ISSN 2304-0122  Ufa Mathematical Journal. Vol. 12. No 4 (2020). P. 7889

doii10.13108 /2020-12-4-78

ON FOURIER-LAPLACE TRANSFORM OF
A CLASS OF GENERALIZED FUNCTIONS

I.Kh. MUSIN

Abstract. We consider a subspace of Schwartz space of fast decaying infinitely differen-
tiable functions on an unbounded closed convex set in a multidimensional real space with a
topology defined by a countable family of norms constructed by means of a family 9t of a
logarithmically convex sequences of positive numbers. Owing to the mentioned conditions
for these sequence, the considered space is a Fréchet-Schwartz one. We study the problem
on describing the strong dual space for this space in terms of the Fourier-Laplace transforms
of functionals. Particular cases of this problem were considered by by J.W. De Roever in
studying problems of mathematical physics, complex analysis in the framework of a de-
veloped by him theory of ultradistributions with supports in an unbounded closed convex
set; similar studies were also made by by P.V. Fedotova and by the author of the present
paper. Our main result, presented in Theorem 1, states that the Fourier-Laplace trans-
forms of the functionals establishes an isomorphism between the strong dual space of the
considered space and some space of holomorphic functions in a tubular domain of the form
R™ + iC, where C is an open convex acute cone in R™ with the vertex at the origin; the
mentioned holomorphic functions possess a prescribed growth majorants at infinity and at
the boundary of the tubular domain. The work is close to the researches by V.S. Vladimirov
devoted to the theory of the Fourier-Laplace transformatation of tempered distributions
and spaces of holomorphic functions in tubular domains. In the proof of Theorem 1 we
apply the scheme proposed by M. Neymark and B.A. Taylor as well as some results by
P.V. Yakovleva (Fedotova) and the author devoted to Paley-Wiener type theorems for
ultradistributions.
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1. INTRODUCTION

1.1. Problem. Let C be an open convex acute cone in R™ with the vertex at the origin [1, Ch. 1,
Sect. 4], b be a convex continuous positive homogeneous of degree 1 function on C, which the closure
of C. A pair (b,C) defines a closed convex unbounded domain

Ub,C)={{eR": —(&y) <bly), VyeC},
containing no entire straight line. We note that the interior U (b, C') is non-empty and coincides with
the set

V(b,C)={€R": —(&y) <bly),VyeC},
and the closure of V(b,C) is U (b, C).
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Let 9t = {M™}, cn be the family of logarithmically convex sequences M (™) = (M ,gm))zozo with
Mém) = 1 such that for each m € IN

(m+1)
i1). sup —Ho— < +oo,
kez, My
) . M(m+1)
i2). lim —E—— =0,

k—o0 M,Em)

1
(m) \ &
i3). lim (M;;! ) > 0.

k—o0

To each sequence M (™) we associate a function wy, : [0,00) — [0,00) by the rule:
k
wm (1) = sup lnri, r > 0; wm (0) = 0.
k€Z+ Mk(:m)
For the sake of brevity we denote the set U(b, C') by U and the set V (b, C) is denoted by V. Then
we define a space Gon(U) as follows. For each m € IN we introduce the space G,,(U) consisting of the
functions f in the class C°*° on U with finite norms

pul(f) = sup (PID@IA L )™

z€V,aeZn M)
* o]

By condition iz), the space Gp4+1(U) is continuously embedded into G, (U) for each m € IN. We let
Gm(U) = Nrr—y Gm(U). Being equipped with usual summing and multiplication by complex numbers,
the set Gon(U) becomes a linear space. We also introduce the topology of inductive limit of the spaces
Gm(U) in Gop(U). It is obvious that Gon(U) is the Fréchet space continuously embedded into the
Schwartz space S(U) of fast decaying functions in the class C* on U.

