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BOUNDEDNESS OF DISCRETE HILBERT TRANSFORM

ON DISCRETE MORREY SPACES

R.A. ALIEV, A.N. AHMADOVA

Abstract. The Hilbert transform plays an important role in the theory and practice
of signal processing operations in continuous system theory because of its relevance to
such problems as envelope detection and demodulation, as well as because of its use in
relating the real and imaginary components, and the magnitude and phase components of
spectra. The Hilbert transform is a multiplier operator and is widely used in the theory
of Fourier transforms. The Hilbert transform was the motivation for the development of
modern harmonic analysis. Its discrete version is also widely used in many areas of science
and technology and plays an important role in digital signal processing. The essential
motivation behind thinking about discrete transforms is that experimental data are most
frequently not taken in a continuous manner but sampled at discrete time values. Since
much of the data collected in both the physical sciences and engineering are discrete, the
discrete Hilbert transform is a rather useful tool in these areas for the general analysis of
this type of data.

The Hilbert transform has been well studied on classical function spaces Lebesgue, Mor-
rey, etc. But its discrete version, which also has numerous applications, has not been
fully studied in discrete analogues of these spaces. In this paper we discuss the discrete
Hilbert transform on discrete Morrey spaces. In particular, we obtain its boundedness on
the discrete Morrey spaces using boundedness of the Hilbert transform on Morrey spaces.

Keywords: discrete Hilbert transform, Morrey spaces, discrete Morrey spaces, bounded-
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1. Introduction

We denote by 𝑙𝑝, 𝑝 > 1, the class of scalar sequences 𝑏 = {𝑏𝑛}𝑛∈Z satisfying the condition

‖𝑏‖𝑙𝑝 =

(︃∑︁
𝑛∈Z

|𝑏𝑛|𝑝
)︃ 1

𝑝

< ∞,

where Z is the set of integers.
Let 𝑏 = {𝑏𝑛}𝑛∈Z ∈ 𝑙𝑝, 𝑝 > 1. The sequence �̃� = {�̃�𝑛}𝑛∈Z, where

�̃�𝑛 =
∑︁
�̸�=𝑛

𝑏𝑚
𝑛−𝑚

, 𝑛 ∈ Z,

is called the Hilbert transform of the sequence 𝑏 = {𝑏𝑛}𝑛∈Z.

M. Riesz proved (see [16]) that if 𝑏 ∈ 𝑙𝑝, 𝑝 > 1, then �̃� ∈ 𝑙𝑝 and the inequality

‖�̃�‖𝑙𝑝 6 𝐶𝑝‖𝑏‖𝑙𝑝 (1.1)
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holds, where 𝐶𝑝 is an absolute constant. Weighted analogues of (1.1) were studied investigated
in works [4–6,9, 12,13,15,20].

If 𝑏 ∈ 𝑙1, then the sequence �̃� belongs to the class
⋂︀

𝑝>1 𝑙𝑝, but generally speaking, it does

not belong to the class 𝑙1 (see [3]). In this case, R. Hunt, B. Muckenhoupt and R. Wheeden
(see [12]) proved that the distribution function

�̃�(𝜆) :=
∑︁

{𝑛∈Z: |�̃�𝑛|>𝜆}

1

of the Hilbert transform of the sequence 𝑏 satisfies the weak condition

|�̃�(𝜆)| 6 𝐶0

𝜆
‖𝑏‖𝑙1 for all 𝜆 > 0,

where 𝐶0 is an absolute constant. In [3], it was proved that, if the sequence 𝑏 ∈ 𝑙1 satisfies the
condition ∑︁

𝑛∈Z

𝑏𝑛 = 0,

which is necessary for the summability of the discrete Hilbert transform, and∑︁
𝑛∈Z

|𝑏𝑛| ln(𝑒 + |𝑛|) < ∞,

then �̃� ∈ 𝑙1 and the following inequality holds:

‖�̃�‖𝑙1 6 6
∑︁
𝑛∈Z

|𝑏𝑛| ln(𝑒 + |𝑛|).

In [2], the concept of 𝑄-summability of series was introduced and by using this notion, it was
proved that the Hilbert transform of a sequence 𝑏 ∈ 𝑙1 is 𝑄-summable and its 𝑄-sum is equal
to zero.

In this paper, we study the boundedness of the discrete Hilbert transform in the discrete
Morrey spaces.

2. Discrete Morrey spaces

The classical Morrey spaces 𝑀𝜆,𝑝, 0 6 𝜆 6 𝑑
𝑝
, 1 6 𝑝 < ∞ (see [1,7,14,17–19]), consist of the

functions 𝑓 ∈ 𝐿𝑝,𝑙𝑜𝑐

(︀
R𝑑
)︀
, for which the following norm is finite

‖𝑓‖𝑀𝜆,𝑝
= sup

𝑥
sup
𝑟>0

(︁
𝑟−𝜆 ‖𝑓‖𝐿𝑝(𝐵(𝑥;𝑟))

)︁
.

