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Abstract. In the present paper we study characteristic algebras for exponential systems
corresponding to degenerate Cartan matrices. These systems generalize hyperbolic sine-
Gordon and Tzitzeica equations well-known in the theory of integrable systems. For such
systems, corresponding to Cartan matrices of rank 2, we describe explicitly characteristic
algebras in terms of generators and relations and we prove that they have linear growth.
We study the relations between the higher symmetries of these systems and the structure
of their characteristic algebras. We describe completely the higher symmetries of exponen-
tial systems corresponding to the Cartan matrix of affine Lie algebra Aél). We also obtain
partial results on symmetries of such systems corresponding to other degenerate Cartan
matrices of rank 2. We propose a conjecture on the structure of higher symmetries of ar-
bitrary exponential system corresponding to a degenerate Cartan matrix. We study an
interesting combinatorics related to an operator generating a characteristic algebra in the
simplest case for a Darboux integrable Liouville equation. The found combinatorial proper-
ties can be very useful for proving the aforementioned conjecture on the structure of higher
symmetries. Moreover, in the present paper we give a rigorous meaning to the concept of a
characteristic algebra of a hyperbolic system used for a long time in the literature. We do
this by means of the notion of Lie-Rinehart algebra and at the examples we demonstrate
that such formalization is indeed needed.

Keywords: characteristic algebra, higher symmetry, Liouville equation, exponential sys-
tem.

Mathematics Subject Classification: 37K10, 37K30, 17B67, 17B70

1. INTRODUCTION

In 1981, A.B. Shabat and R.I. Yamilov published preprint [I], in which they considered so-
called exponential type systems, that is, system of hyperbolic partial differential equations of

form
T
w!, = exp (Z ajkwk> . og=1,2,...,m (1.1)
k=1
where aj, are constant coefficients and the functions w’ depend on variables x and y. It is easy
to confirm that if the matrix M = (a;;) is a Cartan matrix of a simple Lie algebra of series A,
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then corresponding system (|1.1]) is reduced to a two-dimensional Toda chain

Qoy = €XP(qjs1 — q;) —exp(q; —q;—1), J=0,1,...,m, (1.2)

with trivial boundary conditions ¢_; = 00, ¢,11 = —00.

The study of systems of form in [I] was based on investigating characteristic algebras,
i.e., Lie algebras generated by the operators D, of total differentiation with respect to the
variable y by virtue of the system and %. Shabat and Yamilov formulated two important
conjectures on the integrability of exponential type systems. The first conjecture is that system
is Darboux integrable, i.e., it admits complete sets of independent characteristic integrals
in both variables, if and only if it is a direct sum of several exponential type systems, the
matrix M of which are Cartan matrices of simple Lie algebras. The second conjecture says
that systems of form (Ll.1), not Darboux integrable, but integrable by the inverse problem
method, correspond to slowly growing characteristic algebras. Despite the fact that the proof
of the main classification theorem in [I] contained some gaps that have not been eliminated up
to this day (which, apparently, was the reason that this text remained in the preprint status),
this work served as a starting point for a large number of studies and publications on exponential
systems. In particular, in [2], integrable exponential type systems with Cartan matrices of size
2 were studied, and in [3], systems corresponding to non-degenerate Cartan matrices and, in
particular, systems corresponding to Lie algebras of the series A, were integrated explicitly. We
also mention papers [4]-[6] by the Ufa school , in which reductions of exponential type systems
and their connection with higher symmetries were studied, and a series of papers [7]-[I7], in
which discrete analogs of exponential type systems were studied.

Although the ideas related to the concept of characteristic algebra were implicitly used by
Goursat [18] in his attempts to classify Darboux integrable scalar hyperbolic equations, the
corresponding definition was introduced only in the last quarter of the twentieth century in
[19]. Later the concept of characteristic algebra was widely used in studying Darboux integrable
discrete and semi-discrete equations in works [20]-[30] of the Ufa school. A detailed survey of
the applications of characteristic algebras to the study of nonlinear equations is contained in
book [31]. The symmetries of the Klein-Gordon equations were studied in paper [32].

Characteristic algebras of integrable hyperbolic equations provide examples of graded infinite-
dimensional Lie algebras of linear growth. In paper [21], the characteristic algebra of the sine-
Gordon equation, having a growth rate of % was studied, and in [25], there was studied the
characteristic algebra of the Tzitzeica equation growing at an average rate of %. In papers [33],
[34] infinite linear bases for these Lie algebras were constructed and it was shown that they are
isomorphic to the nonnegative part of the loop algebra s/(2,C) ® C[t,t™!] and to the twisted
loop algebra of the simple Lie algebra si(3, C), respectively.

The present work is aimed at developing some of ideas expressed in preprint [I] and on a
progress in proving the conjectures expressed there. We have several goals. First, we are going
to give a due algebraic rigor to the concept of characteristic algebra (examples will be given
showing that this is absolutely necessary in the discrete case): we will show that it is natural
to treat these objects not as Lie algebras (or Lie rings), but as Lie-Rinehart algebras. Second,
we investigate an interesting combinatorics related to the Liouville equation, the simplest rep-
resentative of the class of exponential systems corresponding to Cartan matrices. And, thirdly,
we explicitly describe characteristic algebras of exponential type with degenerate Cartan
matrices of rank 2 and describe higher symmetries for some of them. As in the case of systems
of rank 1, which can be reduced to the sine-Gordon and Tzizeica equations, the characteristic
algebras of these systems have linear growth.

In Section [2] we provide a brief survey of known results on the integrability of exponential type
systems corresponding to the Cartan matrices. In Section [3| we introduce the concept of a Lie-
Rinehart algebra, describe the structure of the characteristic algebras of the sine-Gordon and
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Tzizeica equations, and adduce an example showing that it is appropriate to treat characteristic
algebras exactly as Lie-Rinehart algebras. Section [4] is devoted to describing the notion of
growth for infinite-dimensional Lie algebras. In Section [5] we study an interesting combinatorics
related to the characteristic integrals and symmetries of the Liouville equation. Section [f] is
devoted to an explicit description of exponential systems corresponding to degenerate Cartan
matrices of rank 2 in terms of the generators and relations of characteristic algebras. In Section
we describe the symmetry hierarchy for the system corresponding to the affine Cartan matrix
Agl) and gives some partial results on higher symmetries of systems corresponding to other
degenerate Cartan matrices of rank 2.

2. EXPONENTIAL TYPE SYSTEM AND CARTAN MATRICES

We consider a hyperbolic system of partial differential equations of exponential type being a
multidimensional generalization of the classical Liouville equation
wiy:e’”, p; = aqw' + - +apw’, i=1,...,m (2.1)
Leznov [3] showed that if the matrix of the coefficients M = (a;;) is a nondegenerate Cartan
matrix, then the corresponding exponential hyperbolic system is Darboux integrable. In
his proof [3], for the Cartan matrix from the A series, an exact solution of the system was found
explicitly and it depended on 2r arbitrary functions, that is, there was constructed a multi-
dimensional generalization of the classical solution of the one-dimensional Liouville equation
Uz, = e*. Later, in preprint [I], a conjecture was made that the main result of [3] could be
extended to the case of an arbitrary Cartan matrix M, possibly degenerate, using the method

of the inverse scattering problem. The case r = 2 was completely solved in [T}, 2]:

1 (a11w1+a12u}2)
Wy, = €
{ 2y 7 M = (an CL12> ' (2.2)

_ (az1wl+azw?)
w,, = e

It was shown [I} 2] that for two degenerate Cartan matrices

2 -2 2 —4
Ml:(—z 2)’ M2:<—1 2)’

corresponding exponential systems (2.2) are integrable by the inverse scattering problem
method. The characteristic Lie algebras of these equations, which will be discussed in the
next section, are isomorphic to some Lie subalgebras in the Lie algebras Agl), Ag). Exponential

systems ([2.2)) corresponding to non-degenerate Cartan matrices of size 2 x 2

2 0 2 -1 2 =2 2 -3

0 2)’ -1 2 ) -1 2 )’ -1 2
of semi-simple Lie algebras A A, As, Cs, G are integrable in an explicit form.

Now we consider a degenerate Cartan matrix M = (a;;). Its last row [, can be represented
as a linear combination of the first » — 1 rows:
by =Ml + -+ ANoilpg
We introduce new variables
ui:ai1w1—|—~-—|—ai,«wr, 221,2,7‘—1

Then system (2.1)) can be rewritten as

Uy, = @€ + appe™® + -+ a1 + et A = — 1L

Thus, for degenerate Cartan matrices of size r, the corresponding exponential system is reduced
to a system consisting of » — 1 hyperbolic equations. In particular, a degenerate Cartan matrix
of size 2 leads to the scalar sine-Gordon and Tzizeica equations. In Section [6] we study the
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systems to which the exponential systems corresponding to degenerate Cartan matrices of size
3 are reduced.

