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ON COVERING MAPPINGS
IN GENERALIZED METRIC SPACES IN
STUDYING IMPLICIT DIFFERENTIAL EQUATIONS

E.S. ZHUKOVSKIY, W. MERCHELA

Abstract. Let on a set X # () a metric p: X x X — [0,00] be defined, while on Y # ) a
distance d : Y x Y — [0, 00|, be given, which satisfies only the identity axiom. We define
the notion of covering and of Lipschitz property for the mappings X — Y. We formulate
conditions ensuring the existence of solutions x € X to equations of form F(z,z) = v,
y € Y, with a mapping F': X x X — Y, being covering in one variable and Lipschitz in the
other. These conditions are employed for studying the solvability of a functional equation
with a deviation variable and of a Cauchy problem for an implicit differential equation. In
order to do this, on the space S of Lebesgue measurable functions z : [0,1] — R we define
the distance

d(z1,22) = vrai sup 0(z1(t), z2(t)), 21,29 € S,
t€[0,1]

where each continuous function 6 : R x R — [0,00) satisfies §(z1,22) = 0 if and only if
Z1 = 292.

Keywords: covering mapping, metric space, functional equation with a deviating variable,
ordinary differential equation, existence of solution.
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1. INTRODUCTION

The results on operator equations with mappings acting in metric spaces are widely used for
studying various functional equations. In particular, the results on covering mappings of metric
spaces allowed one to consider some classes of integral equations, see [I], implicit differential
equations, see [2], for which fixed point theorems were not applicable. For implicit differential
equations, by such methods, there were obtained existence conditions, estimates, conditions
ensuring continuous dependence on parameters for solutions to Cauchy problems, see [3], to
boundary value problems, see [4], control problems, see [5], [6].

In recent studies [7], [§], the results on covering mappings were generalized for the spaces,
in which classical properties of metrics were weakened. In works [9], [10], the notion of the
covering set was extended to mappings acting from a metric space into a set equipped with a
distance obeying just identity axiom and by means of this set, solvability conditions of operator
equations were obtained. In this work, we extend this result for the case, when the metric and
distance can take infinite value. Such generalization gave an opportunity to apply the results
on an operator equation to studying a functional equation with a deviating argument in the
space of Lebesgue measurable functions as well as for studying an implicit differential equation.
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The paper is organized as follows. In Section [2] we provide needed facts on spaces with
distance, define weakened properties of closedness, covering and Lipschitz property for the
mappings acting from a space with an oo-metric into the space with a distance and we also
formulate Theorem of existence of a solution to an operator equation. In Section |3| we
define the distance in the space of Lebesgue measurable functions and in this space we study
the covering set and Lipschitz property set for Nemytskii operator. Then we apply the obtained
results to studying a functional equation with a deviating argument. In Section [4], by similar
methods, we obtained the solvability conditions of a Cauchy problem for an implicit differential
equation.

2. MAIN NOTIONS

We denote R, = [0, 4+00), Ry = [0, +0c]. We suppose that we are given a space X = (X, p)
with an oo-metrics p : X x X — R,; in what follows the mapping is referred to as metrics
and the space X is called a metric space. We denote by Bx(zo,7) = {x € X : p(x,z) < r}
a closed ball in X centered at a point 2o € X of a radius r € (0, 00]. We also suppose that a
non-empty set Y is given, on which a distance is defined, which is a mapping d : Y xY — Ry
obeying the condition

Yy, y2 €Y dlyr,y2) =0 < y1 = yo.

In the space Y we define the notion of convergence of a sequence {y;} C Y to an element y € Y’
as ¢ — oo by the relation

vy —y <  dy,y) — 0.
We observe that under such convergence, the limit y is not necessary unique and a symmetric
scalar sequence d(y, y;) not necessary convergence to 0.

For the mappings acting from X into Y we employ the following standard definitions. A
mapping f : X — Y is called continuous at a point x € X if for each sequence {z;} C X
converging to z we have f(z;) — f(x). A mapping f : X — Y is called closed at a point = € X
if the convergence of a sequence {z;} C X to x and the existence of y € Y such that f(z;) =y
imply the identity f(x) = y. A mapping continuous (closed) at all points is called continuous
(closed). We stress that in contrast to metric spaces, the continuity of a mapping does not
imply its closedness.

We formally extend the following definitions known for usual metric spaces to the mappings
in the considered spaces, see [11].

Definition 2.1. Let a > 0. A mapping f : X — Y is called a-covering if the relation
1
Vee X VyeY Jue X f(u) =y, plz,u) < ad(f(:r),y).
holds true.

Definition 2.2. Let f > 0. A mapping f : X — Y is called B-Lipschitz on a set U C X if
the relation

Va,u €U d(f(z), f(w) < Bp(z,w)
holds true. If U = X, then the mapping f : X — Y s called 3-Lipschitz.

We are going to define weakened properties of closedness, covering and Lipschitz property
for a mapping f: X — Y. Given a set U C X, we define sets:

Cllf; U]:= {(a:,y) eXxY |V, Uz, =z, flz,) >y = flx)= y};
Cov,[f;U]:= {(x,y) CEXxY|IeU f(u) =y, plz,u) <a td(f(z),y), plz,u) < oo};
Lipglf; U= {(z,y) e X xY |Vu e U f(u) =y = d(f(z),y) < Bp(x,u)}.
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In the case U = X, the metrics p and the distance d have values in R, such sets of closedness,
covering and Lipschitz properties were introduced in [10].

