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ON FOURIER-LAPLACE TRANSFORM OF

A CLASS OF GENERALIZED FUNCTIONS

I.Kh. MUSIN

Abstract. We consider a subspace of Schwartz space of fast decaying infinitely differen-
tiable functions on an unbounded closed convex set in a multidimensional real space with a
topology defined by a countable family of norms constructed by means of a family M of a
logarithmically convex sequences of positive numbers. Owing to the mentioned conditions
for these sequence, the considered space is a Fréchet-Schwartz one. We study the problem
on describing the strong dual space for this space in terms of the Fourier-Laplace transforms
of functionals. Particular cases of this problem were considered by by J.W. De Roever in
studying problems of mathematical physics, complex analysis in the framework of a de-
veloped by him theory of ultradistributions with supports in an unbounded closed convex
set; similar studies were also made by by P.V. Fedotova and by the author of the present
paper. Our main result, presented in Theorem 1, states that the Fourier-Laplace trans-
forms of the functionals establishes an isomorphism between the strong dual space of the
considered space and some space of holomorphic functions in a tubular domain of the form
R𝑛 + 𝑖𝐶, where 𝐶 is an open convex acute cone in R𝑛 with the vertex at the origin; the
mentioned holomorphic functions possess a prescribed growth majorants at infinity and at
the boundary of the tubular domain. The work is close to the researches by V.S. Vladimirov
devoted to the theory of the Fourier-Laplace transformatation of tempered distributions
and spaces of holomorphic functions in tubular domains. In the proof of Theorem 1 we
apply the scheme proposed by M. Neymark and B.A. Taylor as well as some results by
P.V. Yakovleva (Fedotova) and the author devoted to Paley-Wiener type theorems for
ultradistributions.

Keywords: Fourier-Laplace transform of functionals, holomorphic functions.

Mathematics Subject Classification: 32A15, 42B10, 46E22, 47B33

1. Introduction

1.1. Problem. Let 𝐶 be an open convex acute cone in R𝑛 with the vertex at the origin [1, Ch. 1,
Sect. 4], 𝑏 be a convex continuous positive homogeneous of degree 1 function on 𝐶, which the closure
of 𝐶. A pair (𝑏, 𝐶) defines a closed convex unbounded domain

𝑈(𝑏, 𝐶) =
{︀
𝜉 ∈ R𝑛 : −⟨𝜉, 𝑦⟩ 6 𝑏(𝑦), ∀𝑦 ∈ 𝐶

}︀
,

containing no entire straight line. We note that the interior 𝑈(𝑏, 𝐶) is non-empty and coincides with
the set

𝑉 (𝑏, 𝐶) =
{︀
𝜉 ∈ R𝑛 : −⟨𝜉, 𝑦⟩ < 𝑏(𝑦), ∀𝑦 ∈ 𝐶

}︀
,

and the closure of 𝑉 (𝑏, 𝐶) is 𝑈(𝑏, 𝐶).
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Let M = {𝑀 (𝑚)}𝑚∈N be the family of logarithmically convex sequences 𝑀 (𝑚) = (𝑀
(𝑚)
𝑘 )∞𝑘=0 with

𝑀
(𝑚)
0 = 1 such that for each 𝑚 ∈ N

𝑖1). sup
𝑘∈Z+

𝑀
(𝑚+1)
𝑘+1

𝑀
(𝑚)
𝑘

< +∞,

𝑖2). lim
𝑘→∞

𝑀
(𝑚+1)
𝑘

𝑀
(𝑚)
𝑘

= 0,

𝑖3). lim
𝑘→∞

(︂
𝑀

(𝑚)
𝑘
𝑘!

)︂ 1
𝑘

> 0.

To each sequence 𝑀 (𝑚) we associate a function 𝜔𝑚 : [0,∞) → [0,∞) by the rule:

𝜔𝑚(𝑟) = sup
𝑘∈Z+

ln
𝑟𝑘

𝑀
(𝑚)
𝑘

, 𝑟 > 0; 𝜔𝑚(0) = 0.

For the sake of brevity we denote the set 𝑈(𝑏, 𝐶) by 𝑈 and the set 𝑉 (𝑏, 𝐶) is denoted by 𝑉 . Then
we define a space 𝐺M(𝑈) as follows. For each 𝑚 ∈ N we introduce the space 𝐺𝑚(𝑈) consisting of the
functions 𝑓 in the class 𝐶∞ on 𝑈 with finite norms

𝑝𝑚(𝑓) = sup
𝑥∈𝑉,𝛼∈Z𝑛

+

|(𝐷𝛼𝑓)(𝑥)|(1 + ‖𝑥‖)𝑚

𝑀
(𝑚)
|𝛼|

.

By condition 𝑖2), the space 𝐺𝑚+1(𝑈) is continuously embedded into 𝐺𝑚(𝑈) for each 𝑚 ∈ N. We let
𝐺M(𝑈) =

⋂︀∞
𝑚=1𝐺𝑚(𝑈). Being equipped with usual summing and multiplication by complex numbers,

the set 𝐺M(𝑈) becomes a linear space. We also introduce the topology of inductive limit of the spaces
𝐺𝑚(𝑈) in 𝐺M(𝑈). It is obvious that 𝐺M(𝑈) is the Fréchet space continuously embedded into the
Schwartz space 𝑆(𝑈) of fast decaying functions in the class 𝐶∞ on 𝑈 .

It is well-known that for each 𝑧 ∈ 𝑇𝐶 = R𝑛 + 𝑖𝐶, the function 𝑓𝑧(𝜉) = 𝑒𝑖⟨𝜉,𝑧⟩ belongs to the space
𝑆(𝑈) [1], [2]. We also have 𝑓𝑧 ∈ 𝐺M(𝑈) (Lemma 4). This is why for each linear continuous functional 𝛷

on 𝑆(𝑈) (𝐺M(𝑈)), in the domain 𝑇𝐶 , a function �̂� is well-defined being the Fourier-Laplace transform

of the functional 𝛷 defined by the formula �̂�(𝑧) = (𝛷, 𝑒𝑖⟨𝜉,𝑧⟩), 𝑧 ∈ 𝑇𝐶 .
Under additional assumptions on the familyM, the space 𝐺M(𝑈) and its strongly dual space 𝐺*

M(𝑈)
were studied by J.W. de Roever [2] in relation with problems in mathematical physics (quantum
field theory), in complex analysis (solvability of convolution equations and systems of convolution
equations, interpolation theory, Palamodov-Ehrenpreis fundamental principle) in the framework of
theory of ultradistributions supported in an unbounded closed convex set. In particular, we obtained
the description of the space 𝐺*

M(𝑈) in terms of the Fourier-Laplace transform of the functionals in the

case, when the family M consists in sequences 𝑀 (𝑚) of form (𝜀𝑘𝑚𝑀𝑘)
∞
𝑘=0, where (𝜀𝑚)∞𝑚=1 an arbitrary

decaying to zero sequence of positive numbers 𝜀𝑚, and𝑀 = (𝑀𝑘)
∞
𝑘=0 is a non-decaying logarithmically

convex sequence of positive numbers 𝑀0 = 1 satisfying, for some ℎ > 0 and 𝐾 > 0, the following
conditions:
𝑖4) 𝑀𝑝+𝑞 6 ℎ𝑝+𝑞𝑀𝑝𝑀𝑞, 𝑝, 𝑞 ∈ Z+;

𝑖5)
∞∑︁

𝑞=𝑝+1

𝑀𝑞−1

𝑀𝑞
6 𝐾𝑝

𝑀𝑝

𝑀𝑝+1
, 𝑝 ∈ N.

