  # R”,
for which

cp(s,9Q2) = cp(s,9Q) =

Cp(sv Q) = C;()(Sa Q) =
Other estimates for the constants ¢, (s, 2) can be found in papers [IT]-{16].

3. INEQUALITIES IN DOMAINS WITH A FINITE INRADIUS

An inradius p(Q2) of a domain €2 is defined by the identity
p(€2) = sup p(z, ON).
e

It is obvious that the inradius of a bounded domain is finite. We observe that the inverse is not
true: there exist unbounded domains with a finite inradius.

Asp=1and s € (n,o0), by (L.3), and Theorem in an arbitrary domain Q C R"™, Q # R”,
the inequality holds:

[ [ S e,

and there exist both bounded and unbounded domains 2, for which the constant ¢j(s,Q2) = s —n in
this inequality is sharp, that is, it is maximal possible. We recall one feature of Hardy type inequalities:
the sharpness of the constant does not mean the existence of an extremal function u Z 0, at which the
inequality becomes the identity.

Let us prove that inequality can be essentially strengthened for each domain 2 with a finite
inradius p(£2). Namely, we are going to prove the following two statements.

Theorem 3 1. Assume thatn > 2, s € (n,00) and Q@ C R"™ is an arbitrary domain obeying the only
condition p(Q) < co. Then

/|Vu Vp(z,00)|dz / |u(z |d:v
s=1(z,00Q) (x,00)

Si(u, Q) Vue CHR), (3.2)

where

Si(u, Q) = E _81_ n /\u / (x,0Q)|Vu(z) - Vp(x,00)| dx.

( )
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The next statement is a simultaneous generalization and implication of Theorem 3.1}

Theorem 3.2. Assume that n > 2 and Q C R™ is an arbitrary domain obeying the only condition

p(Q) <oo. Ifpell, oo) and s € (n 00), then
/ [Vu(z) - Vp(z,0Q)Pdz (s —n) / |u(z |pdx
ps~P(x,00) (x,00)

Sp(u, £2) Yu € CH(Q), (3.3)

where
|Vu(z) - Vp(x,0Q)P

1
Pd dzx.
pp1 / @l det 5 )/ (0%
Q

As we have mentioned above, since |Vp(z,0Q)| = 1 almost everywhere on €2, by the Cauchy-Schwarz
inequality for the scalar product inequality ([L.1)) is true. This is why Theorem [3.2|implies the following
corollary.

Sp(u, ) =

Corollary 3.1. Assume that n > 2, p € [1,00), s € (n,00) and Q@ C R"™ is an arbitrary domain
obeying the condition p()) < co. Then

[Vu(z)Pdz (s —n) /u \pdcv

P3P (xz,00) (z,00)

i, Q) Vue G,

where

1 |Vu(z)P
* p
S (u, Q) = = 1 /,u )|[Pda + 0 )/ps—p—ps(x,afz) da.
Q

As s = n, non-trivial analogues of inequality (3.1)) are possible via changing the weight functions with
applying logarithmic factors in the way how this was done in paper [10] in a less general situation, when

the inequalities involve |Vu(x)| instead the absolute value of the scalar product |Vu(z) - Vp(z, 0Q)|.
Namely, by applying the logarithmic factors, we are going to prove the following two theorems.

Theorem 3.3. Assume that p € [1,00), n > 2 and Q@ C R" is an arbitrary domain obeying the
condition p(Q) < co. Then the inequality

/\Vu Vp(@, 0P, p(Q) L[ fu(@)Pde
n=p(z,00) p(x,00) " = pr | pr(x, 00)
Q

Vu € C(Q) (3.4)

holds true.

We note that in the general case. the logarithmic factor in this inequality is an essential ingredient.
For instance, for the domain

O ={zeR":0<|z| <1},
that is, for the unit ball with the punctured center, there exists no positive constant ¢(p,n) such that
the inequality holds:

|Vu(x) - Vp(z 891) / |u(z)[Pdx 1
Qq).
/ " p :L‘ agl) l’ 891 Vu e CO( 1)

We also stress that Theorem (3.3} E implies the following statement, which we proved in paper [10].

