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INTEGRALS AND CHARACTERISTIC LIE RINGS OF
SEMI-DISCRETE SYSTEMS OF EQUATIONS

A.V. ZHIBER, M.N. KUZNETSOVA

Abstract. The paper is devoted to studying systems of semi-discrete equations 7,41, =

h(x,n, T, Tnt1, Tn.) Within the framework of an approach based on the concept of a charac-
2

teristic Lie ring. Here 7, = (v}, 72, ..., vN), h = (h',h%,... AN), n € Z. Among integrable
nonlinear partial differential equations and systems, we find Darboux integrable nonlinear
hyperbolic equations and systems. A feature of such equations is the existence of integrals
along each characteristic direction, the so-called z- and y-integrals. This allows us to re-
duce the integration of a partial differential equation to integrating a system of ordinary
differential equations. Darboux integrable equations and systems can be efficiently studied
and classified by means of characteristic Lie rings. Papers by Leznov, Smirnov, Shabat,
Yamilov underlie an algebraic approach for studying nonlinear hyperbolic systems. Cur-
rently, the algebraic approach is extended to semi-discrete and discrete equations. In this
paper, we prove that the system has N essentially independent z-integrals if and only if
the characteristic Lie ring corresponding to a continuous characteristic direction is finite-
dimensional.

Keywords:semi-discrete system of equations, characteristic ring, z-integral, Darboux in-
tegrable system.
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1. INTRODUCTION
This work is devoted to studying systems of semi-discrete equations
Fn—&—l,z - l_l(l’,n, fn;fn+lafn,z) (11)

in the framework of an approach based on the notion of the characteristic Lie ring. Here
Fo=(rLr2 o rN) b= (R R .. W), n € Z.

We first of all give rigorous definitions and formulations of the results. We begin with
independent variables. Each identity is to hold identically on each solution of system ([1.1)).
This is why everywhere we replace 7,11, by the right hand side h(x, 1, 7, Frs1, Tnz ), and Tpyo.0
is replaced by h(z,n + 1,711, Fuie, h(2,1, Ty, Frit, Tne)) and so forth. Thus, the independent
variables are

T T 1 s T -+ 5 Trskr -+ Tres s T = - - - (1.2)
Hereafter we employ the notation D, for the operator of total differentiating in the variable z

and D denotes the operator of the shift by one over n, that is,
Dr(n,z) =r(n+1,z), D7 'r(n,z) =r(n—1,2),
D?*r(n,z) =r(n+2,1), D?r(n,z) =r(n —2,7).
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The derivatives of the vector 7, are denoted by 7o = (7}, 4. 75 4, - - - ,rqjxm), ey
Fm) — (Tl,(m) rN,(m)) _ oy, omrN
n n ) yI'm 8];771 gee ey a$m .

Definition 1.1. A function

N 2
W=W(@,n i Fusts o Tuss)s D ( oW ) #0

i
i=1 Ot

obeying a characteristic equation D,W = 0 is called x-integral of system (1.1)) and the numbers
s 18 its order.

Definition 1.2. A function

Yooar N
I = I(2,7, 70, o, Trge, - 7). Z(—) #0

i=1 ory™
obeying equation DI = I is called n-integral of system (1.1) and the number m is its order.

System of equations (1.1)) is called Darboux integrable if possesses a complete set of func-
tionally independent integrals, N integrals in each characteristic direction.

Example 1.1. A chain
Inttni1
tn+1,z = tn,x +ce 2

15 Darboux integrable since it admits an x-integral

tht1—tn tn4+1—tn+2

W =e 2 +e 2

and an n-integral (see [3])
2
5 -

Darboux integrable equations and systems can be effectively studied and classified by means
of characteristic Lie rings.