The mentioned description was given as a some subspace in the space 𝐻(𝑇𝐶) of holomorphic in a
tubular domain 𝑇𝐶 functions with certain growth estimates at infinity and near the boundary of the
domain. More precisely, it follows from his results [2, Thms. 2.21.ii, 2.24.ii] that 𝐺*

M(𝑈) is isomorphic
to the projective limit of the spaces 𝐻𝐶1,𝜀, where 𝜀 > 0, 𝐶1 is a cone compact in the cone 𝐶, and
𝐻𝐶1,𝜀 is the inductive limit of the spaces

𝐻
(𝑚)
𝐶1,𝜀

=

{︃
𝑓 ∈ 𝐻(𝑇𝐶1) : ‖𝑓‖

(𝑚)
𝐶1,𝜀

= sup
𝑧∈𝑇𝐶1

,‖𝑦‖>𝜀

|𝑓(𝑧)|
𝑒𝑏(𝑦)+𝜔𝑚(‖𝑧‖) <∞

}︃
, 𝑚 ∈ N.

We note that Condition 𝑖4) implies that the sequence 𝑀 satisfies the condition
𝑖6). There exist numbers 𝐻1 > 1, 𝐻2 > 1 such that 𝑀𝑘+1 6 𝐻1𝐻

𝑘
2𝑀𝑘, ∀𝑘 ∈ Z+,

while Condition 𝑖5) and the logarithmic convexity imply that 𝑀 satisfies the condition
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𝑖7). for some 𝑄1 > 0 and 𝑄2 > 0 the inequalities 𝑀𝑘 > 𝑄1𝑄
𝑘
2𝑘!, 𝑘 ∈ Z+ hold.

Under the same assumptions on the structure of the family M, a theorem of Paley-Wiener-Schwartz
type was obtained for the space 𝐺M(𝑈) in [3] under weaker restrictions for 𝑀 . Namely, Conditions
𝑖4) and 𝑖5) were replaced by Conditions 𝑖6) and 𝑖7). Thus, in [3], the sequence 𝑀 could be quasi-
analytic. Moreover, taking into consideration that the space 𝐺M(𝑈) is independent of the choice of
the sequence (𝜀𝑚)∞𝑚=1, we can assume that 𝜀𝑚 = 𝐻−𝑚

2 (𝑚 ∈ N). Then the family the sequences
{(𝜀𝑘𝑚𝑀𝑘)

∞
𝑘=0}𝑚∈N satisfies Condition 𝑖1). On the other hand, if (𝜀𝑚)∞𝑚=1 is an arbitrary decaying to

zero scalar sequence, 𝑀 = (𝑀𝑘)
∞
𝑘=0 is an arbitrary sequence of positive numbers and the family of

sequences {(𝜀𝑘𝑚𝑀𝑘)
∞
𝑘=0}𝑚∈N satisfies Condition 𝑖1), then the sequence 𝑀 satisfies Condition 𝑖6) for

some 𝐻1 > 1, 𝐻2 > 1.
The aim of the present work is to describe the space 𝐺*

M(𝑈) in terms of the Fourier-Laplace
transform of the functionals under the assumption that the family M consists in non-decreasing

logarithmically convex sequences 𝑀 (𝑚) = (𝑀
(𝑚)
𝑘 )∞𝑘=0 with 𝑀

(𝑚)
0 = 1, which, apart of Conditions 𝑖1),

𝑖2), 𝑖3), satisfy also the following condition:
𝑖8). For each 𝑚 ∈ N and for each 𝑘 ∈ Z+ there exists a number 𝑙 = 𝑙(𝑚, 𝑘) ∈ N such that∑︀

|𝛼|>0

𝑀
(𝑚+𝑙)
|𝛼|+𝑘

𝑀
(𝑚)
|𝛼|

<∞.

We note that the family {(𝜀𝑘𝑚𝑀𝑘)
∞
𝑘=0}𝑚∈N in works [2], [3] satisfies Conditions 𝑖1), 𝑖2), 𝑖3), 𝑖8).

1.2. Notations. For 𝛼 = (𝛼1, . . . , 𝛼𝑛) ∈ Z𝑛
+, 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ R𝑛

|𝛼| = 𝛼1 + . . .+ 𝛼𝑛, 𝛼! = 𝛼1! · · ·𝛼𝑛!, 𝐷𝛼 =
𝜕|𝛼|

𝜕𝑥𝛼1
1 · · · 𝜕𝑥𝛼𝑛

𝑛
.

For 𝑢 = (𝑢1, . . . , 𝑢𝑚) ∈ R𝑚(C𝑚), 𝑣 = (𝑣1, . . . , 𝑣𝑚) ∈ R𝑚(C𝑚) we let

⟨𝑢, 𝑣⟩ = 𝑢1𝑣1 + · · ·+ 𝑢𝑚𝑣𝑚, ‖𝑢‖ =

√︁
|𝑢1|2 + · · ·+ |𝑢𝑚|2, |𝑢|𝑚 = max

16𝑗6𝑚
|𝑢𝑗 |.

A polydisk {𝑧 = (𝑧1, . . . , 𝑧𝑛) ∈ C𝑛 : |𝑧1| 6 1, . . . , |𝑧𝑛| 6 1} is denoted by Π. For 𝑟 > 0, 𝑧 ∈ C𝑚 we
let 𝐵(𝑧, 𝑟) = {𝜁 ∈ C𝑚 : ‖𝜁 − 𝑧‖ 6 𝑟}.

The symbol 𝜆𝑚 denotes the Lebesgue measure in C𝑚, 𝑇𝐶 =: R𝑛+ 𝑖𝐶, Δ𝐶(𝑦) is the distance from a
point 𝑦 ∈ 𝐶 to the boundary of 𝐶, 𝑑(𝑧) is the distance from 𝑧 = 𝑥+ 𝑖𝑦 ∈ 𝑇𝐶 to the boundary of 𝑇𝐶 .

For a locally convex space 𝑋, by 𝑋 ′ we denote the space of linear continuous functionals on 𝑋,
while the symbol 𝑋* stands for the strongly dual space.

Hereafter M is a family of non-decreasing logarithmically convex sequences 𝑀 (𝑚) = (𝑀
(𝑚)
𝑘 )∞𝑘=0

with 𝑀
(𝑚)
0 = 1, 𝑚 ∈ Z+, satisfying Conditions 𝑖1)− 𝑖3), 𝑖8).

By 𝑆(𝑈) we denote the Schwartz space of 𝐶∞(𝑈)-functions 𝑓 such that for each 𝑝 ∈ Z+ we have

‖𝑓‖𝑝,𝑈 = sup
𝑥∈𝑉,|𝛼|6𝑝

|(𝐷𝛼𝑓)(𝑥)|(1 + ‖𝑥‖)𝑝 <∞,

and 𝑆𝑝(𝑈) is the completion of 𝑆(𝑈) by the norm ‖ · ‖𝑝,𝑈 .
By 𝐶(𝐾) we denote the space of functions continuous on a compact set 𝐾 ⊂ R𝑛 with a usual

topology, 𝐻(𝒪) is the space of functions holomorphic in the domain 𝒪 ⊆ C𝑛 equipped with the
topology of uniform convergence on compact subsets 𝒪.

1.3. Main result and structure of work. For each 𝑚 ∈ N we define normed spaces

𝐻𝑏,𝑚(𝑇𝐶) =

{︃
𝑓 ∈ 𝐻(𝑇𝐶) : ‖𝑓‖𝑚 = sup

𝑧∈𝑇𝐶

|𝑓(𝑧)|
𝑒𝑏(𝑦)+𝜔𝑚(|𝑧|𝑛)(1 + 1

Δ𝐶(𝑦))
𝑚
<∞

}︃
,

where 𝑧 = 𝑥+𝑖𝑦, 𝑥 ∈ R𝑛, 𝑦 ∈ 𝐶. Let 𝐻𝑏,M(𝑇𝐶) =
∞⋃︀

𝑚=0
𝐻𝑏,𝑚(𝑇𝐶). The set 𝐻𝑏,M(𝑇𝐶) with the summing

and multiplication by complex numbers is a linear space. We equip 𝐻𝑏,M(𝑇𝐶) with the topology of
inductive limit of the spaces 𝐻𝑏,𝑚(𝑇𝐶).

