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ON CONNECTION BETWEEN VARIATIONAL SYMMETRIES
AND ALGEBRAIC STRUCTURES

S.A. BUDOCHKINA

Abstract. In the work we present a rather general approach for finding connections be-
tween the symmetries of B,-potentials, variational symmetries, and algebraic structures,
Lie-admissible algebras and Lie algebras. In order to do this, in the space of the generators
of the symmetries of the functionals we define such bilinear operations as (8, T)-product,
G-commutator, commutator. In the first part of the work, to provide a complete descrip-
tion, we recall needed facts on B,-potential operators, invariant functionals and varia-
tional symmetries. In the second part we obtain conditions, under which (8, T)-product,
G-commutator, commutator of symmetry generators of B,-potentials are also their sym-
metry generators. We prove that under some conditions (8, T)-product turns the linear
space of the symmetry generators of B,-potentials into a Lie-admissible algebra, while G-
commutator and commutator do into a Lie algebra. As a corollary, similar results were
obtained for the symmetry generators of potentials, B,, = I, where the latter is the identity
operator. Apart of this, we find a connection between the symmetries of functionals with
Lie algebras, when they have bipotential gradients. Theoretical results are demonstrated
by examples.

Keywords: variational symmetry, transformation generator, Lie-admissible algebra, Lie
algebra, (8, T)-product, §-commutator, commutator.
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1. INTRODUCTION

Symmetries and the first integrals play an important role in mathematics, mechanics, physics.
After work [1], a high interest to studying symmetry properties and finding the conservation
laws is related with fundamental monographs [2], [3]. To find the first integrals by means of the
variational symmetries one has to study the question on existence of the action functional, that
is, to solve the inverse problem of the calculus of variations including that for the equations with
non-potential operators. The construction of direct and indirect variational formulations for
various types of equations and systems were studied, for instance, in works [4], |5], [6], [7], [8],
9], [10], [11], [12]. In works [13], [14], there was established a relation between the symmetries of
Euler and non-Euler functionals with the first integrals of the corresponding motion equations.
The methods for studying symmetry properties of operator equations with the second time
derivative developed in [15], [16] allow one to find their first integrals including the case of
non-potentiality of the operators of these equations. It was shown in monograph |17] that
the symmetries of Fuler functionals are also symmetries of the corresponding Euler-Lagrange
equations. In works [18], [19], similar results were obtained in the general case for non-Euler
functionals, to which equations with quasi-potential operators correspond. A role of algebraic
structures associated with motion equations is well-known in the mechanics of finite-dimensional
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and infinite-dimensional systems [6], [7], [17], [20], [21], [22], [23]. In work [7], there was studied
the invariance with respect to the divergence of the generalized in the Pfaff sense action, a
formula for finding the first integrals of the operator Birkhoff equation was obtained and it was
proved that the generators of the divergent symmetries of the functional form a Lie algebra
with respect to the commutator. These studies were continued in works [13], [14], [18], [19].
Moreover, in work [24], there were obtained the conditions under which the (8,T)-product,
the G-commutator, the commutator of the symmetry generators for the operator equations are
also the symmetry generators and a relation between the symmetries of operator equations and
Lie-admissible algebras and Lie algebras was found.

In view of the said above, there naturally arises a problem on establishing a relation between
the variational symmetries and algebraic structures, Lie-admissible algebras and Lie algebras.
The present work is devoted to this question.

Below we follow the notations and terminology of works [6], [19], [24].

2. NECESSARY DEFINITIONS AND THEOREMS

Below we shall make use of the following definitions and theorems.
Let U, V be linear normed spaces over the field of real numbers R.

Definition 2.1 ([6]). An operator N : D(N) C U — V is called B,-potential on the set
D(N) relative to a bilinear form ® : V x V' — R if there exist a linear operator B, : D(B,) C
V =V and a Gateauz differentiable functional F : D(Fx) = D(N) — R such that

dFn[u, h] = ®(N(u), Byh) for all we D(N), he D(N/!,B,),
where D(N],, B,) = D(N|) N D(B,).

A functional Fy is called a B,-potential of the operator N and N is called a B,-gradient of
the functional Fy.

