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ON RANK ONE PERTURBATIONS OF SEMIGROUP OF
SHIFTS ON HALF-AXIS

G.G. AMOSOV, E.L. BAITENOV

Abstract. We study a special case of perturbations of the semigroup of shifts on the
half-axis changing the domain of its generator. We consider a rank one perturbation of
generator defined by an exponential. We show that such perturbation of the generator
always produces the generator of some Cp-semigroup, the action of which is described
explicitly. The criterion of isometricity and contractivity of the perturbed semigroup is
obtained. For the contractive case, we show that the considered generator perturbation
produces a rank one perturbation of the cogenerator. The studied special case is used to
build a model of perturbation for the semigroup of shifts defined by an integral equation
with respect to some operator-valued measure. In the case when the domain of the gen-
erator remains unchanged, this integral equation is reduced to a well-known equation of
the perturbation theory, where the integration is made with respect to the usual Lebesgue
measure. If the domain is changed, the perturbation satisfies an integral equation with
a nontrivial measure that having no density with respect to the Lebesgue measure. We
study completely the problem of constructing an operator-valued measure that defines the
integral equation relating the perturbed semigroup with the original one. The measure,
when it exists, is obtained explicitly and we show that it is defined non-uniquely. We study
the possibility of choosing an operator-valued measure with values in the set of self-adjoint
and positive operators.

Keywords: semigroup of shifts, rank one perturbations of generator, perturbations chang-
ing the domain of generator.
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1. INTRODUCTION

The semigroup of shifts on the half-axis acting in the space H = L*(R,) by the formula

(Sef) (@) = {f(xo_ 0 =t (1.1)

0<x <,

plays a very important role in the functional analysis [8]. Recently, being motivated by work [4],
the authors started to study the perturbations of the semigroup of shifts {S;, t > 0} changing
the domain of its generator d defined by a known formula:

(df)(x) = =f'(x), feD(d)={g: ¢ €H, g(0) =0}. (1.2)

In the present work we employ the Dirac scalar product (-,-) = (-|-) linear with respect to
the second variable as well as the following “Dirac” notations: a vector “ket” |£) is identified
with an element in the space £ € H; a vector “bra” (£| is identified with the functional in the
dual space acting by the rule f +— (£, f), f € H. Thus, if {,n € H, and A: H — H is a linear
operator, then ({|A|n) = (£, Af). According this, by (£| A we denote a functional on H acting
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as f— (&, Af), f € H. The expression |£) (n|, {,n € H, denotes a rank one operator acting by
the formula

&l f = e, fed

In [2], a very particular case of the perturbation was considered; it was of the form

df =d(f — (&, f)n), p=0,
feD@) ={f: f €H f0)=mpn,f)n0)}

where & (z) = v2e~*, and the vector 7 is such that ' € H. As a motivation of choosing
an exponential vector &, for defining the perturbation, we mention that it defines the defect
space of the generator d and hence d*¢y = —&;. This property was also employed earlier in
defining the perturbation [3]. It turned out that if one supposed that d was the generator of
the semigroup of contractions, the vectors 7’ and &, were collinear only if i # 0. Thus, if we
postulate form , it makes sense to consider only the perturbations of the form

sz :d(f—/i<§0,f> fo),
feD(d) ={f: feH fO0)=v2u&, f)}

Moreover, it turned out that (1.4) is a generator of the semigroup of contractions S = {St =
et t >0} if and only if 4 = 0 or € (0,1]. In this case S consists of the isometries.

In the present work we consider the following perturbations of the generator of the semigroup
of shifts:

(1.3)

(1.4)

d =d — X&) (6ol ,
D(d)={fe€H|f €H, f0)=vV2u(,f)}

We note that the perturbations of the semigroups changing the domain of the generator were
considered before. First of all we mention the Desch—Schappacher perturbations [5, Ch.II|. The
perturbation we consider is a very particular case of Desch—Schappacher perturbations defined
for the generator of an arbitrary Cp-semigroup. We consider a completely different series of
question for our rank one perturbation for the generator of the semigroup of shifts.

(1.5)

It is convenient to introduce an additional parameter
a=\—2u+1 (1.6)

We show that for an arbitrary choice of complex parameters A and p, is a generator of
some Cy-semigroup. The action of the semigroup is obtained explicitly for the cases o+ 1 # 0
and a+1 = 0. We establish the conditions under which such semigroup consists of contractions
and isometries.