The main result of the present work is the following theorem.
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Theorem 1. The Laplace-Fourier transform establishes an isomorphism between the spaces 𝐺*
M(𝑈)

and 𝐻𝑏,M(𝑇𝐶).

The proof of Theorem 1 is based on ideas by M. Neymark [4] and B.A. Taylor [5] and employs a
series of results from [6]; this proof is given in Section 3. It is presented is a rather brief form since it
follows the same lines as the proof of Theorem 2 in [3]. We also observe that in the proof of Theorem 1,
we show how to cover a series of gaps in the proof of Theorem 2 in [3]. Section 2 is devoted to auxiliary
results.

2. Auxiliary results

We recall that the space represented as the projective limit of a sequence of normed spaces 𝑆𝑛, 𝑛 ∈ N,
with respect to linear continuous mappings 𝑔𝑚𝑛 : 𝑆𝑛 → 𝑆𝑚, 𝑚 < 𝑛, such that 𝑔𝑛,𝑛+1 is completely
continuous for each 𝑛, is called space (𝑀*) [7]. Employing Arzelà-Ascoli and Condition 𝑖2), it is easy
to prove the following statement.

Lemma 1. The space 𝐺M(𝑈) is the space (𝑀*).

Thus, 𝐺M(𝑈) is a Fréchet-Schwartz space [8].
In what follows a general form of a functional in 𝐺′

M(𝑈). Because of this, we introduce the space
𝐶M(𝑈) as the projective limit of the spaces

𝐶𝑚(𝑈) =
{︀
𝑓 ∈ 𝐶(𝑈) : ̃︀𝑝𝑚(𝑓) = sup

𝑥∈𝑈
|𝑓(𝑥)|(1 + ‖𝑥‖)𝑚 <∞

}︀
, 𝑚 ∈ N.

By a known scheme, cf. [5, Props. 2.10, 2.11, Cor. 2.12], with employing Condition 𝑖2), one can prove
the following statement.

Lemma 2. Let a functional 𝑇 ∈ 𝐺′
M(𝑈), numbers 𝑐 > 0 and 𝑚 ∈ N be such that

|(𝑇, 𝑓)| 6 𝑐𝑝𝑚(𝑓), 𝑓 ∈ 𝐺M(𝑈).

Then there exist functionals 𝑇𝛼 ∈ 𝐶 ′
𝑚(𝑈), 𝛼 ∈ Z𝑛

+, such that

|(𝑇𝛼, 𝑓)| 6
𝑐̃︀𝑝𝑚(𝑓)

𝑀
(𝑚)
|𝛼|

, 𝑓 ∈ 𝐶𝑚(𝑈),

and

(𝑇, 𝑓) =
∑︁
|𝛼|>0

(𝑇𝛼, 𝐷
𝛼𝑓), 𝑓 ∈ 𝐺M(𝑈).

Lemma 3. For each 𝑚 ∈ N there exists a constant 𝑞 > 0 such that

𝑤𝑚(𝑟) + ln(1 + 𝑟) 6 𝑤𝑚+1(𝑟) + 𝑞, 𝑟 > 0.

Proof. Let 𝑚 ∈ N. For each 𝑟 > 0 we have:

𝑤𝑚(𝑟) + ln 𝑟 = sup
𝑘∈Z+

ln
𝑟𝑘+1

𝑀
(𝑚)
𝑘

= sup
𝑘∈Z+

ln
𝑟𝑘+1

𝑀
(𝑚+1)
𝑘+1

𝑀
(𝑚+1)
𝑘+1

𝑀
(𝑚)
𝑘

6 sup
𝑘∈Z+

ln
𝑟𝑘+1

𝑀
(𝑚+1)
𝑘+1

+ sup
𝑘∈Z+

ln
𝑀

(𝑚+1)
𝑘+1

𝑀
(𝑚)
𝑘

6 𝑤𝑚+1(𝑟) + sup
𝑘∈Z+

ln
𝑀

(𝑚+1)
𝑘+1

𝑀
(𝑚)
𝑘

.

Now in view of Condition 𝑖1), we arrive easily to the statement of the lemma. The proof is complete.

Lemma 4. Let 𝑆 ∈ 𝐺′
M(𝑈). Then 𝑆 ∈ 𝐻𝑏,M(𝑇𝐶).
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Proof. We first mention that if 𝑧 = 𝑥 + 𝑖𝑦 ∈ 𝑇𝐶 (𝑥 ∈ R𝑛, 𝑦 ∈ 𝐶), then the function 𝑓𝑧(𝜉) = 𝑒𝑖⟨𝜉,𝑧⟩

belongs to the space 𝐺M(𝑈). Indeed, for each 𝑚 ∈ N,

𝑝𝑚(𝑓𝑧) = sup
𝜉∈𝑉,𝛼∈Z𝑛

+

|(𝑖𝑧)𝛼𝑒𝑖⟨𝜉,𝑧⟩|(1 + ‖𝜉‖)𝑚

𝑀
(𝑚)
|𝛼|

6 sup
𝛼∈Z𝑛

+

|𝑧||𝛼|𝑛

𝑀
(𝑚)
|𝛼|

sup
𝜉∈𝑉

exp(−⟨𝜉, 𝑦⟩+𝑚 ln(1 + ‖𝜉‖))

= exp(𝜔𝑚(|𝑧|𝑛) + sup
𝜉∈𝑉

(−⟨𝜉, 𝑦⟩+𝑚 ln(1 + ‖𝜉‖))).

It is known [3, Lm. 1] that there exists a number 𝑑 > 0 independent of 𝑦 such that

sup
𝜉∈𝑉

(−⟨𝜉, 𝑦⟩+𝑚 ln(1 + ‖𝜉‖)) 6 𝑏(𝑦) + 𝑑𝑚+ 3𝑚 ln

(︂
1 +

1

Δ𝐶(𝑦)

)︂
+ 2𝑚 ln(1 + ‖𝑦‖). (1)

Employing this inequality and Lemma 3, we obtain a final estimate:

𝑝𝑚(𝑓𝑧) 6 𝐴𝑒𝑏(𝑦)+𝜔3𝑚(|𝑧|𝑛)
(︂
1 +

1

Δ𝐶(𝑦)

)︂3𝑚

, (2)

where 𝐴 is some positive constant independent of 𝑧 ∈ 𝑇𝐶 . Thus, 𝑓𝑧 ∈ 𝐺M(𝑈) and if 𝑆 ∈ 𝐺′
M(𝑈), then

on 𝑇𝐶 , the following function is well-defined: 𝑆(𝑧) = (𝑆, 𝑒𝑖⟨𝜉,𝑧⟩). Employing Lemma 2 and Condition 𝑖8),

it is easy to show that 𝑆 ∈ 𝐻(𝑇𝐶). There exist numbers 𝑚 ∈ N and 𝑐 > 0 such that

|(𝑆, 𝑓)| 6 𝑐𝑝𝑚(𝑓), 𝑓 ∈ 𝐺M(𝑈).

By (2) this implies:

|𝑆(𝑧)| 6 𝑐𝐴𝑒𝑏(𝑦)+𝜔3𝑚(|𝑧|𝑛)
(︂
1 +

1

Δ𝐶(𝑦)

)︂3𝑚

.

Therefore, 𝑆 ∈ 𝐻𝑏,M(𝑇𝐶). The proof is complete.

Standard arguing with applying Montel theorem and Lemma 3 show that for each 𝑚 ∈ N the
embeddings 𝑗𝑚 : 𝐻𝑏,𝑚(𝑇𝐶) → 𝐻𝑏,𝑚+1(𝑇𝐶) are completely continuous. This means that 𝐻𝑏,M(𝑇𝐶) is a
space (𝐿𝑁*) [7] or, following a more modern terminology, a space 𝐷𝐹𝑆 [8].