Theorem 2.1 ([6]). Let a Gateaux differentiable operator N : D(N) € U — V and a
bilinear form ® : V. x V. — R be such that for all fived elements u € D(N), g,h € D(N|, B,)
the function ¢ — ®(N(u+ch), B,g) is a continuously differentiable on the segment [0,1]. Then
the operator N is B,-potential in a simply connected domain D(N) with respect to the above
bilinear form if and only if the condition holds:

O(N,h, Bug) + (N (u), B, (g; h)) = (Nyg, Buh) + ®(N (u), B, (h; g)) (2.1)

for all w € D(N), g,h € D(N/},B,). At that, the B,-potential of Fx is determined by the

formula
1

lmmhi/MN@Q»Bmﬁu—m»M+FﬂwL (2.2)
0
where U(\) = up + AMu — ug) and ug is a fived element in D(N).

If B, = I is an identical operator, then functional (2.2)) becomes
mm:/mmmwmﬂmm+mwy (2.3)

On D(N) we consider an infinitely small transformation defined by the formula
u=u+eS(u). (2.4)

The operator S is called the transformation generator.
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Definition 2.2 ([19]). Functional s called invariant with respect to transformation

24 i

Fnlu+¢eS(u)] = Fn[u] + r(u,eS(u)) Vue D(N), (2.5)
and
lig "% 25 W) _
e—0 )

We note that in this case transformation (2.4]) is called a symmetry of functional (2.2) and
the operator S is called the symmetry generator. The symmetries of the functionals are also
called variational symmetries.

Definition 2.3 ([19]). An operator N : D(N) C U — V s called quasi-B,-potential on
the set D(N) with respect to a bilinear form ® : V x V. — R if there exists a linear operator
B, : D(B,) C V. — V, a Gateauz differentiable functional F' : D(F) = D(N) — R and a
density of a non-B,-potential force A(u) such that

dF[u, h] + ®(A(u), B,h) = ®(N(u), B,h) for all we D(N), he D(N.,B,).

Let an operator /N in an equation
N(u)=0 (2.6)
is quasi-B,-potential on D(N) with respect to a continuous non-degenerate bilinear form @ :
VxV =R

This means that the operator N = N — A is B,-potential on D(N) with respect to ®.
Then the corresponding functional reads as

Flul = [ S(¥(@0N). Baoy (u — w)) dA -+ Fluol (27)

Theorem 2.2 ( [19]). Transformation is a symmetry of functional on D(N) if
and only if

O(N(u),B,S(u)) =0 V¥ ue D(N). (2.8)

Following [6], we denote by A(U) the linear space of the operators mapping U into U with
the usual operation of summing operators and the multiplication by a number in the field R
and we define a (8, T)-product of two operators as

(S1,82)(u) = S1,8uSa(u) — S5, TS (u), (2.9)
and a G-commutator as
[S1, S2lg(u) = 81, GuS2(u) — 55, GuSi (u) (2.10)
and a commutator
[S1, S2)(u) = S7,52(u) — 55,51 (u). (2.11)

It was proved in [6] that a linear space A(U) is an algebra over the field R with respect to
the (8, T)-product. This algebra is denoted by (A(U); (8, 7)).

Theorem 2.3 ( [6]). If linear operators 8, : U — U and T, : U — U are such that the
condition holds:

G (v:Gu,h) = G (h; Guv)  for all h,u,v € U,
where G, = 8, + Ty, then the algebra (A(U); (8,T)) is a Lie-admissible algebra.
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3.  VARIATIONAL SYMMETRIES AND LIE-ADMISSIBLE ALGEBRAS

Theorem 3.1. If Si, Sy are symmetry generators of functional and if there exist op-
erators 8,,7T, : D(N/,B,) — D(N,, B,) such that for all w € D(N), h,v € D(N),B,) the
condition

O(N.8,h, Byv) + ®(N(u), B, (v; 8,h)) = ®(N.T,v, B,h) + ®(N(u), B,(h; T,v)),  (3.1)
holds, then (8,7)-product 1s also the symmetry generator of this functional.
Proof. We have