It is known [7] that a perturbation of a generator of Cy-semigroup U by a bounded operator
A produces a Cy-semigroup V satisfying the integral equation:

t
xg—/(@M;MSZm,t>o. (1.7)
0

In work [6], there were studied unbounded perturbations of dynamical semigroups generated
by operator-valued measures related with excessive mappings by means of an integral equation
generalizing . In [I], the perturbations defined by the same equation with abstract measures
were considered. In both cases the measures had completely positive values. These studies
serve as a motivation for the following problem suggested in the present work, namely, to find
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operator-valued measures v on the half-line, preferably positive, with values being bounded
operators v([t, s)) : H — H, for which the perturbed semigroup S satisfied the integral equation

t

Sﬂ] + / (&, SHTD v(ds)éy = Sm, t=0, neH. (1.8)
0

Integral equation (|1.8) is a generalization of (1.7]) for the perturbation changing the domain
of the generator.

2. PERTURBATION BY PROJECTOR ON EXPONENTIAL

We construct a semigroup with generator ([1.5)) for all complex A and . We begin with the
case a + 1 # 0.

2.1. Case a+1#0. We let

A A
A= B=u— . 2.1
a+1’ et (2.1)
In the space L?(R, ) we consider a one-parametric family of functions
V2ee=t)  p <t
v(x) = Ae ¢y (x) + B ’ T (t=0,2>0). 2.2
(@) = Ae"6o(a) { Vet oy ) 2.2

We are going to establish some properties of the family v;.

Proposition 2.1. Family (2.2)) is strongly differentiable in t, each representative in the fam-
1ly possesses a generalized derivative in H and the identities hold:

(a+1)et —2e

(€o,ve) =A™ + B — (a # 1), (2.3)

d

pr o) = — avy + (a+ 1) BSi&o, (2.4)
0
%vt =av; — (1 + ) (Ae_o‘tfo + BStfo) , (2.5)
Sovp =V + pe” S 6 — e M., T, > 0. (2.6)

Proof. Identity is confirmed by straightforward calculations.

Let us prove a strong differentiability. We assume that ¢ ranges in an arbitrary finite segment
[0, 7] instead of the half-line, this makes no influence on the differentiability. We consider v; as
a function of non-negative variables t and x. A partial derivative in ¢ is equal to

—ay/2e@t) g L ot
V2e #tt, x>t

and for each fixed ¢ this coincides with the right hand side in as a function in x defined
everywhere except for the point x = t. Then we get |v,(z)| < Ce™*, where C' is some constant
independent of ¢t € [0, T].

We fix t € [0,T]. For all = # t we have

vy (1) = —ade & (z) + B { (t>0,2>0,x#1),

lim Viyr(7) — ve()

T—0 T
0<t+7<T

= 0(x).
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On the other hand, the absolute value of the expression w — () is bounded by
2Ce™™. Then by dominated convergence theorem we get:

hm /

0<t+T<T

and this yield the strong differentiability and identity ([2.4)).
We proceed to proving identity (2.5)). For each ¢ the function v;(z) is absolutely continuous
and its derivative is equal to

0 aV/2eE= g Lt
—vy(z) = —Ae ¢ (z) + B ’ o
Ox () = So() {—ﬂe‘”t, x>t

v ve(x) ’
b (@ —0(z)| dx =0,

(t>0,2>0,x#1),
and this coincides with ([2.5).
Now we are going to prove identity ([2.6)). The left hand side is equal to

0, 0<z<T,
(S;ve)(x) = { BV2e#=7) 4 A\2e= 447 1 < <t 4+,
BV2e T 4 A/ 2e ot T s 47
while the right hand side is of the form

Ae—a(t—i-r)—x + Bea(z—t—T) . Ae—a(t—I—T)—ac o Be—at—l—a(z—’r), 0 <z < T,
\/5 Ae—a(t—i—T)—x 4 Bea(z—t—T) 4 Iue—oct—x-‘,—’r _ Ae—a(t—i—'r)—x _ ‘Be—ozt—l—T—z7 r<r<t+T,
Aefa(t+7')*£t 4 Be—ztt+7 + Mefatfx+r . Ae*a(tﬁﬂ')*x _ Befatﬁ’TfCL‘? r>t+T.