Corollary 3.2. Assume that n > 2 and  C R"™ is a domain obeying the condition p(Q) < oo.
Then the inequalities hold:

[Vu(z)| / |u(z)|dx 1
/,0" Yz, 00) In p(z, OQ (z,00) vu € Go(9),

R R Ay TTE T T
/]Vu "1 o, )d >an o (. 5Y) Vu € Cy(£2).
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In Theorem the kernel of the integral is strengthened by means of the factor
p(2)
I ————— — 02) =0
n o, 09) oo, as p(z,00)
Now we consider the case, when the kernel of the integral in the right hand side of the inequality is
weakened by means of a logarithmic factor.

Theorem 3.4. Assume that p € [1,00), n > 2 and Q C R" is a domain obeying the condition
p(Q) < oco. Then

|Vu(z) - Vp(z,00Q)] lu(z)| L, ep(Q)
/ o) 7 / o™ gy TGO, (3.5)

As usually, by e =~ 2.718 we denote the radix of the natural logarithm.
If p > 1, then the condition u € C}(Q2) implies that v := |u[P € C3(Q). This is why the following
corollary is true.

Corollary 3.3. Assume that p € [1,00), n > 2 and Q C R"™ is an arbitrary domain obeying the
condition p(Q) < co. Then

[w(@)P V() - Vole,00)] /u )P A, Q) 1
/ n 1 x 3Q) - x @Q dz \V’UGCO(Q),
where (Q)
Az, Q) =2 5P

For proving the theorems, we shall employ the followmg four lemmata generalizing and strengthening
corresponding statements, which we proved in [10].

Lemma 3.1. Assume that ¢ = const > 0 and in a domain Q@ C R" two continuous functions
wy = wy(x) >0, wy = wa(x) >0 are defined and a functional J : C}(Q) — R is defined as well.
If

+ / |u(z)| wi(x)dr < c/ |Vu(z) - Vp(z,00)| we(x)dx
Q Q

for each real-valued function u € Cé(Q), then for each p € (1,00) and each real-valued function
u € CY(Q) the inequality holds:

J(ul?) + / (@) w1 (2)dz < (cp)? / Vu(z) - Vpl, 0P wl ™ () (2)de.

Proof. Assume that p > 1 and u € C§(Q) is a real-valued function. Then the function v := |ulP € C}(Q)
since

Vo = V]l = pluf~!(Vu)sign p(u)
and a function |u[P~!sign (u) is continuous since u € C3(2) and p > 1. By the assumption of the
lemma, the function v = |ulP € C§(Q) satisfies the inequality

I+ [ [u@)l wi(o)ds < ¢ [ Vi) Tp(e,00)] ws(a)ds
Q Q
We estimate the integral in the right hand side from above by employing a simple inequality

Vu(@)P - Vp(z, 09)] < plu(e)[P~ [Vu(z) - Vp(z, 0Q)]
and the Young inequality

for the quantities
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We get:

J(|ulP) + / |u(z) P wy (z)dr < <1 — ;) /|u(x)|p wy (z)dz
Q Q
+;?[@mVWVUQﬁ‘Vp@zaﬁﬂpwfmCﬂU€de%

and this completes the proof. O

Lemma 3.2. Assume that 0 < a < b, k € {1,2,...,n}, where n is a natural number, n > 2,
s € (n,00). If f :[0,a] = R is an absolutely continunous function satisfying the condition f(0) = 0,
then an inequality holds:

a

1£(2)] s O
/ s+l (1 * (s — 1)b5> @ < s—mn) tk (1 a b"’) dt-
0

0

Proof. Since
t

ua></ﬁmﬂun

0

a a t
1f()] t° 1 t° /
pr] <1 + 7(8 — 1)b3) dt < / PP (1 + = 1)b5> dt/ |f'(7)|dT.
0 0 0

Swapping the integration order in the iterated integral and calculating the internal integral, we obtain:

B (e [ L
0 0

we get:

a

where

1 ts
T(r) =757 1 .
(r)=r71 /ts—k+1 < + G 1)bS> dt

T

Letting ¢t = x7 and employing the estimates

a < b, s> n, 2P <™ as 1<x<9,
-
-y T ) <1y as 0<y=r1/b< 1,
n(s—1)

we find:

b

[ 1 5718
< | - -
T(r) \/ R <1 + (s — 1)bs) dx
1

S—n S S

=yt vty 1oy

T
s—n n(s—1) = s—n’ YTy

Thus, we have obtained the inequality

“\ﬂwro+wf;>ﬁ< 1 ﬂfvn(y_ﬁ>ﬁ7

ts—k+1 s—1)bs s—n 75—k bs
0

and this completes the proof. O
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Lemma 3.3. Assume that 0 < a < b, k € {1,2,...,n}, where n is a natural number, n > 2. If
f:1]0,a] = R is an absolutely continuous function satisfying the condition f(0) = 0, then an inequality

holds true:
|f'(t)
tn k+1 / 1 *dt

0
Proof. Following the lines of the previous proof, we have:

itk [ i - [ L

0
where
a b/T
dt dx b
* _ —k -k —
=" /tn—kH ST /t” k1 /a:n B S /x =z
T T 1
This completes the proof. O
Lemma 3.4. Assume that 0 < a < b, k € {1,2,...,n}, where n is a natural number, n > 2. If

f:]0,a] = R is an absolutely continuous function obeying the condition f(0) = 0, then an inequality

holds: .
[l [l

gn—k+11p2 be tn—k
t

Proof. Following the lines of the proof of Lemma we get:

a a t
|f(t)|dt / dt / / !f'( )
< |f()ldr = | = =T (7)dr
n— be n— be 7,
/ t k+1 1n2 a 0 t k41 1n2 T 0 0

0
where
rd Fod
t t
*ok _ n—k n—k
T ()= /tn—k-l-l 2 % <7 /tn—k"rl 12 bTe
T T
b/t b/t
B / dx - / der 1 1 <1
/ m”*k+1ln2f—z = / xani’—; ln% S
This completes the proof. O

Proof of Theorem [3.1, We shall employ an exhausting of the domain  # R™ by open subsets €,
formed by finitely many cubes with sides parallel to the coordinate planes. Earlier, we proposed such
approach for proving some Hardy type inequality of form (1.2), see, for instance, [3], [10].

Let u € C}(Q) be a real-valued function and v # 0. By K C Q we denote the support of this
function. In what follows we suppose that the function u € C3(Q) is fixed. Then we construct an
approximation of the domain Q C R"™, 2 # R"™.

Let h € (0,1). We consider a covering of the Euclidean space R™ by the following cubes

K(z,h)={x e R":x=hz+y,y € [0,h]"}, =z€Z"

Then we define a set Q(h) as a subset  consisting of internal points of the union of all cubes lying in
QN{x € R": |z| < 1/h}. Then the set

Qh)cOn{zeR": |z| <1/h}

consists of finitely many cubes. We suppose that the number h € (0, 1) is chosen small enough so that
the compact set K is contained in one of the components of Q(h).
We define a sequence Q; (j € IN) letting Q; := Q(h;), where h; = h/277L j € N. We have:

Q= szle, KcQ; CcQjn (V5 € IN).
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The boundary 0€); of an open set €; is the union of finitely many (n — 1)-dimensional sides of the
cubes K(z, h;). Then we define a special partition €; for each fixed number j following paper [10].

It is obvious that the boundary 0€; contains cubic sides of dimension k for k € {0,1,...,n — 1}.
Let Gjm, C 09Q; be a k-dimemsional side of one of the cubes forming ©;. We also mention that the
singular set S(Q ) consists of the points x € §;, for which there exist cublc sides, where G, # G’]m ,
such that

P(x, Qj)ﬂéjm £ 0, P(SE,Qj)ﬂéjm/ £ .
As it was pointed out in [I0], the set of the points x € €; located at the same distance from two sides
Gjm # Gjmy of dimension k € {0,1,...,n — 1} and ¥’ € {0,1,...,n — 1}, is a bounded subset of a
(n — 1)-dimensional plane or some (n — 1)-dimensional surface of second order.