It is obvious that relation Cl[f; X] = X x Y is equivalent to the fact that the mapping f is
closed, the relation Cov,[f; X| = X XY means that the mapping f is a-covering, while relation
Lips[f; X] = X x Y is valid if and only if f is Lipschitz with the coefficient j.

Given a mapping F' : X x X — Y and an element yj € Y, we define a mapping G : X — Y
by the identity G(x) = F(z,z) and consider the equation

Glz) =7 (2.1)

with an unknown z € X. We formulate a statement on solvability of equation (2.1)) similar to
Theorem 2 in [I0]; this statement will be employed later.

Theorem 2.1. Let a metric space X be complete and suppose that we are given o > 5 > 0,
x9 € X such that d(F(x()?xo),@\) < oo. We define:

R:=(a— B)‘ld(F(xo, o), @), U := Bx(xo, R)
and assume that for each x € U the embeddings hold:
(2,y) € Covo[F (-, 2); X],  (2,y) € Lipg[F(z,-);U],  (x,y) € Cl[G; U].
Then there exists a solution to equation in the ball U.

We note that in a similar Theorem 2 in [10], the metrics p and the distance d were assumed
to have values in R, and there employed more restrictive definitions of closedness, covering
and Lipschitz property sets, namely, the corresponded to the case U = X. Nevertheless, for
the considered here mappings p and d acting in R, and for our definitions of the corresponding
set the proof is the same as in [10] and this is why we do not provide it.

3. FUNCTIONAL EQUATIONS IN THE SPACE OF MEASURABLE FUNCTIONS

Let 7 > 0. We denote by p the Lebesgue measure on [0, 7], while S = S([0, 7], R) denotes the
space of Lebesgue measurable functions u : [0, 7] — R. In the space S, we select a subset S of
non-negative functions. The distance in the space S is defined as follows.

Suppose that we are given a function 6 : RxR — R, . We assume that the following condition
holds true.

(A) The function 0 is continuous with respect to each of its variables, 6(z, z) = 0 for each
z € R and the relation holds:

Vo>03dy>0Vz,2 € R |21 — 22| =20 = 0(z1,20) = 7. (3.1)
We define a mapping d? : S x S — R, by the relation
d’(z1, 2) = vrai sup 0(z1(t), 22(t)), 21,22 € S. (3.2)
te(0,7]

Here the composition (z(+), z2(+)) is a measurable function since the function 6 is continuous

with respect to each of its variables. The mapping d? obviously satisfies the identity axiom,

that is, this mapping is a distance in S. The space (S, d?) is denoted by S’. We note that the

distance d? is not necessarily symmetric and does not necessary satisfy the triangle inequality.
We also observe that the function 6y : R x R — R, defined by formula

90(2’1,22) = 121 - 22‘,

the corresponding mapping d% : SxS — R, is a metrics in S. We denote this metrics by p, that
is, p = d%, and the corresponding space of measurable functions is denoted by S% = (S, p).
The space S% is complete. In this space a ball B, (7¢,7) centered at zy € S% of a radius
r € (0,00] is a set of all measurable functions x : [0,7] — R such that z(t) € Br(zo(t),r) =
[zo(t) — r,2o(t) + 1] for a.e. t € [0,7].
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Suppose that we are given a function ¢ : [0, 7] xR — R satisfying the Caratheodory condition,
that is, it is measurable with respect to the first variable and is continuous with respect to the
second variable. We define a Nemytskii operator:

(Ngu)(t) = g(t, u(t)). (3.3)

By the made assumptions on the function ¢, this operator maps measurable functions into
measurable ones. Let us study the closedness, continuity, covering and Lipschitz property of
the operator N, as acting from S% = (S, p) into S = (S, d?), where the function # : RxR — R
satisfies condition (.A).

Proposition 1. The operator N, : S% — SY is closed. If, in addition, the set of functions
{g(t, J:R—=R, telo, T]} is equicontinuous, that is,

Ve>030>0Vtel0,7] Vz,u e R lr—ul<d = Jg(t,x) —g(t,u)| <e, (3.4)
and the set of the functions {0(-,z) : R — Ry, z € R} satisfies the relation
Ve>030>0Vz,20€R |21 — 22| <6 = 0(z1,2) <e, (3.5)
then the operator N, : S% — SY is continuous.

Proof. We are going to show that for each z € R and for each sequence {z;} C R the relation
0(z;, z) — 0 is equivalent to |z; — z| — 0.

First, let 6(z;, z) — 0. If relation |z; — z| — 0 does not hold, then there exists a subsequence
{2} and positive numbers § such that |z, — 2| > 6. By we obtain that 6(z;,,z) > ~ for
some positive v. This inequality contradicts the convergence 6(z;, z) — 0. Thus, |z; — z| — 0.

And vice versa, by the continuity of the function (-, z) we obtain that in the case |z; —z| — 0
we have 0(z;,z) = 0(z,2) = 0.

