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GROWTH OF SUBHARMONIC FUNCTIONS ALONG LINE
AND DISTRIBUTION OF THEIR RIESZ MEASURES

A.E. SALIMOVA, B.N. KHABIBULLIN

Abstract. Let u # —oo and M # —oo be two subharmonic functions on a complex plane
C with Riesz measures v, and p s, respectively, such that u(z) < O(]z]) and M(z) < O(|z|)
as z — 00, and ¢ is some positive continuous function on a real axis R, and mes is a linear
Lebesgue measure on R. We assume that the following condition for the growth of function
u along the imaginary axis iR of the form

2
1 .
u(iy) < Py /M(zy + q(y)ew) df +q(y) forallye R\ E,
0

where E C R is some small set, for instance, mes(E N[—r,r]) < ¢(r) as r > 0. Under such
restrictions for the function « it is natural to expect that the Riesz measure v, is in some
sense majorized by the Riesz measure pps of the function M or by integral characteristics
of the function M. We provide a rigorous quantitative form of such majorizing. The need
in such estimates arises naturally in the theory of entire functions in its applications to
the completeness issues of exponential systems, analytic continuation, etc. Our results are
formulated in terms of special logarithmic characteristics of measures v, and uys arisen
earlier in classical works by P. Malliavin, L.A. Rubel and other for sequences of points
and also in terms of special logarithmic characteristics of the behavior of the function M
along the imaginary axis and of the function ¢ along the real axis. The obtained results
are new also for distribution of the zeroes of entire functions of exponential type under
restrictions for the growth of such function along a line. The latter is demonstrated by
a new uniqueness theorem for entire functions of exponential type employing so-called
logarithmic block-densities of the distribution of the points on the complex plane.

Keywords: subharmonic function of a finite type, Riesz measure, entire function of expo-
nential type, distribution of zeroes, uniqueness theorem
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1. INTRODUCTION

1.1. Main problem and origination. Let u # —oo0 and M # —oo be subharmonic func-
tions of finite type (of order 1) on the complex plane C, which means the finitness of the
type

type[u] := lim sup uz) (1.1)

200 ‘Z ’

and type type[M] < 400 with Riesz measures v, := %Au and py = %AM , respectively,
where A is Laplace operator acting in the sense of generalized functions [I], [2]. We assume
that the growth of the function u along some straight line L C C is majorized by the function
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M or, more generally, by some means of the function M over circumferences with centers in
L, with certain additive terms to M and not everywhere in L but outside some exceptional
set /' C L. In this case it is natural to expect that the Riesz measure v, should be majorized
somehow by the Riesz measure iy, related with the radii of the above circumference, with the
characteristics of additive term and the smallness of the exceptional set E. Our main aim is to
provide quantitative characteristics of such majorizing the measure v, by the measure iy, in
terms of special logarithmic characteristics/densities of the measures v, and py;. Theorem
formulated below in Section [1.3]as well as its variations, Proposition [I, Corollary [I} Theorem
in Section [3|are new results even for a special choice u = In | f| and M = In|g| in the case of entire
functions of exponential type f # 0 and g # 0 with type[In |f|] < +oco and type[ln |g|] < +o0,
as the Riesz measures v, and p5; the sequences of zeroes or roots Zeroy and Zero, of respectively
functions f and ¢ serve; these zeroes are taken in some order counting their multiplicities. For
entire functions of exponential type we establish a final uniqueness theorem [3]

