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SOLVABILITY OF HIGHER ORDER

THREE-POINT ITERATIVE SYSTEMS

K.R. PRASAD, M. RASHMITA, N. SREEDHAR

Abstract. In this paper, we consider an iterative system of nonlinear 𝑛th order differential

equations:

𝑦
(𝑛)
𝑖 (𝑡) + 𝜆𝑖𝑝𝑖(𝑡)𝑓𝑖(𝑦𝑖+1(𝑡)) = 0, 1 6 𝑖 6 𝑚, 𝑦𝑚+1(𝑡) = 𝑦1(𝑡), 𝑡 ∈ [0, 1],

with three-point non-homogeneous boundary conditions

𝑦𝑖(0) = 𝑦𝑖
′(0) = · · · = 𝑦

(𝑛−2)
𝑖 (0) = 0,

𝛼𝑖𝑦
(𝑛−2)
𝑖 (1)− 𝛽𝑖𝑦

(𝑛−2)
𝑖 (𝜂) = 𝜇𝑖, 1 6 𝑖 6 𝑚,

where 𝑛 > 3, 𝜂 ∈ (0, 1), 𝜇𝑖 ∈ (0,∞) is a parameter, 𝑓𝑖 : R+ → R+ is continuous, 𝑝𝑖 :
[0, 1] → R+ is continuous and 𝑝𝑖 does not vanish identically on any closed subinterval

of [0, 1] for 1 6 𝑖 6 𝑚. We express the solution of the boundary value problem as a

solution of an equivalent integral equation involving kernels and obtain bounds for these

kernels. By an application of Guo–Krasnosel’skii fixed point theorem on a cone in a Banach

space, we determine intervals of the eigenvalues 𝜆1, 𝜆2, · · · , 𝜆𝑚 for which the boundary value

problem possesses a positive solution. As applications, we provide examples demonstrating

our results.

Keywords: boundary value problem, iterative system, kernel, three-point, eigenvalues,

cone, positive solution. Mathematics Subject Classification: 334B18, 34A40, 34B15

1. Introduction

The existence of positive solutions for multi-point boundary value problems associated with
ordinary differential equations are of a high interest and play a vital role in different areas
of applied mathematics and physics. Multi-point boundary value problems appear in the
mathematical modelling of deflection of a curve beam having a constant or varying cross section,
three layer beam, electromagnetic waves and so on. For example, the vibration of a guy wire of a
uniform cross-section and composed of different parts with different densities can be formulated
as multi-point boundary value problems.
Due to the importance in both theory and applications, much attention is focussed

on obtaining optimal eigenvalue intervals for the existence of positive solutions of the
iterative systems of nonlinear multi-point boundary value problems by an application of
Guo–Krasnosel’skii fixed point theorem. A few papers along these lines are Henderson and
Ntouyas [5], Henderson, Ntouyas and Purnaras [6, 7] and Prasad, Sreedhar and Kumar
[14]. In the past, the researchers have focussed and established the existence of positive
solutions of the boundary value problems associated with homogeneous boundary conditions,
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see [3, 13, 2, 12, 9, 18]. However, some works have been carried out in establishing the existence of
positive solutions of the boundary value problems with non-homogeneous boundary conditions,
see [15, 17, 11, 16, 10].
Motivated by the papers mentioned above, in this paper, we determine intervals of the

eigenvalues 𝜆1, 𝜆2, · · · , 𝜆𝑚, which will give guarantee for the existence of positive solutions
of the iterative system of nonlinear 𝑛th order differential equations

𝑦
(𝑛)
𝑖 (𝑡) + 𝜆𝑖𝑝𝑖(𝑡)𝑓𝑖(𝑦𝑖+1(𝑡)) = 0, 1 6 𝑖 6 𝑚, 𝑦𝑚+1(𝑡) = 𝑦1(𝑡), 𝑡 ∈ [0, 1], (1.1)

satisfying three-point non-homogeneous boundary conditions

𝑦𝑖(0) = 𝑦𝑖
′(0) = · · · = 𝑦

(𝑛−2)
𝑖 (0) = 0, 𝛼𝑖𝑦

(𝑛−2)
𝑖 (1) − 𝛽𝑖𝑦

(𝑛−2)
𝑖 (𝜂) = 𝜇𝑖, 1 6 𝑖 6 𝑚, (1.2)

where 𝑛 > 3, 𝜂 ∈ (0, 1) and 𝜇𝑖 ∈ (0,∞) is a parameter for 1 6 𝑖 6 𝑚. Our approach is based
on application of Guo–Krasnosel’skii fixed point theorem on a cone in a Banach space.
Throughout the paper, we assume that the following conditions hold true:

(𝐵1) 𝑓𝑖 : 𝑅+ → 𝑅+ is continuous for 1 6 𝑖 6 𝑚,
(𝐵2) 𝑝𝑖 : [0, 1] → 𝑅+ is continuous and 𝑝𝑖 does not vanish identically on any closed subinterval

of [0, 1] for 1 6 𝑖 6 𝑚,
(𝐵3) 𝛼𝑖 and 𝛽𝑖 are constants such that 𝛼𝑖 > 0 and 𝛽𝑖 ∈ (0, 𝛼𝑖

𝜂
) for 1 6 𝑖 6 𝑚,

(𝐵4) each of

𝑓𝑖0 = lim
𝑥→0+

𝑓𝑖(𝑥)

𝑥
and 𝑓𝑖∞ = lim

𝑥→∞

𝑓𝑖(𝑥)

𝑥
for 1 6 𝑖 6 𝑚 exists as positive real number.

The rest of the paper is organized as follows. In Section 2, we express the solution of the
boundary value problem (1.1)–(1.2) as a solution of an equivalent integral equation involving
kernels and find bounds for the these kernels. In Section 3, we establish the criteria determining
the eigenvalues, for which the boundary value problems (1.1)-(1.2) has at least one positive
solution in a cone; this is done by using the Guo–Krasnosel’skiis fixed point theorem. In Section
4, as an application, we provide some examples to illustrate our results.