Now we are going to prove the closedness of the operator N, : S% — S?. Suppose that we
are given elements u € S%, y € SY and a sequence {u;} C S% such that

vrai sup 6o (u;(t), u(t)) = vrai sup |u;(t) — u(t)| — 0, (3.6)
tel0,7 telo,T

vrai sup 6(g(t, ui(t)),y(t)) — 0. (3.7)
te(0,7]

According the said above, relations (3.6) and (3.7]) imply the convergences
wi(t) = u(t), g(t,u;(t)) = y(t) for ae. t €[0,7].

Since the function g(t, -) is continuous, we have g(t,u;(t)) — g(t,u(t)) for a.e. t € [0,7]. Then
by the uniqueness of the limit in R we obtain g(t, u(t)) = y(t).

Now we assume that conditions , hold and we are going to prove the continuity of
the operator N, : S% — S.

Suppose that we are given a converging sequence {u;} C S%, that is, assertion holds
true. It follows from ((3.4) and that vraisup,e(o . [9(t, wi(t)) — g(t, u(t))| — 0, and by
we obtain relation (3.7]), where y(t) = g(¢,u(t)). Thus, we have proved that the Nemytskii
operator Ny : S% — SY is continuous. The proof is complete. O

Suppose that we are given a multi-valued mapping 2 : [0,7] = R, i.e., which maps each
t € [0,7] into a non-empty closed set ©(t) C R. We assume that this mapping is measurable;
the results on measurable multi-valued mappings can be found, for instance, in [12, Sect. 1.5].
The set of its measurable sections is denoted by

Sel(2):= {u € S| u(t) € Q(¢) for a.e. t € [0, 7]}.
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Proposition 2. Suppose that we are given x,y € S, a« > 0 and a measurable multi-valued
mapping 2 : [0,7] = R and let for a.e. t € [0, 7] the following condition holds:

Jue(t) gltu)=y®t) and  |u(t) —ul <a'0(g(t.2(1),y(t).  (3.8)
Then (z,y) € Cova[Ny; Sel(Q)], where the operator Ny, : S% — S is defined by relation (3.3).

Proof. We let r(t) = a0(g(t,z(t)),y(t)). Since the function g satisfies the Caratheodory
conditions and the function 6 is continuous in each argument, the function [0,7] > ¢t +— r(t) €
R, is measurable. Now we define a multi-valued mapping

[0,7] 3¢ = B(t) = [(t) —r(t), z(t) + rt)],

which is obviously measurable. Assertion implies that y(t) € g(¢,B(t) N Q(t)) for a.e.
t € [0, 7]. According Fillipov lemma, see, for instance, [12, Lm. 1.5.15], there exists a function
u € S% such that u(t) € B(t) NQ(t) and g(t,u(t)) = y(t) for a.e. t € [0, 7]. For this function
we have u € Sel(f2) and

p(x, ) = vrai sup |z(t) — u(t)| < a 'vraisup 6(g(t, z(1)),y(t)) = atd?(Nyz,y),
t€[0,7] t€[0,7]

therefore, (z,y) € Cov,[N,y; Sel(2)]. O
Remark 1. On the real line R we define the distance 0 and denote R® = (R, ), while the

symbol R stands for the real space with the usual metrics 8y. The function g can be regarded as
a mapping [0, 7] x R — RY. Then relation (3.8) means that

(z(t),y(t)) € Covalg(t,-); Q1)], g(t,"): R — R, te|0,7]. (3.9)

Thus, Proposition [3 can be formulated as follows: if for some xz,y € S and a > 0 belonging
(B-9) holds, then (z,y) € Cova[N,;Sel(2)], N, : S% — S°.

Example 1. We define a function 6 : R x R — R by the relations

2129 = 0 = 8(21722 { |\/ |21 V |22 | if |Zl + |ZQ (310)

|21 — 29 if /|21 + /|22 > 1
2129 <0 = 9(21,22) = 0(21, ) -+ 9(0,22) (311)

This function satisfies condition (A).
We mention one more property of the function 6 obviously implied by its definition:

Ve [O 1) Vzl,ZQ R )\6(21,22) § 6()\21,)\22) § \/X0(21,22>. (312)

Indeed, in the case z12z5 > 0 we have

|z1] + V22| 1 = 0(Az1, A\z0) = \/X}\/|z1| — V|2 ‘ = VA0(z1, %) = (B12):;

|21 — 2o
1< /|21 + V]2 S1/VA = 000z, ) = B12);
\/|Zl V2|

121 + V][22 > 1/VA = 0(Az1,A2) = Mzy — 20 = M0(21, 22) = (B.12).
And if 2129 < 0, then 6(Az1, Az2) = 0(A21,0) + (0, A22), and therefore,

0()\21, )\22) < \/Xﬁ(zl, 0) + \/X@(O, ZQ) = \/XQ(Zl, ZQ);
O(Az1, Aze) = A0(21,0) + A0(0, z2) = A0(z1, 22).

Above relation (3.12)) is equivalent to

Vv >1 Vz,29 € R VV0(z1,20) < O(vzy,v20) < v0(21, 2). (3.13)
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Let 7 =1, S = S([0,1],R). In terms of the function # given by relations , , we
introduce the distance d? in the space S by formula (3.2). This distance is symmetric and
satisfies triangle inequality, that is, it is an co-metrics.