We note that if 𝜆 = 0, then 𝑀𝜆,𝑝 = 𝐿𝑝; if 𝜆 = 𝑑
𝑝
, then 𝑀𝜆,𝑝 = 𝐿∞ (see [1]). In the case 𝑝 > 1,

0 6 𝜆 < 𝑑
𝑝
, F. Chiarenza and M. Frasca [8] showed the boundedness of the Hardy–Littlewood

maximal operator, a fractional integral operator and a singular integral operator in the Morrey
spaces. In particular, this implies the boundedness of the Hilbert transform in the Morrey
spaces. It means that, in case 𝑝 > 1, 0 6 𝜆 < 1

𝑝
, for any 𝑓(𝑡) ∈ 𝑀𝜆,𝑝 we have

(𝐻𝑓)(𝑡) :=
1

𝜋

∫︁
R

𝑓(𝜏)

𝑡− 𝜏
𝑑𝜏 ∈ 𝑀𝜆,𝑝,

and there exist 𝐶𝜆,𝑝 > 0 such that

‖𝐻𝑓‖𝑀𝜆,𝑝
6 𝐶𝜆,𝑝‖𝑓‖𝑀𝜆,𝑝

holds for all 𝑓 ∈ 𝑀𝜆,𝑝.
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In [10], the authors introduced a discrete analogue of the Morrey spaces and studied their
inclusion properties. For 𝑚 ∈ Z and 𝑛 ∈ N ∪ {0} we define

𝑆𝑚,𝑛 = {𝑘 ∈ Z : |𝑘 −𝑚| 6 𝑛}.
Following standard conventions, we denote the cardinality of a set 𝑆 by |𝑆|. Then we have
|𝑆𝑚,𝑛| = 2𝑛 + 1 for all 𝑚 ∈ Z and each 𝑛 ∈ N ∪ {0}. The discrete Morrey spaces 𝑚𝜆,𝑝,
0 6 𝜆 6 1

𝑝
, 1 6 𝑝 < ∞, consist of the sequences 𝑏 = {𝑏𝑛}𝑛∈Z, for which the following norm is

finite

‖𝑏‖𝑚𝜆,𝑝
= sup

𝑚∈Z
sup

𝑛∈N∪{0}

⎛⎜⎝|𝑆𝑚,𝑛|−𝜆

⎛⎝ ∑︁
𝑘∈𝑆𝑚,𝑛

|𝑏𝑘|𝑝
⎞⎠ 1

𝑝

⎞⎟⎠ .

In [11] it was proved the boundedness of the discrete Hardy-Littlewood maximal operators
and discrete Riesz potentials on discrete Morrey spaces. We observe that if

𝑏 = {𝑏𝑛}𝑛∈Z ∈ 𝑚𝜆,𝑝, 1 6 𝑝 < ∞, 0 6 𝜆 <
1

𝑝
,

then the series
∑︀
�̸�=𝑛

𝑏𝑚
𝑛−𝑚

converges absolutely. Indeed, for each 𝑛 ∈ N we have

∑︁
𝑚 ̸=𝑛

|𝑏𝑚|
|𝑛−𝑚|

=
∞∑︁
𝑗=1

∑︁
2𝑗−16|𝑛−𝑚|<2𝑗

|𝑏𝑚|
|𝑛−𝑚|

6
∞∑︁
𝑗=1

1

2𝑗−1

∑︁
|𝑛−𝑚|<2𝑗

|𝑏𝑚|

6
∞∑︁
𝑗=1

1

2𝑗−1

⎛⎝ ∑︁
|𝑛−𝑚|<2𝑗

|𝑏𝑚|𝑝
⎞⎠ 1

𝑝

(2𝑗+1 − 1)1−
1
𝑝

6 4‖𝑏‖𝑚𝜆,𝑝

∞∑︁
𝑗=1

2(𝑗+1)(𝜆− 1
𝑝
) 6

4‖𝑏‖𝑚𝜆,𝑝

1 − 2𝜆− 1
𝑝

.

(2.1)

It follows that if

𝑏 = {𝑏𝑛}𝑛∈Z ∈ 𝑚𝜆,𝑝, 1 6 𝑝 < ∞, 0 6 𝜆 <
1

𝑝
,

then the Hilbert transform of the sequence 𝑏 is well-defined.

3. Boundedness of discrete Hilbert transform on discrete Morrey spaces

We present the main result of this paper.

Theorem 3.1. Let 1 < 𝑝 < ∞, 0 6 𝜆 < 1
𝑝
. For any 𝑏 ∈ 𝑚𝜆,𝑝 we have �̃� ∈ 𝑚𝜆,𝑝, and there

exists 𝑐𝜆,𝑝 > 0 such that

‖�̃�‖𝑚𝜆,𝑝
6 𝑐𝜆,𝑝‖𝑏‖𝑚𝜆,𝑝

holds for all 𝑏 ∈ 𝑚𝜆,𝑝.

We need the following auxiliary lemma.