It is well-known that for each z € Tg = R” + iC, the function f,(£) = €*¢*) belongs to the space
S(U) [, [2]. We also have f, € Gop(U) (Lemma 4). This is why for each linear continuous functional ¢
on S(U) (Gon(U)), in the domain T¢, a function @ is well-defined being the Fourier-Laplace transform
of the functional @ defined by the formula &(z) = (&, €/€2)), z € Te.

Under additional assumptions on the family 91, the space Gon(U) and its strongly dual space G, (U)
were studied by J.W. de Roever [2] in relation with problems in mathematical physics (quantum
field theory), in complex analysis (solvability of convolution equations and systems of convolution
equations, interpolation theory, Palamodov-Ehrenpreis fundamental principle) in the framework of
theory of ultradistributions supported in an unbounded closed convex set. In particular, we obtained
the description of the space G, (U) in terms of the Fourier-Laplace transform of the functionals in the
case, when the family 90t consists in sequences M (™ of form (X, M},)%2,, where (g,,)3_; an arbitrary
decaying to zero sequence of positive numbers €,,, and M = (M},);2, is a non-decaying logarithmically
convex sequence of positive numbers My = 1 satisfying, for some A > 0 and K > 0, the following
conditions:

ig) Myyq < WPHNLM,, p,q € Zy

o My M,

i <K N.

5) q:;rl Mq X pMp+1>P€
The mentioned description was given as a some subspace in the space H(T¢) of holomorphic in a
tubular domain T functions with certain growth estimates at infinity and near the boundary of the
domain. More precisely, it follows from his results [2, Thms. 2.21.ii, 2.24.ii] that G},(U) is isomorphic
to the projective limit of the spaces Hc¢, o, where € > 0, C is a cone compact in the cone C, and
He, ¢ is the inductive limit of the spaces

m m fZ
H(cl,)sz{fGH(Tcl):\\f\l(cl,L: ap IOk men

ZGTCl 7“?)’”25

We note that Condition i4) implies that the sequence M satisfies the condition
ig). There exist numbers Hy > 1, Hy > 1 such that M, < HiHYMj, Vk € Zy,
while Condition i5) and the logarithmic convexity imply that M satisfies the condition
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i7). for some Q1 > 0 and Q2 > 0 the inequalities M}, > Q1Q5k!, k € Z, hold.

Under the same assumptions on the structure of the family 91, a theorem of Paley-Wiener-Schwartz
type was obtained for the space Gon(U) in [3] under weaker restrictions for M. Namely, Conditions
i4) and i5) were replaced by Conditions i) and i7). Thus, in [3], the sequence M could be quasi-
analytic. Moreover, taking into consideration that the space Gon(U) is independent of the choice of
the sequence (e,,)00_;, we can assume that €, = H;, "™ (m € IN). Then the family the sequences
{(ek Mg)$ o }men satisfies Condition 41). On the other hand, if (,,,)5°_, is an arbitrary decaying to
zero scalar sequence, M = (My)2,, is an arbitrary sequence of positive numbers and the family of
sequences { (X My)2°  }mew satisfies Condition 4;), then the sequence M satisfies Condition ig) for
some Hy > 1, Hy > 1.

The aim of the present work is to describe the space Gi(U) in terms of the Fourier-Laplace
transform of the functionals under the assumption that the family 991 consists in non-decreasing
logarithmically convex sequences M (™ = (M ém))iozo with Mém) = 1, which, apart of Conditions i1),
i2), i3), satisfy also the following condition:

ig). For each m € IN and for each k € Z, there exists a number | = [(m,k) € IN such that
(m+1)

> la(‘m+>k < 00.

|| >0 la
We note that the family {(eF, M},)32 o tmen in works [2], [3] satisfies Conditions i1), i2), i3), is).
1.2. Notations. For a = (oq,..., o) € Z%, x = (21,...,2,) € R"

Hlel
= o (6799
Ox(' - Oxp™

For u = (u1,...,um) € R™(C™),v = (v1,...,0mn) € R™(C™) we let

o) =1+ ...+ an, al =aq!- -y, D~

(U, 0) = wrvr + -+ umvm,  ul = \/|u1\2 oo fuml® Julm = max ugl.
1<j<m
A polydisk {z = (z1,...,2,) € C" : |21] < 1,...,|zn| < 1} is denoted by II. For r > 0, z € C™ we

let B(z,7) ={¢€C™:||(—z| <7}
The symbol A, denotes the Lebesgue measure in C™, T =: R +iC, Ac(y) is the distance from a
point y € C to the boundary of C, d(z) is the distance from z = x + iy € T to the boundary of T¢.
For a locally convex space X, by X’ we denote the space of linear continuous functionals on X,
while the symbol X™* stands for the strongly dual space.