Since the boundary set 9; consists of finitely many cubic sides, then mes,, S(€;) = mes,, S(Q;) = 0,
where S(£2;) stands for the closure of the set S(§2;) in the domain ;. We define the sets G, as follows.

If dim G}y, = 0, that is, this side is a point and is one of the Vertlces of some cube K(z,hj), we
let Gjp = Gjp; if dim Gy, = k € {1,...,n — 1}, then up to a rotation and translation the set Gy,
coincides with the set (0, )% and Gjm C éjm, and the closure of G}y, is a side éjm C 09);.

By construction, we have finitely many sets G, m € {1,2,...,m;}, such that G, # Gjpy for
m # m/ and 09Q; —Umj 1Gim

We define the followmg subset of €;:

W(Gjm) = {x € Qj \ S(Qj) : P(%,Qj) = {y},y S Gjm}

For each continuous function F € C(9;) we can use the formula

/Q d:c—Z/

We introduce several new notations. Let ST % := {t € R""* : |¢t| = 1}, where

j (G]m

R = {(t1, ...y tnog) ER"F 141 >0,... 1) > 0}

Let G, be a cubic side of dimension k € {0,1,...,n — 1}. Assume that mes,, W(Gj,,) > 0. Up to
an Euclidean motion, the set W(Gjy,) can be represented as follows:

W(G]m) = {y+rw tye Gjm7 w e Si_kv 0<r< ka’(vavG]Wth)}v
where @y is some continuous function satisfying the condition:
0 < @r(y, w; Gjm, ) < p(€).

While integrating over the set W(Gj,), the quantity r = p(x, 0€;) will serve as one of the inte-
gration variables, and this is we shall need three types of coordinate systems: spherical coordinates,
several cylindrical coordinates and a Cartesian coordinate system. Passing from multiple to reiterated
integrals, we obtain several n different formulae depending on the choice of the coordinate system.

We shall make use of the notations ¢x(y,w) = @r(y,w; Gjm, ;) € [0, p(2;)] and of the following
formulae from paper [10]:

—if dim(Gjpm) = n — 1, then

<)07L71(y7w0)
/ F(:c)d:r = / dy/ F(y + rwp)dr;
W (Gjm Gjm 0

—if dim(Gjp,) = n — k, mes, W(G )>0and 2 <k <n-—1,then

Pn—k y7
/ dx—/ dy/ dw/ (y + rw)rkLdr;
W(Gjm) Gim st

— if dim(Gjm) =0, i.e. Gjm = {20}, and mes,, W (G, ) > 0, then

500 Zo,w
/ x)dxr = / dw/ F(xo + rw)r™ tdr.
W(Gjm) by
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Letting F(z) = |u(x)|r=® (1 4+ r°/((s — 1)b®)) and applying the inequality from Lemma with the
parameters

a=¢nk(y,w), b=pQ)=p)=>a
for internal integrals, we obtain the inequalities

en—1(y,wo) n—1(y,wo)

T

N

wo(zo,w
|u(@)| re 1 / |u ()] re
14— )dr < —— i i
e (s —1)b* — rsn )
0

for the case k =1, 2 < k < n—1and k = n, respectively. Integrating these inequalities with respect

to external varlables and taking into cons1derat10n the identities r = p(x, 0€);) and
ou(z)
A = V() - Vo, 00)] (3.6)

we get:

R CTS OO T P Sy g TG B/ PRACY, AP

7 (0,00) \' T - Dpr(@y) s—n (2, %) )

W(Gjm) W(Gjm)
Summing up these inequalities over m € {1,2,...,m;}, we get:

[t () e [P (- o

Finally, passing to the limit as j — oo in this inequality and using Theorem and Lebesgue theorem
on dominated convergence, we arrive at the inequality

|u(z)| PPz, 09) 1 Vu(z) - Vp(z, 00)] (| p(,00)
Q/ (2, 00) <”<s—1>ps<n>>d <3_nQ/ o1z, 09) (1 () )d’

which is equivalent to (3.2]). This completes the proof. O

Proof of Theorem[3.9 We let

(Y) _ 1
I =25 [z, o= 2
Q

— # wa2(T) = ; - M
wi(z) = p5(z,00) 2(2) ps~(x, 00) (1 ps(Q) )

Applying the last inequality from the proof of Theorem and Lemma [3.1] we obtain the following
statement: for each real-valued function u € C'(%(Q) the inequality

/ w@P (|, 200 / [Vule) - Vol 00 (, p 09"
p@ o) ' - Dp @) S Gonp o P(,09) )

Q
holds. This implies inequality (3.3]) of Theorem [3.2] - since p > 1, s >n and

(x,00) *P(x, 0N)
<1‘pps<m> S e
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The latter inequality is reduced to an elementary inequality (1 —¢)? < 1 — t? for ¢ € [0, 1], since
p*(x,00)
p*(92)

for each point x € €. O

0<t:= <1

Proof of Theorem[3.3, We shall need geometric constructions given in the proof of Theorem
Namely, we choose a real-valued function v € C’&(Q) with a compact support K C (), construct a
sequence of open sets {}; formed by the cubes such that

Q; = Q(hy),
where h; = h/2/71, j € N, and

[e.e]

= U Qj, K C Qj C Qj+1 (\V/] S IN)

Then, for a fixed j, we consider a partition of the sets 9€2; and ; into subsets G, and W (Gjp,).
In the proof of Theorem we obtained n different formulae for the integrals over the sets W (G )
depending on the choice of the coordinate system. Employing these formulae for the integrals over
the sets W(Gjp,) in the case F(x) = |u(z)|r™™ and applying the inequality from Lemma with
a=pn_k(y, w), b= p(Q) > p(Q;) > a, for internal integrals we obtain the inequalities

@nfl(y»WO) lpn—l(%wo)

/
Mol [ L, (),
rn réT r

Pn k:(y7 )’ ( )’ Sonfk(va)‘ /( >‘ (Q)

u(x Up (2 4

rn—k-}—l dr < / Tn_k In < r > d?",

0

wo(zo,w) po(zo, w)

@)l g, o ()0 (2D g
0/ rd<0/|()|l<r>d

in the cases k =1, 2 < k < n — 1, k = n, respectively. Integrating with respect to external variables
and taking into consideration identities r = p(x, 9€;) and (3.6]), we obtain

| s [ e S (O )

P (z, 09;) P (x, 09;) p(z,0Q;
W(Gjm) W(Gjm)
Summing up these inequalities over m € {1,2,...,m;}, we get:
ju( / Vu(a) - Vp(x,00) [ p(©)
1 dx.
/ (x, 8Q pn(z, 09) " p(z,09Q;) v

i

We pass to the limit as j — oo in this inequality and use Theorem and Lebesgue theorem on
dominated convergence. Then we get the desired inequality (3.4) for the case p = 1. Applying
Lemma we arrive at the inequality (3.4) for the case p > 1. The proof is complete. O

Proof of Theorem 3.4} We again use geometric constructions made in the proof of Theorem

We fix a real-valued function v € C}(2) with a compact support K C € and we construct a
sequence of open sets {1; formed by the cubes. Then we employ the formulae for the integrals over the
sets W(Gjp) depending on the choice of the coordinate system for the case

b
F(x) = |u(z)|r " In"2 76.