(N (u+ eT,S1 (1)), BuyerusywySa(u +eT,S1(u))) =0 forall u e D(N),
or

(N, T, S1(u), BuSa(u)) + ®(N(u), Bl (Sa(u); TuS1(w))) + ®(N(u), B,Sh,TuwS1(u)) = 0.
Similarly,

O(N; 8,55 (u), BuSi(u)) + D(N(u), B, (S (u); 8uSs(w))) + P(N(u), B,S1,8uSs(u)) = 0.
Deducting the first identity from the second identity and taking into consideration condition
(3.1]), we obtain:

®(N(u), Bu(S1, S2)(u)) = 0.
Thus, (8,7T)-product (2.9) is also a symmetry generator of functional (§ ., see Theorem [2.2) -
The proof is Complete

Theorem 3.2. If S;, Sy are the symmetry generators of functional and if there exist
operators 8,,7T, : D(N], B,) — D(N., B,) such that for all w € D(N), h,v € D(N!, B,) the
conditions

O(N'8,h, Byv) + ®(N(u), B, (v;8,h)) = ®(N'T,v, Byh) + ®(N(u), B, (h; T,v)), (3.2)
§.,(v; Guh) = Gi,(h; Guv) (3.3)

hold, where G, = S, + Tu, then the symmetry generators of functional form a Lie-
admissible algebra with respect to (8, T)-product .

Proof. The statement follows from Theorems [3.1] and [2.3] O

Let B, = I be the identity operator. In this case functional ([2.7)) casts into the form
1

Flu] = /@(N(a(x)), w — ug) dA + Flug), (3.4)
0
and Theorems [B.1] and B.2] are formulated as follows.

Theorem 3.3. If Sy, Sy are symmetry generators of functional and if there exist the
operators 8, T, : D(N/) — D(N\) such that for all u € D(N), h,v € D(N]) the condition

O(N'8,h,v) = ®(N'T,v, h) (3.5)
holds, then (8,T)-product 15 also the symmetry generator of this functional.

Theorem 3.4. If Si, Sy are symmetry generators of functional and if there exist op-
erators 8,,T, : D(N|) — D(N)) such that for alluw € D(N), h,v € D(N}) the conditions

(N8 h,v) = B(N! T, h), (3.6)
G, (v; Guh) = G.,(h; Guv) (3.7)

hold, where G, = S, + T, then the symmetry generators of functional form a Lie-
admissible algebra with respect to (8,T)-product (@)
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4. VARIATIONAL SYMMETRIES AND LIE ALGEBRAS

Theorem 4.1. If S;, Sy are the symmetry generators of functional and if there exist
an operator G, : D(N), B,) — D(N,, B,) such that for all w € D(N), h,v € D(N),B,) the
condition

®(N!G,h, Byv) + ®(N(u), B, (v;G,h)) = ®(N.G,v, B,h) + &(N(u), B,(h; Gv))  (4.1)
holds, then G-commutator s also the symmetry generator for this functional.
The proof of this theorem is similar to the proof of Theorem as G, =8, =T,

Theorem 4.2. If Sy, Sy are symmetry generators of functional and if there exists an
operator G, : D(N!,B,) — D(N.,B,) such that for all w € D(N), h,v € D(N.,B,) the

conditions
®(N,Guh, Byv) + ®(N(u), B, (v; §uh)) = ®(N Gy, Buh) + ®(N(u), B, (h; Guv)),  (4.2)
G (v; Guh) = G, (h; Guv) (4.3)
hold, then the symmetry generators of functional form a Lie algebra with respect to G-

commutator .
Proof. This statement follows from Theorems [£.1] and [2.3] O

Theorem 4.3. If the operator N in equation (@ is quasi-By,-potential (i = 1,2) on D(N)
with respect to a continuous non-degenerate bilinear form ® : V xV — R, that s, the operator
N=N-Ais bzpotentml S1, Sy are symmetry generators of functional (2.7) as B, = By, the
inverse operator By, is well-defined and for allu € D(N), h,v € D(N, Bm, By,,) the condition

®(N(u), B1, 8, (v; h) — Blug’ (h;v)) =0 (4.4)

holds, where G, = By, Bay, then G-commutator s also a symmetry generator of func-
tional (-) If moreover

Gu(v; Guh) = G, (h; Guv) (4.5)
for allw € D(N), h,v € D(N/, By, Ba.), then the symmetry generators of functional
form a Lie algebra with respect to G-commutator .