Exactly in formulation for entire functions of exponential type f and g, a version of our
main problem was considered in joint work by P. Malliavin and L.A. Rubel [3], in which as
the straight line L, the imaginary axis iR C C served, where R C C was the real axis. We
follow the same choice. In [3], for an arbitrary entire function of exponential type g with
zeroes in the right half-plane C,, := {z € C: Re z > 0} located exceptionally on real semi-axis
Rt :={x € R: x > 0}, there was provided a complete description of all positive sequences of
the points Z = {zj, };—12, C R™, for each of them there exists an entire function of exponential
type f # 0 vanishing on Z and obeying the constraint In |f(iy)| < In|g(iy)| for all y € R. To
this problem, one of the main section in the joint monograph by L.A. Rubel and J.E. Colliander
was devoted [4, Sect. 22]. In the series of works by the second author in 1988-1991, all these
results were extended for arbitrary sequences complex sequences Z C C with an upper bound
In|f(iy)] < M(iy) for all y € R via special subharmonic majorizing function M instead of
In|g|, namely, for an arbitrary small e > 0 for M(z) = ¢|z|, z € C originally in the paper by
L.F. Krasichkov-Ternovskii [5, Thms. 8.3, 8.5, Cor. 5.6] only for sequences Z in the vicinity of
iR; for arbitrary Z C C in [6, Main thm.] with an addition in |7, Main thm., Thm. 1], and also
in much more general form with the majorant of form M (z) = In|g(z)|+¢|z|, where g # 0 is an
entire function of exponential type in [§, Thm. 1] and in [9, Main thm.], or even more generally
and strictly, with majorants of M = In|g| with ¢ = 0 but for the sequences Z C C separated
by a pair of vertical angles from the imaginary axis in [I0, Main thm.]. The situation with a
subharmonic majorizing function M of a finite type and order 1 harmonic in a pair of vertical
angles containing iR \ {0} was to some extent studied in the thesis of the second co-author
[T, Ch. IT], but in scientific journals the latter results with arbitrary subharmonic majorant M
of a finite type were not published. The most part of the above results were presented in the
monograph [12] 3.2] with detailed historical comments.

1.2. Notations and definitions. In this subsection we provide preliminary information
needed for formulation our main theorem [l We denote by sbh the set of all subharmonic
functions on C and sbh, := {u € sbh: u # —o0}.

According the context, by the same symbol 0 we denote the number zero, the zero function,
zero measure, etc.; @ is the empty set. Everywhere the positivity is treated as > 0, and
negativity is < 0.

The symbol Meas™ stands for the class of all positive Borel measures on C, mes is the
linear Lebesgue measure on R, C(X) is the class of all continuous functions f: X — R on a
topological space X . For a mes-measurable subset X C R, by L. _(X) we denote the class of all
locally mes-integrable functions with values in extended real axis Ry, 1= {—00} UR U {400},
where R, is equipped with the natural ordering —oo < z < 400, r € Ry, and an ordering
topology or topology of finite compactification on R with two ends £oo. In the same way we
define L. (V) for Y C iR.

loc
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Let X C Riw. A function f: X — R is increasing of for all x1, x5 € X, the inequality
r1 < xo implies f(x1) < f(z2); f is decreasing if —f is increasing.

An interval is a connected subset in Ry... Stiltjes integrals over a bounded interval I in R
with end-points a := inf I < sup I =: b over functions of a bounded variation m: R — R on

this interval [ is treated as
b

/...dm:—/...dm7 I=(a,b], —oo<a<b<+oo. (1.2)
a (a,b]
if else is not said. Here D(z,7) := {#/ € C: |2/ — 2| < r} is an open circle, D(z,7) := {2’ €

C: |2/ — z| < r}is a closed circle, 9D(z,r) = ﬁ(z,r)_\ D(z,r) is a circumference of radius
r € R centered at z € C; D(r) := D(0,r), D(r) := D(0,7), 0D(r) := 0D(0,r). We define

I

integrasl means over circumference dD(z,r) of a function v: 0D (z,7) — Raice:

(e

27
Colonr) im: Oz, i) 2i /U(z Fre®) do,  Cy(r) = Co(0, 1), [30)
0

over circleD(z,r) for a function v: D(z,r) = Ric:
2 T
Bu(z,7) :==: B(z,1;v) := ﬁ/Cv(z,t)t dt, By(r) :=B,(0,r), (1.3B)
0
and also a supremum of a function v: 9D(z,7) — Ris on circumference dD(z,7):
M,(z,7) = M(z,r;0) := sup v(2'), My(r):=M,(0,r), (1.3M)
2'€dD(z,r)

and as v € sbh, this coincides with supg,,)v. Of course, in (1.3), for (1.3(]) and (1.3B]) we

assume the existence of all integrals, which always holds for the functions v € sbh, [2, Def.
2.6.7, Thm.2.6.8], [1, 2.7] obeying
Bu(z,7) < Cyo(z,7) < My(z,7) forall 2€C, reR™. (1.4)

In all results in [3]-[12] mentioned above in Section two objects played a key role. First,
these are special integrals over intervals on real or imaginary axis, often called logarithmic
integrals.