Lemma 3.1. If 𝑟 ∈ (0, 1) and [𝑎, 𝑎 + 2𝑟] ⊆ [−3, 3] then

𝑎+2𝑟∫︁
𝑎

| ln |𝑡||𝑝𝑑𝑡 6 2

𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡. (3.1)
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Proof. We begin with proving the inequalities

2𝑟∫︁
𝑟

| ln 𝑡|𝑝𝑑𝑡 6
𝑟∫︁

0

| ln 𝑡|𝑝𝑑𝑡, 𝑟 ∈ (0, 1), (3.2)

3∫︁
3−2𝑟

| ln 𝑡|𝑝𝑑𝑡 6 2

𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡, 𝑟 ∈ (0, 1). (3.3)

For 𝑟 ∈ (0, 1
2
], inequality (3.2) holds thanks to the decreasing of the function | ln 𝑡|𝑝 on the

interval [0, 1], while for 𝑟 ∈ (1
2
, 1) it is implied by the following estimates:

2𝑟∫︁
𝑟

| ln 𝑡|𝑝𝑑𝑡 <
2∫︁

1
2

| ln 𝑡|𝑝𝑑𝑡 6
2∫︁

1
2

| ln 𝑡|𝑑𝑡 =
3

2
ln 2 − 1

2
<

2

𝑒
,

𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡 >
1/𝑒∫︁
0

| ln 𝑡|𝑝𝑑𝑡 >
1/𝑒∫︁
0

| ln 𝑡|𝑑𝑡 =
2

𝑒
.

Let us prove (3.3). We denote

Φ(𝑥) = 2

𝑥∫︁
0

| ln 𝑡|𝑝𝑑𝑡−
3∫︁

3−2𝑥

| ln 𝑡|𝑝𝑑𝑡, 𝑥 ∈ [0, 1].

Since

Φ(0) = 0,

Φ(1) = 2

1∫︁
0

| ln 𝑡|𝑝𝑑𝑡−
3∫︁

1

| ln 𝑡|𝑝𝑑𝑡

>
𝑒

2

1/𝑒∫︁
0

| ln 𝑡|𝑝𝑑𝑡 +
(︁

2 − 𝑒

2

)︁ 1/3∫︁
0

| ln 𝑡|𝑝𝑑𝑡−
𝑒∫︁

1

| ln 𝑡|𝑝𝑑𝑡−
3∫︁

𝑒

| ln 𝑡|𝑝𝑑𝑡

>
𝑒

2

1/𝑒∫︁
0

| ln 𝑡|𝑑𝑡 +
4 − 𝑒

2

⎡⎢⎣ 1/9∫︁
0

| ln 𝑡|𝑝𝑑𝑡 +

1/3∫︁
1/9

| ln 𝑡|𝑝𝑑𝑡

⎤⎥⎦−
𝑒∫︁

1

| ln 𝑡|𝑑𝑡−
3∫︁

𝑒

| ln 𝑡|𝑝𝑑𝑡

> 1 +
4 − 𝑒

2

[︂
(2 ln 3)𝑝 · 1

9
+ (ln 3)𝑝 · 2

9

]︂
− 1 − (3 − 𝑒)(ln 3)𝑝 > 0,

Φ′(𝑥) = 2 (| ln𝑥|𝑝 − | ln(3 − 2𝑥)|𝑝) = 0 ⇔ 𝑥 =
1

2
or 𝑥 = 1,

Φ′(0) = +∞,

we get that

min
𝑥∈[0,1]

Φ(𝑥) = min{Φ(0),Φ(1)} = 0.

This proves (3.3).
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Now let us prove (3.1). We denote

Ψ(𝑥) =

𝑥+2𝑟∫︁
𝑥

| ln 𝑡|𝑝𝑑𝑡, 𝑥 ∈ [0, 3 − 2𝑟].

It follows from (3.2) and (3.3) that

Ψ(0) =

2𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡 6 2

𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡,

Ψ(3 − 2𝑟) =

3∫︁
3−2𝑟

| ln 𝑡|𝑝𝑑𝑡 6 2

𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡,

Ψ′(𝑥) = | ln(𝑥 + 2𝑟)|𝑝 − | ln𝑥|𝑝 = 0 ⇔ 𝑥 =
1

𝑟 +
√
𝑟2 + 1

,

Ψ′(0) = −∞.

From here we get that

max
𝑥∈[0,3−2𝑟]

Ψ(𝑥) = max{Ψ(0),Ψ(3 − 2𝑟)} 6 2

𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡.

This shows that (3.1) holds for 𝑎 > 0.
We proceed to the case 𝑎 < 0. If 𝑎 < 0, 𝑎 + 𝑟 > 0, then for each 𝑡 ∈ [|𝑎|, 𝑟] we have

1

𝑡
> max{2𝑟 − 𝑡,

1

2𝑟 − 𝑡
}.

Therefore, in this case,

𝑎+2𝑟∫︁
𝑎

| ln |𝑡||𝑝𝑑𝑡− 2

𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡 =

|𝑎|∫︁
0

| ln 𝑡|𝑝𝑑𝑡 +

2𝑟−|𝑎|∫︁
0

| ln 𝑡|𝑝𝑑𝑡− 2

𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡

=

2𝑟−|𝑎|∫︁
𝑟

| ln 𝑡|𝑝𝑑𝑡−
𝑟∫︁

|𝑎|

| ln 𝑡|𝑝𝑑𝑡

=

𝑟∫︁
|𝑎|

| ln(2𝑟 − 𝑡)|𝑝𝑑𝑡−
𝑟∫︁

|𝑎|

| ln 𝑡|𝑝𝑑𝑡 6 0,

and hence, (3.1) holds. If 𝑎 + 𝑟 < 0, 𝑎 + 2𝑟 > 0, then for each 𝑡 ∈ [2𝑟 − |𝑎|, 𝑟] we have

1

𝑡
> max{2𝑟 − 𝑡,

1

2𝑟 − 𝑡
}

and in this case we get:

𝑎+2𝑟∫︁
𝑎

| ln |𝑡||𝑝𝑑𝑡− 2

𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡 =

|𝑎|∫︁
0

| ln 𝑡|𝑝𝑑𝑡 +

2𝑟−|𝑎|∫︁
0

| ln 𝑡|𝑝𝑑𝑡− 2

𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡

=

|𝑎|∫︁
𝑟

| ln 𝑡|𝑝𝑑𝑡−
𝑟∫︁

2𝑟−|𝑎|

| ln 𝑡|𝑝𝑑𝑡
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=

𝑟∫︁
2𝑟−|𝑎|

| ln(2𝑟 − 𝑡)|𝑝𝑑𝑡−
𝑟∫︁

2𝑟−|𝑎|

| ln 𝑡|𝑝𝑑𝑡 6 0,

that is (3.1) holds. Since the function | ln |𝑡||𝑝 is even, then in the case 𝑎 + 2𝑟 < 0 inequality
(3.1) follows from the already proved case 𝑎 > 0. This completes the proof of Lemma 3.1.

Proof of Theorem 3.1. We define the function 𝑓(𝑥) to be 2𝜋𝑏𝑘 for 𝑥 ∈ [𝑘− 1
4
, 𝑘 + 1

4
], 𝑘 ∈ Z and

0 elsewhere. First we are going to show that 𝑓 ∈ 𝑀𝜆,𝑝. Indeed, for each 𝑥 ∈ [𝑘 − 1
2
, 𝑘 + 1

2
),

𝑘 ∈ Z, if 𝑟 ∈ (0, 1
4
], then

𝑟−𝜆‖𝑓‖𝐿𝑝(𝐵(𝑥;𝑟)) =𝑟−𝜆

⎛⎝ 𝑥+𝑟∫︁
𝑥−𝑟

|𝑓(𝑡)|𝑝𝑑𝑡

⎞⎠ 1
𝑝

6 𝑟−𝜆 (2𝑟|2𝜋𝑏𝑘|𝑝)
1
𝑝

=21+ 1
𝑝𝜋𝑟

1
𝑝
−𝜆|𝑏𝑘| 6 21+ 1

𝑝𝜋‖𝑏‖𝑚𝜆,𝑝
;

(3.4)

if 𝑟 ∈ (1
4
, 1], then

𝑟−𝜆‖𝑓‖𝐿𝑝(𝐵(𝑥;𝑟)) = 𝑟−𝜆

⎛⎝ 𝑥+𝑟∫︁
𝑥−𝑟

|𝑓(𝑡)|𝑝𝑑𝑡

⎞⎠ 1
𝑝

6 𝑟−𝜆

(︃
1

2

1∑︁
𝑗=−1

|2𝜋𝑏𝑘+𝑗|𝑝
)︃ 1

𝑝

6 4𝜆21− 1
𝑝𝜋(|𝑏𝑘−1|𝑝 + |𝑏𝑘|𝑝 + |𝑏𝑘+1|𝑝)

1
𝑝 6 12𝜆21− 1

𝑝𝜋‖𝑏‖𝑚𝜆,𝑝
;

(3.5)

if 𝑟 ∈ (𝑛, 𝑛 + 1], 𝑛 ∈ N, then

𝑟−𝜆‖𝑓‖𝐿𝑝(𝐵(𝑥;𝑟)) = 𝑟−𝜆

⎛⎝ 𝑥+𝑟∫︁
𝑥−𝑟

|𝑓(𝑡)|𝑝𝑑𝑡

⎞⎠ 1
𝑝

6 𝑟−𝜆

(︃
1

2

𝑛+1∑︁
𝑗=−𝑛−1

|2𝜋𝑏𝑘+𝑗|𝑝
)︃ 1

𝑝

6 𝑛−𝜆21− 1
𝑝𝜋

⎛⎝ ∑︁
𝑗∈𝑆𝑘,𝑛+1

|𝑏𝑘+𝑗|𝑝
⎞⎠ 1

𝑝

6 𝑛−𝜆21− 1
𝑝𝜋(2𝑛 + 3)𝜆‖𝑏‖𝑚𝜆,𝑝

6 5𝜆21− 1
𝑝𝜋‖𝑏‖𝑚𝜆,𝑝

.

(3.6)

It follows from inequalities (3.4), (3.5), (3.6) that 𝑓 ∈ 𝑀𝜆,𝑝 and

‖𝑓‖𝑀𝜆,𝑝
= sup

𝑥
sup
𝑟>0

(︀
𝑟−𝜆‖𝑓‖𝐿𝑝(𝐵(𝑥;𝑟))

)︀
6 12𝜆21+ 1

𝑝𝜋‖𝑏‖𝑚𝜆,𝑝
.