3. CHARACTERISTIC LIE-RINEHART ALGEBRAS

Let us recall the construction of one generalization of the notion of Lie algebra known in the
literature as the Lie-Rinehart algebra.

Definition 3.1 ([35]). Let R be a unital associative ring and A be a commutative R-algebra.
The pair (A, L) is called Lie-Rinehart algebra if
1) L is a Lie algebra over R acting on A by left differentiations, i.e.,

X(ab) = X(a)b+aX(b) forall a,be A, X € L;
2) Lie algebra L is an A-module.
The pair (A, L) should satisfy the following compatibility conditions:
[(X,aY]=X(a)Y +a[X,Y] foral X,Y €L, acA
(aX)(b) = a(X (b)) forall a,be A, X €L.

A morphism ¢ : (A, L) = (A, L) of Lie-Rineharts algebras (A, £) and (A, £) is a morphism
¢ : L — L of Lie algebras over R compatible with the action £ over A.

The concept of a Lie-Rinehart algebra turns out to arise naturally in the theory of character-
istic Lie algebras of hyperbolic systems. As a basic example, let us consider the characteristic
Lie algebra x(sinh(u)) of the sine-Gordon equation.

It was established in [33], [34] that in the characteristic Lie algebra

X (sinh(u)) = Lie(Xo, X1)

we can choose an infinite basis X, X7, X5, X3, ..., such that
1, j—i=1mod3
(X, X;] = ¢i; Xits, Cij = 0, j—i=0mod3 | i,7 = 0. (3.1)

~1, j—i=—-1mod3

Structure relations coincide with the canonical relations for the basic elements of the
algebra of nonnegative loops £(sl(2, C))<® over sl(2, C) or, in other terms, with the nonnegative
part of the affine Kac-Moody algebra Agl)

The characteristic Lie algebra x(sinh(u)) is a Lie algebra, but in the proof of its commutation
relations the structure of some auxiliary Lie-Rinehart algebra is essentially employed. It should
be noted that in monograph [31], as well as in a series of papers [25]-[28] and in others, the term
Lie ring was used. This choice was not very successful, and now in the literature a correct, in
our opinion, term Lie-Reinhart algebra is used more and more often [30].

We recall some known constructions. We consider the Klein-Gordon equation wu,, = f(u)
obtained from the classical equation

U — Uzz = f(u)
by the change of variables © = £, y = %L,
We define a composite function g(z, y) by means of a function g of many variables and some

solution u(z,y) of the Klein-Gordon equation
u = U(ZL’, y)7 g(xa y) - g(U, Ugy Ugyy Uggzs - - - ) = g(ua Uy, Uz, U3z, - - . )»
where we have used the notations

U1 = Uy, Uy = Ugyg, Uz = Ugga,
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A classical construction is as follows: while calculating a partial derivative % of a composite
function

dg  Oudg  Ouy Og 8g dg
or orou oz owm T Mo Ty, T

an operator D = a% of a partial differentiation in x arises:

0 0 0
D=u— —_— — 3.2
ula +U28 +U3au2+ +Uk+1ak (3.2)
Definition 3.2. The polynomial F(u, s, Uy, Uggy, ... ) = F(u,uy,ug,us,...) is called y-

integral of the Klein-Gordon equation i %I; =0.

We consider

0 oF oF oF
—F(u,ul,u2,...)—uya —i—uxya —i—umya + .

dy
L OFOF osor
_uyﬁu \3u1 8x8u2

The polynomial F'is a y-interal if the following conditions are satisfied

OF OF OF OF

0 =0 X =Ta+ D)y -+ D(f)g -+ =0,

We recall that a characteristic algebra y(sinh(u)) of the sine-Gordon equation is the Lie
algebra Lie(Xg, Xqgnn) generated by two differential operators Xo, Xginnw, where

Xy = 0 X, —fD"_l(sinhu) 0
0 — aua sinhu — o T aUn
and Dy, = Xgnhy + Xo. We shall construct a required basis in x(sinh(u)) step-by-step by

considering all commutators of higher order of generators Xg, Xgnna-
At the first step we fix a linear span (Xg, Xgnnu, Y1), where Y7 = [Xo, Xginno] and we consider
another basis in this span:

XO; Xl :Xsinhu—i_)/h X2 :Xsinhu_}/i-

New operators can be written as follows

+o0o
n= n— —u 9
ZD g R DL

We observe that these operators can be expressed in terms of Bell polynomials B,,(u1, ..., u,),
which we will discussed more detail in Section [B
iy ) By )
_Lu _ - u o .
Xl =€ ;Bnl(ul,...,unl)aun, XQ— (& Zanl( Uy ..oy un,l)ﬁun.

The first idea of the proof [33], [34] is to represent the characteristic Lie algebra y(sinh(u)) as
the Lie algebra Lie(Xo, X1, X3) generated not by two, but by three elements Xy, X, Xs. The
advantage of the representation y(sinh(u)) = Lie(Xo, X1, X2) is the following two commutation
relations:

[Xo, X4] = X7, [Xo, Xo] = —Xo,

which mean that the vectors X, X, are eigenvectors for the operator ad Xy and the same is
true for all their higher commutators. Exactly this fact will be key in all calculations.
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The second idea of the proof from [33], [34] is to observe that commutation relations (3.1)
can be found without obtaining explicit formulae for the operators X3, X4, X5, .... This idea
is not original and is based on a well-known elementary lemma.

Lemma 3.1 (|31]). Let the differential operator

“+o0o

%)

X:ZB%, P, = Py(u,uq, ... up,...),
=1

commute with the operator D. Then X = 0.

We stress that the identity [D, Xy] = 0 does not contradict to the previous lemma in the
identity since the operator X, = % does not have the form specified in the assumptions of

Lemma B3.1]
It is easy to check the commutation relations

[D,Xl] = —€UX0, [D,XQ] = equo.

The appearance of the functional factors e“, e™ in the right hand sides of these formulas
indicates the need to consider Lie-Rinehart algebras instead of ordinary Lie algebras.

As an example, we provide one more commutation relation, in which the functional factors
, e % appear as well:

(D, X5] = [D, [ X1, Xa]] = — [€"Xo, Xa] + [X1,e " Xo| = "Xy — e "X,

What can we say about the Lie algebra Lie(D, Xy, X1, X2) generated by the operators D,
Xo, X1, Xo7 Exactly this algebra should serve as the Lie subalgebra in the Lie-Rinehart algebra
(A, L), where A denotes a commutative algebra of quasipolynomials of the form

eu

A= { Z " P, P € Cluy,ug,us,...], n,mée ]N} ,
k=—n
and the Lie algebra L is the algebra of quasipolynomial differential operators
0 0 0
X = fo=— — — 4 ... ;€A el
f00u+f10u1+f28u2+ , fi € i€
We observe that
[D7 —GUX()] = —D(e“)XO = —GUULXVO7 [D, €_uXQ} = —6_uU1X0.

Continuing this process recurrently, we see that the Lie algebra Lie(D, Xy, X3, X5) also contains
operators with coefficients in the form of quasipolynomials of arbitrary weights

—e"By(ug, . .., upy) Xo, e “Br(—uy,...,—uy)Xo, n,keN.

It would be interesting to study Lie(D, Xy, X1, Xs) from the point of view of infinite-
dimensional Z-graded Lie algebras. It seems that it should be isomorphic to one of known
algebras of such type.

However, the main aim of all our calculations is the proof of commutation relations :

(D, X4] = = [[D, X1], X3] — [X1, [D, X5]] = [€" X0, X3]) — [X1,€"Xo + e "X, ] = —€" X,

where X4 = —[Xl,Xg,].
Let us prove that [ X7, X4 = 0. In order to do this, we calculate a double commutator

[D, [Xl, X4H = [[D,Xl],X4] + [Xl, [D, X4H = — [6“X0,X4] — [Xl, €uX3] = —e“X4 + GuX4 = 0.
In the same way we prove [34] that [X,, X5] = 0.



CHARACTERISTIC ALGEBRAS AND INTEGRABLE EXPONENTIAL SYSTEMS 47

Then we define inductively all operators of the canonical infinite basis for the characteristic
Lie algebra x(sinh(u)) by the formulae

X1 = —[ X1, Xax, Xapro = [Xa, Xakl, Xakrs = [X1, Xakta) k> 1.

And for these operators, by induction, we prove commutation relations (3.1).

Following paper [2], another way of algebraic arguing can be proposed. Its matter is that
the functional factors e’ are “removed” from the basis operators, in other words, we introduce
new operators

L3pi1 = e :lsk+1a Lajyo = euX§k+2> L3 = X§k+3'
It is obvious that the new differential operators L; satisfy the same commutation relations
as the operators X; do, but at the same time they are polynomial, i.e., they are the differenti-
ation operators of the algebra of polynomials Cluy, ua, ..., up,...].

