ISSN 2304-0122  Ufa Mathematical Journal. Vol. 13. No 3 (2021). P. 4456

doi:10.13108 /2021-13-3-44:

ON NON-LOCAL PROBLEMS FOR
THIRD ORDER EQUATION WITH
CAPUTO OPERATOR AND
NON-LINEAR LOADED PART

B.I. ISLOMOV, O.KH. ABDULLAEV

Abstract. This paper is devoted to proving the unique solvability of nonlocal problems
with an integral conjugate condition for one class of third-order equations with a parabolic-
hyperbolic operator including the Caputo fractional derivative and a nonlinear term con-
taining the trace of the solution u(z,0). Since the considered equation is of the third order,
in which a first order differential operator with coefficients a, b and ¢ acts on a parabolic-
hyperbolic second order operator, the coefficients a, b and ¢ influence essentially a well-
defined formulation of boundary value problems. This is why, before providing complete
formulation of the studied problems, we present the boundary conditions in their formula-
tion for various cases of the behavior of the coefficients a, b and c.

In the first part of the paper we formulate a nonlocal Problem I with an integral conju-
gate condition in the case 0 < b/a < 1. This problem is equivalently reduced to a Volterra
type nounlinear integral equation and we prove its unique solvability by the successive ap-
proximations method.

The second part of the work is devoted to well-posed formulation and to studying other
nonlocal problems, the formulations of which are related with other possible cases of a and
b. We provide a detailed study of Problem II. Then as remarks we described the way of
studying other formulated problems.

Keywords: parabolic-hyperbolic operator, Caputo fractional derivative, nonlinear loaded
term, integral conjugate condition, nonlinear integral equation.

Mathematics Subject Classification: 35M10, 34K37, 35R11

1. INTRODUCTION

Let €2 be a simply connected domain enveloped in the half-plane y > 0 by the segments BBy,
ByAy, ApA located respectively on the straight lines z = 1, y = h, x = 0 and, in the half-plane
y < 0, by the characteristics

AC: x+y=0,
BC: x—y=1
of the equation
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where C' (%, —%) . a, b and c are real constants and a? + b? # 0,

u
L1U :@ — CDgyu + fl(xuyau(xv()))v (I7y) S Ql’
Lu = u  O*u
Lou :@_a_yQ—i_fé(x’y;U(x?O))’ (x,y) 692’

Dy, is a Caputo differential operator of order 0 < a < 1 [1], [2]:

Dif = = | =07 (1.2)

and
O =Qn{y >0}, Q=0n{y <0}.

It is well-known that local problems for equation with continuous and discontinuous
conjugate conditions as f;(z,y;u(z,0)) = 0 and o = 1, were studied in work [3]. For a third
order equation with a parabolic-hyperbolic operator of an integer order involving linear loaded
parts, only local problems were studied with continuous conjugate condition, see [4], [5]. Tt
should be noted by the methods employed in works by T.D. Dzhuraev [3] and U.I. Baltaeva [4],
[5] are insufficient for equation as fi(x,y;u(z,0)) # 0 and 0 < o < 1. This is mostly
related with the fractional differential operator, which is the Caputo operator in our case, and
the arising integral equations and the methods for studying them are related with a nonlinear
part of the considered equation.

Local and nonlocal problems with continuous and integral conjugate conditions for loaded
parabolic hyperbolic second order equations involving various operator like Caputo operator,
Riemann-Liouville operator and others, were studied in works [6]-[8].

We note that the aforementioned equations describe some problems of optimal control, gov-
erning of ground water, the moisture of soil, problems on underground liquids, problems in gas
dynamics, mathematical biology, economics, ecology and fundamental mathematics [9]—[12].
Moreover, boundary value problems for differential and integral-differential equations with non-
local boundary conditions arise in various fields of mechanics, physics, biology, biotechnology
and others, see [13]-[15].