The notion of a characteristic Lie algebra was introduced in work [I] for systems of hyperbolic
equations of form

I= tn,xw -

ul, = F'(u), i=1,2,...,n. (1.3)
In works [1], [2], a criterion for the Darboux integrability was proved for nonlinear hyperbolic
systems of equations. It was shown that system (|1.3]) possesses a complete set of integrals if and
only if its characteristic algebra is finite dimensional. In work [4], a criterion of the Darboux
integrability was obtained for nonlinear hyperbolic systems of equations of form

Uzy = F (0, uy, uy) (ul, =F',i=1,2,....n).

In works [5], [6], a notion of a characteristic ring of a discrete equation was introduced and
by means of this notions, Darboux integrable differential-difference equations of form ;41 , =
f(ug, wiv1, u; ) were classified. Works [7], [8] were devoted to constructing a complete set of
integrals for a hyperbolic system. In work [9] a conjecture was formulated: a system of equations
possesses a complete set of z- and n-integrals if and only if the characteristic ring in each
characteristic direction is finite-dimensional.

In the present work we prove that system possesses N independent x-integrals if and
only if the characteristic ring in this characteristic direction is finite-dimensional.

The paper is organized as follows. Section 2 provides the proof of the main result formulated
in Theorem for system as N = 2. In Section 3 we give a scheme of the proof of the
main result for an arbitrary N (Theorem [3.1)). In Conclusion we discuss the results.
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2. CHARACTERISTIC RINGS. CASE N =2

Here we study the case N = 2:

Prtte = h(T, 0, Py Tt Tre)s P = (1}, 12), h = (h', h?), n € 7. (2.1)
Let us find Lie x-ring of system (2.1). On the set of locally-analytic functions depending on
the variables x, 7, », T, P41, - . . the operator of total differentiation in x reads as
0 0 0 0 0
o orl . orz ., Z o “or 1 mrorz

By system of equations ([2.1) we obtain the relations

ffn-l—k,a: = i_ln—l—k(xa n, fna fn—i—ly ce afn—&-ka fn,x)a k= ]-7 27 ce (23)
We represent operator ([2.2)) as

where

9 B , 0
Yi_ arrlhw’ }/2_ 87‘%@’ +Z ( n+kxa 1 e +r n—l—k:zﬂ)'

According formulae (2.3)), the vector field Y3 can be represented as

0 0 0
}{3:8——%7111?4-7’”36824-2(0&/@ T + Bk >,

n—i—k a n+l<:

where h, 1, = (o, Bi). We note that

ap = ap(T, N, Ty Pty - o Ttk Trg)s Br = BT,y Fry Prg 1y -« s Ttk Tz -
According ([2.4)), the characteristic equation
DW (x,n,Tp, Trity -y Fngm) =0 (2.5)

is equivalent to system
YiW =0, YoW =0, YsW = 0. (2.6)

With equations , a Lie ring generated by the vectors fields Y;, Y5 and Y; is naturally
associated. We shall call this ring & a characteristic Lie z-ring of system of equations .
Solutions of equations will be called z-integrals.

The following statement holds.

Lemma 2.1. If system of equations (2.1 possesses two essentially independent x-integrals,
then the ring X is finite-dimensional.

Proof. Assume that system ([2.1)) possesses a pair of essentially independent integrals of the
same order

W, n, Ty ooy Trtm)s W(x,n,Tny. s Frim),
that is,
Oow Oow
a’r‘n+m 8"ﬂner
ow ow |70

ork o Or2 .,
Then the identity holds:

Tram = p(wW, W, 2,0, Ty oo Tram—1)- (2.7)
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We let w,, = w, W,, = W. Then by we obtain the relations
Prmak = Ap(2, 1, Wy Wy oo Wik Watks Trs Tt 1y - -+ s Prgme1),  k=0,1,2,.... (2.8)
Thus, taking into consideration formulae , we can pass from independent variables
Trzs Ty Ty Trls -« s Trgss - - - (2.9)
to new variables
fmc, Ty Ty Trats - s Trtme1, Wns Wiy ooy Wty W ks - - - (2.10)

In new variables ([2.10]), the operator Y3 is written as

0
o T Toiha T ke )
Z(Jrk al +k, 82+k

Under the change of variables; the relation [X AR [Y,Z holds, where the bar means an
initial operator in new variables, and the Lie ring generated by the operators Y;, Y5 and Y3 is
finite-dimensional. This is the initial Lie x-ring X is finite-dimensional.