The commutation relations involving the operator D change their form. Let us write down
two main relations:

[D, Ll] = —UlLl, [D, LQ] == ung. (33)

We arrive at the construction of so-called polynomial Lie algebra proposed by Buchstaber [36].
A polynomial Lie algebra in Buchstaber sense is the Lie-Rinehart algebra in the situation when
the algebra A is some algebra of polynomials, usually on finitely many variables, and at the
same time, two additional important conditions are to be satisfied:

1) the Lie algebra £ mentioned in the definition should be a free module, usually finite-
dimensional, over the algebra A;

2) the Lie algebra £ and the polynomial algebra A should be graded and the gradings should
be compatible in a natural sense.

As it was shown in [37] at the example of y(sinh(u)), the study of characteristic Lie algebras
leads one to the need to consider polynomial Lie algebras A in infinitely many variables, and
the Lie algebras are modules of a countable rank over the polynomial algebra A.

Now let us define Z-gradings of the polynomial algebra A = Cluy,us,. .., up,...] and of the
Lie algebra L for the characteristic Lie algebra of the sine-Gordon equation. We introduce
weights w(u;) of generators u, us,us,... of the algebra A and weights w(L;), w(D) for the
operators D, Ly, Ly, L3, . .., which form a basis of the Lie algebra £

w(u;) = —i, w(D)=-1, w(L;) =1, where i€ .

A polyonmial Lie algebra (Cluy, us, .. .], £) of a finite rank is defined by means of a countable
basis D, Ly, Lo, L3, . .. of the Lie algebra L, i.e., by the basis of the left module £ over the algebra
of polynomials A = Cluy, ug, us, .. .|.

1) The basis elements D, Ly, Lo, Ls, ... should satisfy commutations relations and (3.3)).

2) The action of the algebra £ on the algebra of polynomials Cluy, us, .. .| is defined by the
action of basis operators on the variables u;

D(u;) = uiy1, Li(w) = Biq(ug,...,ui1), Lo(u;) = Bi1(—uq,...,—u;i—1), =1
3) The action of basis operators Ly for k > 3 is defined by induction beginning with the
action of the generators L, Lo
Ls(u;) = L1Lo(u;) — LoLq(u;) = Li(By(uy, ug, ... ui—1) — LaBi(—uq, —ug, ..., —u;_1).
The commutators [D, Li] for k > 3 are defined in the same way:
[D, L) = [D, [L1, Lo)] = [[D, L], Lo] + [L1[D, Lo]] = Ly — Lo.
Analysis of other examples in applications shows that the characteristic Lie algebras can have

an additional structure of the Lie-Rinehart algebra, which can significantly simplify search for
higher symmetries of hyperbolic systems. This direction is now being actively developed [30].



48 D.V. MILLIONSHCHIKOV, S.V. SMIRNOV

The concept of characteristic algebra can be generalized to the case of semi-discrete and
completely discrete hyperbolic equations [20], [22]. If the equation is not symmetric with respect
to two independent variables (and in the semi-discrete case this is always like this), then it is
necessary to define two characteristic algebras along each of the characteristic directions. We
do not provide here the general theory from papers [20], [22], but we only confine ourselves to
considering one instructive example and give all the definitions necessary for it.

We consider a scalar equation of form

Un+1,c = f(una Un+1, un,a:)v (34)

where u is a function of two independent variables, a continuous variable z and a discrete
n, the dependence on which is traditionally indicated as a subscript. An analytic function
I = I(Up g, Uny Upg1, Unsa, - .. ) Is called an x-integral of equation (3.4)) if its total derivative in
x by virtue of the equation vanishes: D(I) = 0, where

+ 12

2
dia (T7f)

D = Un,zx

+ Un g

cey

i + f 0
aumx 8un aun+1

and 7 is the operator of the shift along the discrete variable: T'f = f(unt1, Unt2, Unt14). 1t
is easy to see that if the function I is an integral of equation , then it is independent of
Uy, since otherwise by applying the operator D we get a term u,, ,, which does not cancel out.
Hence, each z-integral should satisfy the condition X(/) = 0, where Xy = aui -

The Lie algebra y, generated by the operators D and X is called an z-characteristic algebra
of equation (3.4)). It follows from the above that the function I is an z-integral of equation (3.4)
if and only if it annihilates the characteristic algebra x,. By analogy with ideas from [I],
[2], it is natural to assume that equation (3.4) admits nontrivial z-integrals if and only if
its characteristic algebra is finite-dimensional. However, as the following example shows, this
statement is not true in such form.

aun+3

Example 3.1. We consider a semi-discrete analogue of the Liouville equation
Upt1g — Upg = €77 + €

)

This equation was studied in detail in paper 38|, where it was shown that its properties are
completely analogous to those of the continuous Liouville equation u,, = e*. For example, it
possesses an x-integral

] — (1 + eun+1_un+2)(1 + eun+1_un)'

Let us study the characteristic algebra x, of this equation. It 1s easy to confirm that in this case
for each k € IN the identity

TEf = e + € 4 2 (" 4 eMnH2 oo e plintk) o elintin
holds. This is why the operator D can be represented as D = X + wy, Y + W, where

+oo o +00 i—1 9
Y = ; aunH, W = ; <€un +9 ; eunti 4 6un+i> 8un+i‘

Considering the commutation relations, it is easy to see that
[Xo. D] =Y, [Y,D]=W,
and this implies that Y, W € x,. Since D € x,, then u,,Y =D — Xg— W € x,. We have:
[Un oY, W] = tn oW € Xu,
[Un 2 Y, Un W] = (Une)*W € Xa,
[tin,2 Y (tna)* W] = (tn2)*W € X,
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and so forth. It is easy to see that in this case the characteristic algebra x, is infinite-
dimensional, as a Lie algebra over the field of constants. Nevertheless, it is a finite-dimensional
module over the ring of polynomials in the variable u, , and is generated by the fields Xy, Y
and W as the Lie-Rinehart algebra.

Characteristic algebras can be defined and effectively employed for studying arbitrary systems
of hyperbolic equations. The considered example shows that when passing from exponential
systems to the general case (both in the discrete and, generally speaking, in the continuous
case), the characteristic algebra should be defined not as a Lie algebra, but as a Lie-Rinehart
algebra, and its dimension should be considered in this sense. That is, it is the concept of a
Lie-Reinhart algebra that gives a suitable algebraic construction in this case.

4. GROWTH OF CHARACTERISTIC LIE ALGEBRAS

The emergence and development of the theory of characteristic algebras in its application to
the theory of symmetries of hyperbolic systems occurred a little later after the appearance of
the first works of Kac and Moody, which laid the foundations of the theory of affine algebras,
contragradient Lie algebras, as they were called.

In the end of 60s, Victor Kac started to study simple Z-graded Lie algebras g = ®recz0x
obeying the following condition for the dimensions of homogeneous components

dimgy < P(K]), k€ Z,

where P(t) is some polynomial with non-negative integer coefficients. Kac called such infinite
dimensional Lie algebras as Lie algebras of finite growth.

Kac proved [39] that an infinite-dimensional simple Z-graded Lie algebra g of finite growth
satisfying some two technical conditions is isomorphic to one (and only one) Lie algebra from
the following list (see [40] to clarify definitions and notation)

e Centerless affine algebras: six infinite series and seven exceptional algebras
2 3 1 1 1 1 1
e Lie algebras of Cartan type W,,, S,, K,, H,.

In addition to his theorem, Kac conjectured that omitting the additional technical conditions
from his theorem would add to this list only one simple Z-graded Lie algebra, the Witt algebra
W. This conjecture was proved by Kac by Mathieu in 1990 [40].

The appearance of the notion growth of a Lie algebra in Kac’s work was also not accidental
since the theory of the growth of groups and algebras appeared and became very popular
precisely in those years [41]: the end of the 60s and the beginning of the 70s; the concept of
the growth of a group appeared a bit earlier. The notion finite growth from paper [39] still did
not take root in the algebraic literature, usually now one says about polynomial growth.

Let us give a modern definition of the growth function of a Lie algebra, see for details [41].
Suppose that an infinite-dimensional Lie algebra g is generated by a finite-dimensional subspace
Vi(g). We denote by V,,(g) the subspace V;(g) spanned over higher commutators of length at
most n > 2 with an arbitrary arrangement of parentheses. A chain of infinite-dimensional
subspaces appears:

Vi(g) CVa(g) C--- CValg) C ..., UVi(g) =g.

We define the growth function Fy(n) = dimV,(g). However, such definition is not invariant
since it depends on the choice of the generating set V;.