Employing (2.1]), we see that the above expressions coincide. The proof is complete. O

We consider a strongly continuous one-parametric family of the operators

Sy = Sy — Sy |&o) (Sl + |ve) (ol , =0 (2.7)

First we are going to find out how S; changes the projection on &.
Proposition 2.2. For each f € H we have (&9, Sif) = (&, f) e
Proof. Tt is obvious that (§|S; = 7" (&|. As a # 1, in view of (2.3]) we have:

lS11) = () (e (1-n+ 5EgB) + e (4= 25

<50 fre .
Asa =1, wefind A =2u, B=0, v, = 3e7'& and we also obtain

(&Sl f) = (&l Sl f) — = <§0|St|§0> (o, f) + €7t (€0, o) (o, f)
= (&, f) <et — get + %et) = (&, fle!

The proof is complete. O

Let us find out the trajectories of what vectors are differentiable at ¢t = 0.

Proposition 2.3. Given f € H, the function t — S.f is strongly differentiable at zero if
and only if f € D(d). Then it turns out to be strongly differentiable for allt > 0 and

87 = A1) = —5-8ul) — Mea) (Gl 28)
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Proof. 1t is clear that the third term in (2.7)) is strongly differentiable. Acting on f € H, the
first two terms give:

St (1F) = w1€o) (Sl f)) - (2.9)

As it follows from the properties of Cp-semigroups and of expression , the trajectories of the
semigroup of shifts S; are strongly differentiable at zero exactly on the vectors in the subspace
D(d) ={fe H: f' € H, f(0) =0}, at that, the strong differentiability at zero is extended to
all t > 0 and the derivative of S;|f) in ¢ is equal to dS; |f) = —25;|f) (f € D(d)). Hence,
orbit of the vector |f) — u|&o) (&o|f) is strongly differentiable at zero, and hence, for all
t > 0, if and only if this vector belongs to D(d). The latter is equivalent to the conditions
I'e H, f(0) = VZu (&, f).
Differentiating S; | f) for such f, we obtain:

S811) = = =511 — mléa) (ol ) + 5 ) o)
=~ -5 ()~ ) ) —alu) + @+ DBS G} (210

We need to show that (2.10) coincides with the right hand side in ({2.8]).
In view of Proposition , the right hand side in (2.8) is equal to

—a%st (IF) = 1 léo) (GolS)) — 3 ~ Jon) (6ol = Méo) (Golf) e
=- a%st (1) = 1) (ol ) = (arlon) = (14 @) (Ae™" |&o) + BSi &) (ol f)

— A&o) (ol f) e™™".
It follows from definition ([2.1)) of the number A that

— (=14 ) (A (&) (&l f) = M&o) (ol fr e =0,
and in view of identity (2.10) we get the needed statement. The proof is complete. n

Now we are in position to formulate the main result on family (2.7)).

Theorem 2.1. Family (2.7) forms Cy-semigroup with generator (L.5)) under the condition
a+1#0.

Proof. Let us check the semigroup property. We fix ¢;,t5 > 0 and we need to confirm that
S, S, = Sy 41, In view of Definition (2.7) we see that this operator identity holds on the
vectors orthogonal to &, since on such vectors the family acts as the semigroup of shifts. It
remains to check that St15t2§0 = S’t1+t2§0. We have

Suéo = (1= 1) Si,€o + vty
By Proposition [2.2] we have (& S, |£&) = e~**2. Therefore,
Sy, Siéo = Si, (1 = p) Spy€o + vry) — 1Sy, Ege™ 2 + vy, 072,
Transforming expression Sy, |vg,) by means of ([2.6), we obtain:
St 860 =St (1= 1) St,€0 + viy 41, + pe” 25,60 — ey, — Sy boe™ ™ + vy e
= (1 = 1) Sty 11260 + Viy+42

and this coincides with St1+t2§o~ This proves the semigroup property.
The family S; is obviously strongly continuous. The generator of the obtained Cj-semigroup
coincides with ([1.5)) owing to Proposition The proof is complete. H
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2.2. Case o+ 1 = 0. Following [2], we denote & (z) = v/2(1 — 2z)e™*. It is easy to confirm
that ég L 51-
We consider the family of operators

gt = St+ (€t — St)

§o + %51> (&l, t=0. (2.11)

The next proposition can be checked easily.