In the proof of Theorem 1, while passing from integral weighted estimates for holomorphic functions
in a tubular domain 𝑇𝐶 to uniform estimates, we shall make use of the following lemma [6, Lm. 9].

Lemma 5. Let 𝐾 be an open convex cone in R𝑛 with the vertex at the origin. Let ℎ be a convex
continuous positive homogeneous of degree 1 function on the closure on the cone 𝐾. Then for each
𝜀 > 0 there exists a constant 𝐴𝜀 > 0 such that

|ℎ(𝑦2)− ℎ(𝑦1)| 6 𝜀‖𝑦1‖+ 𝜀‖𝑦2‖+𝐴𝜀

for all 𝑦1, 𝑦2 ∈ 𝐾 such that ‖𝑦2 − 𝑦1‖ 6 1.

3. Description of space 𝐺*
M(𝑈)

3.1. Three important results. We first provide three important results playing a key role in the
proof of Theorem 1. The first result is the Paley-Wiener-Schwartz theorem for the space 𝑆(𝑈) obtained
in [3] by a scheme from [1]. It will be applied in the proving that the Fourier-Laplace transform is
bijective. To formulate it, we define a space 𝑉𝑏(𝑇𝐶) as follows. For each 𝑚 ∈ N we define normed
spaces

𝑉𝑏,𝑚(𝑇𝐶) =

{︃
𝑓 ∈ 𝐻(𝑇𝐶) : 𝑁𝑚(𝑓) = sup

𝑧∈𝑇𝐶

|𝑓(𝑧)|𝑒−𝑏(𝑦)

(1 + ‖𝑧‖)𝑚(1 + 1
Δ𝐶(𝑦))

𝑚
<∞

}︃
,

where 𝑧 = 𝑥 + 𝑖𝑦, 𝑥 ∈ R𝑛, 𝑦 ∈ 𝐶. Let 𝑉𝑏(𝑇𝐶) =
⋃︀∞

𝑚=0 𝑉𝑏,𝑚(𝑇𝐶). The set 𝑉𝑏(𝑇𝐶) with summing
and multiplication by complex numbers is a linear space. We equip 𝑉𝑏(𝑇𝐶) by the topology of the
inductive limit of the spaces 𝑉𝑏,𝑚(𝑇𝐶).
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Theorem 2. The Laplace-Fourier transform ℱ : 𝑆*(𝑈) → 𝑉𝑏(𝑇𝐶) defined by the rule ℱ(𝑇 ) = 𝑇 is
an isomorphism.

For 𝑏(𝑦) = 𝑎‖𝑦‖ (𝑎 > 0), Theorem 2 was proved by V.S. Vladimirov [1].
The second result we shall need is established by J.W. de Roever [2, Thm. 3.1]. It will be employed

in the proof that the Fourier-Laplace transform is surjective.

Theorem 3. Let a linear subspace in C𝑛 of dimension 𝑛 − 𝑘 is defined by linear functions 𝜃1 =
𝑠1(𝜃𝑘+1, . . . , 𝜃𝑛), . . . , 𝜃𝑘 = 𝑠𝑘(𝜃𝑘+1, . . . , 𝜃𝑛), or, briefly, 𝑤 = 𝑠(𝑧), 𝑤 ∈ C𝑘, 𝑧 ∈ C𝑛−𝑘. Let Ω1 ⊂ Ω2 ⊂ Ω
be the holomorphy domains in C𝑛 such that for some 𝜀 > 0, the 𝜀-neighbourhood of Ω1 in the first 𝑘
coordinates in the semi-circle metrics is contained in Ω2, that is,

{(𝜃1, . . . , 𝜃𝑛) : |𝜃𝑗 − 𝜃0𝑗 | 6 𝜀, 𝑗 = 1, . . . , 𝑘; 𝜃𝑗 = 𝜃0𝑗 , 𝑗 = 𝑘 + 1, . . . , 𝑛; 𝜃0 = (𝜃01, . . . , 𝜃
0
𝑛) ∈ Ω1} ⊂ Ω2.

Let 𝜙 be a plurisubharmonic function on Ω and, for 𝜃 = (𝜃1, . . . , 𝜃𝑛) ∈ Ω1,

𝜙𝜀(𝜃) = max{𝜙(𝜃1 + 𝜉1, . . . , 𝜃𝑛 + 𝜉𝑛 : |𝜉𝑗 | 6 𝜀, 𝑗 = 1, . . . , 𝑘}.
Let

Ω′ = {𝑧 ∈ C𝑛−𝑘 : (𝑠(𝑧), 𝑧) ∈ Ω}, Ω′
𝑗 = {𝑧 ∈ C𝑛−𝑘 : (𝑠(𝑧), 𝑧) ∈ Ω𝑗}, 𝑗 = 1, 2,

and 𝜙(𝑧) = 𝜙(𝑠(𝑧), 𝑧), 𝑧 ∈ Ω′.
Then given a function 𝑓 analytic in Ω′, there exists a function 𝐹 analytic in Ω1 such that

𝐹 (𝑠(𝑧), 𝑧) = 𝑓(𝑧), 𝑧 ∈ Ω′, and for some 𝐾 > 0 depending only on 𝑘 and 𝑠1, . . . , 𝑠𝑘, the inequal-
ity ∫︁

Ω1

𝐹 (𝜃) exp(−𝜙𝜀(𝜃))

(1 + |𝜃‖2)3𝑘
𝑑𝜆𝑛(𝜃) 6 𝐾𝜀−2𝑘

∫︁
Ω′

2

|𝑓(𝑧)|2𝑒−𝜙(𝑧) 𝑑𝜆𝑛−𝑘(𝜃),

holds, where 𝜆𝑛 and 𝜆𝑛−𝑘 denote the Lebesgue measure in C𝑛 and C𝑛−𝑘, respectively. If the right hand
side of the latter inequality is finite, then 𝐹 depends on 𝑓,Ω1, 𝜀, 𝜙.

Theorem 4. Let 𝒪 be a holomorphy domain in C𝑛, and ℎ be a plurisubharmonic function in 𝒪
and 𝜙 be plurisubharmonic function in C𝑛 such that

|𝜙(𝑧)− 𝜙(𝑡)| 6 𝑐𝜙 if ‖𝑧 − 𝑡‖ 6
1

(1 + ‖𝑡‖)𝜈
.

for some 𝑐𝜙 > 0 and 𝜈 > 0. Let a function 𝑆 ∈ 𝐻(C𝑛 ×𝒪) satisfies the inequality

|𝑆(𝑧, 𝜁)| 6 𝑒𝜙(𝑧)+ℎ(𝜁), 𝑧 ∈ C𝑛, 𝜁 ∈ 𝒪,
and 𝑆(𝜁, 𝜁) = 0 for 𝜁 ∈ 𝒪.

Then there exist functions 𝑆1, . . . , 𝑆𝑛 ∈ 𝐻(C𝑛 ×𝒪) such that

a) 𝑆(𝑧, 𝜁) =
𝑛∑︁

𝑗=1

𝑆𝑗(𝑧, 𝜁)(𝑧𝑗 − 𝜁𝑗), (𝑧, 𝜁) ∈ C𝑛 ×𝒪;

b) for some 𝑚 ∈ N independent of 𝑆, we have∫︁
C𝑛×𝒪

|𝑆𝑗(𝑧, 𝜁)|2

𝑒2(𝜙(𝑧)+ℎ(𝜁)+𝑚 ln(1+‖(𝑧,𝜁)‖)) 𝑑𝜆2𝑛(𝑧, 𝜁) <∞, 𝑗 = 1, . . . , 𝑛.