2. Kernels and bounds

In this section, we express the solution of the boundary value problem (1.1)-(1.2) into an
equivalent integral equation involving kernels by determining integral equation of 𝑦𝑖 for 1 6
𝑖 6 𝑚 and find bounds for the kernels, which will be needed to establish the main results.

Lemma 2.1. If ℎ(𝑡) ∈ 𝐶([0, 1], 𝑅+), then the boundary value problem

𝑦
(𝑛)
𝑖 (𝑡) + ℎ(𝑡) = 0, 1 6 𝑖 6 𝑚, 𝑡 ∈ [0, 1], (2.1)

with (1.2) has a unique solution and is given by

𝑦𝑖(𝑡) =
𝜇𝑖𝑡

𝑛−1

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
+

1∫︁
0

[︀
𝐺(𝑡, 𝑠) +

𝛽𝑖𝑡
𝑛−1

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

]︀
ℎ(𝑠) 𝑑𝑠, (2.2)

where

𝐺(𝑡, 𝑠) =
1

(𝑛− 1)!

{︃[︀
𝑡𝑛−1(1 − 𝑠) − (𝑡− 𝑠)𝑛−1

]︀
, 0 6 𝑠 6 𝑡 6 1,

𝑡𝑛−1(1 − 𝑠), 0 6 𝑡 6 𝑠 6 1,
(2.3)

and

𝐺1(𝜂, 𝑠) =

{︃
𝑠(1 − 𝜂), 0 6 𝑠 6 𝜂 6 1,

𝜂(1 − 𝑠), 0 6 𝜂 6 𝑠 6 1.
(2.4)



SOLVABILITY OF HIGHER ORDER THREE-POINT ITERATIVE SYSTEMS 109

Proof. Let 𝑦𝑖(𝑡), 1 6 𝑖 6 𝑚, be the solution of boundary value problem (2.1), (1.2). Then an
equivalent integral equation of (2.1) is given by

𝑦𝑖(𝑡) = 𝐶0 + 𝐶1𝑡 + 𝐶2𝑡
2 + · · · + 𝐶𝑛−1𝑡

𝑛−1 − 1

(𝑛− 1)!

𝑡∫︁
0

(𝑡− 𝑠)𝑛−1ℎ(𝑠)𝑑𝑠.

Using the boundary conditions (1.2), we can determine 𝐶𝑗 as

𝐶𝑗 = 0 as 𝑗 = 0, 1, 2, · · · , 𝑛− 2

and

𝐶𝑛−1 =
𝜇𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
+

𝛼𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)

1∫︁
0

(1 − 𝑠)ℎ(𝑠) 𝑑𝑠

− 𝛽𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)

𝜂∫︁
0

(𝜂 − 𝑠)ℎ(𝑠) 𝑑𝑠.

Thus, the unique solution of boundary value problem (2.1), (1.2) is

𝑦𝑖(𝑡) =
𝜇𝑖𝑡

𝑛−1

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
+

1∫︁
0

(︂
𝐺(𝑡, 𝑠) +

𝛽𝑖𝑡
𝑛−1

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

)︂
ℎ(𝑠) 𝑑𝑠.

Lemma 2.2. Assume that the condition (B3) is satisfied. Then the kernels 𝐺(𝑡, 𝑠) and
𝐺1(𝑡, 𝑠) are satisfies the following inequalities:

(i) 𝐺(𝑡, 𝑠) > 0 and 𝐺1(𝑡, 𝑠) > 0 for all 𝑡, 𝑠 ∈ [0, 1],
(ii) 𝐺(𝑡, 𝑠) 6 𝐺(1, 𝑠) for all 𝑡, 𝑠 ∈ [0, 1],

(iii) 𝐺(𝑡, 𝑠) > 1
4𝑛−1𝐺(1, 𝑠) for all 𝑡 ∈ 𝐼 and 𝑠 ∈ [0, 1], where 𝐼 =

[︁
1
4
, 3
4

]︁
.

Proof. We prove the inequality (𝑖). For 0 6 𝑠 6 𝑡 6 1, then we have

𝐺(𝑡, 𝑠) =
1

(𝑛− 1)!
(𝑡𝑛−1(1 − 𝑠) − (𝑡− 𝑠)𝑛−1) >

1

(𝑛− 1)!
(𝑡𝑛−1(1 − 𝑠) − (𝑡− 𝑠𝑡)𝑛−1)

=
𝑡𝑛−1

(𝑛− 1)!
((1 − 𝑠) − (1 − 𝑠)𝑛−1) > 0

and

𝐺1(𝑡, 𝑠) = 𝑠(1 − 𝑡) > 0.

For 0 6 𝑡 6 𝑠 6 1, then we have

𝐺(𝑡, 𝑠) =
𝑡𝑛−1(1 − 𝑠)

(𝑛− 1)!
> 0

and

𝐺1(𝑡, 𝑠) = 𝑡(1 − 𝑠) > 0.

Now, we prove the inequality (𝑖𝑖). For 0 6 𝑠 6 𝑡 6 1, then we have

𝜕

𝜕𝑡
𝐺(𝑡, 𝑠) =

1

(𝑛− 2)!

(︀
𝑡𝑛−2(1 − 𝑠) − (𝑡− 𝑠)𝑛−2

)︀
>

𝑡𝑛−2

(𝑛− 2)!

(︀
(1 − 𝑠) − (1 − 𝑠)𝑛−2

)︀
> 0.
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For 0 6 𝑡 6 𝑠 6 1, then we have

𝜕

𝜕𝑡
𝐺(𝑡, 𝑠) =

𝑡𝑛−2

(𝑛− 2)!
(1 − 𝑠) > 0.

Therefore, 𝐺(𝑡, 𝑠) is increasing in 𝑡, which implies that 𝐺(𝑡, 𝑠) 6 𝐺(1, 𝑠).
We proceed to proving inequality (iii). Hence, as 0 6 𝑠 6 𝑡 6 1 and 𝑡 ∈ 𝐼, we have

𝐺(𝑡, 𝑠) =
1

(𝑛− 1)!