Definition 1. For a function v € L} _(R) we let

loc

R

1 _
JR(T,R;U)SZ—/M(LZ, 0<r<R< 400, (1.5r)

2w x

and for a function v € L. (iR) we let

1 R . .

Jr(r, Ryv) == By / U(—Zy)y;i— v(iy) dy, 0<r <R < +4o0. (L-51)
T

T

The second object is logarithmic measures of the intervals for the sequences of points Z =
{zk}k=12... C C. We identify each sequence Z with a counting measure nz € Meas™ defined as

nz(S) = Z 1 forall S CC, (1.6)
z, €S

and we define these logarithmic measures for an arbitrary measure in Meas™.
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Definition 2. Given a measure u € Meas®,

1
I (r, R) = / Re du(z), 0<r<R< oo, )
r<|z|<R
Re2>0
M (r, R) = Re (—1) d 0 R 7]
"(r, R) = e (=) duz), 0<r<R<+ox, (153
r<|z|<R
Re z<0

are a right and left logarithmic measures of intervals (r, R] C R™ for the measure p respectively.
They generate a logarithmic submeasure of intervals

lu(r,R) := max{l}(r,R),l}'(r,R)}, 0<r<R<+o0. (1.7m)
1.3. Main result.

Theorem 1. Assume that functions

(1) 1
M € sbh,, type[M] Q 400, =y i= Q—AM € Meas™, (1.8M)
T
1
u € sbh,, typelu] < 400, v:i=v, = Q—Au € Meas™, (1.81u)
T
do- R — IR'+ U {+OO}7 qo € Llloc(R>7 ‘O
¢: R—= R, q¢eC(R), limsupM<1, (1.84)
|y| =400 |y
and some mes-measurable subset E C R* with
E" = EN[0,7], qg(r) := mes(E")In m =t qp(-7), (CIE)

the inequalities hold:
u(iy) +u(—iy) < Car (i, 9(y)) + Car(—iy, a(—y)) T9c)
+qo(y) + qo(—y) for eachy € RT\ E.
Then for all numbers ro > 0 and N € R there exists a number C € R*, for which
max{ll,(r, R), Jir(r, R; u)} < min{lzh(r, R), lﬁ‘(r, R), Jir(r, R; M)}

1.10
+ CJr(r,R;q0 + qg) + Cly(r,R;q) + C (1.10)
for all ro <r < R < 400, where
[ nals)+a(-3)
) L N qg(s) +q(—s

T

Remark 1. For the functions in (L.8M)) and (1.8ul), their Riesz measures p and v are of a

finite type or of a finite upper density with order 1, which means that

rad r
type[p] == limsupMT() < 400, p*(r):=pu(D0,7)), typelr] < +oo. (1.12)
r—-+00

Remark 2. By inequalities (1.4)), the means over circumferences Cyy in (1.3(C)) in the right
hand side of inequality (1.9C|) can be replaced by the means over the circumferences By in
1.3B)), but they can not be replaced by the suprema over the circumferences or circles My in

T.3M).
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2. PROOF OF THEOREM [1]

In the proof of Theorem [I] we can consider arbitrary but ﬁxed value ro > 0 since according

Deﬁmtlon I of logarithmic measures of intervals - and Definition |1 I of inte-
(1.10

grals (|1 , 1.5r)), by changing ry > 0 in conclusion D of Theorem I one just increases
the constant C € R*. This is why, in the proof of Theorem I we shall increase the value rq if
needed not saying this explicitly.