For instance, if we choose another generating set V;(g) such that V;(g) C Vi.(g) for some
natural m, then we obtain the following estimate for two growth functions

Fy(n) = dim V,,(g) < dim V,,,,(g) = Fy(mn).
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A growth of Lie algebra g is an equivalence class of its growth functions [41]. Growth functions
f,g9: N — IN are called equivalent if there exists constants ¢, m, ¢, m € IN such that

f(n) <cg(mn), g(n) < cf(mn),

for almost each n € IN.

One chooses three growth types of Lie algebras: 1) polynomial; 2) exponential (this is the
growth of a free Lie algebra of finitely many generators); 3) intermediate or sub-exponential
growth.

It is convenient to characterize the polynomial growth type by means of another invariant
called Gelfand-Kirillov dimension [42]

GKdim g = lim sup M.

n—-+00 logn
The finiteness of the Gelfand-Kirillov dimension GKdim g means that there exists a polynomial
P(x) such that dimV,,(g) < P(n). If the Lie algebra g is finite-dimensional, then its Gelfand-
Kirillov dimension vanishes: GKdimg = 0. Informally, we can also say the following: if the
Gelfand-Kirillov dimension of the Lie algebra g is equal to some real number «, then the growth
function of the Lie algebra g grows at the rate of the power function C'n®, where C' is some
positive constant.

While studying the growth of characteristic Lie algebras, one should have in mind a number of
additional circumstances. The first of them is reflected in the next lemma, which characterizes,
in particular, the characteristic Lie algebras of exponential systems corresponding to the Cartan
matrices.

Lemma 4.1 ([34]). Let g be an infinite-dimensional Lie algebra generated by a finite-
dimensional subspace

Vi(g) = go @ g1,

where go is a commutative Lie subalgebra in g, and the subspace g1 of dimension q is invariant
under the action of go to g. We suppose also that the go-module g1 is diagonalizable and
its corresponding weights o, ..., € gy are non-trivial. We consider the subalgebra g in g
generated by the subspace g1. Then the growth functions Fy(n) and Fz(n) differ one from the
other by a constant

Fy(n) = Fy(n) + dim go
Corollary 4.1. Lie algebras g and g have the same Gelfand-Kirillov dimensions.

In the already discussed example on the characteristic Lie algebra g = x(sinh(u)) of sine-
Gordon equation, the commutative Lie algebra gy = (Xj) is one-dimensional and the two-
dimensional space g, = (X1, X5) was defined as the linear span

g1 = (X (sinh(w)), [Xo, X (sinh(u))]).

The general conclusion is as follows: if the characteristic Lie algebra g satisfies the assumptions
of Lemma [£.1] then we can study the growth of its commutant g = [g, g instead of the growth
of the entire Lie algebra g.

The second property describing the characteristic Lie algebras g of exponential systems cor-
responding to Cartan matrices is the natural positive grading of their commutants g = [g, g].

Definition 4.1. N-graded Lie algebra g = &5 g; is called naturally graded if
01, 0k) = Ok+1,  where k> 1. (4.1)
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For a naturally graded Lie algebra g = @;>g; we can define one specific growth function
FY"(n) [34] choosing a homogeneous component g; as the generating subspace Vi(g). The
following properties are obvious:

F¢"(n) = dimV,(g) = Y _dimg, = dim(g/g"""),

i=1
where g™ stands for (n + 1)th ideal of the lower central series of Lie algebra g.

Definition 4.2. N-graded Lie algebra g = ©;-%g; is called Lie algebra of a bounded width
if the dimensions of all its homogeneous components are uniformly bounded by some constant

C
dimgy < C, where k> 1.

The mazimal dimension among the dimensions dim g, of homogeneous components of a Lie
algebra of a finite width is called its width d(g).

For an arbitrary naturally graded Lie algebra g = @;"7g; of width d(g) the function F¢"(n)
grows not faster than d(g)n:

F¥'(n) < d(g)n.

Therefore, the Gelfand-Kirillov dimension GKdim g of an arbitrary Lie algebra of finite width
is equal to one: GKdimg = 1.

It was shown in paper [34] that the characteristic Lie algebras of the sine-Gordon and Tzizeica
equations grow with the average linear rates % and %, respectively. We shall show in Section @
that the characteristic algebras of systems corresponding to degenerate Cartan matrices of rank
2 also have linear growth.

In a number of works, in particular in monograph [31], it was conjectured that the integrabil-
ity of exponential hyperbolic nonlinear systems is determined by the growth of the correspond-
ing characteristic Lie algebra. It seems to us that both the integrability and the slow growth of
characteristic Lie algebras are indirect manifestations of the properties of the Cartan matrices.
In any case, one should not rely too much on the restrictions that have arisen only due to slow
growth. Note also that the Z-graded Lie algebras from the Kac list are simple and this is a
very strong restriction. If the characteristic Lie algebras have a grading, then it is nonnegative,
and this means that in principle they cannot be simple. A number of additional restrictions is
to be added to the conditions for slow growth. All this can be considered only as a plan for
future research.

5. COMBINATORICS OF LIOUVILLE EQUATION

This section is devoted to the properties of integrals and symmetries of the Liouville equation
from the point of view of formal algebra and combinatorics. We consider the Liouville equation

Uz = f(u) = e*. By straightforward calculations one confirm easily that the polynomial

2 2
G2 = 2ugy — Uy = 22Uy, — U,

is a y-integral of the Liouville equation.
We define a polynomial differential operator X by the formula X.. = e*X, that is,

0
+ (U2 +ug)=— +....

6_162 (9u2
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The coefficients of this operator are known in combinatorics as the complete Bell polynomials
By,

- 0
X = Bi_1(uq, ... up_q)—.
; k—1(u1 k—1) Dur

In book by Riordan [43] one can find many interesting combinatorial properties of Bell polyno-
mials, they also have many applications.

A generating function for the Bell polynomial B,,(u1,us,. .., u,) is
—+00 tl —+00 tn
exp <Z ulﬁ> = Z B (ug, ... ,un)ﬁ
i=1 n=0
In [43], also the following recurrent formula was given for the Bell polynomials B, (u1, .. ., uy,):

(D +uy)By, = Bgy1, k=0.
Corollary 5.1. The identity holds:
Bp(ug, ... u,) = (D +wuqp)"(1). (5.1)
It is convenient to write recurrently the Bell polynomials by means of formula (5.1)):
Bi(u) = (D +w)(1) = w,
Ba(u,us) = (D + ur)(ur) = uz + uf,

5.2
Bs(uy, Uy, uz) = (D + up)(ug + u?) = uz + 3ujuy + ul, (5:2)
By(uy, ug, us, ug) = (D + up)(Bs(uy, ug, ug)) = uj + 6uiug + 4uus + 3ud + uy.
The complete Bell polynomials can be recurrently defined in one more way:
" /n
By =1, Bn+1(U17U27 e 7Un+1) = ; (Z.)Bn—i(ul)u% e aun—i)ui—H-
We define the grading in the algebra of polynomials A = Kuy, ug, us, .. .| on its generators

w(ug) =k, k=1,2,3,...,

continuing then it by the multiplicativity for all polynomials. For instance, the polynomial
q2 = 2us — u? is homogeneous of weight 2. We note that this grading differs by sign from the
grading of the algebra A = Kuy, ug, us, .. .| introduced in Section

Thus, the algebra A is positively graded

A=®INA, A,={PecAwP)=n}.

The operator X decreases the weight w(P) of each homogeneous polynomial P € A, by one,
while the operator D and the operator of multiplication by u; do vice versa: these operators
increase the weight of each homogeneous polynomial exactly by one

X An_>Anfl> D : An_>An+17 U @ An_>An+17 n>=1.
We define an increasing filtration {A™, m > 0} of the algebra A
A= (1) c A' = (1,u) C A% = (1, uy,uf,up) C--- C A" ={P € A,w(P)<m}cC A" c ...

that is, we define a filtrating subspace A™ as the linear span of homogeneous polynomials P
with weights w(P) at most m.

Proposition 5.1. The operator X restricted to an arbitrary finite-dimensional subspace A™

becomes nilpotent: X |4 = 0.
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Since X is a differentiation of the algebra A, its kernel Ker X is a subalgebra of A. Moreover,
the subalgebra Ker X is D-invariant due to the following commutation relations

D, X]|=DX -XD=-uX & (D+u)X=XD. (5.3)
In what follows we shall make use of the following generalization of commutation relation ({5.3)
X(D+kuy) =D+ (k+Du)X +kld, keZ. (5.4)

We consider homogeneous y-integrals of weights 3,4, ...k, ..., which are defined recurrently
using the operator D and the very first element of the kernel ¢, = 2us — u? (other than a
constant):

g3 = D(q2) = 2uqup — 2us,  qs = D*(q2) = 2uj + 2uyus — 2ua, ..., qr = D" (o),
We can treat the polynomials ¢, as a polynomial deformation of the variables 2uy
Qe = 2up + Qr(ur, ..., up_1),

where the quadratic polynomials Qg (w1, ..., u,—1) depend on the variables u; with the indices

j strictly less than k. Hence, the polynomials of form q§2q§3 ...q" where k; € Zi=g, m > 1,

form an infinite set of linearly independent polynomials.
We arrive at the following well-known theorem.