Therefore, 𝐻𝑓 ∈ 𝑀𝜆,𝑝 and there exist 𝑑0 > 0 such that

‖𝐻𝑓‖𝑀𝜆,𝑝
6 𝑑0‖𝑏‖𝑚𝜆,𝑝

. (3.7)

We define the function 𝐹 (𝑥) to be �̃�𝑘 for 𝑥 ∈ [𝑘 − 1
2
, 𝑘 + 1

2
), 𝑘 ∈ Z, and

𝐺(𝑥) = (𝐻𝑓)(𝑥) − 𝐹 (𝑥). (3.8)
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We are going to prove that 𝐺(𝑥) ∈ 𝑀𝜆,𝑝. For each 𝑥 ∈ [𝑛 − 1
2
, 𝑛 + 1

2
), 𝑥 ̸= 𝑛 ± 1

4
, 𝑛 ∈ Z, we

have

𝐺(𝑥) =
1

𝜋

∫︁
R

𝑓(𝑡)

𝑥− 𝑡
𝑑𝑡− �̃�𝑛 =

1

𝜋

∑︁
𝑚∈Z

𝑚+ 1
4∫︁

𝑚− 1
4

2𝜋𝑏𝑚
𝑥− 𝑡

𝑑𝑡−
∑︁
�̸�=𝑛

𝑏𝑚
𝑛−𝑚

=

⎛⎜⎝∑︁
𝑚 ̸=𝑛

2𝑏𝑚

𝑚+ 1
4∫︁

𝑚− 1
4

𝑑𝑡

𝑥− 𝑡
+ 2𝑏𝑛

𝑛+ 1
4∫︁

𝑛− 1
4

𝑑𝑡

𝑥− 𝑡

⎞⎟⎠−
∑︁
�̸�=𝑛

𝑏𝑚
𝑛−𝑚

=
∑︁
�̸�=𝑛

2𝑏𝑚

⎛⎜⎝ 𝑚+ 1
4∫︁

𝑚− 1
4

(︂
1

𝑥− 𝑡
− 1

𝑛−𝑚

)︂
𝑑𝑡

⎞⎟⎠+ 2𝑏𝑛

𝑛+ 1
4∫︁

𝑛− 1
4

𝑑𝑡

𝑥− 𝑡

=𝐺1(𝑥) + 𝐺2(𝑥).

(3.9)

Let 𝑚 ̸= 𝑛. Since for each 𝑥 ∈ [𝑛− 1
2
, 𝑛 + 1

2
) and 𝑡 ∈ [𝑚− 1

4
,𝑚 + 1

4
]

|𝑥− 𝑛| 6 1

2
, |𝑚− 𝑡| 6 1

4
, |𝑥− 𝑡| > |𝑛−𝑚| − |𝑥− 𝑛| − |𝑚− 𝑡| > |𝑛−𝑚| − 3

4
,

then we get ⃒⃒⃒⃒
1

𝑥− 𝑡
− 1

𝑛−𝑚

⃒⃒⃒⃒
=

|𝑛− 𝑥 + 𝑡−𝑚|
|𝑥− 𝑡| · |𝑛−𝑚|

6
1
2

+ 1
4

|𝑛−𝑚|
(︀
|𝑛−𝑚| − 3

4

)︀
=

3

|𝑛−𝑚| · (4|𝑛−𝑚| − 3)
6

3

|𝑛−𝑚|2
.

Therefore, for each 𝑥 ∈ [𝑛− 1
2
, 𝑛 + 1

2
), 𝑥 ̸= 𝑛± 1

4
,

|𝐺1(𝑥| 6
∑︁
𝑚 ̸=𝑛

2|𝑏𝑚|

𝑚+ 1
4∫︁

𝑚− 1
4

⃒⃒⃒⃒
1

𝑥− 𝑡
− 1

𝑛−𝑚

⃒⃒⃒⃒
𝑑𝑡 6

∑︁
�̸�=𝑛

3|𝑏𝑚|
|𝑛−𝑚|2

. (3.10)

It follows from inequalities (3.10) and (2.1) that

|𝐺1(𝑥)| 6
∑︁
𝑚 ̸=𝑛

3|𝑏𝑚|
|𝑛−𝑚|2

6
12‖𝑏‖𝑚𝜆,𝑝

1 − 2𝜆− 1
𝑝

. (3.11)

If 𝑟 ∈ (0, 1), then by (3.11) we obtain:

𝑟−𝜆‖𝐺1‖𝐿𝑝(𝐵(𝑥;𝑟)) = 𝑟−𝜆

⎛⎝ 𝑥+𝑟∫︁
𝑥−𝑟

|𝐺1(𝑥)|𝑝𝑑𝑥

⎞⎠ 1
𝑝

6 𝑟−𝜆
12‖𝑏‖𝑚𝜆,𝑝

1 − 2𝜆− 1
𝑝

· (2𝑟)
1
𝑝 6

12 · 2
1
𝑝

1 − 2𝜆− 1
𝑝

‖𝑏‖𝑚𝜆,𝑝
.

(3.12)

For 𝑟 ∈ [𝑘 − 1, 𝑘), 𝑘 ∈ N, 𝑘 > 2, by (3.10) and the Hölder inequality we have:

𝑟−𝜆‖𝐺1‖𝐿𝑝(𝐵(𝑥;𝑟)) = 𝑟−𝜆

⎛⎝ 𝑥+𝑟∫︁
𝑥−𝑟

|𝐺1(𝑥)|𝑝𝑑𝑥

⎞⎠ 1
𝑝

6 𝑟−𝜆

⎛⎜⎝ 𝑛+𝑘+ 1
2∫︁

𝑛−𝑘− 1
2

|𝐺1(𝑥)|𝑝𝑑𝑥

⎞⎟⎠
1
𝑝
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= 𝑟−𝜆

⎛⎜⎝ 𝑛+𝑘∑︁
𝑗=𝑛−𝑘

𝑗+ 1
2∫︁

𝑗− 1
2

|𝐺1(𝑥)|𝑝𝑑𝑥

⎞⎟⎠
1
𝑝

6 𝑟−𝜆

(︃
𝑛+𝑘∑︁

𝑗=𝑛−𝑘

(︃∑︁
�̸�=𝑗

3|𝑏𝑚|
|𝑗 −𝑚|2

)︃𝑝)︃ 1
𝑝

6 3𝑟−𝜆

⎛⎝ 𝑛+𝑘∑︁
𝑗=𝑛−𝑘

(︃∑︁
𝑚 ̸=𝑗

|𝑏𝑚|𝑝

|𝑗 −𝑚|2

)︃
·

(︃∑︁
𝑚 ̸=𝑗

1

|𝑗 −𝑚|2

)︃𝑝−1
⎞⎠ 1

𝑝

6 12𝑟−𝜆

(︃
𝑛+𝑘∑︁

𝑗=𝑛−𝑘

∑︁
�̸�=𝑗

|𝑏𝑚|𝑝

|𝑗 −𝑚|2

)︃ 1
𝑝

= 12𝑟−𝜆

⎛⎝∑︁
𝑚∈Z

|𝑏𝑚|𝑝
∑︁

|𝑗−𝑛|6𝑘,𝑗 ̸=𝑚

1

|𝑗 −𝑚|2

⎞⎠ 1
𝑝

6 12𝑟−𝜆

⎛⎝ 𝑛+2𝑘∑︁
𝑚=𝑛−2𝑘

|𝑏𝑚|𝑝 · 4 +
∞∑︁
𝑖=1

∑︁
2𝑖𝑘<|𝑚−𝑛|62𝑖+1𝑘

|𝑏𝑚|𝑝

22𝑖−3𝑘

⎞⎠ 1
𝑝

6 12𝑟−𝜆

(︃
4(4𝑘 + 1)𝑝𝜆‖𝑏‖𝑝𝑚𝜆,𝑝

+
∞∑︁
𝑖=1

2(2𝑖𝑘)𝑝𝜆‖𝑏‖𝑝𝑚𝜆,𝑝

22𝑖−3𝑘

)︃ 1
𝑝

6 12(𝑘 − 1)−𝜆𝑘𝜆‖𝑏‖𝑚𝜆,𝑝

(︂
4 · 5𝑝𝜆 +

16

22−𝑝𝜆 − 1

)︂ 1
𝑝

and hence

𝑟−𝜆‖𝐺1‖𝐿𝑝(𝐵(𝑥;𝑟)) 6 24‖𝑏‖𝑚𝜆,𝑝

(︂
20 +

16

22−𝑝𝜆 − 1

)︂ 1
𝑝

. (3.13)

It follows from (3.12), (3.13) that 𝐺1 ∈ 𝑀𝜆,𝑝:

‖𝐺1‖𝑀𝜆,𝑝
= sup

𝑥
sup
𝑟>0

[︀
𝑟−𝜆‖𝐺1‖𝐿𝑝(𝐵(𝑥;𝑟))

]︀
6 𝑑1‖𝑏‖𝑚𝜆,𝑝

, (3.14)

where

𝑑1 := max

{︃
12 · 2

1
𝑝

1 − 2𝜆− 1
𝑝

, 24

(︂
20 +

16

22−𝑝𝜆 − 1

)︂ 1
𝑝

}︃
.

Let us show that 𝐺2 ∈ 𝑀𝜆,𝑝.
For each 𝑛 ∈ Z we partition the set[︂

𝑛− 1

2
, 𝑛 +

1

2

)︂
∖
{︂
𝑛− 1

4
;𝑛 +

1

4

}︂
into four parts:[︂

𝑛− 1

2
, 𝑛− 1

4

)︂
,

(︂
𝑛− 1

4
, 𝑛

]︂
,

(︂
𝑛, 𝑛 +

1

4

)︂
,

(︂
𝑛 +

1

4
, 𝑛 +

1

2

)︂
.

If 𝑥 ∈ [𝑛− 1
2
, 𝑛− 1

4
), then

𝐺2(𝑥) = 2𝑏𝑛

𝑛+ 1
4∫︁

𝑛− 1
4

𝑑𝑡

𝑥− 𝑡
= 2𝑏𝑛[− ln(𝑛 +

1

4
− 𝑥) + ln(𝑛− 1

4
− 𝑥)].

For each 𝑥 ∈ 𝑅 and 𝛿 > 0, the identity

v.p.

𝑥+𝛿∫︁
𝑥−𝛿

𝑑𝑡

𝑥− 𝑡
= v.p.

𝛿∫︁
−𝛿

𝑑𝑢

−𝑢
= 0
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holds. Therefore, if 𝑥 ∈ (𝑛− 1
4
, 𝑛], then

𝐺2(𝑥) = 2𝑏𝑛 · v.p.

𝑛+ 1
4∫︁

𝑛− 1
4

𝑑𝑡

𝑥− 𝑡
= 2𝑏𝑛

⎛⎜⎝v.p.