Let initial system ([2.1)) possesses a pair of essentially independent integrals of different min-
imal order

w(r,n,Toy ooy T, Wz, n,Tn,. . Fotm), [ <m. (2.11)
The latter means that the integrals
wz,m4+m—1Fnomty s Tnim), Wz, n,Fny .o Frm)
are essentially independent. Passing then from variables (2.9) to the variables
fn,xu €, Fn; 7:n—|—17 cee 7fn+m—l7 Wn4m—1, Wn4m—I+15 -+ Wna Wn+17 R

as above, we obtain that the ring X is finite dimensional. The proof is complete. O]

Let us consider the issue on essentially independence of two integrals. Suppose that integrals
(2.11)) are essentially dependent. This means that the identity holds:

Wz, n, oy« ooy Praem) = F(X, 0, Ty oo T 1, W(T, M — U Tty « o s Ttm) )

Hence,
o
W = Z Fk(l‘, n, 7:”, . ,Fn+m_1)(w - wo)k.

Since w and W are integrals of minimal order we obtain that
Frp = (z,n,w(x,n, Fry oo Toat)y - w(T,n+m — U Fadmets -+ s Trem—1)) -
Thus,
W =®(x,n,w,, Wnat, - s Wntm—t)
and initial system possesses just one z-integrals.
We proceed to inverse problem. Let the ring X be finite-dimensional. It is clear that dim X' >
5.

We consider the case dim X = 5. Then the basis of the ring X is defined by the vector fields
}/17 )/27 }/37 }/13 = D/layé]) }/23 = D/Qa}/})] Since

0 0 0
Yy =— + 1l
oz T e e
> o 0
+ Z Oék:(xy n7 /r'n, ’r'n-‘rl; .. Tn-‘rk? Tn x)m (212)
k=1 n

o 0
+6k‘<x7n7r’nar7’b+1a" Tn-HmTlnx)aT )
n+k
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we have

Ory, = \0r, L Oy ork or2
0 > 80% 0 8@ 0
Y2, V3] = —
VY =55+ ; (87‘%’2 o, oz o,
Then we replace vector field (2.12) by
Yy =Y3—r) Yis— 1 Yas.
Thus, we have the following bases:
0 0 ~ 0 0 0
Yi=— Y, = Y; =
: 87“}17:5’ 2=z, +Z(O"“a ot )
5 5 B 5 (2.13)
Yis = + (’Yk + 0k > : Yo3 = + <pk + ke ) :
w2 (et I (e

It is easy to see that the coefficients dg, By, Vi, Ok, Pk, G are independent of the variables qum
and rm; and they are the functions on the variables z,n,7,,..., 7, x otherwise dim X > 5.

According ([2.13), characteristic equation (2.5 for z-integral W (z,n,7,,7,.1) is reduced to
system of equations

Ox ory 1 ory
0 0 0
—_— = 2.14
e L 214
0 0 0
(ar% MRS 87"711+1 o 87"?&1) =0

Since the number of the independent variables is equal to five: (z,7, 72,71 4,r2.,), while the
number of the equations is three, then system possesses two functionally independent
solutions w(z,n, 7y, Tny1) and Wiz, n, 7, 7pyq) of first order.

Then we consider the ring X’ of dimnension 6. Without loss of generality we can assume that
the base is generated by vector fields and a field of form

8 0 = 0 0
Yi=—+sp——+ <s +d ) k> 1. (2.15)
o “or Z Oty + larn-&-l

n

It is clear that the coefficients of the operator Y, are independent of the variables r}w and rfm
Otherwise the dimension of the ring would exceed 6.

In the same way, the coefficients of vector fields are independent of 7, . and 77,

If £ > 2, we arrive at system (|2.14]), which possesses two functionally independent solutions
of first order.