Proposition 2.4. Operator (2.11)) possesses the following properties:
& 1 1 A )\ t )\
Sel€o = Sl s St | o+ Séi)=¢ o+ 551 :

This implies that S, is a Cy-semigroup since it is a direct sum of Cy-semigroups Sy|¢;- and
e'| Span{&, + %51}. In our case the operator d casts into the form

o DL e o s < M2
=2 el D(d)={f:f€L(1R+)7f(0)— = (fo!f>}-

This operator acts on ‘fo + %£1> as the multiplication by 1. It also acts on & as genera-
tor (I.2) of the unperturbed semigroup of shifts. An arbitrary vector belongs to D(d) if and
only if its projection on & along ‘fo + ’5\51> belongs to D(d). This leads us to the following
result.

Theorem 2.2. d is the generator of semigroup S; in the case 2 + X — 2u = 0.

Remark 2.1. In the case a = —1, it follows from identity (2.11) that for each f € H the
identity holds (§o|Si|f) = €' (&l f). Thus, Proposition remains true. In what follows, we
refer to this proposition not making a difference between the cases a +1 =0 and a + 1 # 0.

2.3. Contraction and isometry property. Let us find out when the semigroup with gen-
erator (1.5)) is contracting or isometric. First we exclude the case a + 1 = 0.

Theorem 2.3. If a + 1 =0, then the semigroup with generator (1.5 is not contracting.

Proof. Due to Proposition , the action of the semigroup as t > 0 on the vector &, + %51
increases the norm of this vector and this proves the theorem. O

If A is a generator of a contracting Cp-semigroup in a Hilbert space, one can construct a
cogenerator (A+1)(A—1)~!, which is a everywhere defined bounded operator [§]. In particular,
the cogenerator of semigroup of shifts (1.1]) is of form [8]:

xT

(Tsf)(w) = 1)~ 2 [ s @) dr (2.12)

0
In the case o + 1 # 0 the semigroup with the generator d (L.5)) is generally speaking not
contracting but the operator (cz +1 ) (d -1 )_1 is always well-defined.

Proposition 2.5. Let operator d be of form (1.5) and o +1 # 0. Then the operator Tg =
(OZ+ I) (d— 1)71 1s well-defined and is equal to

Ty =Ts+ (a —~ 1 €0) — O%rl |§1>> (ol - (2.13)

o+
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Proof. Let f € H. We need to show that the equation

f=(d-1)g (2.14)
possess a unique equation g € H and to calculate
Tsf=(d+1)g=(d—1)g+2g9=f+2g. (2.15)
It follows from equation that
f=—9"= X&) (&lg) — g (2.16)

Since g almost everywhere coincides with the integral of ¢/, we can regard it as absolutely
continuous on each segment in the half-line; then the function e”g(z) is absolutely continuous
on each segment in the half-line. Multiplying (2.16]) pointwise by e”, we obtain

e f(x) = —(eg(z)) — V2X (&lg) forae. x> 0.

Proceeding to absolutely continuous primitives, we obtain:

x

eg(x) = — / e 1(t) dt — VN (olg) z +

0

for some a € C, that is,
g(z) = —e" / e f(t) dt —V2X (&lg) ze™ + ae ™.
0

Hence, in view of g € D(d), we obtain a = v/2u (&|g). We denote (&y]g) = ¢. Then (2.14) is

equivalent to
X

g(z) = —e™® [l f(t) dt — V2\cxe™ + \/2pce™®,
i (2.17)
c=(%lg) -
Let us find ¢. The fact that ¢ is well-defined and unique will imply the same for g. We have:

1
c=(&lg) = \/_/ / dtdw——)\c+uc

Transforming the iterated integral by means of Fubini theorem, we can rewrite the latter identity

as
2 [ 1 1 1
= Y2 [T ettt — Eae v pe= il - Iaet pe
2 J; 2 2 2
that is,
el
24— 20
Then
_ —x - <€0|f>
fx)+2¢9(x) = (Tsf) (x) +2 (—\/ix\xe +V2ue ) ( Sy
and this implies immediately (2.13]). The proof is complete. O

In a previous paper we proved the following statement.
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Theorem 2.4 ([2]). The operator Ts + | f) (&l is a cogenerator of a Cy-semigroups of con-
tractions if and only if f = co&o + c1&1, where

co,c1 €C, ool + e +12< 1, (co,c1) # (1, —1). (2.18)
Under these conditions, the semigroup consists of isometries if and only if
lco|? + |e1 + 112 = 1. (2.19)

Theorem and Proposition 2.5] together with Theorem [2.4] provide the following criterion
of contractibility for the semigroup with generator (1.5).