Hereafter 9 is a family of non-decreasing logarithmically convex sequences M (™) = (Mlgm))iozo

with Mém) =1, m € Z, satisfying Conditions i1) — i3), ig).
By S(U) we denote the Schwartz space of C*°(U)-functions f such that for each p € Z. we have

[fllpo = sup  [(D*f)(@)[(1+ [lz])" < oo,
z€V,|a|<p
and S,(U) is the completion of S(U) by the norm || - [|,, ;.

By C(K) we denote the space of functions continuous on a compact set K C R"™ with a usual
topology, H(QO) is the space of functions holomorphic in the domain O C C™ equipped with the
topology of uniform convergence on compact subsets O.

1.3. Main result and structure of work. For each m € IN we define normed spaces

£ (2)]
Hy(Te) =< f € H(Tc) : || f]l,, = sup “ol
{ et e rwm(lzln) (1 4 ﬁ(y))m

o0
where z = z+1y, x € R", y € C. Let Hyon(Tc) = U Hpm(Tc). The set Hy on(Tc) with the summing
m=0
and multiplication by complex numbers is a linear space. We equip Hpon(T¢) with the topology of
inductive limit of the spaces Hp ,(T¢).

The main result of the present work is the following theorem.
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Theorem 1. The Laplace-Fourier transform establishes an isomorphism between the spaces Gy (U)
and Hb’gm(Tc).

The proof of Theorem 1 is based on ideas by M. Neymark [4] and B.A. Taylor [5] and employs a
series of results from [6]; this proof is given in Section 3. It is presented is a rather brief form since it
follows the same lines as the proof of Theorem 2 in [3]. We also observe that in the proof of Theorem 1,
we show how to cover a series of gaps in the proof of Theorem 2 in [3]. Section 2 is devoted to auxiliary
results.

2. AUXILIARY RESULTS

We recall that the space represented as the projective limit of a sequence of normed spaces S,,, n € IN,
with respect to linear continuous mappings gmn : Sp — Sm, m < n, such that g, 11 is completely
continuous for each n, is called space (M*) [7]. Employing Arzela-Ascoli and Condition i2), it is easy
to prove the following statement.

Lemma 1. The space Gon(U) is the space (M*).

Thus, Gon(U) is a Fréchet-Schwartz space [§].
In what follows a general form of a functional in G, (U). Because of this, we introduce the space
Con(U) as the projective limit of the spaces

ColU) = {f € CU) : Bunlf) = sup | F(@)|(1+ 2} <20}, meN.

By a known scheme, cf. [5, Props. 2.10, 2.11, Cor. 2.12], with employing Condition i), one can prove
the following statement.

Lemma 2. Let a functional T € Gip(U), numbers ¢ > 0 and m € N be such that

(T, Pl < epm(f), € Gm(U).
Then there exist functionals T,, € C},(U), o € Z, such that

@ pi< 228 fecaw)

lal

and

(T,f) =Y (T, D%f), € Gm(U).

|| =0
Lemma 3. For each m € IN there exists a constant ¢ > 0 such that
W () + In(1 4+ 7r) < Wip1(r) + g, r > 0.