First we provide some conditions necessary for formulation of problems related with possible
cases of choice of the coefficients a, b :

u(0,y) =p1(y), u(l,y) = v2(y), 0<y<h,
Uzy O?Z/ :903(1/)7 0 < Yy < ha
Uz ]-7y _@4(y)7 0 < ) < h7

L (00) =ar (). ~0) + @i, <0) + ()l 0) + ale). 0<z <1 (L6)
g—z e —i(z),  0<z< % (1.7)
% lpe = (), % <r<l, (1.8)

where n is an inward normal, 6(z) = 6 (%, —%) . 0i(y), a;(z), 5 =1,4, ¢;(x), i = 1,2, are given
functions.
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2. FORMULATION OF PROBLEM

Definition 2.1. A function u(zx,y) is called a regular solution of equation if it possesses

continuous derivatives involved in the operator Lu and Lu € C'(Q\ AB).

Problem I. Find a regular solution u(z, y) of equation (1.1]) in the domain Q\ AB possessing

the following properties:
1) u(z,y) € C(QQNCHQ \ BO), uz € C(Q UAA);
2) u(x,y) satisfies boundary conditions (1.3, (1.4), (1.6) and (1.7);

3) an integral conjugate condition
lim DG, u(r,y) =A1()uy(z, —0) + A (@) uz (2, —0) + Az(x)u(z, —0)
y—+0

+ (a) / r(O)u(t, 0)dt + As(z)

is satisfied, where \;(z), i = 1,5, are given functions and
4
> A(x) £0.
=1

3. STUDY OF PROBLEM 1.

We denote:

Ug(ﬂf,y), (33,3/) GQZ-
Then equation (1.1)) can be rewritten as two systems:

ui(x,y), x, O,
u(x’y):{ (z,9),  (z,y) €

Ulge — cDgyul + f1<l’,y; ul(xv O)) :U1<ﬂ?,y),
(l‘, y) € Ql
aviz + buyy, + cvp =0,
and
U2ze — Uyy + fg(ﬂf, Y; U'Q(:Ea O)) :UQ(xa y)a
(l’,y) € 927
vy + bugy + cvy =0,
where v;(z,y) € C' (), i = 1,2, are sufficiently smooth functions.
Let 0 < b/a < 1, then, assuming that a > 0, b > 0, we obtain:
b b
0<b< J;a, 0 < bxr—ay < ;a, (z,y) € Q.

We note that a general solution to the equation
aviy + buy, + cv; =0, (1=1,2)
reads as

C

2ab(bx + ay)] ,

where w;(bx — ay), i = 1,2, are arbitrary continuously differentiable functions.

On the base of (3.3), (3.1)) and (3.2)), we consider the following equations:

C
Uter — D ur + f1(7, y;ui(x,0)) = wi(bz — ay) exp (—ﬂ(ba: + ay)) :

c
Uogy — Uzyy + fo(z,y;us(z, 0)) = wo(bxr — ay) exp <—%(bx + ay)) :

vi(z,y) = wi(br — ay) exp [

(2.1)

(3.1)

(3.2)

(3.3)
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It is easy to observe that the solution to the Cauchy problem for equation (3.5) with initial
conditions u(z, —0) = 7(z), wuy(z,—0) =v~(z) in the domain {2, reads as

Tty
us(,y) ZT(Hy);T(x_y) +% / v (t)dt
L §+n §—n §+m
L [ fg( , ,T( ))dn (3.6)
| (e ()
o [ (5t e (5 (M5 P )
x—l—y

Taking into consideration that (u, +u,)|,» = v2¢1(z) and employing conditions (1.6) and

([L.7), by we find:
(2a1(z) + 1)v~ (x) =(1 — 2aq(z))T ——/f2 (£+x’§;x,7(5;x)>d€_2a3(x)7(x)

x

1 b— b —c(btas, b—a
+ —/wg af + i ax em(b%&%x)df — 2ay(x)
2 2 2

0

= (5 (s (520) 34

On the other hand, by (1.4) and
Doyui (0,9) = Dgi1(y),  7(0) = ¢1(0)
as x — 40, it follows from (3.4]) that

wy (—ay) = [¢3 (y) — Doye1(y) + f1(0,5341(0))] exp (;ly)>

wnl) = (2 () = D5 (1) + 0.~ Lioao) ) ep (-52). (39)