Theorem 4 was proved in [6, Lm. 11]. It will be employed in the proof that the Laplace-Fourier
transform is injective.

3.2. Proof of Theorem 1. We first observe that by Lemma 4, the linear mapping 𝐿 : 𝑆 ∈
𝐺*

M(𝑈) → 𝑆 acts from 𝐺*
M(𝑈) into 𝐻𝑏,M(𝑇𝐶). The continuity of 𝐿 is established in the same way as

in the proof of Theorem 2 in [3].
We prove that the mapping 𝐿 is bijective by following a scheme in [4], [5].
Let us show that 𝐿 is a surjection. Given 𝐹 ∈ 𝐻𝑏,M(𝑇𝐶), we have 𝐹 ∈ 𝐻𝑏,𝑚(𝑇𝐶) for some 𝑚 ∈ N.

Taking into consideration that 𝑑(𝑧) = Δ𝐶(𝑦), we get:∫︁
𝑇𝐶

|𝐹 (𝑧)|2𝑒−2(𝑏(Im 𝑧)+𝜔𝑚(|𝑧|𝑛)+𝑚 ln(1+ 1
𝑑(𝑧)

)+(𝑛+1) ln(1+‖𝑧‖2))
𝑑𝜆𝑛(𝑧) <∞. (3)
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We let 𝒦 = R𝑛 × 𝐶. In Theorem 3 we replace 𝑛 by 2𝑛 and choose

Ω = Ω1 = Ω2 = R
2𝑛 + 𝑖𝒦.

It is obvious that

Ω = Ω1 = Ω2 = C
𝑛 × 𝑇𝐶 .

As a linear subspace in this theorem we consider the subspace

𝑊 =
{︀
(𝑧, 𝜉) ∈ C2𝑛 : 𝑧1 = 𝜉1, . . . , 𝑧𝑛 = 𝜉𝑛

}︀
of complex dimension 𝑛. Then

Ω
′
= Ω

′
1 = Ω

′
2 = {𝑧 ∈ C𝑛 : (𝑧, 𝑧) ∈ Ω = C𝑛 × 𝑇𝐶} = 𝑇𝐶 .

Then in Theorem 3 as 𝜀 we take 1, while as 𝜙, we choose the function

𝜙(𝑧, 𝜁) = 2(𝑏(Im 𝜁) + 𝜔𝑚(|𝑧|𝑛) +𝑚 ln(1 +
1

𝑑(𝜁)
) + (𝑛+ 1) ln(1 + ‖(𝑧, 𝜁)‖2)),

where 𝑧 = 𝑥+ 𝑖𝑦 ∈ C𝑛, 𝜁 ∈ 𝑇𝐶 . We note that 𝜙(𝑧, 𝜁) is plurisubharmomic in C𝑛 × 𝑇𝐶 and

̃︀𝜙(𝑧) = 2(𝑏(Im 𝑧) + 𝜔𝑚(|𝑧|𝑛) +𝑚 ln(1 +
1

𝑑(𝑧)
) + (𝑛+ 1) ln(1 + 2‖𝑧‖2)), 𝑧 ∈ 𝑇𝐶 .

In view of (3), ∫︁
𝑇𝐶

|𝐹 (𝑧)|2𝑒−̃︀𝜙(𝑧) 𝑑𝜆𝑛(𝑧) <∞.

Hence, by Theorem 3, there exists a function Φ ∈ 𝐻(C𝑛 × 𝑇𝐶) such that Φ(𝑧, 𝑧) = 𝐹 (𝑧) for 𝑧 ∈ 𝑇𝐶
and for some 𝐵 > 0 the estimate∫︁

C𝑛×𝑇𝐶

|Φ(𝑧, 𝜁)|2𝑒−𝜙1(𝑧,𝜁)

(1 + ‖(𝑧, 𝜁)‖2)3𝑛
𝑑𝜆2𝑛(𝑧, 𝜁) 6 𝐵

∫︁
𝑇𝐶

|𝐹 (𝑧)|2𝑒−̃︀𝜙(𝑧) 𝑑𝜆𝑛(𝑧)
holds. Here 𝜙1(𝑧, 𝜁) = max

𝑡∈Π
𝜙(𝑧 + 𝑡, 𝜁). Since

| ln(1 + 𝑥22)− ln(1 + 𝑥21)| 6 |𝑥2 − 𝑥1|, 𝑥1, 𝑥2 ∈ R,

and for some 𝑏𝑚 > 0 and for 𝑟1, 𝑟2 > 0 such that |𝑟2 − 𝑟1| 6 1 we have [10, Lm. 1]

|𝑤𝑚(𝑟2)− 𝑤𝑚(𝑟1)| 6 𝑏𝑚, (4)

then

|𝜙1(𝑧, 𝜁)− 𝜙(𝑧, 𝜁)| 6 𝑐0, (𝑧, 𝜁) ∈ C𝑛 × 𝑇𝐶 ,

where 𝑐0 = 2(𝑛+ 1)
√
𝑛+ 2𝑏𝑚. Hence,∫︁

C𝑛×𝑇𝐶

|Φ(𝑧, 𝜁)|2𝑒−𝜙(𝑧,𝜁)

(1 + ‖(𝑧, 𝜁)‖2)3𝑛
𝑑𝜆2𝑛(𝑧, 𝜁) 6 𝐵𝑒𝑐0

∫︁
𝑇𝐶

|𝐹 (𝑧)|2𝑒−̃︀𝜙(𝑧) 𝑑𝜆𝑛(𝑧). (5)

We denote the right hand side of this inequality by 𝐵𝐹 . Letting

ℎ𝑚(𝑧, 𝜁) = 2

(︂
𝑏(Im 𝜁) + 𝜔𝑚(|𝑧|𝑛) +𝑚 ln

(︂
1 +

1

𝑑(𝜁)

)︂)︂
, 𝑧 ∈ C𝑛, 𝜁 ∈ 𝑇𝐶 ,

for brevity, we obtain uniform estimates for Φ(𝑧, 𝜁). Let (𝑧, 𝜁) ∈ C𝑛 × 𝑇𝐶 and 𝑅 = min(1, 𝑑(𝜁)4 ). We
note that if (𝑡, 𝑢) ∈ C𝑛 × 𝑇𝐶 belongs to the ball 𝐵((𝑧, 𝜁), 𝑅), then by Lemma 5, for some 𝐴𝜀 > 0,

|𝑏(Im𝑢)− 𝑏(Im 𝜁)| 6 2𝜀‖ Im 𝜁‖+𝐴𝜀 + 𝜀;

and by inequality (4)

|𝜔𝑚(|𝑡|𝑛)− 𝜔𝑚(|𝑧|𝑛)| 6 𝑏𝑚.
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It is obvious that

| ln(1 + ‖(𝑡, 𝑢)‖2)− ln(1 + ‖(𝑧, 𝜁)‖2)| 6 1;⃒⃒⃒⃒
ln

(︂
1 +

1

𝑑(𝑢)

)︂
− ln

(︂
1 +

1

𝑑(𝜁)

)︂⃒⃒⃒⃒
6

5

4
.

Employing these inequalities, for each 𝜀 > 0 we have:

|ℎ𝑚(𝑡, 𝑢) + (5𝑛+ 2) ln(1 + ‖(𝑡, 𝑢)‖2)− (ℎ𝑚(𝑧, 𝜁)

+ (5𝑛+ 2) ln(1 + ‖(𝑧, 𝜁))‖2)| 6 4𝜀‖ Im 𝜁‖+𝐵𝜀,𝑚,

where

𝐵𝜀,𝑚 = 2𝐴𝜀 + 2𝜀+
5𝑚

2
+ 2𝑏𝑚.