Proof. Let m € IN. For each r > 0 we have:

E+1 k41 ppimtD)
r r
Wi (1) +1nr = ksuZp In VD) = ksuZp In 0D ]\ZJ{;)
€L+ k €L+ k+1 k
< sup In T(m+1) + sup ln% < Wipt1(r) + sup In %
keZ, Mk+1 keZ, M, keZ M,

Now in view of Condition 77 ), we arrive easily to the statement of the lemma. The proof is complete.
O

Lemma 4. Let S € Gjy(U). Then S € Hyom(Tc).
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Proof. We first mention that if z = = + iy € To (z € R™,y € C), then the function f,(£) = &2
belongs to the space Gon(U). Indeed, for each m € IN,

)0 pi(€2) m
pm(fs) = sup L0270+ ]

£EV,aeZn M‘(;T)

|ot]
Zln
< sup LI upexp(—(€,) + mn(1 + [€])
a€Zl M\ eV

:eXp(wm(‘Z’n) + Sup(_<§7y> + mln(l + HgH)))
Lev

It is known [3, Lm. 1] that there exists a number d > 0 independent of y such that

sup(—(€,0) + mn(1 + [€)) < b+ dm+ 3min (14 o) b 2miL ) (1)
Eev AC(?/)
Employing this inequality and Lemma 3, we obtain a final estimate:
1 3Im
Pm(fz) < Aeb(y)+uJ3m(|z|n) <1 + — > ) 2
2 Ac(y) ®

where A is some positive constant independent of z € Tx. Thus, f. € Gop(U) and if S € Gip(U), then
on T¢, the following function is well-defined: S(z) = (S, €/¢*)). Employing Lemma 2 and Condition ig),
it is easy to show that S € H(T¢). There exist numbers m € IN and ¢ > 0 such that

(S, NI < epm(f), [ e Gm(U).
By (2) this implies:

~ 1 3m
S(2)| < cAelW)twsm(|zln) (1 + ) .
5 Ael)

Therefore, S € Hyon(Tc). The proof is complete. O

Standard arguing with applying Montel theorem and Lemma 3 show that for each m € IN the
embeddings jm : Hpm(Tc) = Hpm+1(Tc) are completely continuous. This means that Hyon(Tc) is a
space (LN™) [7] or, following a more modern terminology, a space DF'S [§].

In the proof of Theorem 1, while passing from integral weighted estimates for holomorphic functions
in a tubular domain T¢ to uniform estimates, we shall make use of the following lemma [6, Lm. 9].

Lemma 5. Let K be an open conver cone in R™ with the vertex at the origin. Let h be a conver
continuous positive homogeneous of degree 1 function on the closure on the cone K. Then for each
€ > 0 there exists a constant A: > 0 such that

[h(y2) — h(y1)| < ellyll + ellyall + Ae
for all y1,y2 € K such that ||y2 — y1]] < 1.

3. DESCRIPTION OF SPACE G, (U)

3.1. Three important results. We first provide three important results playing a key role in the
proof of Theorem 1. The first result is the Paley-Wiener-Schwartz theorem for the space S(U) obtained
in [3] by a scheme from [I]. It will be applied in the proving that the Fourier-Laplace transform is
bijective. To formulate it, we define a space V,(T¢) as follows. For each m € IN we define normed
spaces

Vin(Te) = 4 f € H(TE) : N(f) = s LG

b, c) = c): = Sup X,

" TS W D (1 5"

where z = x + iy, x € R", y € C. Let V,(Tc) = Up_o Vom(Tc). The set V,(T¢) with summing
and multiplication by complex numbers is a linear space. We equip V;(T¢) by the topology of the
inductive limit of the spaces V; ,(T¢).
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Theorem 2. The Laplace-Fourier transform F : S*(U) — Vy(T¢) defined by the rule F(T) =T is
an isomorphism.

For b(y) = ally|| (a = 0), Theorem 2 was proved by V.S. Vladimirov [1].
The second result we shall need is established by J.W. de Roever [2, Thm. 3.1]. It will be employed
in the proof that the Fourier-Laplace transform is surjective.