First of all we note that by the inequality (21, 20) = |21 — 22, 21, 20 € R, we have d?(xy, z5) >
d%(z1,15), 11,25 € S. Therefore, each mapping in the space S being a-covering with respect to
the usual metrics d%, i.e., as a mapping S — S% is also a a-covering as a mapping S% — S?.
We consider a mapping which is not covering with any constant « if it is regarded as a mapping
S% — S% and nevertheless, it is 1-covering as a mapping S% — S?.

Suppose that we are given a function ¢ € S such that ¢(¢t) > 1 for a.e. t € [0, 1]. We consider
functions go, g1,: [0,1] Xx R — R defined for each ¢ € [0, 1], z € R, by the formulae

golt, x) = a?, gi(t,z) = q(t)z.

According Proposition , the Nemytskii operators Ny, Ny, : S — SY are closed. We first
study the covering set Cov,[Ny,; S] of the Nemytskii operator Ny, generated by the function go.
We note that the function of the first variable go(+,z) is constant, the function of the second
variable go(t,-) is even, its restriction on R is injective and monotone and as acting in R, it
is also surjective. Let us show that for a = 1, all functions z € S and y € S, , the assumptions
of Proposition [2| are satisfied, where Q(t) = R, that is, we are going to show the validity of

relation (3.8)).
Let ¢t € [0, 1]. For simplicity we suppose that z(t) > 0. We define u = +/y(t); if z(t) < 0,

then we let u = —\/M. We have:
w(t) +u<l = 0(go(t, x(t)),y(t)) = [(t) — ul;
o(t) +u>1 = 0(go(t,x(t)), y(t)) = [2°(t) — w?| = |2(t) — ul(x(t) +u) > |2(t) - ul.
Thus, relation (3.8)) is valid and hence, according Proposition , we obtain:
Ve eSS, VyeS; (z,y) € Cova[Ny,;S], where a=1.

Let us show that for the Nemytskii operator N, : S% — SY generated by the function g,
the set Cova[N,,;S] for o = 1 also contains all pairs (z,y) € S x Sy. Since (z(-), ¢7*(-)y(-)) €
Cova[N,,; S|, there exists a function u € S such that

(Ngw)(-) = a7 ()y() & Nyu=y
and the inequalities hold:
p(w,u) < d°(Ngpw, g (Dy(-)) = & (a7 () (Ngy) (), ¢ )y ()

On the base of relation (3.12) we obtain inequality p(z,u) < d’(N,,x,y). Thus, we have proved
that (z,y) € Cova[Ng,;S].

Example 2. We consider one more function ¢ : R x R — R satisfying condition (A) and
defined by relations:

I | A P N B
2129 2 0 = 9(21,2’2) - { |Z1 . 22|7 if |Z1 + Z2| = 1’ (314)
2129 < 0 = 8(21, 22) = 9(2’1, O) -+ 9(0, ZQ). (315)

In the space S = S([0,1],R), we define the distance d? by formula (3.2). This distance is
symmetric and nevertheless, it is not metrics since it does not satisfy the triangle inequality;
for instance, for z; = 0, 29 = %, z3 = 1 we have

1
9(21,22) = —, 9(2’2,23) = 5, 9(2’1,23) =1>

1 =



ON COVERING MAPPINGS... 47

We consider a function gp : [0,1] x R — R,
go(t,z) = |x| + /||, x € R, t €10,1]. (3.16)

It is easy to confirm, by the same arguing as in Example [T that for & = 1, each z € S and
y € Sy, the assumptions of Proposition [2] are satisfied, where Q(t) = R. Thus,

V(z,y) € S x Sy (x,y) € Cove[Ng,;S], where  a=1.

Proposition 3. Suppose that we are given x,y € S, f > 0 and a measurable multi-valued
mapping Q : [0,7] = R and for a.e. t € [0, 7] the implication
Vu e Qt) g(t,u) =y(t) = 6(g(t,z(t),y(t)) < Bla(t) —u| (3.17)
holds true. Then (x,y) € Lipg[Ny;Sel(Q)], where the operator Ny : S% — S% is defined by
relation (3.3)).

Proof. Let for some function u € Sel(Q2) the identity N,u = y holds true. Then it follows from

relation that
de(Ngx,y) = vrai sup H(g(t,x(t)),y(t)) < Bvrai sup !a:(t) — ﬂ(t)’ = Bp(x,u).

te(0,7] te[0,7]
Thus, (z,y) € Lipg[Ng; Sel(Q2)]. The proof is complete. O
Remark 2. Implication means that the belonging
(x(t),y(t)) € Lipglg(t, ). 1), g(t,): R— R’ te[0,7], (3.18)

holds. This is why Proposition [ can be formulated as follows: if for some x,y € S and 8 > 0
belonging (3.18)) holds, then (x,y) € Lipg[Ny; Sel(Q)], N, : S% — 7.

Corollary 1. Suppose that we are given a multi-valued mapping Q2 : [0, 7] = R. Assume that
for a.e. t €[0,7] the mapping g(t,-) : R — RY is B-Lipschitz on the set Q(t), that is, for all
z,u € () the inequality holds:

Then for all x € Sel(Q), y € SY we have (z,y) € Lipg[Ng; Sel(2)], where N, : St — SY. that is,
the operator N, is 3-Lipschitz on the set Sel(€2).