Proof. By formula ([2.1)) we obtain
O (N, Suh, Br,w) + (N (u),B1,(v; Guh)) = ®(N,v, B, Suh) + B(N(u), By, (Guh:v))
=®(Nyv, Bouh) + (N (u), By, (Suh;v))
=®(N,h, Bzyv) — ®(N(u), By, (h; v))
+ ®(N(u), By, (v; b)) + ‘1’(]\7(%) B1,(Suh;v))
=®(N,h, Bi,Guv) — (N (u), By, (Guh; v))
— ®(N(u), BiG,,(h;v)) + ®(N(u), By, (Guvs h))
+ @(N(u), BiuG,,(v: h)) + S(N(u), By, (Guh; v))
Zq)(NLSuU,Bmh)Jr‘P( (u), By, (h; Guv))
— (N (u), By, (Suv; h)) = ®(N(u), Bi,G, (h:v))
+ ®(N(u), By, (Suv; 1)) + P(N(u), B,G, (v; h))
=®(N,S,v, Bi,h) + ©(N(u), By, (
(u

By, (h; Guv))
+ (N (u), BiuG,,(v; b)) — (N

); B1uGy(h; v)).
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In view of condition (4.4)), identity (4.6 becomes
®(N.G,h, Bi,v) + ®(N(u), By, (v; Guh)) = ®(N.G,v, Biyh) + ®(N(u), By, (h; S,0)).

Therefore, condition is satisfied and by Theorem , G-commutator is also a sym-
metry generator of functional . If moreover condition holds, then by Theorem (4.2
the symmetry generators of functional form a Lie algebra with respect to G-commutator
(2.10). The proof is complete. ]

Theorem 4.4. If Sy, Sy are the symmetry generators of functional , then commutator
is also the symmetry generator of this functional.

Proof. The statement follows from Theorem We note that G, = I, where I is the identity
operator and this is why condition (4.1)) is satisfied since in this case it ensures quasi-B,-
potentiality of the operator IV in equation ([2.6)). The proof is complete. O

Theorem 4.5. The symmetry generators of functional form a Lie algebra with respect
to operation .

Proof. This statement follows from Theorems and . In this case G/ is the zero operator
and this is why condition (4.3 is satisfied identically. The proof is complete. O

Thus, in certain cases, Theorems [3.1] [4.1] and [4.4] can be employed for constructing symmetry
generators of functional (2.7]) by at least two known symmetry generators.
Let B, = I be the identity operator. In this case functional (2.7)) becomes (3.4) and Theo-

rems [4.1], [£.2] [4.4] [4.5] are formulated as follows.

Theorem 4.6. If Sy, Sy are symmetry generators of functional and if there exists an
operator G, : D(N]) — D(N]) such that for allw € D(N), h,v € D(N)) the condition

O(N;Suh,v) = (N, Gy, h) (4.7)
holds, then G-commutator is also a symmetry generator of this functional.

Theorem 4.7. If S1, Sy are symmetry generators of functional and if there exists an
operator G, : D(N]) — D(N!) such that for allu € D(N), h,v € D(N)) the conditions

u(v; Guh) = G, (h; Guv) (4.9)
hold, then the symmetry generators of functional form a Lie algebra with respect to G-

commutator .

Theorem 4.8. If Sy, Sy are symmetry generators of functional , then their commutator
15 also a symmetry generator for this functional.

Theorem 4.9. Symmetry generators of functional form a Lie algebra with respect to

operation (2.11)).

5. EXAMPLES
1. We consider an equation
N(u) = uy — gy + u, =0, (xz,t) € Q= (a,b) x (to,t1). (5.1)

We let _
D(N) = {U €U =C"Q): uli=ty = ¢1(x), uli=t, = p2(x) (x € (a,0)),

Ulz—q = P1(t), Uls=p = Va(t) (t € (Lo, 11))},
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where ¢; € Cla,b], ¥; € C[to,t1], i = 1,2. We observe that the operator N in (j5.1]) is quasipo-
tential on set D(INV) (5.2)) with respect to a classical bilinear form

@@gﬁiijv@wmaﬂwﬁ.