(︀
𝑡𝑛−1(1 − 𝑠) − (𝑡− 𝑠)𝑛−1

)︀
>

𝑡𝑛−1

(𝑛− 1)!

(︀
(1 − 𝑠) − (1 − 𝑠)𝑛−1

)︀
>

1

4𝑛−1
𝐺(1, 𝑠).

As 0 6 𝑡 6 𝑠 6 1 and 𝑡 ∈ 𝐼 we then get

𝐺(𝑡, 𝑠) =
𝑡𝑛−1

(𝑛− 1)!
(1 − 𝑠) >

1

4𝑛−1
𝐺(1, 𝑠).

We note that an 𝑚-tuple (𝑦1(𝑡), 𝑦2(𝑡), · · · , 𝑦𝑚(𝑡)) is a solution of the boundary value problem
(1.1)-(1.2) if and only if 𝑦𝑖(𝑡) satisfies the following equations

𝑦𝑖(𝑡) =
𝜇𝑖𝑡

𝑛−1

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)

+ 𝜆𝑖

1∫︁
0

[︁
𝐺(𝑡, 𝑠) +

𝛽𝑖𝑡
𝑛−1

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

]︁
𝑝𝑖(𝑠)𝑓𝑖(𝑦𝑖+1(𝑠))𝑑𝑠, 1 6 𝑖 6 𝑚, 𝑡 ∈ [0, 1],

and

𝑦𝑚+1(𝑡) = 𝑦1(𝑡), 𝑡 ∈ [0, 1],

so that, in particular,

𝑦1(𝑡) =
𝜇1𝑡

𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︁
𝐺(𝑡, 𝑠1) +

𝛽1𝑡
𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︁
𝑝1(𝑠1)

𝑓1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︁
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
𝐺1(𝜂, 𝑠2)

)︁
𝑝2(𝑠2)

· · · 𝑓𝑚−1

(︂
𝜇𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︁
𝐺(𝑠𝑚−1, 𝑠𝑚) +

𝛽𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︁

𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚

)︂
· · · 𝑑𝑠2

)︃
𝑑𝑠1.

The following Guo–Krasnosel’skii fixed point theorem is a fundamental tool to establish our
main results.

Theorem 2.1. [1, 4, 8] Let 𝐵 be a Banach space, 𝑃 ⊆ 𝐵 be a cone and suppose that Ω1,Ω2

are open subsets of 𝐵 with 0 ∈ Ω1 and Ω1 ⊂ Ω2. Suppose further that 𝑇 : 𝑃 ∩ (Ω2 ∖ Ω1) → 𝑃
is completely continuous operator such that either



SOLVABILITY OF HIGHER ORDER THREE-POINT ITERATIVE SYSTEMS 111

(i) ‖𝑇𝑦‖ 6 ‖𝑦‖, 𝑦 ∈ 𝑃 ∩ 𝜕Ω1, and ‖𝑇𝑦‖> ‖𝑦‖, 𝑦 ∈ 𝑃 ∩ 𝜕Ω2,

or

(ii) ‖𝑇𝑦‖ > ‖𝑦‖, 𝑦 ∈ 𝑃 ∩ 𝜕Ω1, and ‖𝑇𝑦‖ 6 ‖𝑦‖, 𝑦 ∈ 𝑃 ∩ 𝜕Ω2.

Then 𝑇 has a fixed point in 𝑃 ∩ (Ω2 ∖ Ω1).

3. Positive solutions in a cone

In this section, we establish a criteria to determine the eigenvalues, for which the iterative
system of three-point non-homogeneous boundary value problem (1.1)–(1.2) has at least one
positive solution in a cone.
Let 𝐵 =

{︀
𝑥 : 𝑥 ∈ 𝐶[0, 1]

}︀
be the Banach space equipped with the norm

‖𝑥‖ = max
𝑡∈[0,1]

|𝑥(𝑡)|.

Define a cone 𝑃 ⊂ 𝐵 by

𝑃 =

{︂
𝑥 ∈ 𝐵 : 𝑥(𝑡) > 0 on 𝑡 ∈ [0, 1] and min

𝑡∈𝐼
𝑥(𝑡) >

1

4𝑛−1
‖𝑥(𝑡)‖

}︂
.

We define an operator 𝑇 : 𝑃 → 𝐵 for 𝑦1 ∈ 𝑃 by

𝑇𝑦1(𝑡) =
𝜇1𝑡

𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︁
𝐺(𝑡, 𝑠1) +

𝛽1𝑡
𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︁
𝑝1(𝑠1)

𝑓1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
𝐺1(𝜂, 𝑠2)

)︂

𝑝2(𝑠2) · · · 𝑓𝑚−1

(︂
𝜇𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚)

+
𝛽𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚

)︂
· · · 𝑑𝑠2

)︃
𝑑𝑠1.

(3.1)

Lemma 3.1. The operator 𝑇 : 𝑃 → 𝐵 is a self map on 𝑃 .

Proof. From the positivity of the kernels 𝐺(𝑡, 𝑠) and 𝐺1(𝑡, 𝑠) in Lemma 2.2 that for 𝑦1 ∈ 𝑃,
𝑇𝑦1(𝑡) > 0 on 𝑡 ∈ [0, 1]. Also, for 𝑦1 ∈ 𝑃, and by Lemma 2.2, we have

𝑇𝑦1(𝑡) =
𝜇1𝑡

𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︂
𝐺(𝑡, 𝑠1) +

𝛽1𝑡
𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂

𝑝1(𝑠1)𝑓1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)

𝐺1(𝜂, 𝑠2)

)︂
𝑝2(𝑠2) · · · 𝑓𝑚−1

(︂
𝜇𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚)

+
𝛽𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚

)︂
· · · 𝑑𝑠2

)︂
𝑑𝑠1
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6
𝜇1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︂
𝐺(1, 𝑠1) +

𝛽1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂

𝑝1(𝑠1)𝑓1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)

𝐺1(𝜂, 𝑠2)

)︂
𝑝2(𝑠2) · · · 𝑓𝑚−1

(︂
𝜇𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚)

+
𝛽𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚)) 𝑑𝑠𝑚

)︂
· · · 𝑑𝑠2

)︃
𝑑𝑠1,

so that,

‖𝑇𝑦1(𝑡)‖ 6
𝜇1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︂
𝐺(1, 𝑠1) +

𝛽1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂

𝑝1(𝑠1)𝑓1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)

𝐺1(𝜂, 𝑠2)

)︂
𝑝2(𝑠2) · · · 𝑓𝑚−1

(︂
𝜇𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚)

+
𝛽𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚)) 𝑑𝑠𝑚

)︂
· · · 𝑑𝑠2

)︃
𝑑𝑠1.