3.1. Main result.

(3.7)

c(b—a)x
) ) eQab(a+b) . (38)

and

that is,

Theorem 3.1. If conditions

pi(y) €C*(0,h) NCH0, k], w2(y), p3(y) € C'(0,1) N C[0, A); (3.10)
a;(r) €C'[0,1]NC?*(0,1), A(z), s(z) € C[0,1]NCM(0,1), j=1,4; (3.11)

V1 (z) €C? <0, %) not [0, %} . filz s u(x,0) € C(QU) NCHQ), i=1,2; (3.12)

filz,y;m(2)) = filw,y; (@) < Lilm(z) = m2(2)],  i=1,2, (3.13)

are satisfied, where L; = const > 0, i = 1,2, then a solution to Problem I exists and is unique.
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Proof. In view of our notations,

u(x,—0) = u(z,+0) =7(x), uy(z,0)=v (), lim Dfu=v"(x) (3.14)

y—+0

as y — +0, by (3.4) and conjugate condition (2.1)) we have that

)~ Mo )~ Mla)(e) ~ Mler(o) ~ (o) [ (0 -
+ file, 05 7(2)) = wy (br)e 2 + s ().
Employing and (3.19)), after simplifications, as 2a;(x) + 1 # 0 we get:
(@) + Ar(@)r (@) + By (2)7(2)+Ci(2) / £ (g = < i (5 - I)) de
0 . (3.16)
+f1(z,0;7(z)) + A\ (2) /r(t)T(t)dt = f(x),
where
Aj(x) = =20 (z)(2az(x) — 1) + Ao(z),
Bl<CL’) = —401( )CL3<JI> + /\3(1’),
A1 ()
) = S @)
B A () f b—a, b+a 2o (g bsay)
f($)——— Wo £+ x| e2ad d¢
2(1 + 2a4(x)) 0/ ( 2 2 ) (3.17)
_ —i‘l_i(_xQ)ng; + wy(bx)ese + As(z).

Assuming a # b and making the change b_T“{ + HTGI = t, we can rewrite the function f(z) in
the form:
bx

_ Ai(z) w eziiaif)b thpg
f(x)_(a—b)(1+2a1<x>>J p(HemienTimdt
B A (7)ay(z)

br)eza + \s(z).
1+2a1(x)+w1< x)e2a + \5(x)

Then in view of (3.8)), after some simplifications we finally find:

bx

b [
@) =gy | <5 ()~ vaui ) a

SIE]

B A (z)ay(x)
1+ 2a4(x)

Taking into consideration that

7(0) = 1(0),  7(0) = vV2¢,(0) — ¥} (0) (3.18)

+ wy (bx)eze + As(x).
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and integrating twice (3.16]) with respect to = from 0 to x, we obtain:

T

T(x)+/[(x—t)( L(t) — A1) + Ay () dt+/ dt/ )z — 2)Ma(2)dz

0

T x

+/(:c—t)fl(t,O;T(t))dtJrZ/(x—t )i (t dt/f2 s,5 = t;7(s))ds
0 0 t/2
_% /(a: 0 (e a/ R Fols, —s: 7(s))ds = /(;p —1) (wl(bt)e_% + As(t)> dt
0 t/2 0

_bt
atb

a fzb / x—t)Cy(t / e Y ()ds + 2(1(0) A1 (0) + V2 (0) — (0))

0 t/2

i (0) — / (z — prbaald) |,

1 —f- 2@2 (t)
0

Thus, we have obtained a Volterra type nonlinear integral equation:

bt
x

(z) :2/(35—@ % a/be“i 7 fo(s, — ds—/f2 (s))ds | Cy(t)dt

0 t
2

_ / K (a t)r(t)dt — / (2 — O fu (6,0 7(0))dt + f*(2),

’ (3.19)

where

xT

Ky () =(x — D)(B(t) — AL(8)) + Au() + (1) / (2 — 2)(2)dz,

t
T

Pi) = [t =0 (et = PO L xs(0)) b + (100 0) + VEL(0) - ¢4(0)