Employing the latter inequality, the plurisubharmonicity of the function |Φ(𝑡, 𝑢)|2 in C𝑛 × 𝑇𝐶 and
inequality (5), we obtain that

|Φ(𝑧, 𝜁)|2 6 𝐵𝐹

𝜆2𝑛(𝑅)
𝑒ℎ𝑚(𝑧,𝜁)+(5𝑛+2) ln(1+‖(𝑧,𝜁)‖2)+4𝜀‖ Im 𝜁‖+𝐵𝜀,𝑚 .

Hence, for each 𝜀 > 0 there exists a number 𝑐1 > 0 such that

|Φ(𝑧, 𝜁)| 6 𝑐1 exp

(︂
𝑏(Im 𝜁) + 𝜔𝑚(|𝑧|𝑛) + (𝑚+ 2𝑛) ln

(︂
1 +

1

𝑑(𝜁)

)︂
+ (5𝑛+ 2) ln(1 + ‖(𝑧, 𝜁)‖) + 2𝜀‖ Im 𝜁‖

)︂ (6)

for (𝑧, 𝜁) ∈ C𝑛 × 𝑇𝐶 . Since Φ(𝑧, 𝜁) is entire in 𝑧, then, expanding Φ(𝑧, 𝜁) in powers of 𝑧, we find:

Φ(𝑧, 𝜁) =
∑︁
|𝛼|>0

𝐶𝛼(𝜁)𝑧
𝛼, 𝜁 ∈ 𝑇𝐶 , 𝑧 ∈ C𝑛.

By the Cauchy formula, the identity

𝐶𝛼(𝜁) =
1

(2𝜋𝑖)𝑛

∫︁
|𝑧1|=𝑅

. . .

∫︁
|𝑧𝑛|=𝑅

Φ(𝑧, 𝜁)

𝑧𝛼1+1
1 . . . 𝑧𝛼𝑛+1

𝑛

𝑑𝑧1 . . . 𝑑𝑧𝑛

holds, where 𝛼 ∈ Z𝑛
+ and 𝑅 > 0 is arbitrary. This implies that 𝐶𝛼 ∈ 𝐻(𝑇𝐶). Employing (6), we

obtain:

|𝐶𝛼(𝜁)| 6
𝑐1((1 +

√
𝑛𝑅)(1 + ‖𝜁‖))5𝑛+2𝑒𝑏(Im 𝜁)+2𝜀‖ Im 𝜁‖+𝜔𝑚(𝑅)

(︁
1 + 1

𝑑(𝜁)

)︁𝑚+2𝑛

𝑅|𝛼| .

By Lemma 3 we find a constant 𝑐2 > 0 depending on 𝜀 such that

|𝐶𝛼(𝜁)| 6
𝑐2𝑒

𝜔𝑚+5𝑛+2(𝑅)

𝑅|𝛼| 𝑒𝑏(Im 𝜁)+2𝜀‖ Im 𝜁‖(1 + ‖𝜁‖)5𝑛+2

(︂
1 +

1

𝑑(𝜁)

)︂𝑚+2𝑛

, 𝜁 ∈ 𝑇𝐶 .

Therefore, for 𝜁 ∈ 𝑇𝐶 ,

|𝐶𝛼(𝜁)| 6 𝑐2

(︃
inf
𝑅>0

𝑒𝜔𝑚+5𝑛+2(𝑅)

𝑅|𝛼|

)︃
𝑒𝑏(Im 𝜁)+2𝜀‖ Im 𝜁‖(1 + ‖𝜁‖)5𝑛+2

(︂
1 +

1

𝑑(𝜁)

)︂𝑚+2𝑛

.

Hence, taking into consideration the identity

inf
𝑟>0

𝑒𝜔𝑚+5𝑛+2(𝑟)

𝑟𝑘
=

1

𝑀
(𝑚+5𝑛+2)
𝑘

, 𝑘 = 0, 1, . . . ,

for each 𝜀 > 0 and all 𝛼 ∈ Z𝑛
+, 𝜁 ∈ 𝑇𝐶 we have:

|𝐶𝛼(𝜁)| 6 𝑐2
𝑒𝑏(Im 𝜁)+2𝜀‖ Im 𝜁‖

𝑀
(𝑚+5𝑛+2)
|𝛼|

(1 + ‖𝜁‖)5𝑛+2

(︂
1 +

1

𝑑(𝜁)

)︂𝑚+2𝑛

. (7)
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For each 𝜀 > 0 we define a function 𝑏𝜀 on 𝐶 by the rule 𝑏𝜀(𝑦) = 𝑏(𝑦) + 𝜀‖𝑦‖ and the space 𝑉𝑏𝜀(𝑇𝐶)
being the inductive limit of normed spaces

𝑉𝑏𝜀,𝑚(𝑇𝐶) =

{︃
𝑓 ∈ 𝐻(𝑇𝐶) : 𝑁𝑘,𝜀(𝑓) = sup

𝑧∈𝑇𝐶

|𝑓(𝑧)|𝑒−𝑏𝜀(𝑦)

(1 + ‖𝑧‖)𝑘(1 + 1
Δ𝐶(𝑦))

𝑘
<∞

}︃
,

where 𝑘 ∈ Z+, 𝑧 = 𝑥 + 𝑖𝑦, 𝑥 ∈ R𝑛, 𝑦 ∈ 𝐶. By the latter inequality we see that for each 𝛼 ∈ Z𝑛
+ the

function 𝐶𝛼 belongs to the space 𝐻𝑏(𝑇𝐶), which the projective limit of the spaces 𝑉𝑏𝜀(𝑇𝐶). By estimate

(7), the set
{︁
𝑀

(𝑚+5𝑛+2)
|𝛼| 𝐶𝛼

}︁
𝛼∈Z𝑛

+

is bounded in each space 𝑉𝑏𝜀(𝑇𝐶). Hence, it is bounded also in

𝐻𝑏(𝑇𝐶). The space 𝐻𝑏(𝑇𝐶) coincides with the space 𝑉𝑏(𝑇𝐶) [3, Thm. D]; for the case 𝑏(𝑦) = 𝑎‖𝑦‖ with

𝑎 > 0 this fact was established by V.S. Vladimirov [1, Ch. 2]. Hence, the set
{︁
𝑀

(𝑚+5𝑛+2)
|𝛼| 𝐶𝛼

}︁
𝛼∈Z𝑛

+

is bounded in 𝑉𝑏(𝑇𝐶). Since the spaces 𝑆*(𝑈) and 𝑉𝑏(𝑇𝐶) are isomorphic (Theorem 1), there exist

functionals 𝑆𝛼 ∈ 𝑆*(𝑈) such that 𝑆𝛼 = 𝐶𝛼, the set 𝒜 =
{︁
𝑀

(𝑚+5𝑛+2)
|𝛼| 𝑆𝛼

}︁
𝛼∈Z𝑛

+

is bounded in 𝑆*(𝑈)

and hence, is weakly bounded. By the Schwartz theorem [1, Ch. 1, Sect. 5], there exist numbers
𝑐3 > 0 and 𝑝 ∈ N such that

|(𝐹, 𝑓)| 6 𝑐3‖𝑓‖𝑝,𝑈 , 𝐹 ∈ 𝒜, 𝑓 ∈ 𝑆(𝑈).