Further, if 𝑦1 ∈ 𝑃, we have from Lemma 2.2 and the above inequalities that

min
𝑡∈𝐼

(𝑇𝑦1)(𝑡) = min
𝑡∈𝐼

{︃
𝜇1𝑡

𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︂
𝐺(𝑡, 𝑠1) +

𝛽1𝑡
𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂

𝑝1(𝑠1)𝑓1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
𝐺1(𝜂, 𝑠2)

)︂

𝑝2(𝑠2) · · · 𝑓𝑚−1

(︂
𝜇𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚)+

𝛽𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚

)︂
· · · 𝑑𝑠2

)︃
𝑑𝑠1

}︃

>
1

4𝑛−1

(︃
𝜇1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︂
𝐺(1, 𝑠1) +

𝛽1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂

𝑝1(𝑠1)𝑓1

(︂
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
𝐺1(𝜂, 𝑠2)

)︂
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𝑝2(𝑠2) · · · 𝑓𝑚−1

(︂
𝜇𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚)+

𝛽𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚

)︂
· · · 𝑑𝑠2

)︂
𝑑𝑠1

)︃

>
1

4𝑛−1
‖𝑇𝑦1(𝑡)‖.

Therefore, 𝑇 : 𝑃 → 𝑃 and this completes the proof.

Next, by an applications of the Arzela-Ascoli theorem, one can easily prove the operator 𝑇 is
completely continuous.
Now, we seek suitable fixed point of the operator 𝑇 belonging to the cone 𝑃 . To prove our

result, we define positive numbers 𝐹1, 𝐹2, 𝐹3 and 𝐹4 by the formulae

𝐹1 = max
16𝑖6𝑚

{︃(︃
𝑓𝑖∞

42𝑛−2

∫︁
𝑠∈𝐼

(︂
𝐺(1, 𝑠) +

𝛽𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

)︂
𝑝𝑖(𝑠) 𝑑𝑠

)︃−1}︃
, (3.2)

𝐹2 = min
16𝑖6𝑚

{︃
1

2

(︃
𝑓𝑖0

1∫︁
0

(︂
𝐺(1, 𝑠) +

𝛽𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

)︂
𝑝𝑖(𝑠) 𝑑𝑠

)︃−1}︃
, (3.3)

𝐹3 = max
16𝑖6𝑚

{︃(︃
𝑓𝑖0

42𝑛−2

∫︁
𝑠∈𝐼

(︂
𝐺(1, 𝑠) +

𝛽𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

)︂
𝑝𝑖(𝑠) 𝑑𝑠

)︃−1}︃
(3.4)

𝐹4 = min
16𝑖6𝑚

{︃
1

2

(︃
𝑓𝑖∞

1∫︁
0

(︂
𝐺(1, 𝑠) +

𝛽𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

)︂
𝑝𝑖(𝑠) 𝑑𝑠

)︃−1}︃
. (3.5)

Theorem 3.1. Assume that the conditions (B1)–(B4) are satisfied. Then, for each
𝜆1, 𝜆2, · · · , 𝜆𝑚 satisfying either

𝐹1 < 𝜆1 < 𝐹2, 𝐹1 < 𝜆2 < 𝐹2, · · · , 𝐹1 < 𝜆𝑚 < 𝐹2, (3.6)

or

𝐹3 < 𝜆1 < 𝐹4, 𝐹3 < 𝜆2 < 𝐹4, · · · , 𝐹3 < 𝜆𝑚 < 𝐹4, (3.7)

there exists an 𝑚-tuple (𝑦1, 𝑦2, · · · , 𝑦𝑚) satisfying (1.1)–(1.2) such that 𝑦𝑖(𝑡) > 0 on (0, 1) and
𝜇𝑖 ∈ (0,∞) is sufficiently small for 1 6 𝑖 6 𝑚.

Proof. Let 𝜆𝑖, 1 6 𝑖 6 𝑚, be given as in (3.6). Let 𝜖 > 0 be chosen such that

max
16𝑖6𝑚

{︃(︃
𝑓𝑖∞ − 𝜖

42𝑛−2

∫︁
𝑠∈𝐼

[︁
𝐺(1, 𝑠) +

𝛽𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

]︁
𝑝𝑖(𝑠)𝑑𝑠

)︃−1}︃
6 min{𝜆1, 𝜆2, · · · , 𝜆𝑚}

and

max{𝜆1, 𝜆2, · · · , 𝜆𝑚}

6 min
16𝑖6𝑚

{︃
1

2

(︃
(𝑓𝑖0 + 𝜖)

1∫︁
0

(︂
𝐺(1, 𝑠) +

𝛽𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

)︂
𝑝𝑖(𝑠) 𝑑𝑠

)︃−1}︃
.
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Now, we seek a fixed point of the completely continuous operator 𝑇 : 𝑃 → 𝑃 defined by (3.1).
By the definition of 𝑓𝑖0, 1 6 𝑖 6 𝑚, there exists an 𝐻1 > 0 such that, for each 1 6 𝑖 6 𝑚, the
inequality

𝑓𝑖(𝑥) 6 (𝑓𝑖0 + 𝜖)𝑥, 0 < 𝑥 6 𝐻1,

holds true.
Let 𝜇𝑖, 1 6 𝑖 6 𝑚, be such that

0 < 𝜇𝑖 6
(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)𝐻1

2
.