Example 3. As in Example , we define a function 6 by formulae (3.10]), (3.11). By the
inequality 0(z1,22) > |21 — 22|, each function g : [0,1] x R — R obeying condition (3.19) for
some (3 > 0 satisfies also usual Lipschitz condition:

lg(t,z) — g(t,u)| < Blz — ul, x,u € Q(t). (3.20)

The opposite statement is false. Since for the function g(t,z) = z relation (3.20)) holds as
Q(t) = R with the Lipschitz coefficient being equal to 1 but equation (3.19) fails for each g > 0
even if Q(t) = [0, €], where € > 0 is arbitrary small. Indeed, for each > 0 we have

Q(Q(t,l’),g(t,())) = \/_ = 6:v|x - 0|7

where 8, =1/y/x - o0casz — 0+.
Now we consider a function obeying condition (3.19)). Suppose that we are given a function
p € S such that p(t) > 1/2 for a.e. t € [0,1] and a number 5 > 0. We let

g2:[0,1] x R = R, go(t, x) = Blz| + p(t), reR, te]0,1]. (3.21)
The values of this function satisfies the inequality go(¢, ) > 1/2 for all ¢,z and this is why by

formula ([3.10]) we have:
0(92@’1‘)792@’“)) = ‘92<t7x)_92(t7u)‘ :B}|x|—|u|| <B|x—u|, JZ,UER, te [071]'
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Hence, the assumptions of Corollary are satisfied with () = R and this is why the Nemytskii
operator N,, : S — S defined by the function g, is Lipschitz with a constant 3 on entire
space S. We also note that according Proposition I} I the operator Ny, is closed.

Example 4. As in Example [2| we deﬁne a function 6 by formulae 3.15) and a
function gy : [0, 1] x R — R by relation This function satisfies mequahty 1_} with the

coefficient § = 4 for all z,u € R. Accordmg Corollaryl 1], the Nemytskii operator Ny, : S% — S
defined by the function gy is Lipschitz with constant § = 4 on entire space S.

Let us formulate conditions ensuring Lipschitz property for one more mapping, which will
be used in studying various functional equations with deviating variable.
Suppose we are given a function h : [0, 7] — [0, 7] such that

VE C[0,7] w(E)=0 = u(h ' (E))=0. (3.22)

This condition ensures the measurability of the function u(h(-)) for each measurable function
w: [0,7] = R, see [13], [14, Sect. 1.3] and this allows us to define the operator

Sp:S =S, (Spu)(t) =u(h(t)), telo,r7].
Employing Proposition , let us study the set Lipg[N,Sp] for the composition
NSy : 8% =S, (NySwz)(t) = g(t,z(h(t))), te0,7]. (3.23)
In order to do this, we shall need the following statement.

Lemma 3.1. For a measurable multi-valued mapping ) : [0, 7] = R, the composition Qh :
[0,7] = R is also measurable. If the function w € S is a section of the mapping <), that is,
w(t) € Qt) for a.e. t € [0,7], then the function Spw is measurable and is a section of the
mapping Qh, i.e., w(h(t)) € Q(h(t)) for a.e. t €0, 7].

Proof. A multi-valued mapping is measurable if and only if it possesses Castaing representation,
see [12, Thm. 1.5.6, Rem. 1.5.7], and this is why there exists a countable set of measurable
sections w,, n = 1,2,..., of the mapping () such that

— U{wn(t)} for a.e. te0,7];

here the bar denotes the closure of a set in the space R. By condition (3.22), the functions
Shwn, n =1,2,..., are measurable. Let us prove the relation

= U{wn(h(t))} for a.e. te€0,7]. (3.24)
We define a set -
1={te o] o #U{wn N}

We obviously have I = h™(F), where

E= {se[oT\Q #U{wn }

Since p(FE) = 0, by condition (3.22) we have u(I) = 0. Thus, relation (3.24]) is satisfied and
the multi-valued mapping Qh : [0,7] = R possesses the Castaing representation. Hence, this

mapping is measurable.
Suppose that for some function w € S, for a.e. t € [0, 7] the belonging holds w(t) € (). We

define a set
I={tel0,7]|w(h(t)) ¢ Qn(1))}.
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We represent this set as [ = h™(F), where

E={se0,7]| w(s) ¢ Q(s)}.

Since p(E) = 0, by condition (3.22]) we have p(1) = 0. Thus, w(h(t)) € Q(h(t)) for a.e. t € [0, 7].
The proof is complete. O

Proposition 4. Suppose that we are given z,y € S, f = 0 and a measurable multi-
valued mapping 2 : [0,7] = R. Let for a.e. t € [0,7], the belonging (x(h(t)),y(t)) €
Lipslg(t, ), Q(h(t))], g(t,) : R — R? holds, that is, the assertion

Vu € Q(h(t)) g(t,u) =y(t) = 0(g(t,z(h(t))),y(t)) < Blz(h(t)) — ul (3.25)
is valid. Then (x,y) € Lips[NySy; Sel(Q)], where NySy : % — S is defined by relation (3.23).