𝑥+(𝑥−𝑛+ 1
4
)∫︁

𝑥−(𝑥−𝑛+ 1
4
)

𝑑𝑡

𝑥− 𝑡
+

𝑛+ 1
4∫︁

𝑥+(𝑥−𝑛+ 1
4
)

𝑑𝑡

𝑥− 𝑡

⎞⎟⎠

= 2𝑏𝑛

𝑛+ 1
4∫︁

2𝑥−𝑛+ 1
4

𝑑𝑡

𝑥− 𝑡
= 2𝑏𝑛

(︂
− ln

(︂
𝑛 +

1

4
− 𝑥

)︂
+ ln

(︂
𝑥− 𝑛 +

1

4

)︂)︂
.

If 𝑥 ∈ (𝑛, 𝑛 + 1
4
), then

𝐺2(𝑥) = 2𝑏𝑛 · v.p.

𝑛+ 1
4∫︁

𝑛− 1
4

𝑑𝑡

𝑥− 𝑡
= 2𝑏𝑛

⎛⎜⎝v.p.

𝑥−(𝑛+ 1
4
−𝑥)∫︁

𝑛− 1
4

𝑑𝑡

𝑥− 𝑡
+

𝑥+(𝑛+ 1
4
−𝑥)∫︁

𝑥−(𝑛+ 1
4
−𝑥)

𝑑𝑡

𝑥− 𝑡

⎞⎟⎠

= 2𝑏𝑛

2𝑥−𝑛− 1
4∫︁

𝑛− 1
4

𝑑𝑡

𝑥− 𝑡
= 2𝑏𝑛

(︂
− ln

(︂
𝑛 +

1

4
− 𝑥

)︂
+ ln

(︂
𝑥− 𝑛 +

1

4

)︂)︂
.

If 𝑥 ∈ (𝑛 + 1
4
, 𝑛 + 1

2
), we get:

𝐺2(𝑥) = 2𝑏𝑛

𝑛+ 1
4∫︁

𝑛− 1
4

𝑑𝑡

𝑥− 𝑡
= 2𝑏𝑛

(︂
− ln

(︂
𝑥− 𝑛− 1

4

)︂
+ ln

(︂
𝑥− 𝑛 +

1

4

)︂)︂
.

This shows that for each 𝑥 ∈ [𝑛− 1
2
, 𝑛 + 1

2
), 𝑥 ̸= 𝑛± 1

4
, we have

𝐺2(𝑥) = 2𝑏𝑛

(︂
− ln

⃒⃒⃒⃒
𝑥− 𝑛− 1

4

⃒⃒⃒⃒
+ ln

⃒⃒⃒⃒
𝑥− 𝑛 +

1

4

⃒⃒⃒⃒)︂
and, hence,

|𝐺2(𝑥)| 6 |2𝑏𝑛|

(︃
ln

1⃒⃒
𝑥− 𝑛− 1

4

⃒⃒ + ln
1⃒⃒

𝑥− 𝑛 + 1
4

⃒⃒)︃ . (3.15)

Thus, for each 𝑛 ∈ Z,

𝑛+ 1
2∫︁

𝑛− 1
2

|𝐺2(𝑥)|𝑝𝑑𝑥 6 𝑑2|𝑏𝑛|𝑝, (3.16)

where

𝑑2 := 2𝑝

𝑛+ 1
2∫︁

𝑛− 1
2

[︂
ln

1

|𝑥− 𝑛− 1
4
|

+ ln
1

|𝑥− 𝑛 + 1
4
|

]︂𝑝
𝑑𝑥 = 2𝑝

1
2∫︁

− 1
2

[︂
ln

1

|𝑢− 1
4
|

+ ln
1

|𝑢 + 1
4
|

]︂𝑝
𝑑𝑢.
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Let 𝑥 ∈ [𝑛− 1
2
, 𝑛+ 1