Let k£ = 1. Characteristic equation for x-integral of first order is reduced to a system

consisting of equations (2.14) and equation (see (2.15)))
0 0
( + 81— ) W = 0. (2.16)

O o

Since the number of independent variables is equal to five: (z,rL, 72,7}, 1,72, ), while the
number of equations is equal to four, system ([2.14)), (2.16]) possesses one solution w(x, n, 7, 7ry1)
of first order.
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Now we consider equation ([2.5)) for z-integral of second order

o . 0 - 0 0 = 0
(% T Orn o O i aQa T2 +62 8T721+2) o

0 0 0 0 0
+mn + 0155+ + 05— | W =0,
ory, or,, Tnt1 arnJrl or), L) aTnJrZ (2.17)

A A L A
or2 pl& Tnt1 qla Tnt1 pza L) q28 Tn+2 -

0 0 0 0
d W = 0.
(87"711+1 - Slarn—i-l M 87“,1”2 * 287’721+2)

Since the number of independent variables is equal to seven: (x,7,, Tpi1, Fri2), and the number
of the equations in system is equal to four, the latter system possesses three functionally
independent solutions w(x, n, 7y, Tpi1), w(x,n+1, 71, Tnyo) and Wz, n, 7y, Fruat, Fraz). Thus,
z-integrals w = w(x,n, 7y, Fpe1) and Wz, n, 7y, Tnit, Trao) define an entire family of solutions
to characteristic equation ({2.5)).

We proceed to the case dim X = 7. Here the basis of Lie ring X is generated by the vector
fields, which, according to , , are of form:

~ 0 0
Y +Z(akal +6k82 ),
n+l~c n+k
+z<7 o )
k k )
n an+k a n+k
0
+ D +q );
Z<kan+k kari-‘rk’

N 0 0
Y;; a +Sk +Z(Slan+l+dl87’ >

Ttk Ory It n+l

0 0 0 0
}/5 B /{la , +,ula : - Z <,{88T71L+s +)\88TT2L+S> ‘

Tt Tt s=n-+Il+1

Here the coefficients of the vector fields Y; are independent of the variables 7} o Tngand [ 2 k.
As k > 2, the system of equations

YW =0, i=1,2345 (2.18)

possesses two functionally independent solutions of first order and any other solution is a
function of its shifts, that is,

W =W(z,n,ww? w,wi,... w,w),
where
wl - w1<'r7n7fmfn+1)7 w2 - W2<JI,7’L,Fm’Fn+1),
Wi = W™z, 4 1, Frgi, Prgicl)s m=1,2, i=1,2,...,8

We consider the case £ = 1. If [ > 3, then we arrive at system (2.17)). Thus, we have an
x-integral of the first order and an z-integral of the second order. They define an entire family

of solutions to system ([2.18)).

Let | = 2. Then, as above, it is easy to show that sytem ([2.18]) possesses two solutions
wl(z,n, 7, Tpy1) and w?(x, m, T, Ty 1, Tna2 ), Which define all solutions of characteristic equation
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(2.5). It remains to consider the case [ = 1 (as k = 1). If a determinant vanishes:

1 S1
= 0’

R1 M1

then we replace the operator Ys by Vs = Ys — £,Ys. The latter reads as

z 0 0 0 0
Y I{la 1 + Mla ; " Z (HS 8r71“b+s - s ar%ﬂrs) ,

n+l s=n+1+1

where [ > 2. This case has been studied above.

If
1

R1

then we can replace the operators Y; and Ys by the following ones:

= 0 - 0 0
Y, =
o arn+l+;< a , +dla )’

Tnti Fo
0
1—2 ( "o S +Mlarn+l>
Thus, we have a system of equations
VW =0, %ZW=0, VaW=0, YW=0 YW =0. (2.19)

For second order solutions W = W (x,n, 7y, Fry1, Trao) the system contains seven independent
variables x, 7, 711, "o, While the number of equations is five. Therefore, there exist two
independent integrals of second order.