Proof. Let some function @ € Sel(Q2) satisfies the identity N,S,@ = y. According Lemma [3.1]
u(h(t)) € Q(h(t)) for a.e. t € [0, 7]. It follows from relation ([3.25) that

d®(NySpz,y) = Vr?ei[osu]p 0(g(t,z(h(1))), y(t)) < Bvr?é[osu]p lz(h(t)) — a(h(t))]. (3.26)

We define a set

I={te[0,7]]| |z(h( (h(t)| > p(z,w)}.
We represent this set as [ = h™}(E), F = {s €| 0 T | |z(s) —1(s)| > p(z,0)}. Since p(E) =0,
we obtain (1) = 0 and this is why |z(h(t)) — u(h(t))| < p(z, ) for ae. ¢ € [0, 7]. Taking into

consideration this inequality, by relation 3.26 we get:

da(Ngtha ?/) < ﬁp(fﬂ, a)
Thus, (z,y) € Lipg[NySh; Sel(2)]. The proof is complete. O

Corollary 2. Suppose we are given a multi-valued mapping ) : [0, 7] = R. Assume that for
a.e. t € [0,7], the mapping g(t,-) : R — R? is B-Lipschtiz on the set Q(h(t)), that is, for all
z,u € Q(h(t)), inequality holds true. Then the operator N,Sy : S% — SY defined by
relation satisfies the belonging (x,y) € Lipg[NySy; Sel(Q)] for all x € Sel(QY), y € S,
that is, the operator N,Sy, is a B-Lipschitz on the set Sel(€2).

Example 5. Let a function 6§ : R x R — R, be defined by formulae , , and a
function gs : [0,1] x R — R is defined by relation (3.21]), where 8 > 0 and p(t) > 1/2 for a.e.
t € [0,1]. As it was shown in example , this function satisfies condition for all x,u € R.
This is why, by Corollary [2, the composition

Ny, Sy« 8% = §%, (NgySa)(t) = Bla(h(t))| + p(t)
is a B-Lipschitz operator on entire space S.

We are going to apply the obtained statement to studying a functional equation with a
deviating variable. Suppose that we are given a function f : [0,7] x R x R — R measurable
in the first variable and jointly continuous in the second and third variables, a function A :
[0, 7] — [0, 7] obeying condition and a measurable function 3 : [0, 7] — R. We consider
an equation

F(ta(h(®).a®) = 50, te0,7], (3.27)
for an unknown measurable function z : [0, 7] — R.

For an arbitrary function v € S, we define functions gﬁ”}, gg)} :[0,7] x R — R by relations

gt 2) = fto(h(),2),  gs'(ta) = fta,u(),  telo,7], zeR.

The functions gg ], gg] obviously satisfy the Caratheodory condition.
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Theorem 3.1. Suppose that we are given o > > 0, xg € S such that

R =

vrai sup 0(f(t,zo(h(t)), zo(t)), §(t)) < oo. (3.28)

o — te[0,7]

Let for each v € Bgo, (0, R), the function gﬁ”} satisfies condition for each x € Bgoy (20, R),
given y = y and Q(t) = R, while the function ggv] satisfies condition with the same
functions x, y, but with another multi-valued mapping: Q(t) = Br(zo(t), ) for a.e. t€0,7].
Then there ezists a solution T € Bge, (9, R) to equation (3.27)).

Proof. We denote by Ny : S% x §% — S% the Nemytskii operator
(Ny(z,u)(t) = f(Eut), (),  te]0,7],

and we define the mappings
F:S% x8h - 5% F(x,u) = Ny(z, Spu); G:Sh s G(z) = F(z,x).

We are going to prove that the mappings I, G are closed. We choose arbitrary sequences
{2;},{u;} C S%, elements z,u € S% and w € S? satisfy p(z;, ) — 0, p(u;,u) — 0 and
dg(F(xi, u;), w) — 0 as ¢ — oco. Then, as it has been shown in the proof of Proposition , for
a.e. t € [0, 7], the convergences hold: z;(t) — x(t), u;(t) — u(t) and (F(z;,u;))(t) = w(t). By
the second relation, for a.e. ¢t € [0, 7] we have u;(h(t)) — w(h(t)). This is why, by the continuity
of the function f(t,-,-), for a.e. ¢ € [0,7] we have f(t,u;(h(t)),z;(t)) — f(t,u(h(t)),z(t)).
Thus, (F(z;,u;))(t) = (F(z,u))(t) and (F(x;,u;))(t) — w(t), and hence, (F(z,u))(t) = w(t),

€ [0, 7]. We have proved that the mapping F' is closed and therefore, the mapping G is also
closed.

For an arbitrary function v € Bgs, (0, R), the operator F(-,v) : S% — S is the Ne-

mytskii operator N ol generated by the function g[ ). This operator satisfies the assump-

tions of Proposmon I with y = y, arbitrary x € Bgs, (2o, R) and a multi-valued mapping
t € [0,7] = Q(t) = R. According Proposition [2] for each x € Bgo, (o, R), a pair (z,7) belongs
to the set Cov,[F(-,v);S]. Therefore, a pair (v,y) also belongs to the set Cov,[F(-,v);S].

The operator F(v,-) : S — §? is a composition Ngév]Sh satisfying the assumptions of
Proposition {4 for y = y, each © € Bgoy (20, R) and a multi-valued mapping ¢ € [0,7] —
Q(t) = Br(zo(t),R). By Proposition [i] for each = € Bgsy (9, R), we have (z,7) €
Lips[F'(v, -); Bsoo (z0, R)]. Therefore, (v,y) € Lipg[F(u, -); Bgo, (z0, R)].