Theorem 5.1 (Shabat, Zhiber, 1979). The subalgebra Ker X is isomoprhic to a polynomial
algebra Klgo, g3, - - ., i, - - .|, where g, = D*2(q0), k > 2.

Concerning the proof of this algebraic theorem, at present, only the inclusion of subalgebras
Klq2, 93, G4, - - . ] C Ker X (5.5)

is proved. A bit later in this section we shall prove that this inclusion is in fact the identity.
By means of the operator X we define one more increasing filtration of the algebra A

A={0ycAcAc . .cA"={PeAX"P=0}Cc A" ..., (5.6)

that is, in the case the filtrating subspace A™ is defined as the kernel of the operator X™.
We note that the subspaces A™ are no longer finite-dimensional. In addition, there exists an
obvious relation between two filtrations due to Proposition

A™ c A m>0.

We also note that A' = Ker X.
For all natural m, the inclusions hold:

XA™ c Am=t o g Am c A DA™ ¢ AmtL

The first inclusion is implied by the definition of A™ while to prove the other, it is sufficient
to note that the relations hold:

X"y F) = (m+1D)X™F +u X™F, where m >0, (5.7)
which can be proved by a simple induction in m starting from the obvious identity
X(u F)=F+wuXF.
The latter inclusion is implied by the following relation involving the operator D:

m(m + 1)

X" YDF) = (D + (m+ u)) X" F + 5

X"F, m>1. (5.8)
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It is also proved by induction in the exponent m starting from (/5.3)):

(m — 1)me_lF)
2

— (D + (m + Duy) X™LF + (w + m> X"E,

X™MDF = X(D + mu) X™F + X(

As an implication of (5.7)), (5.8) we obtain the following formula:
(m+1)(m + 2k)
2

Remark 5.1. The polynomials P in the kernel of the operator Ker X are the eigenvectors
of the operator X D associated with the eigenvalue A = 0:

XD(P) = (D +u)XP =0.

X" D+ ku))F = (D4 (m+k+ 1u) X" F +

X"F.  (5.9)

Lemma 5.1. Let F' be an arbitrary polynomial in the algebra A, then the series
2 3 k
7(F)=F —w XF + %)@F - %X?’F deet (—1)’“%){@ b (5.10)

contains finitely many non-zero terms and the polynomial mF annihilates the operator X.

The proof of the lemma is the straightforward calculation

2 X(ui) o
Since
X(u) =1, X (u?) = 2uy, X (uh) = kub,

then in the case when F' € A™ for some natural m, we have:

. Xm
XF=—F=0.
m!
In particular, it follows from the proof that for the polynomial F € A™! we have
m—1
Uy

Er— 1)!XmF.

2 3
W(F):F_UIXF+%X2F—%X3F+...+(_1)m

In particular, for /' € Ker X2 we have F' — u; X F € Ker X.

Remark 5.2. The mapping # : A — A defined by formula s a projector on the
subalgebra Ker X : % = .

It is easy to find the kernel of this projector:
Kerm =uA={wF, FeA}. (5.11)
Indeed, we employ formula (5.7)) to calculate 7(uy F') for an arbitrary F € A

2 3
T F) = F — wX (i F) + %XQ(ulF) - %X?’(ulF) T
! y ! y
=wu F—wuF —u:XF + 2—}(2XF +u X2F) — 3—}(3X2F +u X3F) 4+ =0.
As an implication, we obtain the formula for the dimension of the kernel of the operator X
restricted to the subspace A™ of elements of weight n:
dim Ker 7| 4n = dimu; A" = p(n — 1),

according to (5.11]). This gives rise to the formula

dim Ker X|s» = dimIm 7|4» = dim A" — dim Ker 7| 4» = p(n) — p(n — 1), (5.12)
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where p(n) denotes the number of partitions of a number n, while the difference p(n) —p(n—1)
is obviously equal to the number of partitions of n into the sum of terms strictly greater than
1: the number of partitions of n containing the unit is obtained from some partition of n — 1,
to which we add one unit.

Corollary 5.2. Inclusion in Zhiber-Shabat theorem s an 1somorphism.

We have also proved that the operator X|a» : A" — A""! is a mapping of a maximal rank:
dimIm X|4n = dim A" ! = p(n — 1).

Let us recall the defining equation of higher symmetries of the Klein-Gordon equation (the
equation of the formal Lie-Bécklund group of higher symmetries)

Foy=f(WF, u; = F(u,tuz, Ugg,-..),
which can be reduced to the following algebraic form
(D+u)XF =XDF =F.

This means that the symmetry F' = F(uj,us,...) is an eigenvector of the operator X D asso-
ciated with the eigenvalue A = 1.

Lemma 5.2. For all integer m, the operator D + muy has a zero kernel:
Ker(D + mu;) = {0}.

We use the standard lexicographic ordering in the algebra A and select the highest monomial
yuft . uFn in the expansion of an element in the kernel F' € Ker(D + muy). This means, in
particular, that wu, is the highest variable among those participating in the expansion of the

polynomial F':
F=nul.  uf4 ..., yecC.
The dots stands for the sums of monomials of variables w4, ..., u,, in which the variable u,, can

be involved with multiplicities strictly less than k,. We apply the operator (D + mu;) to F":
DF + u F = ~vkul . oubr o + .

n

k

that is, the monomial yk,u®" ... u*» 1w, is the highest in the expansion of (D +mu,)F since

the multiplicity of the variable u,, in the monomial, where w, is present, is maximal. Hence,
~v = 0 and by similar reasoning we obtain that /' = 0.

Proposition 5.2. Let F' be a symmetry, that is, it is an eigenvector of the operator X D
with A = 1. Then X?*(F) = 0.

By the definition of the symmetry ' = X DF and commutation relations (5.4)) for k£ = 1 we
obtain the following chain of identities
XF =X?DF = X(D +u))XF = ((D+2u))X +1d) XF = (D +2u;) X*F + XF.

This implies that (D + 2u;)X?F = 0 and applying Lemma we arrive at the statement of
the proposition.

Theorem 5.2 (Zhiber, Shabat, 1979, [32]). An arbitrary x-symmetry F, an eigenvector of
the operator X D with A\ = 1, can be written as

F=(D+u)Q, Q¢€cKerX=K|gp,qs,...]

We reproduce here in a more rigorous way the proof from [32]. In one direction: let X@Q = 0,
then

(D +u))X(D+up))Q = (D+up) (D+2u)X + 1d)Q
=(D+u)(D+2u)XQ+ (D +up)Q = (D +up)Q.
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The proof in the opposite direction is implied by the definition of the symmetry (D+4u;) X F =
F. We introduce an element () = X F. It follows from Proposition that F' = (D + up)Q
and, in addition, XQ = X?F = 0.

We denote the eigenspaces of the operator X D associated with A = 0,1 respectively by Vj
and V.

Proposition 5.3. The identity holds:
Vo ® Vi = Ker X2

We have proved the inclusion Vy @ V; C Ker X2. We consider a finite-dimensional version
by restricting all operators to the subspace A™ of polynomials of weight n. The subspace
Vi(n) = V1N A™ is isomorphic to the subspace Vo(n —1) = Vo N A" ! according to the theorem
and Lemma Hence,

dim(Vo(n) ® Vi(n)) = p(n) —p(n — 1) +p(n — 1) = p(n — 2) = p(n) — p(n — 2).
On the other hand, the operator X : A" — A"~! is surjective for each n, and hence the same
is true for the operator X?: A" — A"~2. Therefore, dim Ker X?|4» = p(n) — p(n — 2).

A natural question arises: “What other eigenvectors are there for the operator X D?”

Before giving a general answer to this question, let us analyze examples in small dimensions.

1) Weight n = 1. The operator X D has a single eigenvector u; associated with the eigenvalue
A =1

2) Weight n = 2. We consider the basis u?, us. Then the matrix of the operator X D reads as

2 1

2 1
are two polynomials

. This matrix has two eigenvalues: A\ = 0 and Ay = 3. The corresponding eigenvectors

2 2
g2 = uj — 2uy, By = uj+ us.