2
), 𝑥 ̸= 𝑛± 1

4
. If 𝑟 ∈ (0, 1), then it follows from (3.15) and from Lemma 3.1

that

𝑟−𝜆‖𝐺2‖𝐿𝑝(𝐵(𝑥;𝑟)) = 𝑟−𝜆

⎛⎝ 𝑥+𝑟∫︁
𝑥−𝑟

|𝐺2(𝑡)|𝑝𝑑𝑡

⎞⎠ 1
𝑝

6𝑟−𝜆

⎛⎝ 𝑥+𝑟∫︁
𝑥−𝑟

|2𝑏𝑛−1|𝑝
(︂⃒⃒⃒⃒

ln

⃒⃒⃒⃒
𝑡− (𝑛− 1) − 1

4

⃒⃒⃒⃒⃒⃒⃒⃒
+

⃒⃒⃒⃒
ln

⃒⃒⃒⃒
𝑡− (𝑛− 1) +

1

4

⃒⃒⃒⃒⃒⃒⃒⃒)︂𝑝

𝑑𝑡

⎞⎠ 1
𝑝

+ 𝑟−𝜆

⎛⎝ 𝑥+𝑟∫︁
𝑥−𝑟

|2𝑏𝑛|𝑝
(︂⃒⃒⃒⃒

ln

⃒⃒⃒⃒
𝑡− 𝑛− 1

4

⃒⃒⃒⃒⃒⃒⃒⃒
+

⃒⃒⃒⃒
ln

⃒⃒⃒⃒
𝑡− 𝑛 +

1

4

⃒⃒⃒⃒⃒⃒⃒⃒)︂𝑝

𝑑𝑡

⎞⎠ 1
𝑝

+ 𝑟−𝜆

⎛⎝ 𝑥+𝑟∫︁
𝑥−𝑟

|2𝑏𝑛+1|𝑝
(︂⃒⃒⃒⃒

ln

⃒⃒⃒⃒
𝑡− (𝑛 + 1) − 1

4

⃒⃒⃒⃒⃒⃒⃒⃒
+

⃒⃒⃒⃒
ln

⃒⃒⃒⃒
𝑡− (𝑛 + 1) +

1

4

⃒⃒⃒⃒⃒⃒⃒⃒)︂𝑝

𝑑𝑡

⎞⎠ 1
𝑝

624‖𝑏‖𝑚𝜆,𝑝
𝑟−𝜆

⎛⎝ 𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡

⎞⎠ 1
𝑝

6 𝑑3‖𝑏‖𝑚𝜆,𝑝
,

(3.17)

where

𝑑3 := 24 sup
0<𝑟<1

𝑟−𝜆

⎛⎝ 𝑟∫︁
0

| ln 𝑡|𝑝𝑑𝑡

⎞⎠ 1
𝑝

< ∞.

If 𝑟 ∈ [𝑘 − 1, 𝑘), 𝑘 ∈ N, 𝑘 > 2, then it follows from (3.16) that

𝑟−𝜆‖𝐺2‖𝐿𝑝(𝐵(𝑥;𝑟)) = 𝑟−𝜆

⎛⎝ 𝑥+𝑟∫︁
𝑥−𝑟

|𝐺2(𝑥)|𝑝𝑑𝑥

⎞⎠ 1
𝑝

6 𝑟−𝜆

⎛⎜⎝ 𝑛+𝑘+ 1
2∫︁

𝑛−𝑘− 1
2

|𝐺2(𝑥)|𝑝𝑑𝑥

⎞⎟⎠
1
𝑝

= 𝑟−𝜆

⎛⎜⎝ 𝑛+𝑘∑︁
𝑗=𝑛−𝑘

𝑗+ 1
2∫︁

𝑗− 1
2

|𝐺2(𝑥)|𝑝𝑑𝑥

⎞⎟⎠
1
𝑝

6 𝑟−𝜆

(︃
𝑛+𝑘∑︁

𝑗=𝑛−𝑘

𝑑2|𝑏𝑗|𝑝
)︃ 1

𝑝

6 (𝑘 − 1)−𝜆𝑑
1
𝑝

2 ‖𝑏‖𝑚𝜆,𝑝
(2𝑘 + 1)𝜆 6 5𝜆𝑑

1
𝑝

2 ‖𝑏‖𝑚𝜆,𝑝
.

(3.18)

By (3.17), (3.18) we find that 𝐺2 ∈ 𝑀𝜆,𝑝:

‖𝐺2‖𝑀𝜆,𝑝
= sup

𝑥
sup
𝑟>0

[︀
𝑟−𝜆‖𝐺1‖𝐿𝑝(𝐵(𝑥;𝑟))

]︀
6 𝑑4‖𝑏‖𝑚𝜆,𝑝

, (3.19)

where

𝑑4 = max
{︀

5𝜆𝑑
1
𝑝

2 , 𝑑3
}︀
.

Hence, owing to (3.9), (3.14) and (3.19), we conclude that 𝐺 ∈ 𝑀𝜆,𝑝:

‖𝐺‖𝑀𝜆,𝑝
6 (𝑑1 + 𝑑4)‖𝑏‖𝑚𝜆,𝑝

. (3.20)

Since 𝐹 (𝑥) = (𝐻𝑓)(𝑥) −𝐺(𝑥), by (3.7) and (3.20) we get that 𝐹 ∈ 𝑀𝜆,𝑝:

‖𝐹‖𝑀𝜆,𝑝
6 (𝑑0 + 𝑑1 + 𝑑4)‖𝑏‖𝑚𝜆,𝑝

.
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Therefore, for each 𝑚 ∈ Z and 𝑛 ∈ N
⋃︀
{0},

|𝑆𝑚,𝑛|−𝜆

⎛⎝ ∑︁
𝑘∈𝑆𝑚,𝑛

|�̃�𝑘|𝑝
⎞⎠ 1

𝑝

= (2𝑛 + 1)−𝜆

⎛⎜⎝ 𝑚+𝑛+ 1
2∫︁

𝑚−𝑛− 1
2

|𝐹 (𝑥)|𝑝𝑑𝑥

⎞⎟⎠
1
𝑝

= (2𝑛 + 1)−𝜆‖𝐹‖𝐿𝑝(𝐵(𝑚,𝑛+ 1
2
))

6 (2𝑛 + 1)−𝜆(𝑛 +
1

2
)𝜆 · ‖𝐹‖𝑀𝜆,𝑝

6 2−𝜆(𝑑0 + 𝑑1 + 𝑑4)‖𝑏‖𝑚𝜆,𝑝
.

It follows that �̃� ∈ 𝑚𝜆,𝑝 and

‖�̃�‖𝑚𝜆,𝑝
6 2−𝜆(𝑑0 + 𝑑1 + 𝑑4) · ‖𝑏‖𝑚𝜆,𝑝

.

This completes the proof of Theorem 3.1.
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