Let 𝑦1 ∈ 𝑃 with ‖𝑦1‖ = 𝐻1. By Lemma 2.2 and the choice of 𝜖, for 0 6 𝑠𝑚−1 6 1 we have

𝜇𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚) +

𝛽𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚)) 𝑑𝑠𝑚

6
𝜇𝑚

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(1, 𝑠𝑚) +

𝛽𝑚

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)(𝑓𝑚0 + 𝜖)𝑦1(𝑠𝑚) 𝑑𝑠𝑚

6
𝐻1

2
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(1, 𝑠𝑚) +

𝛽𝑚

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑑𝑠𝑚(𝑓𝑚0 + 𝜖)‖𝑦1‖

6
𝐻1

2
+

𝐻1

2
= 𝐻1.

In the same way, it follows from Lemma 2.2 and the choice of 𝜖 that, for 0 6 𝑠𝑚−2 6 1,

𝜇𝑚−1𝑠
𝑛−1
𝑚−2

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)
+ 𝜆𝑚−1

1∫︁
0

(︂
𝐺(𝑠𝑚−2, 𝑠𝑚−1) +

𝛽𝑚−1𝑠
𝑛−1
𝑚−2

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)

𝐺1(𝜂, 𝑠𝑚−1)

)︂
𝑝𝑚−1(𝑠𝑚−1)𝑓𝑚−1

(︃
𝜇𝑠𝑛−1

𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚)

+
𝛽𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚

)︃
𝑑𝑠𝑚−1

6
𝜇𝑚−1

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)
+ 𝜆𝑚−1

1∫︁
0

(︂
𝐺(1, 𝑠𝑚−1) +

𝛽𝑚−1

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)

𝐺1(𝜂, 𝑠𝑚−1)

)︂
𝑝𝑚−1(𝑠𝑚−1)𝑑𝑠𝑚−1(𝑓𝑚−1,0 + 𝜖)𝐻1

6
𝐻1

2
+

𝐻1

2
= 𝐻1.

Continuing with this bootstrapping argument, we have, for 0 6 𝑡 6 1,

𝜇1𝑡
𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︂
𝐺(𝑡, 𝑠1) +

𝛽1𝑡
𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂
𝑝1(𝑠1)
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𝑓1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
𝐺1(𝜂, 𝑠2)

)︂
𝑝2(𝑠2)

· · · 𝑓𝑚−1

(︂
𝜇𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚) +

𝛽𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)

𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚

)︂
· · · 𝑑𝑠2

)︃
𝑑𝑠1 6 𝐻1,

so that for 0 6 𝑡 6 1,

𝑇 𝑦1(𝑡) 6 𝐻1.

Hence, ‖𝑇𝑦1‖ 6 𝐻1 = ‖𝑦1‖. If we let

Ω1 =
{︀
𝑥 ∈ 𝐵 : ‖𝑥‖ < 𝐻1

}︀
,

then

‖𝑇𝑦1‖ 6 ‖𝑦1‖ for 𝑦1 ∈ 𝑃 ∩ 𝜕Ω1. (3.8)

By the definitions of 𝑓𝑖∞, 1 6 𝑖 6 𝑚, there exists 𝐻2 > 0, such that, for each 1 6 𝑖 6 𝑚,

𝑓𝑖(𝑥) > (𝑓𝑖∞ − 𝜖)𝑥, 𝑥 > 𝐻2.

Let

𝐻2 = max
{︁

2𝐻1, 4
𝑛−1𝐻̄2

}︁
.

We choose 𝑦1 ∈ 𝑃 and ‖𝑦1‖ = 𝐻2. Then

min
𝑡∈𝐼

𝑦1(𝑡) >
1

4𝑛−1
‖𝑦1‖ > 𝐻2.

By Lemma 2.2 and the choice of 𝜖, for 1
4
6 𝑠𝑚−1 6 3

4
, we have:

𝜇𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚) +

𝛽𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑚𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚)) 𝑑𝑠𝑚

> 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚) +

𝛽𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚)) 𝑑𝑠𝑚

>
1

4𝑛−1
𝜆𝑚

∫︁
𝑠∈𝐼

(︂
𝐺(1, 𝑠𝑚) +

𝛽𝑚

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)(𝑓𝑚∞ − 𝜖)𝑦1(𝑠𝑚) 𝑑𝑠𝑚

>
1

42𝑛−2
𝜆𝑚

∫︁
𝑠∈𝐼

(︂
𝐺(1, 𝑠𝑚) +

𝛽𝑚

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚) 𝑑𝑠𝑚(𝑓𝑚∞ − 𝜖)‖𝑦1‖

> ‖𝑦1‖ = 𝐻2.

In the same way, it follows from Lemma 2.2 and the choice of 𝜖, that for 1
4
6 𝑠𝑚−1 6 3

4
, we have

𝜇𝑚−1𝑠
𝑛−1
𝑚−2

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)
+ 𝜆𝑚−1

1∫︁
0

(︂
𝐺(𝑠𝑚−2, 𝑠𝑚−1) +

𝛽𝑚−1𝑠
𝑛−1
𝑚−2

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)
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𝐺1(𝜂, 𝑠𝑚−1)

)︂
𝑝𝑚−1(𝑠𝑚−1)𝑓𝑚−1

(︃
𝜇𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚)

+
𝛽𝑚−1𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚

)︃
𝑑𝑠𝑚−1

>
1

4𝑛−1
𝜆𝑚−1

∫︁
𝑠∈𝐼

(︂
𝐺(1, 𝑠𝑚−1) +

𝛽𝑚−1

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)
𝐺1(𝜂, 𝑠𝑚−1)

)︂
𝑝𝑚−1(𝑠𝑚−1)𝑑𝑠𝑚−1(𝑓𝑚−1,∞ − 𝜖)𝐻2

>
1

42𝑛−2
𝜆𝑚−1

∫︁
𝑠∈𝐼

(︂
𝐺(1, 𝑠𝑚−1) +

𝛽𝑚−1

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)
𝐺1(𝜂, 𝑠𝑚−1)

)︂
𝑝𝑚−1(𝑠𝑚−1)𝑑𝑠𝑚−1(𝑓𝑚−1,∞ − 𝜖)𝐻2 > 𝐻2.