Theorem 3. Let a linear subspace in C" of dimension n — k is defined by linear functions 61 =
$1(Opsts- -y 0n)y s 0 = sk (Ons1, ..., 0n), or, briefly, w = s(z), w € CF, z € C"F. Let Q1 C Qpy C Q
be the holomorphy domains in C" such that for some € > 0, the e-neighbourhood of )1 in the first k
coordinates in the semi-circle metrics is contained in o, that is,

{(01,....00): 10, =) <e,j=1,... k0, =60, j=k+1,....n;60° = (6,...,6)) € Q1} C Q.
Let ¢ be a plurisubharmonic function on Q and, for 0 = (61,...,0,) € Q,

(,05(9) :max{cp(el + &1, 0+ & ’rfj‘ <eg, j= 1,...,k}.
Let
Q' ={zeC":(s(z),2) € Q}, Q) ={z€ C" 7k (s(2), 2) € Q}, j=1,2,
and p(z) = p(s(z),z), z € .

Then given a function f analytic in €, there exists a function F analytic in €1 such that

F(s(2),2) = f(2), z € @, and for some K > 0 depending only on k and s1,...,sk, the inequal-

ity
/ F(0) exp(—¢e(0))
(14 10]2)3*

A\, (0) < Ke2* / 1F(2)2e7?3) dX,_1(0),
2

Q1
holds, where A, and M,_j, denote the Lebesgue measure in C* and C"~*, respectively. If the right hand
side of the latter inequality is finite, then F' depends on f,(, ¢, p.

Theorem 4. Let O be a holomorphy domain in C", and h be a plurisubharmonic function in O
and ¢ be plurisubharmonic function in C" such that

1
[p(2) =l < e if [lz =t <

(1 + [l
for some ¢, >0 and v > 0. Let a function S € H(C™ x O) satisfies the inequality
1S(2,Q)] < PO e, (€0,
and S(¢,¢) =0 for ( € O.
Then there exist functions S, ..., S, € H(C" x O) such that
a) 8(2.0) =Y 8i(2,0)(z = ), (5:0) €C" x O;
j=1

b) for some m € IN independent of S, we have

15,2, 0P .
/ @O mmEan Pen(#0) <00, j=1...,m.

Cnx0O

Theorem 4 was proved in [6, Lm. 11]. It will be employed in the proof that the Laplace-Fourier
transform is injective.

3.2. Proof of Theorem 1. We first observe that by Lemma 4, the linear mapping L : S €
Gyp(U) — S acts from Gin(U) into Hyon(Tc). The continuity of L is established in the same way as
in the proof of Theorem 2 in [3].

We prove that the mapping L is bijective by following a scheme in [4], [5].

Let us show that L is a surjection. Given F' € Hyon(T¢), we have F' € Hy, ,,(T¢) for some m € IN.
Taking into consideration that d(z) = Ac(y), we get:

/ |F(z) 2200 Dem(lzh)m (e g D) gy oy oo (3)

Tc
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We let £ = R" x C. In Theorem 3 we replace n by 2n and choose

Q=01 =0 =R*" +iK.
It is obvious that

Q=0 =0 =C" xT¢.
As a linear subspace in this theorem we consider the subspace

W =/{(z¢) € C™: 21 =¢&1,...,2, =&}
of complex dimension n. Then
Q=0 =0 ={zeC":(2,2) eQ=C"xTp} = Tc.
Then in Theorem 3 as € we take 1, while as , we choose the function
p(2,¢) = 2(b(Im ) + win(|z|n) +mIn(1 + d(lg)) + (n+ 1) (1 +[I(=, O)%)),

where z = x + iy € C", ( € Tc. We note that ¢(z, () is plurisubharmomic in C" x T and

P(2) = 2(b(Im 2) + win(|2]n) +mIn(1 + d(lz)) +(n+ 1)1 +2|z|%), zeTc.