We apply the inequality of Lemma with
azgpn—k(y’ W), b:p(Q) 2/)(9]) Za
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for the corresponding internal integrals. Then we arrive at the inequalities

Yn—1(y,wo) Pn—1(y,wo)

Ju(a)| (@)
/ dr < / dr,

pn—k+1]p2 €@ " rn—k
T

o

wo(wo,w) o (w0, w)
dr < |ul.(x)|dr,
0

corresponding to the cases £k = 1, 2 < k < n — 1, £k = n. Integrating with respect to the external
variables and taking into consideration the identity r = p(z,9€;) and (3.6)), we obtain:

/ - TR T R TP

) 12 p 1 (z, 09;
W(Gjm) 7. 0%;) In P04 W(Gjm) ( 2
Summing up these inequalities in m € {1,2,...,m;}, we get:
/ O O RGO Y
3, p™(z,09;) In p(w,00;) &, P (@, 0)

We pass to the limit as j — oo in this inequality employing Theorem and Lebesgue theorem
on dominated convergence. Then we obtain desired inequality (3.5 for the case p = 1. Applying
Lemma we arrive at inequality (3.5]) for the case p > 1. This completes the proof of the theorem. [

4. EXAMPLE AND OPEN PROBLEM

Let c,(s, ) and cj(s, Q) be the constants in inequalities (1.2) and (1.3) defined by formulae (1.4)
and (1.5)), respectively.

For each convex domain Q C R™, Q2 # R", the identities
(s — 1)
pP
hold due to Theorem , the estimate ¢, (s, ) < (s—1)/p? from paper [14] and the estimate cj(s,2) <
cp(s, Q). In particular, we have:

cp(s,9Q) = cp(s,9Q) =

1

2(2,02) =c5(2,Q) = T

Let us adduce an example, which shows that these identities are true for some non-convex domain.
We consider a circular annulus
A=A(r,R)={2z€C:r<|z|<R}, 0<r<R<oo,
with the conformal modulus M(A) = (2r)~'In £. By Lemma 1 in [I5] and formula (3.6), the identity
holds:
2(2,A4) =c5(2,A) for A= A(r,R).

In [I5], the exact values of c2(2, A) were calculated depending on the modulus M(A). It turned out
that

1
M(gl)’rlmo 2(2,4) =0, 2(2,A) = 1 for the case M (A) € (0, M™],

1
0<e(2,4) < 1 for the case M(A) € (M™,0),

where the critical values of the modulus is M™* ~ 0.57298.
We note that

M* = (27)"'In (2 - 1) :

q
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The number ¢* ~ 0.05318 is determined as follows. We consider the Gauss hypergeometric function
<k
1)2

F(a,B,1;¢) _sz

and its analytic continuation in the domain C\ [1,00). As it was shown in [15], the formula

144 1—i 2coshZ [
F< —H’ 2’1;> cos / costdt e C\[L o),
2 2
0

k—1
H a+i)B+4), [<<1,

costh— %
holds true and the equation
X(g) = (-t () 1
9= F<1+z@1.7ﬂ) (27)F( | 1-i q. 1
q 2 b} ) q q ) 2 )
has a root ¢ = ¢* € (0,1) such that
q = quI%(i)nl){q :X(@)(1—¢q)=1 and X(t)(1—-¢t)<1 Vtelg 1)} ~0.05318.

J
o4
<
—
|
~
—_
I‘I
QP
N——
—
|
Q

It is easy to find that the critical value of the modulus M™ corresponds to an easily remembered critical
value of the quotient of the radii:

= (R/r)" = exp(2rM™*) =~ 36.6.
Therefore, the following proposition is true.

Proposition 4.1. Let A(r,R) ={z€C: r<|z| < R}. If

R
1< = <" ~36.6,
T

then c2(2, A(r,R)) = ¢5(2, A(r, R)) = 1/4.
In conclusion we mention one of open problems.

Problem. Assume that Q C R? is an arbitrary simply-connected domain obeying the only condition
Q # R2. Whether there exists a constant C3 > 0 such that the inequality

u(x)|? dz
/yvu - Vp(z,00)* dz > 02/|x|89)

holds for all u € CE(Q)?

If the answer to the above question is positive, then the next step to obtain similar inequalities in
domains Q C R? with uniformly perfect boundaries.
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