Proceeding as above, we get:

𝜇1𝑡
𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︂
𝐺(𝑡, 𝑠1) +

𝛽1𝑡
𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂
𝑝1(𝑠1)

𝑓1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
𝐺1(𝜂, 𝑠2)

)︂
𝑝2(𝑠2)

· · · 𝑓𝑚−1

(︃
𝜇𝑚𝑠

𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚−1 − 𝜂𝛽𝑚−1)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚) +

𝛽𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)

𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚

)︃
· · · 𝑑𝑠2

)︃
𝑑𝑠1 > 𝐻2,

so that, for 0 6 𝑡 6 1,

𝑇 𝑦1(𝑡) > 𝐻2 = ‖𝑦1‖.
Hence, ‖𝑇𝑦1‖ > ‖𝑦1‖. If we let

Ω2 =
{︀
𝑥 ∈ 𝐵 : ‖𝑥‖ < 𝐻2

}︀
,

then

‖𝑇𝑦1‖ > ‖𝑦1‖, for 𝑦1 ∈ 𝑃 ∩ 𝜕Ω2. (3.9)

Applying Theorem 2.1 to (3.8) and (3.9), we obtain that 𝑇 has a fixed point 𝑦1 ∈ 𝑃 ∩ (Ω̄2 ∖Ω1).
Since 𝑦𝑚+1 = 𝑦1, we obtain a positive solution (𝑦1, 𝑦2, · · · , 𝑦𝑚) of (1.1)–(1.2) given iteratively
by

𝑦𝑖(𝑡) =
𝜇𝑖𝑡

𝑛−1

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
+ 𝜆𝑖

1∫︁
0

(︂
𝐺(𝑡, 𝑠) +

𝛽𝑖𝑡
𝑛−1

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

)︂
𝑝𝑖(𝑠)𝑓𝑖(𝑦𝑖+1(𝑠))𝑑𝑠,

as 𝑖 = 𝑚,𝑚− 1, · · · , 1.
Let 𝜆𝑖, 1 6 𝑖 6 𝑚, be given as in (3.7) and let 𝜖 > 0 be chosen such that

max
16𝑖6𝑚

{︃(︃
𝑓𝑖0 − 𝜖

42𝑛−2

∫︁
𝑠∈𝐼

(︂
𝐺(1, 𝑠) +

𝛽𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

)︂
𝑝𝑖(𝑠) 𝑑𝑠

)︃−1}︃
6 min{𝜆1, 𝜆2, · · · , 𝜆𝑚}
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and

max{𝜆1, 𝜆2, · · · , 𝜆𝑚}

6 min
16𝑖6𝑚

{︃
1

2

(︃ 1∫︁
0

(︂
𝐺(1, 𝑠) +

𝛽𝑖

(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠)

)︂
𝑝𝑖(𝑠) 𝑑𝑠(𝑓𝑖∞ + 𝜖)

)︃−1}︃
.

We seek fixed point of the completely continuous operator 𝑇 : 𝑃 → 𝑃 defined in (3.1). By the
definition of 𝑓𝑖0, 1 6 𝑖 6 𝑚, there exists an 𝐻3 > 0 such that, for each 1 6 𝑖 6 𝑚,

𝑓𝑖(𝑥) > (𝑓𝑖0 − 𝜖)𝑥, 0 < 𝑥 6 𝐻3.

Also, it follows from the definition of 𝑓𝑖0 that 𝑓𝑖0 = 0, 1 6 𝑖 6 𝑚, and so there exists 0 < 𝑙𝑚 <
𝑙𝑚−1 < · · · < 𝑙2 < 𝐻3 such that

𝜆𝑖𝑓𝑖(𝑥) 6
𝑙𝑖−1

2
1∫︀
0

(︂
𝐺(1, 𝑠𝑚) + 𝛽𝑖

(𝑛−1)!(𝛼𝑖−𝜂𝛽𝑖)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑖(𝑠) 𝑑𝑠

, 𝑥 ∈ [0, 𝑙𝑖],

0 < 𝜇𝑖 <
(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)𝑙𝑖−1

2
for 3 6 𝑖 6 𝑚,

and

𝜆2𝑓2(𝑥) 6
𝐻3

2
1∫︀
0

(︂
𝐺(1, 𝑠𝑚) + 𝛽2

(𝑛−1)!(𝛼2−𝜂𝛽2)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝2(𝑠) 𝑑𝑠

, 𝑥 ∈ [0, 𝑙2],

0 < 𝜇2 <
(𝑛− 1)!(𝛼2 − 𝜂𝛽2)𝐻3

2
.

Choose 𝑦1 ∈ 𝑃 with ‖𝑦1‖ = 𝑙𝑚. Then we have

𝜇𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(𝑠𝑚−1, 𝑠𝑚) +

𝛽𝑚𝑠
𝑛−1
𝑚−1

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)

𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚

6
𝜇𝑚

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
+ 𝜆𝑚

1∫︁
0

(︂
𝐺(1, 𝑠𝑚) +

𝛽𝑚

(𝑛− 1)!(𝛼𝑚 − 𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑝𝑚(𝑠𝑚)𝑓𝑚(𝑦1(𝑠𝑚)) 𝑑𝑠𝑚

6
𝑙𝑚−1

2
+

1∫︀
0

(︂
𝐺(1, 𝑠𝑚) + 𝛽𝑚

(𝑛−1)!(𝛼𝑚−𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

)︂
𝑙𝑚−1𝑝𝑚(𝑠𝑚)𝑑𝑠𝑚

2
1∫︀
0

[︁
𝐺(1, 𝑠𝑚) + 𝛽𝑚

(𝑛−1)!(𝛼𝑚−𝜂𝛽𝑚)
𝐺1(𝜂, 𝑠𝑚)

]︁
𝑝𝑚(𝑠𝑚)𝑑𝑠𝑚

6 𝑙𝑚−1.