Theorem 2.5. The semigroup with generator d (1.5)) is contracting if and only if

2 2

1
a <1 (2.20)

a+1
At that, the semigroup is isometric if and only if the identity is attained in (2.20)).

2—2u

1=£0,
atl# a+1

3. OPERATOR-VALUED MEASURES

The mapping v from the algebra of bounded Borel sets on the half-line R into the algebra
of all bounded operator B(H) in a Hilbert space H is called an operator-valued measure if and
only if v is weakly countably additive on each bounded Borel set, that is, on each sequence of
mutually disjoint Borel sets A;, As, ... with a bounded union and for all vectors ¢, € H the
identity holds:

(W[v(Ar) o) + (W[ v(A2) o) + ... = (AU AU ) ).

For an operator-valued measure v and vectors ¢, ¢ € H, by v, we denote a scalar function
on Borel sets v, ,: B +— (1| v(B) |¢). It obviously defines a countably additive complex measure
on each segment in the half-line.

It is interesting to study equation since it generalizes known relation for the
perturbed semigroup being value for the unchanged domain and casting in our case into the

form:
t

S+ [ (605} Sutods = S 120, n e . (3.1)
0
First let us show that the condition of unchanging of the domain of the generator is necessary

for the validity of identity (3.1)).
Proposition 3.1. If identity (3.1)) holds, then pu = 0.
Proof. Multiplying (3.1)) by (&| from the left, we obtain:

t

(&olSiln) + A / (EolSuléo) Eolialm) ds = (€0lSiln) (3.2)

0

We know that (£o|Si|n) = e~ (oln), (€l Si|é) = ™" (&n). Then gives:

t

e (&oln) + A (&ln) /esea(ts)ds =e " (&lm) (3.3)

0
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and in view of the arbitrariness of 1 we get:

a—1

et g ) e (e —e)(1-35) =0, a#l,
€—t<1 _'_ t)\) — €_t, o =

This implies A = @ — 1 and hence 4 = 0. The proof is complete. O

We proceed to constructing the measure v for equation (|1.8)).
The perturbed semigroup S; possesses an invariant subspace &. Then identity (1.8) is
immediately satisfied for n L &;. This implies:

Proposition 3.2. An operator-valued measure v satisfies equation (1.8|) if and only if it
satisfies its particular case

t

Si&o + / (€0, Si—sbo) v(ds)& = Si&, t > 0. (3.4)

0
In view of Proposition identity (3.4) can be rewritten as

t

Stfo + et / v(ds)&pe™ = Si&o, t = 0. (3.5)
0

Now we are ready to provide a measure satisfying .

We denote the indicator function of the set B C R, by xp(+), while the operator of multi-
plication by the function f is denoted by My or simply M.

We shall make use of the following technical statement.

Lemma 3.1. Let f, g be continuous functions on Ry. Then the function v defined on
bounded Borel sets as v: B+ M, ,()4) s well-defined as an operator-valued measure. At that,
for each bounded Borel set B we have

Moy )7000) = /B £(s) dus). (3.6)

Proof. For a bounded Borel set B the function ypg is bounded and measurable on R, . Hence,
the operator of multiplication by this function is bounded, that is, the operator-valued function
v is well-defined. Let us prove that v is weakly countably additive. Let A;, As,... be a
disjunctive sequence of bounded Borel sets with a bounded union. We fix ¢, o € H. Applying
the properties of the Lebesgue integral, we obtain:

[} o) +oo 00 _
> Wlv(Aa) o) :Z/o (x)g(2)xa, (2)p(r) dr = Z/A b(x)g(x)p(z) dr

:/A " D(2)g(z)p(z)de = v(AL U AU,

Let us prove identity (3.6). We fix again ¢, o € H. We employ the scalar measure vy, ,: B
(Y| My 5990 |¢) and for a bounded Borel set B we obtain:

voo(B) = / T T@e(@) (@) de = / P@)g()elx) de,

that is, v, possesses a Radon-Nikodym derivative ¢ (z)g(z)p(x) with respect to the Lebesgue
measure.
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Then we obtain:

W1 ( [ 599 191 = [ 59 = [ 16T ato0e05)
:/0 O(w) f(2)g(x)xp(@)p(r) de = (Y My 01000 |9) -

The proof is complete. O

We consider operator-valued measures vy, 15, v defined on a bounded Borel set B as follows:

() = ( [ sul6) ds) (@l () =M 00, (3.7
B

v(B) =A\vy(B) — pa(B). (3.8)
Theorem 3.2. The measure v in (3.8) and the semigroup

< St — wSe [€o) (Sol + |ve) (ol a# —1,
St = t> O
{&+w—&ﬂ&+%ﬁ@w o=—1, 20

satisfy the identity

t

Stn + / (&, St—s77> v(ds)§op = Sm, t>=0, neH.