3) In the weight n = 3 we fix the basis u?, ujus, us. In this basis, the matrix of the operator
XD is

S Oy W

11
3 3
11
Its eigenvalues are A\g = 0, Ay = 1 and A3 = 6. The associated eigenvectors are respectively of
the form
g3 = U1l — 2u37 ()‘0 = O)J
Uf - 2u37 (Al = ]-)7
QU% + duqus + us, ()\3 = 6)

4) In the weight n = 4 we choose the basis of the polynomials uf, ufus, ujus, u3, us. Now
the matrix of the operator X D is of size 5 x 5:

4 1101
12 5 4 2 6
0 2 2 2 4
0 21 2 3
0 01 01

Its eigenvalues are Ao = 0 (of multiplicity 2), A\; = 1, Ay = 3 and A\y = 10. Among the
eigenvectors of this matrix we have two integrals ¢3 and g (Ao = 0), one symmetry (D +
u1)(g3) = q4, and other eigenvectors:

—u] — 2uluy + 2uus +us +uy  and  6ui 4 26uug + uyug 4+ Sus + g,
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associated respectively with Ay = 3 and Ay = 10.
We arrive to a theorem, which naturally generalizes Theorem

Theorem 5.3. 1) The operator (D + u1)X = X D restricted to the subspace, A,, of polyno-
mials of weight n > 2 is diagonalizable;
2) Its spectrum is the following set of nonnegative integer numbers:

—2)(n—1 1
T O N Tk
2 2
3) The multiplicity of the eigenvalue A\ is equal to
p(n—Fk)—pn—k—1), k=0,1,...,n—2n;
4) An arbitrary eigenvectors P associated with an eigenvalue Ny, where k € {0,1,...,n—2,n},

can be written as
where F' denotes some homogeneous polynomial of weight (n — k) in the kernel Ker X.

We begin the proof with Statement 4.
Let XF = 0. We apply the operator X D to the polynomial P = (D +uy)(D +2uy) ... (D +
nuy)F:
XD(D 4 u)(D+2uy)...(D+nup)F = (D+u)X(D+up)(D+2uy)...(D+nup)F
= (D4 u1)(D+2u))X(D +3uq) ... (D +nuy)F + P.
Swapping the operators X and (D + kuy) and taking into account relation ({5.4)), we finally end
up with the relation

_n(n+1)

XDP = (D+w)(D+2u)...(D+nu)XF 4+ P+2P 4.4 nP=———F

where we have employed that X F' = 0.
The next proposition is an elementary implication of lemma [5.2]

Proposition 5.4. A linear mapping ¢ : Vo(n — k) — Vi(n) defined by the formula
Op(F) = (D +u)(D ~+2uy) ... (D + kuy)F,
s a monomorphism.

[t implies immediately a simple bound for the dimensions of eigenspaces Vi (n):
dim Vi(n) > dimIm ¢, = dim Vo(n — k) = dimKer,,_, X =p(n —k) —p(n —k —1), (5.13)

where p(n) denotes the number of partitions of n.
We consider the direct sum @}_, 4, ;Vi(n) of eigensubspaces of the operator XD|a,. Ac-
cording to (5.13]), we have the following estimate for its dimension

n—2

dim (&]_g 1 Vi(n) = 3 (p(n — k) = p(n — k — 1) + 1 = p(n) = dim A,

k=0

Hence, we conclude that this inequality is identity and the same is true for all inequalities
(5.13). This implies Statement 1), that is,

A, =Vo(n) @ Vi(n) @ - &V, _a(n) ® V,(n),

and Statement 2) on the dimensions of eigenspaces V. The proof of the theorem is complete.
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Corollary 5.3. There is a simple relation between the eigensubspaces of Vi, of operator X D
and the filtering A™ of the polynomial algebra A

Vo Vi@ -V, = Ker XF! = AR

We have already proved this statement for £ = 0,1. Here the operator X : Vi — 1} is an
isomorphism decreasing the grading. In the general case we have

XV CcVodVid- - Vi, k>1.

We recall that according to formula , the mapping (D4 qu;) maps an element F' € Ker X™
into an element of a higher filtration from Ker X™*!,

The maximum eigenvalue \, = @ of the operator X D|4, has multiplicity one, and the
associated eigenvector is collinear to a homogeneous polynomial P, in A,,, which is given by an

elegant formula similar to for the Bell polynomials:
P,=(D+u)(D+2uy)...(D+ nup)(l). (5.14)
In the examples, we have already seen the first polynomials from the sequence
P=w, P= uf + Uy, P3= 21@ + bujus + uz, Py= 6u‘1L + 26u%u2 + uius + 8u§ + uy.

By induction, it is easy to find the values of the first and of the leading coefficients in the
polynomial P,

P,=n—1f 4+ 4 u,.

The existence of an eigenvector P, of multiplicity one with strictly positive coordinates for
the operator X D is an explicit manifestation of the classical Perron-Frobenius theorem on an
operator with a matrix of a special form consisting of nonnegative elements.

We recall that, as in the Perron-Frobenius theorem, the eigenvalue ), corresponding to the
vector P, is positive and maximal among all eigenvalues of the operator X D|,,. It is reasonable
to assume that the family of polynomials P, not only has a nice recursive definition , but
also has useful applications that have yet to be found.

6. CHARACTERISTIC ALGEBRAS FOR SYSTEMS OF RANK 2

Similarly to the case of scalar hyperbolic equations, the concept of characteristic algebra
can be extended to the case of an arbitrary exponential type system: following paper [1], a
characteristic algebra of a system of form (.1 is the Lie algebra generated by operators

0 0 0
a. 10 a 9r oy Dyv
ow'”  OJw? ow"
where D, is the operator of total differentiation with respect to y by virtue of the system.
For exponential systems corresponding to non-degenerate Cartan matrices, the characteristic
algebra is finite-dimensional [1].
We consider exponential systems corresponding to the Cartan matrices of affine Lie algebras

of low rank r. It is easy to confirm that in the simplest case of rank 1, the exponential systems
corresponding to the Cartan matrices

2 =2 nd 2 —4
—2 2 ) * -1 2 )
are reduced respectively to the equations

Upy = €" + e and  u,, =e" + e 2,
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Both of these equations are well studied, the first of them is called sin-Gordon equatiozﬂ
and the second is TZzizeica equation. The characteristic algebra of sine-Gordon equation was
described explicitly in [21], and the characteristic algebra of Tzizeica equation was described
in [25]. In papers [33], [34], another system of generators was constructed for these infinite-
dimensional Lie algebras and it was shown that they are isomorphic to the nonnegative parts
of the loop algebra £(sl(2,C))>" and twisted loop algebra L£(sl(3,C), 1)?° respectively. Let us
present these systems of generators in an explicit form.

For the equations of the form wu,, = f(u), the characteristic algebra is generated by the
operators Xy = a% and by the operator D, of total differentiation by virtue of the equation. It
is easy to check that if f(u) =e* +e* as a # 0, 1, the D, = X; + X», where

X1—€ ZBn 1 aun X = auZBn 1 au)gin

and B,(u) = B,(uq,... ,un) =e "D,(e") is a complete Bell polynomial.

Theorem 6.1. [33], [34] The characteristic algebra xs¢ = (Xo, X1, .., Xn,...) of the sine-
Gordon equation is generated by Xy, X1, Xo:

Xapr1 = —[ X1, X,  Xspro = [Xo, Xok),  Xskrs = [X1, Xapyo|, £=0,1,2,.... (6.1)

The characteristic algebra yq is naturally graded: it can be represented as ®; % g;, where
[91, 9i] = gir1. Indeed, using relations and letting

go = (Xo), g1 = (X1, X9), .., 0 = (Xar),  Oowr1 = (Xspy1, Xaws2), -,

we obtain that the natural grading of the basis element X, is the number of commutators in
its minimal representation by generators. Representing this as a diagram (see Figure [1), it is

Xy X4

Xo X5

FIGURE 1. Characteristic algebra of sine-Gordon equation
easy to see that the average growth rate of this characteristic algebra, that is, the increase in
dimension under adding one graded component, is equal to %

Theorem 6.2. |33, [34] Characteristic algebra x7. = (Xo, X1,...,Xn,...) of the Tzizeica
equation is generated by Xo, X1, Xs:

1
X1 = —[ X1, Xsi), Xghyo = §[X27X8k]a Xekts = [ X1, Xspo|, Xspra = [X1, Xsrgs),
1 1
Xghts = _g[X17X8k+4]7 Xght6 = _§[X17X8k+5]7 Xsprr = [Xo, Xsirs), Xsprs = [ X1, Xsktr),

where k =0,1,2,....

Representing the structure of this algebra in the form of a diagram, cf. Figure[2), it is easy

to see that the rate of its growth is %.

!More precisely, it is more natural to call the equation u,, = sinu the sine-Gordon equation, which is related
with the equation we consider by a complex change. But since it is more convenient for us to work with an
equation containing exponentials, we allow ourselves to admit such freedom in using the terminology.
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Xo X3 | Xy | X5 X3

F1GURE 2. Characteristic algebra of Tzizeica equation

We proceed to studying the characteristic algebras for exponential systems corresponding to
affine Cartan matrices of rank 2 (such matrices have size 3 x 3). The Cartan matrix

2 -1 -1
-1 2 -1
-1 -1 2
of the affine Lie algebra Agl) corresponds to the exponential system
W1 2y = €xp(2wy — wy — w3),
Wa 4y = €Xp(—wy + 2we — wy),

W3 4y = €Xp(—wy — Wy + 2w;3).