Continuing as above, we get:

𝜇2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
𝐺1(𝜂, 𝑠2)

)︂
𝑝2(𝑠2)

𝑓2

(︃
𝜇3𝑠

𝑛−1
2

(𝑛− 1)!(𝛼3 − 𝜂𝛽3)
+ 𝜆3

1∫︁
0

(︂
𝐺(𝑠2, 𝑠3) +

𝛽3𝑠
𝑛−1
2

(𝑛− 1)!(𝛼3 − 𝜂𝛽3)
𝐺1(𝜂, 𝑠3)

)︂
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𝑝3(𝑠3) · · · 𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚 · · · 𝑑𝑠3

)︃
𝑑𝑠2 6 𝐻3.

Then,

𝑇𝑦1(𝑡) =
𝜇1𝑡

𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︂
𝐺(𝑡, 𝑠1) +

𝛽1𝑡
𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂

𝑝1(𝑠1)𝑓1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)

𝐺1(𝜂, 𝑠2)

)︂
𝑝2(𝑠2) · · · 𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚 · · · 𝑑𝑠2

)︃
𝑑𝑠1

>
(𝑓10 − 𝜖)‖𝑦1‖

42𝑛−2
𝜆1

∫︁
𝑠∈𝐼

(︂
𝐺(1, 𝑠1) +

𝛽1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂
𝑝1(𝑠1) 𝑑𝑠1

>‖𝑦1‖.

So, ‖𝑇𝑦1‖ > ‖𝑦1‖. We let

Ω1 =
{︀
𝑥 ∈ 𝐵 : ‖𝑥‖ < 𝑙𝑚

}︀
,

then

‖𝑇𝑦1‖ > ‖𝑦1‖ for 𝑦1 ∈ 𝑃 ∩ 𝜕Ω1. (3.10)

Since each 𝑓𝑖∞ is assumed to be a positive real number, it follows that 𝑓𝑖, 1 6 𝑖 6 𝑚, is
unbounded at ∞. For each 1 6 𝑖 6 𝑚, let

𝑓 *
𝑖 (𝑥) = sup

06𝑠6𝑥
𝑓𝑖(𝑠).

Then, it is straightforward that, for each 1 6 𝑖 6 𝑚, 𝑓 *
𝑖 (𝑥) is a non-decreasing real-valued

function, 𝑓𝑖 6 𝑓 *
𝑖 and

lim
𝑥→∞

𝑓 *
𝑖 (𝑥)

𝑥
= 𝑓𝑖∞.

By the definition of 𝑓𝑖∞, 1 6 𝑖 6 𝑚, there exists 𝐻4 such that, for each 1 6 𝑖 6 𝑚,

𝑓 *
𝑖 (𝑥) 6 (𝑓𝑖∞ + 𝜖)𝑥, 𝑥 > 𝐻4.

This implies that there exists 𝐻4 > max
{︀

2𝐻3, 𝐻4

}︁
such that, for each 1 6 𝑖 6 𝑚,

𝑓 *
𝑖 (𝑥) 6 𝑓 *

𝑖 (𝐻4), 0 < 𝑥 6 𝐻4.

Let 𝜇𝑖, 1 6 𝑖 6 𝑚, satisfy

0 < 𝜇𝑖 <
(𝑛− 1)!(𝛼𝑖 − 𝜂𝛽𝑖)𝐻4

2
.

We choose 𝑦1 ∈ 𝑃 with ‖𝑦1‖ = 𝐻4. Then, using the above bootstrapping argument, we obtain

𝑇𝑦1(𝑡) =
𝜇1𝑡

𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︂
𝐺(𝑡, 𝑠1) +

𝛽1𝑡
𝑛−1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂

𝑝1(𝑠1)𝑓1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
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𝐺1(𝜂, 𝑠2)

)︂
𝑝2(𝑠2) · · · 𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚 · · · 𝑑𝑠2

)︃
𝑑𝑠1

6
𝜇1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
+ 𝜆1

1∫︁
0

(︂
𝐺(𝑡, 𝑠1) +

𝛽1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂

𝑝1(𝑠1)𝑓
*
1

(︃
𝜇2𝑠

𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)
+ 𝜆2

1∫︁
0

(︂
𝐺(𝑠1, 𝑠2) +

𝛽2𝑠
𝑛−1
1

(𝑛− 1)!(𝛼2 − 𝜂𝛽2)

𝐺1(𝜂, 𝑠2)

)︂
𝑝2(𝑠2) · · · 𝑓𝑚(𝑦1(𝑠𝑚))𝑑𝑠𝑚 · · · 𝑑𝑠2

)︃
𝑑𝑠1

6
𝐻4

2
+ 𝜆1

1∫︁
0

(︂
𝐺(1, 𝑠1) +

𝛽1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂
𝑝1(𝑠1)𝑓

*
1 (𝐻4) 𝑑𝑠1

6
𝐻4

2
+ 𝜆1(𝑓1∞ + 𝜖)𝐻4

1∫︁
0

(︂
𝐺(1, 𝑠1) +

𝛽1

(𝑛− 1)!(𝛼1 − 𝜂𝛽1)
𝐺1(𝜂, 𝑠1)

)︂
𝑝1(𝑠1) 𝑑𝑠1

6
𝐻4

2
+

𝐻4

2
= 𝐻4.

Hence, ‖𝑇𝑦1‖ 6 ‖𝑦1‖. So, if we set

Ω2 =
{︀
𝑥 ∈ 𝐵 : ‖𝑥‖ < 𝐻4

}︀
,

then

‖𝑇𝑦1‖ 6 ‖𝑦1‖, for 𝑦1 ∈ 𝑃 ∩ 𝜕Ω2. (3.11)

Applying Theorem 2.1 to (3.10) and (3.11), we obtain that 𝑇 has a fixed point 𝑦1 ∈ 𝑃∩(Ω̄2∖Ω1).
In view of the identity 𝑦𝑚+1 = 𝑦1 this yields that the 𝑚-tuple (𝑦1, 𝑦2, · · · , 𝑦𝑚) satisfies boundary
value problem (1.1)-(1.2) for the values 𝜆𝑖, 1 6 𝑖 6 𝑚. The proof is complete.

4. Examples

Here we consider two examples demonstrating our results.