It is clear that in this case system possesses no integrals of the first order. In the same
way we consider the case when dim X > 7. Thus, we have proved the following statement.

Lemma 2.2. If the ring X is finite-dimensional, there exist two independent integrals of
minimal order. Any other integral is a function of their shifts.

Lemmata [2.1] now imply the following theorem.

Theorem 2.1. System of equations (2.1)) possesses two essentially independent x-integrals
if and only if the ring X is finite-dimensional.

3. CHARACTERISTIC RINGS

Let us determine the characteristic ring in the direction = for system ([1.1). On the set of
locally analytic function functions depending on the variables x, 7, ;, Ty, Tnt1, . . . the operator
of total differentiation in z reads as

+Z nmza z +Z ( n+kxarn+k) . (31)

k=0 1

System of equations (|1.1)) yield the relations
fn-i—k,:(: = Bn—l—k(xanafn)fn—l—l:---afn-&-k‘afn,z)a k= ]-727-"' (32)
We represent operator (3.1]) as

N

Dp=) Thuit Y, (33)

=1
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where
0 0
Y;: i YN‘H _+ (nkx ++nka:—)
arn,w Z - (9 711+k - arn—f—k
According to formulae (3.2)), the vector ﬁeld YN+1 can be represented as
0 0 0
Yiar = o 4oy o s (ak g )
ox or} 8 N Z orl +k o,
where h,, = (ab,...,al). We note that
Qb = (T, 1, Ty Frs 1y s Trks T -
According (3.3)), the characteristic equation
D W (x,n,Try Tty - s Tnrm) =0 (3.4)

is equivalent to the system
YW =0 i=1,2,...,N,N+1. (3.5)
With equations (3.5, a Lie ring X generated by the vectors fields Y;, i = 1,2,..., N, N + 1 is

naturally associated. We shall call this ring X a characteristic Lie z-ring of system of equations
(1.1). Solutions of equations (3.4]) will be called z-integrals. The following statement holds.

Lemma 3.1. If system of equations (1.1 possesses N essentially independent x-integrals,
then the ring X is finite-dimensional.

Proof. Let system (|1.1)) admits N essentially independent integrals of the same order
WX,y Ty .oy Tym), that is,

Ow? Ow? Ow?
aTn—&—m aTn—&—m arr]erm
#0.
Ow™N Ow™N Ow™N
orky, Ori,. orl...
Then the identity
Pram = Gn(Wh, . W™ 2,0, Ty Prgm—1) (3.6)
holds. We let w} = w?,...,w) = w". Then by (3.6) we obtain the relations
Prgmar = Ap(z,n,wl, oo 0N, Wit fos « « ,wﬁﬁrk,rn, Trtls -« Tntm—1), (3.7)
k = 0,1,2,.... Thus, taking into consideration formulae (3.7), we pass from independent
variables
fn,x7x7fnafn+1a~--7fn+sy--' (38)
to new variables
Trws Ty Ty Tty - - - ,fn+m_1,w711, . ,wflv, . »W711+k7 . ,wi\;k. (3.9)
In new variables (3.9)), the operator YN+1 is written as
~ 0
Y = —‘I'Z n+kx81 +- +Tn+k‘$aN :
n+k

Under the change of variables, the relation holds: [X, Z] [_ Z} where the bar denotes
the initial operator in new variables and the characterlstlc ring generated by the operators
Yi,Y5, ... ,YN,}}NH is finite-dimensional. This is why initial characteristic ring X is finite-
dimensional.
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Let initial system of equations ((1.1)) possesses N essentially independent integrals

WHE, 1, Ty oo Pty )y ey W (210, T - ey Pt ), (3.10)
of different minimal orders [; <l < ... < ly. The latter means that the integrals (we denote
Iy=M)

wl(ajun +M — llvfnJerlU s 777n+M)7
wi<x7n+M_li77jn+M—li7"'a’Fn+M>a 221727 '7N_17
W (L, 0y Ty - Praar)

are essentially independent. Then, passing from variables (3.8) to the variables

- - _ 1 1 N N
Tna, Ly Ty Tndly - -+ s Tndm—1, wn—l—m—ll ) wn+m—l1+17 s Wy wn+1’

as above we obtain that the characteristic ring X is finite-dimensional. The proof is complete
m

Now we consider an inverse problem. The following lemma holds.