In view of (3),

/\F(z)\Qe_“Z(z) dA,(2) < 0.
Tc

Hence, by Theorem 3, there exists a function ® € H(C" x T¢) such that ®(z,z) = F(z) for z € T¢
and for some B > 0 the estimate

[ Beofenes
(141G I

don(2,() < B / |F(2)]%e %) da,(2)
Tc

holds. Here ¢1(z,() = max ©(z +t,¢). Since
€

|In(1 + 23) — In(1 + 22)| < |22 — z1], z1,T9 € R,
and for some b, > 0 and for r1,r2 > 0 such that |re — 1| < 1 we have [10, Lm. 1]
|win(r2) — wm(r1)] < bm, (4)
then

lp1(2,¢) — »(2,¢)| < co, (2,0) € C" x T,
where ¢y = 2(n + 1)y/n + 2b,,. Hence,

) 20—¢(2,0) _
/ IR (e, 0) < Be [ 1R ). (5)
ol A IEOP) J
We denote the right hand side of this inequality by Br. Letting
1
hin(z,¢) =2 <b(ImC) +wm(|zln) + mln <1 + d(O)) , zeC", (elg,
for brevity, we obtain uniform estimates for ®(z,(). Let (z,{) € C" x T and R = min(1 @ We

)
note that if (¢,u) € C" x T belongs to the ball B((z,(), R), then by Lemma 5, for some A; > 0,
p(Tm ) — b(Im Q)] < 22| T + A. + <

and by inequality (4)
|wm ([tn) — wim(|2]n)] < bm-
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It is obvious that

<
1 1 5
In 1+> —ln<1+ ‘é.
< d(u) d(¢) 4
Employing these inequalities, for each € > 0 we have:
[ (8, u) + (50 + 2) In(1 + [|(t,w) ) = (han (2, €)
+ (51 +2) In(1 + [[(z, O)I*)] < del| Im €[] + Be,m,

where .
Bem = 2A. + 26 + Tm + 2b,,.

Employing the latter inequality, the plurisubharmonicity of the function |®(t,u)[? in C"* x Ty and
inequality (5), we obtain that

Br 2
o 2 < han (2,Q)+(5n42) In(1+|(2,0)[|*) +4e(| Im (| +Bem
20O < 5y

Hence, for each € > 0 there exists a number ¢; > 0 such that

8101 < cxexp (81 ) +am((z) + -+ 20 (14 7 )

+ 50+ 21+ (2. )) + 22l o]
for (z,¢) € C" x T¢. Since ®(z,() is entire in z, then, expanding ®(z, () in powers of z, we find:

O(z,¢) = Y CalQ)z*, (€Tp, z€C
|| >0
By the Cauchy formula, the identity
_ 1 ®(z,0)
Ca(C) = (2i)" / / z‘flﬂ...zﬁnﬂ dz...dzy,

|z1|=R |zn|=R

holds, where a € Z%} and R > 0 is arbitrary. This implies that C, € H(T¢). Employing (6), we
obtain:

Cl((l—F\/ﬁR)(l + Hq|))5n+2eb(lm ¢)+2¢]| Im ¢ || +wm (R) <1 + %

By Lemma 3 we find a constant cz > 0 depending on ¢ such that

)m+2n

C2€wm+5n+2(R) . 1 m-+2n
CalO) € 25— I (14 g Cele
Therefore, for ¢ € T,
. ewm+5n+2(R) m m " 1 m—+2n
CaQl < ez (}J;fo R|a> im el g ) (14 50 )
Hence, taking into consideration the identity
. ewm+5n+2(7') 1
71~I>1]E) o _M]Em+5"+2)’ k=0,1,...,
for each ¢ > 0 and all a € Z", ( € T we have:
eb(Im ¢)+2¢|| Im (|| . 1 m+2n
CalO] € 2 L+ 1D (14 225 ) (7)

|al
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For each € > 0 we define a function b. on C by the rule b.(y) = b(y) + €||y|| and the space V;_(T¢)
being the inductive limit of normed spaces

e E
Vim(Te) = f € H(Te) : Neolf) = sup —L ) oo,
S AT DR Ac(yp
where k € Zy, z = x + iy, v € R", y € C. By the latter inequality we see that for each o € Z'} the
function C,, belongs to the space H,(1¢), which the projective limit of the spaces V;_(T¢). By estimate