Example 1. Consider the iterative system of third order three-point non-homogeneous boundary
value problem

𝑦′′′1 + 𝜆1𝑓1(𝑦2(𝑡)) = 0, 𝑡 ∈ [0, 1],

𝑦′′′2 + 𝜆2𝑓2(𝑦3(𝑡)) = 0, 𝑡 ∈ [0, 1],

𝑦′′′3 + 𝜆3𝑓3(𝑦1(𝑡)) = 0, 𝑡 ∈ [0, 1],

(4.1)

𝑦1(0) = 0, 𝑦′1(0) = 0, 2𝑦′1(1) − 3𝑦′1

(︂
1

2

)︂
= 𝜇1,

𝑦2(0) = 0, 𝑦′2(0) = 0, 3𝑦′2(1) − 4𝑦′2

(︂
1

2

)︂
= 𝜇2,

𝑦3(0) = 0, 𝑦′3(0) = 0, 3𝑦′3(1) − 2𝑦′3

(︂
1

2

)︂
= 𝜇3,

(4.2)

where

𝑓1(𝑦2) = 𝑦2(476.5 − 468.7𝑒−𝑦2)(210 − 202.7𝑒−3𝑦2),
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𝑓2(𝑦3) = 𝑦3(872.5 − 867.2𝑒−5𝑦3)(162 − 149.5𝑒−2𝑦3),

𝑓3(𝑦1) = 𝑦1(374.6 − 366.5𝑒−3𝑦1)(250 − 238.5𝑒−2𝑦1).

and

𝑝1(𝑡) = 𝑝2(𝑡) = 𝑝3(𝑡) = 1.

The kernels 𝐺(𝑡, 𝑠) and 𝐺1(𝑡, 𝑠) are

𝐺(𝑡, 𝑠) =
1

2

{︃
𝑡2(1 − 𝑠) − (𝑡− 𝑠)2, 0 6 𝑠 6 𝑡 6 1,

𝑡2(1 − 𝑠), 0 6 𝑡 6 𝑠 6 1,

and

𝐺1

(︀1

2
, 𝑠
)︀

=

⎧⎪⎨⎪⎩
𝑠

2
, 0 6 𝑠 6

1

2
6 1,

(1 − 𝑠)

2
, 0 6

1

2
6 𝑠 6 1.

By direct calculation, we find that

𝑓10 =56.94, 𝑓20 = 66.25, 𝑓30 = 93.15,

𝑓1∞ =100065, 𝑓2∞ = 141345, 𝑓3∞ = 93650,

𝐹1 = max

{︃(︃
1

256

0.75∫︁
0.25

(︂
𝐺(1, 𝑠) + 3𝐺1

(︀1

2
, 𝑠
)︀)︂

𝑑𝑠(100065)

)︃−1

,

(︃
1

256

0.75∫︁
0.25

(︂
𝐺(1, 𝑠) + 2𝐺1

(︀1

2
, 𝑠
)︀)︂

𝑑𝑠(141345)

)︃−1

,

(︃
1

256

0.75∫︁
0.25

(︂
𝐺(1, 𝑠) + (0.5)𝐺1

(︀1

2
, 𝑠
)︀)︂

𝑑𝑠(93650)

)︃−1}︃

= max
{︁

0.0031692, 0.0032499, 0.0149956
}︁

=0.0149956

𝐹2 = min
{︁

0.019158895, 0.022641543, 0.0368069256
}︁

= 0.019158895.

Applying Theorem 3.1, we get an optimal eigenvalue interval 0.0149956 < 𝜆𝑖 < 0.019158895,
𝑖 = 1, 2, 3 for which the boundary value problem (4.1)–(4.2) has at least one positive solution
by choosing 𝜇1, 𝜇2 and 𝜇3 are sufficiently small.

Example 2. Here we consider the iterative system of third order three-point non-homogeneous
boundary value problem

𝑦′′′1 + 𝜆1𝑓1(𝑦2(𝑡)) = 0, 𝑡 ∈ [0, 1],

𝑦′′′2 + 𝜆2𝑓2(𝑦3(𝑡)) = 0, 𝑡 ∈ [0, 1],

𝑦′′′3 + 𝜆3𝑓3(𝑦1(𝑡)) = 0, 𝑡 ∈ [0, 1],

(4.3)
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𝑦1(0) = 0, 𝑦′1(0) = 0, 2𝑦′1(1) − 3𝑦′1

(︂
1

2

)︂
= 𝜇1,

𝑦2(0) = 0, 𝑦′2(0) = 0, 3𝑦′2(1) − 4𝑦′2

(︂
1

2

)︂
= 𝜇2,

𝑦3(0) = 0, 𝑦′3(0) = 0, 3𝑦′3(1) − 2𝑦′3

(︂
1

2

)︂
= 𝜇3,

(4.4)

where

𝑓1(𝑦2) = 𝑦2(11 + 1001𝑒−2𝑦2)(11 + 1101𝑒−4𝑦2),

𝑓2(𝑦3) = 𝑦3(21 + 1011𝑒−3𝑦1)(21 + 1111𝑒−5𝑦3),

𝑓3(𝑦1) = 𝑦1(31 + 1021𝑒−4𝑦1)(31 + 1121𝑒−6𝑦1),

and

𝑝1(𝑡) = 𝑝2(𝑡) = 𝑝3(𝑡) = 1.

By direct calculation, we find that

𝑓10 = 1125344, 𝑓20 = 1168224, 𝑓30 = 1211904,

𝑓1∞ = 121, 𝑓2∞ = 441, 𝑓3∞ = 961,

𝐹3 = max
{︁

0.00028178, 0.0003932, 0.00115891
}︁

= 0.00115891,

𝐹4 = min
{︁

0.009015, 0.0034013, 0.0035676
}︁

= 0.0034013.

Applying Theorem 3.1, we get an optimal eigenvalue interval 0.00115891 < 𝜆𝑖 < 0.0034013,
𝑖 = 1, 2, 3 for which boundary value problem (4.3)-(4.4) has at least one positive solution once
𝜇1, 𝜇2 and 𝜇3 are sufficiently small.
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