bt
a+b

2 2 b r c(2s—t
—%/(w—t)@(t)dt/e W5 (s)ds + 1 (0).
0 t/2
By (3.10)—(3.12) we hence get:
K (z, e <M, 0<t<z<L  [[f'@le<fo, 0<z<, (3.20)

wnere M, fo = const > 0. In view of inequalities

Ifi(z, y:7(@))lle < foi,  IC1(@)]le < co



50 B.I. ISLOMOV, O.KH. ABDULLAEV

and assuming 7o(x) = f*(x), by

bt

a+b

o) 2D [ —pesar [ 55 s, —si s ()

a —
0 t
2

xT

-2 /(x —t)Cy(t)dt / fa(s, s — t; T—1(s))ds (3.21)

T

—/K(xtrn 1 dt—/x—tfltOTn L(B)dt+ (),

0 0

we obtain:

171 () = mo(@) e < 2 - con, (3.22)
where fy, co, cop = const > 0, and

oL = i  ax { (a+b)cofor. Cof02 My 12 for } .

a—0b

Then by (3.13), (3.22)), (3.21)) we find:

2
|72(z) = 7(2)|lc < 2 e+ 2° - erp + 2 - ei3 <

91 * Co1n;
x? x? x° x3
[73(2) — 72(7) e < 31 Co1 T e Co2 + —¢ 5l ©Co3 & 3T coym?,
where
M Ly coL2(2a +b)
C11 =Co1 * — Clg = Co1 * — Cla=0¢Cq+H — =
1 =Co1 " 5 12 U 13 01 a_1 )
Co1 =M+ C11, Co2 =M - C12, Co3 =M "C13,
1 M L1 CoL2(2a+2)
m =— - max =5
3 26 a—>b
Thus, we finally have:
n—1 x"
|70 (%) = Tue1(@)]|c < coom e (3.23)

Due to (3.23) we conclude that equation (3.19)) involves a contracting operator and there
exists a unique fixed point of this operator. Therefore, a nonlinear integral equation (3.19)
possesses a unique solution in the class C[0,1] N C?%(0,1). ]

Remark 3.1. If a = b, then we take into consideration that by (3.17) we have

al(x) e\ A (x)ay(z) e .
flz) = mwg (ax) <e 1) T+ 2a,(2) +wy(ax)eza + \5(x)

wslw) = fo (g —ai7 (o)) = V2L ().

and
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by we similarly obtain a nonlinear integral Volterra equation:

T

NIE]

4qa

(@) :—/(93—225)01(%)< = —1) falt, — ())dt—2/(:v—t YO (t dt/f2 —tor(s))ds

C
0 t/2
/let t)dt — /x—tflt()r())dt+f1*(:c),

where

A1 (t)ay(t)
1+ 2a2(t)) dt

1) =(1(0) 41 (0) + v/2455(0) +/x—t (w1 ()5 4 Aalt) —

- 4\25“ / (x — 2t)Cy(2t) (e* — 1) 1 (t)dt + 41(0).

0

Then v~ (x) can be found by and hence, a solution of the considered problem in the domain
Qs is recovered as a solution of a Cauchy problem, see .

Remark 3.2. In the cases 2a;(x) +1 =0, 2as(x) — 1 # 0 and 2a,(z) +1 =0, az(z) # 0 the
unknown function T(x) is determined as a solution to a nonlinear integral Volterra equation,
which 1s implied by .

The solutions of the studied problem in the domain ()5 is recovered in the same way, see
(3.6), while in the domain € it is found a solution to the Dirichlet problem for equation (3.4)
[16]:

1
(2, 1) / Ge(z,y,0,m)e1 (m)dy — / Ge(z,y, 1, n)pa(m)dn + / Go(z, €, y)r(€)de
0
(3.24)

/ / (29, €m) (w1 (b — am)e™ 55 — fu(g,mi7(€))) dedn,

where wy(+) is determined by (3.9) and

y
1

GO($7€7y) F(l—a) /77 G(x7y7§7n) m,

0

(y —1)? 1,2 |x — & + 2n] 1,2 |z + & + 2n|
G(x7y7§777):— € 7; - | — € 7; ——
2 nzzoo ok (y—mn)s ok (y—mn)2
is the Green function of the Dirichlet problem,
1,6 - 2"
‘18 = ; nID(6 — on)

is a Wright type function [16].