The change of variable u = 2w; — ws — w3, v = —w; + 2ws — w3 reduces this system to
Ugy = 2% — e —e 7Y,
e (6.2)
Ugy = —€" + 2" —e :

The operator D, of total differentiation by virtue of system (6.2) reads as
Dy :X1+X2+X3,

where

0 0
X1—€ ZBnl (28—%—8—%)
. ) )
X2 =e ;Bnl(v) (— aun + 28_%) s
—u—v = 9 9
X3=—¢ ;Bn_l(—u V) (aun + (%n) )

Theorem 6.3. The characteristic algebra Xy = (Xo, X1y, Xn,...) of system 18
generated by Yy = %, Y, = 6%, X1, Xo, X3¢

Xerr1 = [ X1, Xapo1],  Xspyo = —[Xo, Xax|,  Xsers = [Xs3, Xsr-1],  Xewra = [ X1, Xspyal,

Xsrys = [ X1, Xopys],  Xswis = [Xo, Xawrs], Xserr = [Xo, Xsrgs],  Xsrrs = [ X1, Xspyol,
where X_1 = =2Yo+ Yy, Xo=—-Yo+2Y, and k=0,1,2,....

It is easy to see that the average growth rate of the characteristic algebra of system (6.2) is
equal to %

The proof is based on the following two simple lemmata; the first of them goes back to
A.B. Shabat. Let

0
+ Vo— +.

0 0
D=u—+vi— iy 50
2

a 8 +U2
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Xy | Xy Xg | X1
X X7

X2 X5 XlO X13
Xo Xs

X3 XG Xll X14

FIGURE 3. Characteristic algebra of system Ag)

to simplify the formulae, we keep the notation D for the operators of form more general than
in Section [3l

Lemma 6.1. If the differential operator

0

+oo
0
X = Z (Pn(u7vvu1avl7u27v2 . )_ _I_Qn(uavvulaUlauQaUQ .- )_) ’
— ou,, ov,,

where P, and Q, are polynomials, satisfies the relation [D, X] =0, then X = 0.
The next lemma generalizes Lemma [5.2) in Section [5}

Lemma 6.2. Let f = f(u1,v1,u2,vs...) be a function depending on finitely many variables
and ¢ be an arbitrary constant. Then for arbitrary constants a and 3 the equation

(D + auq + ﬁvl)f =C
has no solutions as ¢ # 0 and it possesses only the trivial solution f =0 as ¢ = 0.

Proof. Since Yy, D, = [Yo, X1 + Xo + X3] = X — X3, the operator X; — X3 belongs to the
characteristic algebra. Then [Yy, X; — X3] = X3, which implies that X3, and hence, X, also
belongs to the characteristic algebra. This is why

XQZDy_Xl_X3€XA(21)'

Thus, the characteristic algebra is generated by the elements Y;, Yy, X7, X3 and X;.

It follows from the Jacobi identity that all higher order commutators are expressed as linear
combinations of commutators of the form [A, [B,[C,][...]]]], where A, B, C, ...are the gener-
ators. Thus, it is sufficient to consider only commutators of such type. The further proof is
similar to the proof of Theorems and in paper [34] and is carried out by induction in
k, where k is the number of periodically repeating groups of 8 elements, see Figure First,
considering the commutation relations of the generators and their commutators with elements
Yo, Yy and D and using Lemma we can show that among all of the commutators of the

natural grading 2, 3, the only nontrivial elements are Xy, X5, ..., Xg. The independence of
all elements X, X, ..., Xg can be proved by contradiction using Lemmata This

completes the induction base.

The induction step is based on two key ideas. First, the commutation relations within one
group Xsgi1, Xskio, - - -, Xgkrs imply similar commutation relations in the next group. Hence,
using Lemma [6.1] one can deduce the triviality of those commutators that are not listed in the
table. Second, the independence of the others is deduced from the independence proved at the
previous step by successively adding new elements (using Lemmata , which completes
the induction step. O
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We proceed to studying characteristic algebras of systems corresponding to other affine Lie
algebras. We consider the Cartan matrix

2 -1 0
-2 2 =2
0 -1 2

of affine Lie algebra B§2); it corresponds to the exponential system
W1 4y = €xp(2wy — wo),
Wo 4y = exp(—2w; + 2wy — 2ws),
W3 4wy = €Xp(—ws + 2ws).

Under the change of variables u = 2wy — wy, v = —2w; + 2wy — 2wj3 this system is reduced to

Uy = 2" — €,
u v —UuU—v (63)
Ugy = —2€" + 2e” — 2e .
The operator D, of total differentiation by virtue of system (6.3) is as follows
Dy :X1+X2+X3,

where

- 0 0
=3B (25— 250 ).

n=1
) — d d
Xy=e ;Bn_l(v) (—au” +28_vn)7
i,
Xy = 2" “ZBn i(-u—v)o—.

Theorem 6.4. The characteristic algebra X o) = (X0, X1,..., Xn,...) of system (.) 18
2
generated by Yo = 2, Yy = 2, Xy, Xa, X5:

Xisey1 = —[ X1, Xisk-1], Xiskre = [Xo, Xisil, Xiskys = —[X3, Xiskl,
Xiskta = [X1, Xisrgal, Xiskts = [Xo, Xisres], Xisers = [X1, Xisktal,
Xiskrr = [ X1, Xiswys], Xiseys = [ X3, Xispgs), Xisero = [ X1, Xispgr],
Xiskr10 = [X1, Xiskss), Xiser11 = [X1, Xiskr10], Xiser12 = [Xo, Xiskro),
Xisk13 = [Xo2, Xisk410]; Xiser1a = [X1, Xiskys], Xisey1s = [ X3, Xiser12],

where X 1 =Yy — Y], Xo=—-Y) and k=0,1,2,....

It is easy to see that the average growth rate of the characteristic algebra of system (6.3) is
5
5

We consider the Cartan matrix

2 =2 0
-1 2 =2
0 -1 2

of affine Lie algebra Bgz); it corresponds to the exponential system
W1 4y = €xp(2wy — 2ws),
Wa 3y = €Xp(—wy + 2wy — 2ws),

W3 5y = €Xp(—wy + 2ws).
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Xl X6 Xll X16
X X4 Xy X4

X X7 X2 X7
XO X5 XlO X15

X3 XS X13 X18

FIGURE 4. Characteristic algebra of system Béz)

Under the change of the variables u = 2w; — 2ws, v = —w; + 2w — 2ws this system is reduced
to
Uyy = 2€" — 2e”,
" ; _u_y, (6.4)
Ugy = —€" +2e” —2e7 27",

The operator D, of total differentiation by virtue of system (6.4)) reads as
Dy :X1+X2+X3,

where

e o 0
X1 =€ ngl Bn_l(u) (Qaun — a—@ﬂ) s
”ZOO 0 0
= Fratv) <_23un " 28_1}n> ’

P u 0
Xy=-2357"S B, (—— _ )—
3 ¢ ; ! 2 M v,

Theorem 6.5. The characteristic algebra x o = (Xo, X1,..., Xy, ...) of system is
2
generated by Yy = %, Y, = %, X1, Xo, X3

Xoaky1 = —%[Xh Xogp—1], Xospyo = 2[Xo, Xoar), Xospys = —2[ X5, Xog],
Xospya = [ X1, Xogrsa), Xogrys = [Xo, Xoarys), Xoseys = [ X1, Xoarys),

Xospyr = [Xo, Xogryal, Xogeys = [ X3, Xoapys), Xogeyo = [ X1, Xoarys),
Xosky10 = [X2, Xoak e, Xospy11 = [Xo, Xoakrto], Xospy12 = [X3, Xoakt10],
Xosey1z = [Xo, Xoapy12], Xospy14 = [Xs, Xoars12], Xoswy1s = [ X1, Xoars13],
Xoaky16 = [Xo2, Xogps14], Xospy17 = [Xs, Xoars14], Xospy1s = [X1, Xoars16],
Xosry19 = [ X3, Xosry16], Xoaey20 = [X1, Xoars19], Xospyor = [Xo, Xosry1s],
Xogryoo = [Xo, Xoary19], Xospyos = [ X1, Xoary22], Xospyoa = [X3, Xoaryo1],

where X_; = 2Yy — Yy, on—%YO’ and k=0,1,2,....