0

Proof. We begin with the first term in (3.8). By the Fubini theorem, for each ¢ we have:

t t t +oo
d as — Ss as d — 2 as S—X d d
(¢|/0 [n1(ds)&o) e /0<¢| &) € ds \/_/O e /s O(x)e* ™ da ds
t T —+o00 t
=1/2 (at+l)s—z Jo 1 2 Vi)elats—z go q
\/_/0 /0 Y(x)e sdx + \/_/ / P(x)e sdx

fglﬁ(l’ —xe(a-&-l)r ld +L e—xwd >7 a 7& _17

a+l

fgw(x xdx + f Je "t dx) a=—1

Thus, in the case a # —1 we obtain:

t . V2e @ [eletr 1 0 <2<t
<\/O' Vl(ds)goe ) (x) - {€(a+1)t (39)

a+1 —1, x>t
while in the case a = —1 we have:
! 0<z <,
( / Vl(ds)£06a3> (z) = V2@ {”” v (3.10)
0 t, x>t.

We proceed to the second term in (3.8)).
According to Lemma we have:

t
/ eanV2<S) = MX[O t]e(a+1)(.).
0 ,

Therefore,

0, x>t

(Aﬁw@Mﬁﬂcwz{“%m’ogxgt (3.11)
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Now we consider the quantity (S; — S;)&. In the case @ # —1 we have:
(5~ 80&] (1) B 560 — v (2)

3 —Aemot7" — Belrh), 0<z<t,
pe *t — Aem% — Bem 1 > ¢,

Comparing this with (3.9)) and (3.11]), we arrive at required identity (3.5]).

In the case &« = —1 we obtain:

(5~ 30&) (2) 2 (51~ ) (&0 + 501 ) | @)

sl esa ), 0<e<t,
—eT (14 31— 22)) +e " (L4 5(1 - 20 +21)), = >t
r(1+4(1-22), 0<z<t,

Taking into consideration the identity 4 = 3 + 1 and applying (3.10) and (3.11)), we obtain
needed identity (3.5]). ]

Remark 3.1. Instead of the measure v in (3.8) we can choose any other operator-valued
measure acting on &y in the same way as v.

We proceed to studying the issue on possibility of choosing a positive measure v for iden-
tity ((1.8)). First we select a situation, when this is surely impossible.

Proposition 3.3. If o ¢ [1,400), then the measure v in identity (1.8)) can not take values
i positive operators only.

Proof. We suppose the opposite, i.e., that the measure v is positive. Then the scalar measure
Vg, £o 1S non-negative.

By Proposition equation ([1.8)) implies identity (3.4) and hence, (3.5). Applying the
functional (| to both sides of (3.5)), we obtain:

t
Gallea) + e [ edege, = (oIS,
0
and in view of Proposition [2.2 this gives:

¢
/ e dve, g = eV — 1. (3.12)
0

We observe that the integral in (3.12)) is non-zero for positive ¢ since o # 1.

As t — +0 we have m[ax] le®® — 1| — 0, that is, since the measure vg, ¢, is non-negative, the
s€[0,t

quotient of the imaginary and real parts of the integral tends to zero. Thus, the argument of
the integral tends to zero. On the other hand, the argument of the quantity e~ — 1 tends
to that of the number o« — 1. Thus, we obtain that o — 1 is a real positive number and this
contradicts a ¢ [1,+00). The proof is complete. O

It is obvious that the case A = y = 0 implies a = 1 and admits a positive measure v: it
is sufficient to take v = 0. However, if the perturbation is non-trivial, then @ = 1 excludes a
positive measure v.