It should be noted that in the cases 2a;(z) + 1 = 0, 2as(z) — 1 # 0 and 2a4(z) +1 = 0,
az(z) # 0 we first find v (z) via a solution to the Dirichlet problem, see (3.24)), and then we
employ the conjugate conditions to find v~ (z) as Ay (z) # 0.
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4. OTHER PROBLEMS RELATED WITH CONDITIONS ON a AND b

Problme II. Find a regular solution u(x,y) of equation (1.1)) in the domain Q\ AB with the
following properties: o
1) u(z,y) € C(Q) NCHN), Uge € C(Q U AA);

2) u(x,y) satisfies all conditions of Problem I and (1.8 for 1 < b/a < +oc.

Remark 4.1. For a well-posed formulation of the problem we find appropriate conditions for
determining an unknown function w;(bxr — ay), i = 1,2, the domain of which covers completely
the considered domain under approrpriate conditions for the coefficients a and b. In order to
be able to do this, Problem Il involves additional condition (@

Problem III. Find a regular solution u(z,y) € C(Q) N C*(Qy), uge € C(Q U BBy) for (1.1)
in the domain 2\ AB satisfying all conditions of Problem II, when (1.4)) is replaced by (1.5
for —oco < b/a < —1.

Problem IV. Find a regular solution
u(z,y) € C(Q)NCHQ \ AC), Uz € C(21 U BBy)

to equation (I.1)) in the domain 2\ AB satisfying all conditions of Problem II except for (1.7
as —1 < b/a < 0.

Remark 4.2. In view of the conditions for the coefficients a and b, for a well-posed for-
mulation of Problems Il and 1V, in contrast to Problems I and II, a condition for determining
unknown functions w;(bx — ay), 1 = 1,2, is posed on the segment x = 1.

4.1. Study of Problem II. Let 1 < b/a < +00, then, assuming a > 0 and b > 0, we have
b> (a+b)/2 and therefore,

b
0<bxr—ay< +a, (x,y) € Qo (4.1)

2
b
ra <br—ay < b, (z,y) € Qoo (4.2)

Here §25; and 29 are the characteristic triangles ABE and BCE, respectively, where F =
E (b;—ba,()) s and 921 UCEU 922 = QQ.

Assume that inequality (4.1) holds, then, applying (1.6) and (1.7), from the solution ({3.6)
we find functional relation (3.7) and wo (), see (3.8):

wn (0 + b)) = 5 (fo (2, —257(2) = V20{ () (4.3)
In case we employ condition (1.8) and (uy, — u,)| 5 = V2¢2(2) from to find wae(z) :
Wy ((b — a)z + a) = e2ar(GFa)T=0) (\/51/1;(@ + fo(x,x —1; T(x))> : (4.4)

It should be noted that the function

b
wor (), ngga;— ;
wy(z) = (4.5)
b
Was (), ot <z <b
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should be continuous for all 0 < x < b. It is easy to confirm that

a+by) a+b
W21 9 = W22 9

as

By , and we find:

(z) =B 2/ (x — 1)Ch (¢ dt/f2 . 7(s))ds
) ’ ) /2 (4.6)
- [ Kiwtrvit — [ = 0t 00t + g7 (@),
0 0
where
a+th
2 2
D, (1) = / Wt (2) Kz, 2)d=
a—
0
2 c(atb)z ct
+ 2 / Woo(2)e 2ab0=a) dZ/(I—t)Cl(t)62<b“> dt,
a—
%‘b z/2
( 2z
bta
¢~ et /(x —t)Cy (t)eﬂbcia) dt, 0<z2< a4 ;_ b$;
K2($a Z) = :
e =y /(3: — t)Cl(t)eWcia) dt, a4 _2‘_ bx <z < a —2|— b,
\ z/2
o . M (B)as(t)
g'(x) = /(33 — 1) (wl(bt)e 20 4+ \5(t) — T+ 2m(0) dt
0
+ 2(1(0)A1(0) + V2445(0) — £/ (0)) + 1 (0).
Substituting (4.3]) and . into -, we obtain:
a+b
2 7 c(b—a)z z z z
O —— 2 [ ety = K
o) =2 [ L (i () Kt e
0
9 bx T
i z—a z—a z—a ot
- —a e R _ 2(b—a)
v 2o e, (b_a, T (b_a)) dz/(:c £)Ch (E)e T dt
atb z/2