Lemma 3.2. If the ring X is finite-dimensional, then there exist N independent x-integrals
of minimal order. Any other integral is a function of its shifts.

The scheme of the proof is as follows. Let the ring X be finite-dimensional. It is clear that
dim X > 2N + 1. We consider the case dim X = 2N + 1. Then the basis of the ring X is given

by the vector fields
}/17}/27 cee 7YN7YN+17

Yl,N-i—l - [}/17YN+1] ; }/Q,N—f—l - D/Qa YN+1] PRI aYN,N-i-l - [YN7YN+1] .
Since
N o0 5
YNy = Z <ock Ty Ty Tty - - rnJrk,rn‘,E)aT 4o
i=1 k=1 n+k
N o 0
.—|—Olk <x>n>rnarn+17'- rnJrkaTnx)a 5
n+k
then
0 =/ da}l 0 ool 0
Vi, Vi) = = + ( s L )
or}k kz:; or} Grn T 87‘ L0l
0 - 8&1 0 aaN 0
Y, Y] = — k k =1,2,...,N.
[ w41] ort, + ; (07“’ o}k + ort, 8rn+k) !
We replace the vector field Yy 1 by
Yy =Yl — Trll,xYl,NH - 7"121,9;3/2,N+1 - TﬁzYN,NJrl-
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Thus, we have the following basis:

0 0 0
Y, = Y, = .. Yy = ——
Yol oz ’ N7 oy
~ 0 - 0
Ynii =+ (&lle +o o dy k) ’
0 ; o} p +

o = Tnvk ntk (3.11)
a o
Y. - 7 1 N
ST kZ (p“a T ”2”“6%) |

0 - 0 0
YN =55+ (p}\rk—“‘“"i‘p%k—)-
A FOr TOry
It is easy to see that the coefficients p}k, 1=1,2,...,N,7=1,2,..., N are independent of the
variables x,n, 7, ..., Thik, otherwise dim X > 2N + 1.
According (3.11]), characteristic equation (3.4)) for z-integral W (z,n, 7, 7,+1) is reduced to
the system of equations

o ., 0 v 0 B
(%—i_alm—i_”.—i_al@)w—()?

o ., 0 N B
(aT +p1’18r%+1 + +p1’1arjy+1) w=0, (3.12)

o . 0 v 0
— ... —~ \w=o.
(anav PN TP arml)

: : : : . 1 N .1 N
Since the number of independent variables is equal to 2N + 1: @, 7, ...,7) oy, o, Ty,

and the number of equations is equal to N + 1, then system (|3.12]) possesses N functionally
independent solutions

wl(:v, Ny Ty Trg1)s - - - ,wN(x, Ty Ty Trg1)

of first order.
Similar to the proof Lemma [2.2] one can consider the cases dimX > 2N + 1.
Thus, Lemmata [3.1] [3.2] imply the following statement.

Theorem 3.1. System of equations (1.1)) possesses N essentially independent z-integrals if
and onyl if the ring X s finite-dimensional.

4. (CONCLUSION

Nowadays, the techniques based on characteristic Lie rings are an effective tool for studying
the integrability of nonlinear models, both continuous (equations and systems) [1], [2], [4], [7],
[8], and semi-discrete equations [5], [6]. The criterion of integrability of semi-discrete systems
considered in the present work seems to be as follows: system of equations possesses
a complete set of integrals (N integrals in each characteristic direction) if and only if the
characteristic ring in each direction is finite-dimensional. In the work we have proved the first
part of this criterion concerning a continuous characteristic direction.
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