Proposition 3.4. If « = 1 and S, is not identically coincide with S;, then the measure v in
identity (1.8) can not take values in positive operators only.
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Proof. We note that for all t > 0 the operators S; and S; coincide on the orthogonal complement
of the vector &. Then it follows from the assumptions of the proposition that for some t5 > 0
one has | f) := (S, — ) [€0) # 0. Then (f| (S, —St,) |€0) = (f|f) > 0. Applying the functional
(€] to both sides of (3.5)) for ¢ = ty, we obtain:

(&0l S |E0) + et /Oto e dve, ¢, = (€0|St|0) = e +e™ /Oto e’ dve, ¢, = €77,
and this implies:
/to e*dvg, ¢, = 0. (3.13)
We apply the functional (f| to both siodes of for t =ty and we then get:
(1wl +e7 [ edvge, = (7150 ).
which yields:

/0 e = ¢ (f]Si — Siléo) = ¢ (F1). (3.14)

Assume that the values of the measure v are positive operators. Then, taking into considera-
tion (3.13]) and (3.14)), for an arbitrary positive number ¢ we have:

t t
0< / e’ AV, rofgorof = / e*d (veyeo + Ovsgo + Ovey s + 07vyry)
0 0

to
=0 - 2¢" (f|f) + 92/ e’dvy.s.
0

The latter expression is to be non-negative for all # € R and this is a contradiction. The proof
is complete. O

Now we are going to show that if the obstacles from Propositions and are absent,
then the measure v can be chosen positive.

Let us find out how the measure v defined by formula (3.8) acts on &.

Proposition 3.5. For each bounded Borel set B and measure v from (3.8]) the identities
hold:

v(B)& = A / S.&ds — V2uxs, (3.15)
Gl B ) = (1) [ s .16

B

Proof. Identity (3.15)) is obtained straightforwardly by acting (3.8) on the vector &. Applying
the functional (¢y| to ([3.15]), we find:

(6ol v(B) [&0) = / (6ol S. léo) ds — 2 / " etxa(s) ds

:)\/e_sds—Q,u/e_sds (a—l)/e_sds.
B B B

The proof is complete. O

In what follows by £ we denote the Lebesgue measure on R, while £; stands for measure
with the Radon-Nykodim derivative f with respect to £. We also denote by m = I — |£,) (&
the projector on the orthogonal complement to the vector &.
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We consider an operator-valued measure defined on a bounded Borel set B as

v(B) =v(B)[&) (Sol + [€0) (ol ¥(B)" = (v = 1)L~ (B) [€0) (ol
A |pf? 2|\ (3.17)
+ HWMG(‘)XBW + Eﬁe(.)(B)ﬂ.
In view of identity (3.16|), we are led to the following proposition.
Proposition 3.6. If a € R, then the measure U takes values only in self-adjoint operators
and the actions of the measures v and v on the vector & coincide.

Let us prove the positivity of the measure 7 in the case a — 1 > 0.
Theorem 3.3. If o — 1 > 0, then operator (3.17) is positive.

Proof. In view of the continuity, it is sufficient to confirm the positivity on the vectors having
non-zero projection on &;. Up to the multiplication by a scalar, such vector is of form &, + 7,
n L &. For each bounded Borel set B we should check the non-negativity of the expression:

77§0+777§0+77(B) = Dfo,&)(B) + ﬁfo,n(B) + Ungo (B) + 7777771(3)' (3'18)
By Proposition and identity (3.16)) we obtain:
Vgoe(B) = (v = 1)L~ (B). (3.19)
Then by identity (3.17)) and self-adjointness of 7 we have:
Ungo(B) = (nlv(B) &) s Veom(B) = Pngo(B) = (n| v(B) [&), (3.20)

and this implies

Pn0 (B [0, n(B)] < |Al - ‘/B@?ISS (€o) ds| + V2l - [(nlxs)|

(3.21)
AL llnll - £(B) + V2 1ul - [(nlxs)!
We also have: ) )
. 4lp |
Pan(B) = L 0| Mo 1) + 22 L (B (322)
Applying the inequality on means as well as the Cauchy-Schwarz inequality, we obtain:
~ - a—1 |,u
Vey,c0(B) + nn(B) = ( 5 Le-0(B) i 7 (1 Moy, |77>>
(2o + 22 Bl
2 6_(‘) o — 1 e() 77
22 /L0 0 (B) 21 (1] Moo In) +20/ L0 (B) - AP Lo (B)

:gﬂw\/ /Be—sds) (/B|n(s)|2esds)
+2|>\|-||77||-\/(/Be—8ds) (/Besds>

3.21

N .
22\/5\/!\/19!77(8”d8+2|M'H77H-£(B) > [Pneo(B)| + [P n(B)]

and the positivity of expression (3.18]) follows. The proof is complete. H
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