Thus,

|(𝑆𝛼, 𝑓)| 6
𝑐3

𝑀
(𝑚+5𝑛+2)
|𝛼|

‖𝑓‖𝑝,𝑈 , 𝑓 ∈ 𝑆(𝑈), 𝛼 ∈ Z𝑛
+. (8)

We define a functional 𝑇 on 𝐺M(𝑈) by the rule:

(𝑇, 𝑓) =
∑︁
|𝛼|>0

(𝑆𝛼, (−𝑖)|𝛼|𝐷𝛼𝑓), 𝑓 ∈ 𝐺M(𝑈). (9)

Let us show that 𝑇 ∈ 𝐺′
M(𝑈). Employing inequality (8), for 𝑓 ∈ 𝐺M(𝑈), 𝛼 ∈ Z𝑛

+, natural numbers
𝑠 > 𝑝 we have:

|(𝑆𝛼, 𝐷𝛼𝑓)| 6 𝑐3

𝑀
(𝑚+5𝑛+2)
|𝛼|

sup
𝑥∈𝑈,|𝛽|6𝑝

|(𝐷𝛼+𝛽𝑓)(𝑥)|(1 + ‖𝑥‖)𝑝

6
𝑐3

𝑀
(𝑚+5𝑛+2)
|𝛼|

sup
𝑥∈𝑈,|𝛽|6𝑝

𝑝𝑚+𝑠(𝑓)𝑀
(𝑚+𝑠)
|𝛼|+|𝛽|(1 + ‖𝑥‖)𝑝

(1 + ‖𝑥‖)𝑚+𝑠

6𝑐3𝑝𝑚+𝑠(𝑓)
𝑀

(𝑚+𝑠)
|𝛼|+𝑝

𝑀
(𝑚+5𝑛+2)
|𝛼|

.

Employing Condition 𝑖8), we choose 𝑠 > 𝑝 so that the series
∑︀

|𝛼|>0

𝑀
(𝑚+𝑠)
|𝛼|+𝑝

𝑀
(𝑚+5𝑛+2)
|𝛼|

converges. Therefore, for

each 𝑓 ∈ 𝐺M(𝑈), the series in the right hand side in (9) converges absolutely and for some 𝑐4 > 0
independent of 𝑓 ∈ 𝐺M(𝑈) we have

|(𝑇, 𝑓)| 6 𝑐4𝑝𝑚+𝑠(𝑓).

Therefore, the linear functional 𝑇 is well-defined and continuous. It is easy to see that 𝑇 = 𝐹 . Thus,
the mapping 𝐿 is surjective.

We are going to show that the mapping 𝐿 is injective. Let 𝑇 ∈ 𝐺′
M(𝑈) 𝑇 ≡ 0. There exist

numbers 𝑚 ∈ N and 𝑐5 > 0 such that

|(𝑇, 𝑓)| 6 𝑐5𝑝𝑚(𝑓), 𝑓 ∈ 𝐺M(𝑈).

By Lemma 2, there exist functionals 𝑇𝛼 ∈ 𝐶 ′
𝑚(𝑈), 𝛼 ∈ Z𝑛

+, such that

(𝑇, 𝑓) =
∑︁
𝛼∈Z𝑛

+

(𝑇𝛼, 𝐷
𝛼𝑓), 𝑓 ∈ 𝐺M(𝑈),
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and

|(𝑇𝛼, 𝑔)| 6
𝑐5

𝑀
(𝑚)
|𝛼|

̃︀𝑝𝑚(𝑔), 𝑔 ∈ 𝐶𝑚(𝑈). (10)

Therefore, for each 𝑧 ∈ 𝑇𝐶 we have:

𝑇 (𝑧) =
∑︁
𝛼∈Z𝑛

+

𝑖|𝛼|(𝑇𝛼, 𝑒
𝑖⟨𝜉,𝑧⟩)𝑧𝛼.

Let 𝑉𝛼(𝑧) = 𝑖|𝛼|(𝑇𝛼, 𝑒
⟨𝜉,𝑧⟩). It is obvious that 𝑉𝛼 ∈ 𝐻(𝑇𝐶). Employing inequalities (10) and (1), we

get:

|𝑉𝛼(𝑧)| 6
𝑐6

𝑀
(𝑚)
|𝛼|

(1 + ‖𝑧‖)2𝑚
(︂
1 +

1

Δ𝐶(𝑦)

)︂3𝑚

𝑒𝑏(𝑦), (11)

where 𝑐6 > 0 is a constant independent of 𝑧 = 𝑥+ 𝑖𝑦 ∈ 𝑇𝐶 and 𝛼. We consider the function

𝑆(𝑢, 𝑧) =
∑︁
|𝛼|>0

𝑉𝛼(𝑧)𝑢
𝛼, 𝑧 ∈ 𝑇𝐶 , 𝑢 ∈ C𝑛.

Employing estimate (11), we obtain:

|𝑆(𝑢, 𝑧)| 6 𝑐6

(︂
1 +

1

Δ𝐶(𝑦)

)︂3𝑚

(1 + ‖𝑧‖)2𝑚𝑒𝑏(𝑦)
∑︁
|𝛼|>0

|𝑢||𝛼|𝑛

𝑀
(𝑚)
|𝛼|

.

Employing Condition 𝑖8), we choose 𝜈 ∈ N so that the series
∑︀

|𝛼|>0

𝑀
(𝑚+𝜈)
|𝛼|

𝑀
(𝑚)
|𝛼|

converges. Then

|𝑆(𝑢, 𝑧)| 6 𝑐7𝑒
𝑏(𝑦)

(︂
1 +

1

Δ𝐶(𝑦)

)︂3𝑚

(1 + ‖𝑧‖)2𝑚𝑒𝜔𝑚+𝜈(|𝑢|𝑛),

where

𝑐7 = 𝑐6
∑︁
|𝛼|>0

𝑀
(𝑚+𝜈)
|𝛼|

𝑀
(𝑚)
|𝛼|

.

We note that

𝑆(𝑧, 𝑧) =
∑︁
|𝛼|>0

𝑉𝛼(𝑧)𝑧
𝛼 = 0

for each 𝑧 ∈ 𝑇𝐶 . Then by Theorem 4 there exist functions 𝑆1, . . . , 𝑆𝑛 ∈ 𝐻(C𝑛 × 𝑇𝐶) such that

𝑆(𝑧, 𝜁) =
𝑛∑︁

𝑗=1

𝑆𝑗(𝑧, 𝜁)(𝑧𝑗 − 𝜁𝑗), 𝑧 ∈ C𝑛, 𝜁 ∈ 𝑇𝐶 ,

and for some 𝑐8 > 0 and 𝑘 ∈ N and all 𝑗 = 1, 2, . . . , 𝑛, 𝑧 ∈ C𝑛, 𝜁 ∈ 𝑇𝐶 we have

|𝑆𝑗(𝑧, 𝜁)| 6 𝑐8 exp

(︂
𝜔𝑘(|𝑧|𝑛) + 𝑏(Im 𝜁) + 𝑘 ln

(︂
1 +

1

𝑑(𝜁)

)︂
+ 𝑘 ln(1 + ‖𝜁‖)

)︂
. (12)

We expand 𝑆𝑗 into the Taylor series in powers of 𝑧:

𝑆𝑗(𝑧, 𝜁) =
∑︁
|𝛼|>0

𝑆𝑗,𝛼(𝜁)𝑧
𝛼, 𝑧 ∈ C𝑛, 𝜁 ∈ 𝑇𝐶 .

Proceeding as estimating the functions 𝐶𝛼, by (12) we obtain:

|𝑆𝑗,𝛼(𝜁)| 6 𝑐8 exp

(︂
𝑏(Im 𝜁) + 𝑘 ln

(︂
1 +

1

𝑑(𝜁)

)︂
+ 𝑘 ln(1 + ‖𝜁‖)

)︂
1

𝑀
(𝑘)
|𝛼|

.

Since the Fourier-Laplace transform establishes a topological isomorphism between 𝑆*(𝑈) and 𝑉 (𝑇𝐶),

there exist functionals 𝜓𝑗,𝛼 ∈ 𝑆*(𝑈) such that 𝜓𝑗,𝛼 = 𝑆𝑗,𝛼. It follows from the latter estimate that

the set {𝑆𝑗,𝛼𝑀 (𝑘)
|𝛼| }𝛼∈Z𝑛

+
is bounded in 𝑉 (𝑇𝐶). Then the set Ψ = {𝑀 (𝑘)

|𝛼| 𝜓𝑗,𝛼}𝛼∈Z𝑛
+,𝑗=1,...,𝑛 is bounded
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in 𝑆*(𝑈). Hence, it is weakly bounded. By the Schwartz theorem [1, Ch. 1, Sect. 5], there exist
numbers 𝑐9 > 0 and 𝑝 ∈ N such that

|(𝐹,𝜙)| 6 𝑐9|‖𝜙‖|𝑝,𝑈 , 𝐹 ∈ Ψ, 𝜙 ∈ 𝑆(𝑈).