In conclusion we recall that the space S% is complete. Thus, all assumptions of Theorem
are satisfied and according this theorem, there exists a solution € Bge, (9, R) to equation

B2D). 0

Remark 3. It is assumed in Theorem . that the function g[] satisfies condition (3.25)),
where y = Y, ¥ € Bgo(wg, R) and Q(t) = Br(wo(t), R). According Corollary [3, to ensure

this condition, it is sufficient the mapping ggl( t,-) : R — RY to be B-Lipschitz on the set
[zo(h(t)) — R, zo(h(t)) + R] for a.e. t € [0,7].

Example 6. Suppose that we are given functions p,y € S,, v > 0 and a function A : [0, 1] —
[0, 1] obeying condition (3.22)) with 7 = 1. We consider the equation

2*(t) (p(t) + 2 (h(t)) =5(t),  te0,1]. (3.29)

We are interesting in existence of a non-negative solution to this equation belonging to some
neighbourhood of the function zy(t) = 0 in the space S. The mappings

z(-) € S 2%(-) €8, z(-) € S z(h(t)) €8,
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involved in the left hand side of equation (3.29) are not a-coverging with respect to the usual

metrics d% in the space S for all @ > 0. Thus, we can not apply theorems on such mappings

to this equation. Let us demonstrate the abilities of Theorem in studying equation (3.29)).
We let

R = 2vrai sup y(t). (3.30)

te(0,1]

We are going to show that under the conditions
p(t) > 1 for a.e. te€]0,1]; 27R <1 and 2yR*<1,

equation (3.29) possesses a solution x € Sy such that x(t) < R for a.e. on [0, 1].
We define an auxiliary equation

(1) (plt) + |2 (h(1)]) = 90). 1€ [0,1] (331)

For each solution z € S of equation
and by a solution x € S, of equation

Thus, the solvability of equations (3.29
function

, the function |z(-)| is a solution of equation (3.29)),
3. 29 we obviously find a solution to equation (3.31]).
, (3.31) in S, are equivalent, but the domain of the

[t my,2) = x5 (p(t) + ’7‘551‘)
is [0,1] x R x R and this is why it is more convenient for us to study an auxiliary equation
(13.31)).
We define a function § : R x R — R, by formula (3.10) and define the function d? in the
space S.
For an arbitrary function v € S we define functions gg ], 95}] 0,1] x R — R as

g (t.2) = 2 (p(O) Al h(D)]), (8. 2) = PO (p(t) + ).
We let @« = 1, f = 1/2 and 2((t) = 0 on [0,1]. The value R calculated by formula (3.28)

commdes with ( - As it has been shown in Examplel the function g[ *} satisfies condition
, in which Q(¢) = R, and x,y € S are arbitrary functions including the case x € Bge, (7, R)
and y =y is a given right hand side of equation ({3.29)).

According Example [3 the function go2(t,z) = p(t) + v|z| satisfies condition (3.19) with
the coefficient v for all z,u € R. It follows from inequalities (3.12), (3.13) that for each

v € Bgo, (79, R) the function gg)} satisfies condition 1) with the coefficient

max {’yRQ, 'yR} = f.

According Theorem , equation , and hence, equation (3.29), possesses a solution
z € S; such that z(¢) < R a.e. on [0, 1].

4. CAUCHY PROBLEM FOR AN IMPLICIT DIFFERENTIAL EQUATION

In the space S = S([0, 7], R), we select a subspace L. = L([0, 7], R) of Lebesgue summable
functions. This space with a distance d? defined by formula is denoted by LL?. The space
L% is complete. We note that for each z € L, r € R, we have By, (x,7) = Bgo,(x,7). We
denote by AC = AC([0, 7], R) the space of absolutely continuous functions z : [0, 7] — R having
a derivative & € L a.e. on [0, 7].

Let a function y : R, — R be measurable, the function f: R, x R x R — R be measurable
with respect to the first variable and is jointly continuous with respect to the second and third
variables. We consider an implicit differential equation

ft,x(t), 2(t) =79(t), t>0. (4.1)
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Let 7 > 0. A solution to equation (4.1)) defined on [0, 7] is a function z € AC([0,7],R)
satisfying this equation for a.e. ¢ € [0,7]. We are going to obtain conditions on existence of
solution x € AC([0, 7], R) to equation (4.1)) satisfying the initial condition

z(0)=A (4.2)
for a given A € R.

For arbitrary functions v € AC([0, 7], R) and w € L([0, 7|, R) we define the functions g glel
[0,7] x R — R by the relations

gt ) = ftu(t),2), gt a) = f(ta,w(t),  telor], zeR.