N(u) = Uy — Ugy, A(u) = uy.

The corresponding functional is the form

m:_%jj@}WQMﬁ. (5.3)

to a

We shall assume that u, € D(N)) and u; € D(N)).
The operators S; = D, and Sy = D, are symmetry generators of functional ([5.3). This is
implied by Theorem 2.2/ as B, = I is the identity operator since

wﬁwﬁmmzf/mwmm%mwzij(ﬁ%fémﬁ@>wﬁ

to a to a
P 1
://(—?%@ﬂ—im@@)Mﬁ:O
to a

ti1 b

<I>( // Ut — Ugy) Updxdt = //( Dt ut —i—uzutm) dxdt
1 2 1 2
= §Q@w+§a@@ dxdt = 0.
to a

Let us also assume that

In this case

and

gitly,
- c D(N! , € IN.
otox’ €D(N,), i€

Condition (3.5 holds with 8, =8 = D, and T, =T = —D,. Indeed,

t1 b

@Wﬁmm://u%—pwn,MMt
to a

t1 b t1 b

/ / hite — hyze) vdxdt = / / Uty — Ve ) hdxdt

to a
t1 b

—//ﬂ%—&@%h%ﬁz@@%ﬁ)

Then by Theorem (8, T)-product of generators S; and Sy
(S1, S2)(u) = 51,852(u) — S5,TS1(u) = Dy Dyuy — Di(— D)ty = 2y

is also a symmetry generator of functional (5.3)).
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In this case éu =38+7T =D, — D, =0 and this is why condition l} is also satisfied.
By Theorem , symmetry generators of functional (5.3) form a Lie-admissible algebra with
respect to (8, T)-product

2. We consider an equation
N(u) = uy + Uty +u2 =0, (x,t) € Q= (a,b) X (to,t1). (5.4)

Let
D(N) = {ueU=C%®Q): uli=t, = 1(x), uli=, = pa(z) (z € (a,0)),

(5.5)
u’x:a - u|x:b = 0}7

where ¢; € Cla,b], i=1,2.

We observe that operator N of form (5.4) is quasi-Bj,-potential on set D(N) (5.5) with
respect to a classical bilinear form

t b
d(v, g) ://v(x,t)g(x,t)dxdt. (5.6)

N(u) = wtigy +u2,  Aw)=w, By, =B =D;'D", (5.7)

In this case

where
T

D v(z,t) = /U(y,t)dy.

a

1 t1 b
= 6//u3da:dt. (5.8)
to a

Operator N of form (5.7) is Ba,-potential on set D(N) (5.5 with respect to bilinear form ,
where By, = ul and [ is the identity operator. Thus, operator N in is quasi- B;,-potential
(1=1,2) on D(N) with respect to bilinear form (5.6)).

The operators S; = D, and Sy(u) = uu, are the symmetry generators of functional (5.8)).
This is implied from Theorem [2.2] since

The corresponding functional reads as

t1 b
1
CID(N( ), B1.S1(u // Ul +u2) D' D uydadt = 5 / / Dyou? - DD  ugdadt

//u uydrdt = //D wddrdt =0

and

(N (u), By So(u // Utz +u2) Dy D, (uuy) dodt

t1 b

1
25//Dmu2 -D;'D (uuy,) dodt
to a
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//u ugdrdt = //D utdzdt = 0.

Condition (4.4)) holds since

and

Guv = Dy (uv) G, (v;h) = Dy, (vh)

B9, (v; h) — B1,S,(h;v) = D' D (Dye (vh)) — DDt (Dyy (b)) = vh — hv = 0.

Then by Theorem [£.3] §-commutator

[51752]9(1,6) = iuguSQ(u) - éugusl(u)
=D,D,. (u2u$) — (ugl +uDy) Dy (uuy)

2 2
=YUpauy, + SUUL Uz + SUu,

is a symmetry generator of functional (5.8)).
We note that in this case condition (4.5]) is not satisfied since

10.

11.

12.

13.

14.
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