If in condition we consider the function g + 1 instead of ¢, its properties in (1.8q
remain the same as well as inequality (1.9(C]) and this makes no influence on conclusion
This is why we can suppose that ¢ > 1 on R. We consider a regular domain for the Dirichlet
problem [I, Thm. 2.11]:

D:=D,:={2€C: —q(Imz) <Rez < ¢(Imz)}. (2.1)
For b € R™ we make use of the notation:
str, ;= {z € C: [Imz| < b}, st :={z€ C: [Imz| <b} (2.2)

respectively for open and closed strips of width 2b with the reference line R. By the limiting
condition in ([1.8]), for sufficiently large b > 0, a part D \ str, of the domain D consists of two
simply-connected domains located inside some pair of open vertical angles of opening at most
T

Lla,m—a)={z€C:a<argz <7 —a}, Z(—m+ a,—a)with a € (0,7/2).  (2.3)

We can make a classical balayage of a function M € sbh, from the domain D in two steps.
First we make balayage from this pair of simply-connected domains and a balayaged function
becomes a subharmonic function of a finite type since it does not exceed a classical balayage
of kind 0 of the function M from the pair of vertical angles [13, 6.2, Thms. 7, 8]. At the
second step we make a classical balayage from D for a logarithmic potential of kind 0 of the
arisen measure with a compact support in the closure D Nstr, [14, Ch. IV, Sect. 1], [I5, Thm.
2.5.3.1], which can increase the growth of the logarithmic potential at most by a quantity of
order O(ln ]z]), z — 0o. Thus, such construction gives a subharmonic function

(2.4)

AP — M  on the complement C\ D,
) harmonic continuation of M inside D on D

of a finite type, that is, with type[M?] < +o00. At that, by the maximum principle,
Cu(iy,q(y)) < MP(iy) forall yeR, M<M” on C,
and it follows from inequalities that
u(iy) +u(—iy) < MP(iy) + MP(=iy) + qo(y) + qo(~y)for all y € R\ E. (2.5)

For a measure v € Meas™, the restriction of the measure v on S C C is denoted as v ‘ 5
The Riesz measure 5~ AMP of the function M* is a sum of its restrictions

1

1
— D — o D
Hoo := %AM |C\closD_ H ‘C\clong Hsy o o = %AM ‘BD’ (26)

where clos D and 0D are respectively closure and boundary of D. Integrating inequality ([2.5)
with the factor % in the notation

Ef = FE"\E" =En(rR) (2.7)
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for all rp < r < R < 400 gives the inequalities
Ji]R<7a7 R7 U) <Ji]R(r) R7 MD)

1 / u(iy) + u(—iy) — MP(iy) — MP(—iy)

+

Ef

Lemma 1. Let ro > 0. For each function u in (1.8l there exists a number ¢, € RT such
that for each mes-measurable subset E C RT, in terms of notations (L.9E) and (2.7), the
inequality holds:

R
t
ER r

where the function qg is increasing and qp(r) <r asr € R,

Proof. The function

(z,y) — xln % (z,y) € (0,y] x RY,

redefined by zero at z = 0, increases in the variable y € R}, as well as in x € (0, y], attaining

its maximal value as x = y and this gives the properties of the function gg. In what follows,
the symbol 15 stands for the characteristic function of the subset E.
According [16, Thm. 8], there exist constants ¢, ¢ € RT obeying

T

1p(®)]ul(t) dt < ¢ prym & 2.10
[ 1eOl) < rmes( )0 s T cqplaa (210)
ro
for all © > rq. For the left hand side in (2.9) we have
@ [ @ 1T
u\x uix
. dx:/lE(:v) i dgg:/P d/ 15(0) () dt da
Eﬁ r r r
1 R R =x 1
:ﬁ/lE(t)M(t) dt+//1E(t)|u|(t) dt d(-—)
R ‘ ’
4 )+2C/QE(:C) dz < c+2c/qE(x) du,
R 2 2
since the inequality ¢g(R) < R holds. The proof is complete. ]

Applying four times Lemma [l to the integral over the set E® in the right hand side (2.8)),
for some number ¢; € R™ and all 7p < r < R < +00 we obtain