It is easy to see that the average growth rate of the characteristic algebra of system (6.4) is
equal to %
We consider the Cartan matrix
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Xl X6 Xl5 X2O X25

X,1 X4 X9 Xll X13 X18 X23 X28
X2 X? X16 X21 X26

XO X5 XlO X12 X14 X19 X24 X29
X3 XS X17 X22 X27

FIGURE 5. Characteristic algebra of system Béz)

of affine Lie algebra C’él); it corresponds to the exponential system

W1 2y = €xXp(2wy — 2wy),
Wa 4y = €Xp(—wy + 2we — wy),

W3 2y = €Xp(—2ws + 2ws).

By the change of variables u = 2w, — 2wq, v = —w; + 2wy — w3 this system is reduced to
Uyy = 2€" — 2",
u v —u—2v (65)
Vpy = —€" + 2" —e )

The operator D, of total differentiation by virtue of system (6.5)) reads as
D, =X+ Xy + X3,

where

> 0 0
X1 = e“ZBn_l(u) (2811, — %) R
o n n

- 0 0
X2 = e'U Z anl(v) (—2au + 287) y
—1 n n

0

v,

Xy =—e U Z B, 1(—u—2v)

n=1
Theorem 6.6. Characteristic algebra Xeg = (X0, X1,...,X,,...) of system 1S gen-
erated by Yo = 2, V! = 2, Xy, Xo, X;5:

ou’ 10 T du’
Xiok+1 = [ X1, Xaox, Xiokre = —[ X2, Xiok-1], Xiok+s = [ X3, Xioxl,
Xiokt+a = [ X1, Xiok+2), Xiok+s = [X2, X1ok+3), Xiok+e = [ X1, Xiok+s],
Xiok+7 = [ X2, X1okt4), Xiok+s = [X2, Xiok+s), Xiokt+o = [X1, Xiok+s),
[

Xiokt10 = [X2, X1ok+6),
where X 1 =Y] —2Yy, Xo=Y, — Yy and k=0,1,2,....

It is easy to see that the average growth rate of the characteristic algebra of system (6.5) is
equal to g
The proof of Theorems 6.6[is similar to the proof of Theorem [6.3
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Xl X() Xll Xl()
X X4 Xy X4

X X7 X2 X7
XO X5 XlO X15

X3 XS X13 XlS

FIGURE 6. Characteristic algebra of the system Cél)

7. (CHARACTERISTIC ALGEBRAS AND SYMMETRIES

It is well known (see, for example, [31]) that both the sine-Gordon and Tzitzeica equations
have an infinite hierarchy of higher symmetries. Let us formulate the corresponding results.

Theorem 7.1. [31] The equation u,, = e* + e~ has an infinite hierarchy of homogeneous
graded polynomial symmetries u; = Fy(uy, us,us,...), where k =1,3,5,7,... and

F2k+1 = Lk(ul), L= (D + ul)(D — Uy + D71U2).

All polynomial symmetries of form u, = F(uy, us, us,...) are linear combinations with constant
coefficients of symmetries Fy, F3, Fs, ...

Theorem 7.2. [31] The equation u,, = e“ + e 2" has an infinite hierarchy of homogeneous
graded polynomial symmetries

up = Foppr(ur,ug,us,...)  and  wy = Fopys(ur, ug, us, ... ),
where k =0,1,2,... and

F6k+l = Lk(ul), F6k+5 = Lk (U5 =+ 5(U2 — u%)us — 5’1L1U§ + U?) ,
L=(D—wu —2u;D7"uy)(D —uy)D(D + up)(D? + w1 D — 2ui + 2us D 'uy).

All polynomial symmetries of form u; = F(uy, us, ug, . ..) are linear combinations with constant
coefficients of symmetries Fepi1, Forys-

There are two important points to be noted. First, in both cases, the structure of the
symmetries turns out to be related with the structure of naturally graded components of the
corresponding characteristic algebras: for the sine-Gordon equation, there is a periodicity with
period 2, and for the Tzizeica equation the period is 6; the symmetries are numbered according
their graduation. Second, despite the fact that the recursion operators L in each of the cases
contain pseudodifferential components D!, the symmetries are arranged in such a way that
when the operator L is applied to them, the nonlocality disappears.

A similar connection between the hierarchy of symmetries and the structure of naturally
graded components of the corresponding characteristic algebra is also observed for exponential
systems of rank 2.

Theorem 7.3. FEzxponential system corresponding to the Cartan matriz of the affine
Lie algebra Aél) has an infinite hierarchy of graded homogeneous polynomial symmetries
Uy = Fypqr(ug, v1, Uz, v, ... ), vy = Gapy1(ur, v1,ug,va, . .. ),

up = Fyppa(ug, v1,ug, 09, ... ), vy = Gapgo(ur, 01, u2, 02, ... ),
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Fyq _ Ik (5] Fspio _ [k Uy + 2U9 + u% + 2u1v4
Gsit1 (I G3i42 —2uy — vy — V7 — 2ugvy )’

and the operator L is defined by the following formula
L _ ]_ 2 D3 + 2 Ui —|— U1 U1l D2
-2 -1 —U1 —U;1 — V1

U + Vo (%) A 1 2 U1 0 1 B C
A te) -3 (b 2 () ) e

where

n 1 (uy + 205 + 2ugvy + 13 0 1 —2u —v —uyp — 20 D
3 0 Vg + 2ug + 2uy vy + 3 2ui +vp w4+ 20 ’
2 1 2 1 2 2
A = U% + U1V + U%, B = gu% — gvf + gulvl + Vo, C = g’u% — gU% — gulvl — U9.

All polynomial symmetries of form uy = F(uq, vy, ug,ve,...), vy = G(uy, vy, us, v, ... ) are linear
combinations with constant coefficients of the symmetriues (Fapy1, G3pr1), (Fspa2, Gario)-

Proof. For the sake of convenience we introduce the notation
X=e¢"X,, Y=e¢"Xy, Z=e""Xs.
It is easy to check that the relations
(D+u)X=XD, (D4+un)Y=YD, (D—u —v)Z=2D (7.2)

hold and that the equations u; = F, v; = G define a symmetry of system (6.2)) if and only if
the following conditions are satisfied:

@(6)= (%) (6)=(6) 72 (6)=(-1e)

Let a pair of homogeneous graded polynomials F and G of the same degree define a symmetry
of system (6.2]). Then, using relations (7.2)), one can show that the functions

F=XZYF and G=YXZG (7.3)

satisfy conditions (7.3), i.e., they also define a symmetry of system (6.2). Since applying of
each of the operators X, Y and Z to a homogeneous polynomial decreases its grading by one,
the grading of the symmetry (F,G) is less than the grading of F,G by 3. It is straightforward
to confirm that the only (up to a rescaling by a constant) symmetries of the first and second
order of system are respectively

u=F, vw=G; and w=F,, v =Gs.

In the same way it is easy to show that system (6.2) has no third order symmetries, which
implies that it also cannot have symmetries of order 3k, where £ € IN. Further, by rather
cumbersome calculations using identities (7.2]), we can invert formulae (7.3)):

(5)-3+(6)

where the operator L is defined by formula (7.1)). Thus, each of the symmetries (F;, G1) and
(F», G3) uniquely (up to a rescaling by a constant) generates a sequence of symmetries in the
gradings 3k + 1 and 3k + 2, respectively. m
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The structure of symmetries for systems ([6.3)—(6.5) looks similar. A computer experiment
shows that system has one symmetry in the weights 1, 3, 5, 7, and in the weights 2, 4,
6 there are no symmetries (we do not provide explicit expressions for symmetries since they
are too bulky). It is not difficult to construct operators like that map symmetries into
symmetries and decrease the weight by 6. Hence, in particular, it follows that system has
no symmetries in even weights.

System has one symmetry in weights 1, 3, 5, 7 and has no symmetries in weights 2, 4, 6.
Since for this system there is an operator that maps symmetries into symmetries and increases
the weight by 4, it follows that it has no symmetries in even weights. For system , we
succeed to find symmetries in the weights 1, 3, 7 and show that they are absent in the weights
2, 4, 5, 6. For this system, there is an operator that maps symmetries into symmetries and
decreases the weight by 10. It is easy to see that these results completely repeat the structure of
characteristic algebras for the corresponding systems, see Figures [3§6] The above observations
allow us to formulate the following conjecture.

Conjecture 7.1. The characteristic algebra of an exponential system corresponding to the
Cartan matriz of an arbitrary affine Lie algebra, has a linear growth and the average rate of
this growth does not exceed the size r + 1 of the corresponding Cartan matriz, where r is the
rank of this matriz. The naturally graded structure of such characteristic algebra of the system
1s periodic with some period m € IN. Such system has an infinite hierarchy of symmetries
homogeneous in grading, which consists finitely many sequences. All elements of such sequence
are of the form L¥(F), where L is some linear operator, k = 1,2,... and F = (F',... F")
15 an initial symmetry of order less than m. Any symmetry depending polynomially on the
x-derwatives of dynamical variables is a linear combination with constant coefficients of the
above described symmetries.
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