Thus,

|(Ψ𝑗,𝛼, 𝑓)| 6
𝑐9

𝑀
(𝑘)
|𝛼|

‖𝑓‖𝑝,𝑈 , 𝑓 ∈ 𝑆(𝑈), 𝛼 ∈ Z𝑛
+, 𝑗 = 1, . . . , 𝑛. (13)

For 𝑗 = 1, . . . , 𝑛 and 𝛼 = (𝛼1, . . . , 𝛼𝑛) ∈ Z𝑛 with at least one negative component, let Ψ𝑗,𝛼 be a zero
functional in 𝑆*(𝑈) and 𝑆𝑗,𝛼(𝑧) = 0 for all 𝑧 ∈ C𝑛. Then

𝑆(𝑧, 𝜁) =

𝑛∑︁
𝑗=1

∑︁
|𝛼|>0

(𝑆𝑗,(𝛼1,...,𝛼𝑗−1,...,𝛼𝑛)(𝜁)− 𝑆𝑗,𝛼(𝜁)𝜁𝑗)𝑧
𝛼, 𝑧 ∈ C𝑛, 𝜁 ∈ 𝑇𝐶 .

Therefore,

𝑉𝛼(𝜁) =
𝑛∑︁

𝑗=1

(𝑆𝑗,(𝛼1,...,𝛼𝑗−1,...,𝛼𝑛)(𝜁)− 𝑆𝑗,𝛼(𝜁)𝜁𝑗), 𝛼 ∈ Z𝑛
+.

That is,

𝑉𝛼(𝜁) =
𝑛∑︁

𝑗=1

(︂
Ψ̂𝑗,(𝛼1,...,𝛼𝑗−1,...,𝛼𝑛)(𝜁) + 𝑖

(︂
Ψ𝑗,𝛼,

𝜕

𝜕𝜉𝑗
(𝑒𝑖⟨𝜉,𝜁⟩)

)︂)︂
.

This means that the right hand side in the latter identity is the Fourier-Laplace transform of the
functional acting by the rule:

𝑓 ∈ 𝑆(𝑈) →
𝑛∑︁

𝑗=1

(︂
Ψ𝑗,(𝛼1,...,𝛼𝑗−1,...,𝛼𝑛), 𝑓) + 𝑖

(︂
Ψ𝑗,𝛼,

𝜕

𝜕𝜉𝑗
𝑓

)︂)︂
.

Hence,

(𝑇𝛼, 𝑓) = (−𝑖)|𝛼|
𝑛∑︁

𝑗=1

(︂
𝑖

(︂
Ψ𝑗,𝛼,

𝜕

𝜕𝜉𝑗
𝑓

)︂
+ (Ψ𝑗,(𝛼1,...,𝛼𝑗−1,...,𝛼𝑛), 𝑓)

)︂
.

Thus,

(𝑇, 𝑓) =
∑︁
|𝛼|>0

(−𝑖)|𝛼|
𝑛∑︁

𝑗=1

(︂
𝑖

(︂
Ψ𝑗,𝛼,

𝜕

𝜕𝜉𝑗
𝐷𝛼𝑓

)︂
+ (Ψ𝑗,(𝛼1,...,𝛼𝑗−1,...,𝛼𝑛), 𝐷

𝛼𝑓)

)︂
, 𝑓 ∈ 𝐺M(𝑈).

For an arbitrary 𝑁 ∈ N we define sets

𝐵𝑁 = {𝛼 = (𝛼1, . . . , 𝛼𝑛) ∈ Z𝑛 : 𝛼1 6 𝑁, . . . , 𝛼𝑛 6 𝑁},
𝑅𝑁,𝑗 = {𝛼1 6 𝑁, . . . , 𝛼𝑗 = 𝑁, . . . , 𝛼𝑛 6 𝑁,𝛼 ∈ Z𝑛

+}, 𝑗 = 1, . . . , 𝑛,

and a functional 𝑇𝑁 on 𝐺M(𝑈) by the rule:

(𝑇𝑁 , 𝑓) =
∑︁

𝛼∈𝐵𝑁

(−𝑖)|𝛼|
𝑛∑︁

𝑗=1

(︂
𝑖

(︂
Ψ𝑗,𝛼,

𝜕

𝜕𝜉𝑗
𝐷𝛼𝑓)(𝜉)

)︂
+ (Ψ𝑗,(𝛼1,...,𝛼𝑗−1,...,𝛼𝑛), 𝐷

𝛼𝑓)

)︂
.

Then

(𝑇, 𝑓) = lim
𝑁→∞

(𝑇𝑁 , 𝑓), 𝑓 ∈ 𝐺M(𝑈).

As in [3], we confirm that

(𝑇𝑁 , 𝑓) =

𝑛∑︁
𝑗=1

∑︁
𝛼∈𝑅𝑁,𝑗

(−𝑖)|𝛼|𝑖(Ψ𝑗,𝛼,
𝜕

𝜕𝜉𝑗
𝐷𝛼𝑓), 𝑓 ∈ 𝐺M(𝑈).

Hence, in view of (13), we have

|(𝑇𝑁 , 𝑓)| 6
𝑛∑︁

𝑗=1

∑︁
𝛼∈𝑅𝑁,𝑗

𝑐9

𝑀
(𝑘)
|𝛼|

sup
𝜉∈𝑈,|𝛾|6𝑝

(|(𝐷(𝛼1+𝛾1,...𝛼𝑗+𝛾𝑗+1,...,𝛼𝑛+𝛾𝑛)𝑓)(𝜉)|(1 + ‖𝜉‖)𝑝))
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for all 𝑓 ∈ 𝐺M(𝑈). For each natural number 𝜈 > 𝑝 and for all 𝑓 ∈ 𝐺M(𝑈) we have:

|(𝑇𝑁 , 𝑓)| 6
𝑛∑︁

𝑗=1

∑︁
𝛼∈𝑅𝑁,𝑗

𝑐9

𝑀
(𝑘)
|𝛼|

𝑝𝜈(𝑓) sup
𝜉∈𝑈,|𝛾|6𝑝

𝑀
(𝜈)
|𝛼|+|𝛾|+1

(1 + ‖𝜉‖)𝜈−𝑝
6 𝑐9𝑝𝜈(𝑓)

𝑛∑︁
𝑗=1

∑︁
𝛼∈𝑅𝑁,𝑗

𝑀
(𝜈)
|𝛼|+𝑝+1

𝑀
(𝑘)
|𝛼|

.

Employing Condition 𝑖8), we choose 𝜈 ∈ N so that the series
∑︀

|𝛼|>0

𝑀
(𝜈)
|𝛼|+𝑝+1

𝑀
(𝑘)
|𝛼|

converges. Then

|(𝑇𝑁 , 𝑓)| 6 𝑛𝑐9𝑝𝜈(𝑓)
∑︁

|𝛼|>𝑁

𝑀
(𝜈)
|𝛼|+𝑝+1

𝑀
(𝑘)
|𝛼|

.

This implies that (𝑇𝑁 , 𝑓) → 0 as 𝑁 → ∞. Hence, (𝑇, 𝑓) = 0 for all 𝑓 ∈ 𝐺M(𝑈). Thus, the mapping
𝐿 is injective.

By the theorem on open mapping [11, Append. 1], the mapping 𝐿−1 is continuous. Thus, 𝐿 is a
topological isomorphism. The proof is complete.
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