Theorem 4.1. Suppose that we are given numbers o > 0, f = 0, 7 > 0 such that 7 < «
and a function xo € AC([0, 7], R) satisfying condition (4.2). Let

vrai sup 0(f(t,zo(t), o(t)),(t)) < oco. (4.3)

R =
o — ﬁT te(0,7]

We define multi-valued mappings V, Vo [0,7] = R by the relations

V(t) = Br(zo(t), Rt), V() = Bp(zo(t),R),  te[0,7]. (4.4)

Assume that for each absolutely continuous function v € Sel(V), the function gﬁ”} satisfies

condition [B.8) fory =7, all z € Sel(V), Q(t) = R and that for each w € Sel(V) the function

géw] satisfies condition (3.17) for y = y, all absolutely continuous functions x € Sel(V) and

Q = V. Then there exists a solution x to problem ({.1), (4.2) defined on [0,7] such that
l.' E B]L90 (.j'/'(), R)

Proof. We write problem (4.1)), (4.2]) as the equation

f(t,A+/0 u(s)ds, u(t)) = 7y(t), te0,7], (4.5)

for an unknown function u = & € IL([0, 7]). We define a mapping
¢
F:L% x L% — s (F(u,2))(t) = f(t,A—i—/ z(s)ds, u(t)), t € 0,7],
0

and a mapping G : L% — S, G(u) = F(u,u). Under such definition of the mapping G, equation
becomes and its solvability can be proved on the base of Theorem ; we are going
to check the assumptions of this theorem.

We begin with proving the closedness of the mappings F', G. Let for some {u;}, {2} C L%,
u,z € L% and y € S’ we have p(u;,u) — 0, p(z;,2) — 0 and d°(F(u;,2),y) — 0. The
latter relation implies the convergence (F'(u;, zl))(t) — y(t) for a.e. t € [0, 7], see the proof of
Proposmon By the second relation we obtain f zi(s)ds — f s)ds for a.e. t € [0,7]. By
the continuity of the function f(t,-,-), for a.e. t € [0, T] we have (F(ul,zl))(t) — (F(u, 2))(t).
And since (F(u;, 2))(t) — y(t), we obtain (F(u, z))(t) = y(t), t € [0, 7]. Thus, we have proved
that the mapping I’ is closed and respectively, the mapping G is also closed.

For an arbitrary function w € Sel(V), the operator F(-,w) : L% — S is the Nemytskii

operator N p generated by the function g@, where v(t) = A+ fo s)ds. It is obvious that
1

v € Sel(V) and v € AC([0, 7], R). According our assumptions, the operator N 1) satisfies the

assumptions of Propositionlfor y =7, each z € Sel(V) and Q(t) = R. According Proposition ,
the embedding Sel(V') x {y} C Cov,[F (-, w);S] holds and therefore, (w,y) € Cov,[F (-, w);S].

Now we consider the operator F(w,-) : L% — SY where w is an arbitrary measurable section
of the multi-valued mapping V. The operator F(w,-) is a composition of the integral operator
K : L% — L% defined by the formula (K z) fo s)ds and the Nemytskii operator N ol
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L% — S generated by the function gg‘”}. The operator K with the coefficient 7 on the set Sel(V')

and K (Sel(V)) € ACNSel(V). The function gi*’ satisfies the assumptions of Propositionwith
y =7, each z € ACNSel(V) and Q = V. Hence, by Proposition [3] for each x € ACNSel(V) we

have (z,79) € Lipﬁ[Ng[w]; Sel(V)]. Therefore, (z,7) € LipﬁT[Ng[w]K; Sel(V)] for each z € Sel(V).
. 2 . 2 .
Thus, Sel(V') x y C Lipg, [Ng[w]K; Sel(V)], and hence, (w,y) € LipBT[Ng[w]K; Sel(V)].

Hence, equation (4.5]) satisfies the assumptions of Theorem and this is why this equation
possesses a solution u € Sel(V') = By, (&0, R). Hence, there exists a solution z to problem

(4.1)), (4.2)) defined on [0, 7] such that & € Bye, (&g, R). O

Example 7. Suppose that we are given measurable non-negative functions p,y: Ry — R,
and a number v > 0. We assume that p(t) > 1 for a.e. t > 0. We consider a differential equation

() (p(t) +lz(t)]) =5(t), =0 (4.6)
We let
R = 2vrzii€[§111]p y(t). (4.7)

We are going to show that for each 7 > 0 such that
2v Rt < 1, 2y R*1 < 1, (4.8)

there exists a solution x to equation defined on [0, 7] obeying initial condition z(0) = 0
such that |Z(t)| < R for a.e. t € [0, 7].

We fix and arbitrary 7 > 0 satisfying inequalities . We define a function § : RxR — R,
by formula and an appropriate distance d? in the space S. For arbitrary functions v € AC

and w € L we define functions ¢!, ¢/ : [0,7] x R — R by the relations

gt ) = 22 (p(t) + o)), gt x) = wrt)(p(t) +Alz]),  teloT], zeR.

We let z4(t) = 0 on [0, 7]. We define multi-valued mappings V, V : [0, 7] = R by formulae (&.4)).
For each function v € AC, including v € Sel(V)NAC, the function ggv] satisfies condition ((3.8))

with the coefficient o = 1 for each z,y € S, including y = y and = € Sel(V'), and Q(t) = R, see

Example@ For each w € Sel(V), the function ggw} satisfies Condition (3.17]) with the coefficient
B = max{yR,yR?} for y = 7, all absolutely continuous functions z € Sel(V') and Q =V, see
Example [0]

By inequalities we have 8 < (27)7%. Thus, a — 87 > 271, Therefore, the value R
calculated by formula does not exceed value . In accordance with Theorem , there
exists a solution x to equation defined on [0, 7] such that (0) = 0 and |#(¢)| < R a.e. on
[0, 7].
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