(7), the set {Ml(n‘l%nﬁ)Ca} ” is bounded in each space V;_(T¢). Hence, it is bounded also in
aeZ”

+
Hy(T¢). The space Hy(T¢) coincides with the space Vi,(T¢) [3 Thm. DJ; for the case b(y) = ally|| with

a > 0 this fact was established by V.S. Vladimirov [I, Ch. 2]. Hence, the set {M|ZT+5n+2)Ca} ”
a€Z’

is bounded in Vj(T¢). Since the spaces S*(U) and V4(T¢) are isomorphic (Theorem 1), there exist

functionals Sy € S*(U) such that Sy = C,, the set A = {M&” st 2)Sa} .. is bounded in §*(U)
aczl

and hence, is weakly bounded. By the Schwartz theorem [I, Ch. 1, Sect. 5|, there exist numbers
c3 > 0 and p € IN such that

(F NI <elfl,u.  FeA feSO).

Thus,
c n
(Sa I <€~z Ml FESWU), aczt. (8)
|
We define a functional 7" on Gog(U) by the rule:
(T.f) = > (Sas (=)D f), f € Gm(U). 9)
|or|>0

Let us show that 7' € G4, (U). Employing inequality (8), for f € Gon(U), a € Z7}, natural numbers
s > p we have:

a €3 a
|(Say D*£)] <m sup  [(D +'Bf)(w)‘(l + [J[])?
Aﬂa‘ zeU,|B|<p
_ o P s(FYMPES (1 4 (2] )?
ST .19 Sup
Mlg"”‘f’"“) €U, Bl<p (1 + [Jzf[)mts
A[Un+@
|a|+p
<63Pm+s(f)M|(m+gm+2)-
e

(m+s)
Employing Condition ig), we choose s > p so that the series ) % converges. Therefore, for
|[>0 el
each f € Go(U), the series in the right hand side in (9) converges absolutely and for some ¢4 > 0
independent of f € Gon(U) we have

|(T’f)‘ C4anﬁ(f)

Therefore, the linear functional 7" is well-defined and continuous. It is easy to see that T=F. Thus,
the mapping L is surjective. R
We are going to show that the mapping L is injective. Let T € Gyp(U) T = 0. There exist
numbers m € IN and ¢5 > 0 such that
(T, NI <espm(f),  f € Ga(U).
By Lemma 2, there exist functionals T, € C,(U), « € Z't, such that
(T.f)= > (T.,Df),  f€Gm(U),

a€Z’y
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and

|(Taag)| < ﬁpm(g)v g€ Cm(U)

Therefore, for each z € T we have:

T(z) = Z i, €2 22

a€Zl
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Let Vo (z) = il®(T,,e$?)). It is obvious that V,, € H(T¢). Employing inequalities (10) and (1), we

get:

3m

Ce 2m 1 > b(y)
V. (2)| < 14z 1+ e’V
Vale)l € 14 I (14

la

where cg > 0 is a constant independent of z = x 4+ iy € T and «. We consider the function

S(u,z) = Z Va(z)u®, z € Te, ue C".

>0

Employing estimate (11), we obtain:

1 3Im |u’
S(u,2)| <cg |1+ ——~ 1+ ||z])2™eb®) -
5 (u, 2)| 6( fc(y)) (L4 =1 >

(m)
a0 Mjqy
(m+v)
Employing Condition ig), we choose v € IN so that the series ) ‘a('m> converges. Then
lal>0 Mol

1 3m
S(u,z)| <c et ) <1 + ) 14 |z 27”6‘*)m+u(\u|n)7
15(u, 2)| < ez Acly) (L+ =1

where ( :
m—+v
=y Y
ja>0 My

We note that

for each z € T¢. Then by Theorem 4 there exist functions St,...,S, € H(C"™ x T¢) such that