2
1

a—+b c(b—a)z
:—2(a —+b ) /6(2ab)f2 (2, —2;7(2)) Ka(z, 2(a + b))dz
0
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bx

x

b:aa
— eba / folz, 2 — 1:7(2)) dz / (z — t)Cy (t)eZ0-a dt.

z(b—a)+a
2
Moreover, taking into consideration that

xT

/ (x — t)C’l(t)eﬂbcia) dt|| < const and | Ks(x,z2)|c < const,

z(b—a)+a
2 C

we conclude that
b

fo (e =z 7(2) d2|| +my / fo (22— Lir(2)) d2|
c 3

c

@z, 7(z))llc < my

)
[N

where mq, my = const > 0.
By (3.13)) and the second condition in (3.12), assuming that mg = max{my, ms}, we get:
br —a

12(z, 7(2)) llo < 5=

- const;

br—a
b—a

(2, T1(2)) = (2, Ta(2))]lc < mLo / [Tn-1(2) = Tua(2)|dz

0

c
Lo [ bx — "
< mO' 2 ( bx a) - const.
n. —a
Using the inequality x < %=% as b > a, by similar arguing for equation 1} we get:
(bx — a)"
[70(2) = Tno1(@)]|c < m - const.

Thus, we conclude that equation (4.6) is uniquely solvable as a Volterra nonlinear integral
equation.
The following theorem holds.

Theorem 4.1. If the assumptions of Theorem and

1 1
c?l=,1)nct |51
wz(@ € (27 ) |:27 ‘| )
then Problem Il is uniquely solvable.

Remark 4.3. While studying Problem II, the unknown function 7(x) can be determined as
a solution to the nonlinear integral equation as 2a,(x)+1 =0, 2as(x)—1 # 0, or 2a;(x)+1 =0,
az(z) # 0, in the same way as in Problem 1.

Remark 4.4. Problems Il and IV are reduced to the Cauchy problem for equation
with initial conditions T(1) = ©(0), 7/(1) = ©,(0) — v/2¢5(0).

Let —1 < g < 0, then the unknown function wq(z) is determined by condition and is
given by . In the other case, that is, as —oo < g < —1, the function wy(x) is determined by
. It should be noted that in these case we obtain a linear integral Fredholm type equation
as fi(z,y;7(x)) = 0 and A\y(x) # 0. Therefore, we need to prove independently the uniqueness
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of solution to the problem or to impose additional conditions for the given functions ensuring
the unique solvability of the corresponding linear integral Fredhold type equation. But since
filz,y;7(x)) # 0,4 = 1,2, we obtain a nonlinear integral equation with Fredholm and Volterra
operators.
On the other hand, if we replace the integral term in conjugate condition by
1

M) / r(t)r (1),

T

and the corresponding nonlocal condition, see (1.6, is imposed on the characteristics BC, then
we again obtain a nonlinear Volterra type integral equation.

Remark 4.5. Similar problems for as b =0, a,¢c # 0 can be studied by a similar
method.

Such problems were studied in work [17] as
film yiu(z,0) = pelgtu(z;0),  i=1,2.
k=1
As we know, boundary value problems for equation (1.1) with a = 0,b, ¢ # 0 were not studied
even as fi(z,y;u(z,0)) = 0. We note that the methods used in work [3] for a = 0,0, ¢ # 0, are
not applicable for such equations involving fractional differential operators.
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