S(Z)C):Zsj(Z7C)(Zj_Cj)7 zeC", (elg,

7j=1
and for some cg > 0and k€ Nand all j =1,2,...,n, 2z € C",( € T¢c we have
1
53001 < cnexp (snl(zh) + otm ) + kin (14 o) + kin(1-+ D)
We expand S; into the Taylor series in powers of z:
Si(2,0) = Sjal()2",  zeC", (€T
|| >0
Proceeding as estimating the functions C,, by (12) we obtain:
1 1
3001 < csexp (B(tm )+t (14 g5 ) + k(1 -+ 61D) —

la

(11)

(12)

Since the Fourier-Laplace transform establishes a topological isomorphism between S*(U) and V (T¢),
there exist functionals ¢;, € S*(U) such that ;o = Sj. It follows from the latter estimate that

(k

la

the set {5} .M,

)}an*}r is bounded in V(T¢). Then the set ¥ = {M|(O’j‘)wj,a}OéEZi7j:17,_,7n is bounded
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in S*(U). Hence, it is weakly bounded. By the Schwartz theorem [I, Ch. 1, Sect. 5|, there exist
numbers c¢g > 0 and p € IN such that

(Fo)l <colllelllpr,  FeW, ¢eSO).
Thus,
C9 n .
[(Wj.as ] < Wllfllp,w fesSU), acZi, j=1,....n. (13)

lot]
For j=1,...,nand a = (ai,...,a,) € Z" with at least one negative component, let ¥, , be a zero
functional in S*(U) and S (2) = 0 for all z € C". Then

= Z Z (Sj,(al,...,aj—l,...,an)(C) - Sj,a(C)Cj)ZQ’ zc an C € TC-

=1 |al>0
Therefore,
= Z(Sj,(al,...,aj,l,...,an)(C) —55a(0)G),  aeZl.
That is, "~
GRS (Fsiormretan© +1 (Wi g (5 ).
=

This means that the right hand side in the latter identity is the Fourier-Laplace transform of the
functional acting by the rule:

0
fGS E( (0,0 —1,,0m ) f) <\Ijj’a’8§]f>> .

Hence,
o 0
(T f ‘ |Z ( < Jroe aé-‘jf) + (\Pj,(al,...,aj1,...,o¢n)7f>> .
Thus,
(Tv f) = Z ‘a| Z ( < Jyas 8‘5 Daf) ( ](al,...,aj_l,...,an)’Daf)) ) f € sz(U)
o[>0
For an arbitrary NV € IN we define sets
BN:{a:(al,...,a)EZ”:a1<N,.., n < N},
RNJ':{Oqu,...,Ozj:N,.. NCMEZi} j 1 LMy,

and a functional T on Gon(U) by the rule:

T )= Y <z‘>'a'i(z’( o 3 DO+ (U arvy v D))

a€EBN
Then
(T7 f) = ]\}Enoo(TN7f)7 f € Ggm(U)

As in [3], we confirm that

- 0
Tvf) =32 3 (=0T, 5o DF). f € ().

j=1la€Ry i

Hence, in view of (13), we have

Tenl<3 Y sup (|(D@ It ) £)(6)[(1 1 [1€])7))

(k
j=1 a€RnN; M|Oz‘ §eUv|sp
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for all f € Gon(U). For each natural number v > p and for all f € Gon(U) we have:

Employing Condition ig), we choose v € IN so that the series )

M(V) M(V)

o+ ]v[+1 |a\+p+1
(I, f Z > k)p” Sub (1+|’§H)V—p<09py Z > '

i=1acRn, |a| EeUylvlép j=1 a€Rn,; |a|

( )
\a|+p+1
(k)

converges. Then
1020 Mjaj
(v)
M
(T, )] < meopy (f) Y —2HEE
al>n Mg,

This implies that (T, f) — 0 as N — oo. Hence, (T, f) = 0 for all f € Gon(U). Thus, the mapping
L is injective.

By the theorem on open mapping [T, Append. 1], the mapping L' is continuous. Thus, L is a
topological isomorphism. The proof is complete.

1.

2.

10.

11.
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