Jr(r, Ryu) < Jir(r, Ry MP) + ¢i Jg(r, R; qg + qo) + c1. (2.11)

Lemma 2 ([I7, Prop. 4.1, (4.19)]). Let ro > 0. For each function u in (1.8u) there ezists a
number ¢, € R such that

maX{}JﬂR(r, Ryu) — 1 (r, R)|, | Jir(r, Ryu) — 1)(r, R)‘} < ¢y (2.12)

forallrg <r < R < 4o00.
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We apply twice Lemma to the functions u and MP in (2.11)) and for some number ¢, € R*
and all ry < r < R < 400 we have the inequalities

h b
I, R) < l;‘ (1 R) + 1 Jr(r, By qe + q) + ¢ 013
(2.13)

< I (r, R) + I (1, R) + ¢y Jr(r, Ry i + o) + o

Assume that the angles are chosen and we fix a number b > 0 as in ([2.1)—(2.3)). The restriction
of the measure pg on a closed strip str, is a measure with a compact support and for this measure
the logarithmic measures and submeasures of the intervals in are uniformly bounded for
all rg <r < R < 400. Therefore, without loss of generality, we can assume that the support of
the measure g is contained in the pair of angles and is disjoint with the open strip stry.
We denote the pp-measure of the closed strip str, of width 2y € R* by

wh(y) = po(str,), where  ui(y) < Cy forall yeR*' (2.14)
for some constant C' independent of y and also uf(y) =0 as y € [0,b).

Lemma 3. Let ry > 0 and py € Meas™ be a measure with a support supp i in the closure

D " D,, where the function q is from (L.8)) and the function uh: RT — R is from (2.14)).

Then for some number Cy € Rt the inequalities hold:

e (r, R) / QU )+ Co forall ro<r<R<+o00, (2.15)
where
Qly) =q(y) +q(-y), yeR". (2.16)
Proof. For all b < r < R < 400 we have
. Rez " q(Im 2)
L (r - / < / Tim 22 dpio(z)
r<|z|<R r<|z|<R
Rez>0 Rez>0
r R
e +q(-y) |, QY .
< / # dug(y) < / +/ (2) dpo(y) (2.17)
. Yy . Yy
Q) . QW [ QW)
: r ) i A Y i
< CT’SiH2 o +/ y2 dMO(y) < CO +/ y2 dMO(y)a
where Cy € R* is independent of b < r < R < +00. O

By Lemma [3| and inequality (2.13]) with a constant C; € Rt we obtain
lrh(T R) l h / Q —I— Clj]R(T R qE + qO) + Cl, (218)

where we let m(t) := pi(t). By construction of m, there exists a constant C' € R, for which
the inequalities hold:

(12.14)

m(t) < Ct, forall teR", m(t)=0 as te[0,b)#2. (2.19)
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Lemma 4. Let an increasing function m: RT™ — R* satisfies conditions (2.19), and a con-
tinuous function

Q: R" = R* s such that Q(t) =O(t) as t— +oo. (2.20)
Then for each number N € R* there exists a number Cy € RT obeying
[ ) [ Q)
t S
< dm(t) < G, /tN sup S5 dt+ C: (2.21)

forallb <r < R < +o0,
Proof. For the integral in the left hand side in (2.21)) we have

[om o

t R t
Q(s)
2 dm(t) L3N d/ s"m(s) < /ililt) 2N d [ sVm(s).

T r s T T

Thanks to (2.20)), for the integrand in the latter integral being decreasing function there exists
a number C, for which

=

Ty(t) = itg) % <G SE? G2tN Cst™N=1 for all ¢t € [b, +00). (2.22)
Integrating this integral by parts, we get:
R R t
[ < Tw(R) / N dmf(s) + / / N dm(s) d(—Tw(#)). (2.23)

In view of (2.19), we can estimate the integral:
t
/sN dm(s) < m()tY < OtV

and in view of (2.22)), for the right hand side in (2.23)) this gives:
R R

I <CCs+ O/tN“ d(—Tn(t)) < CC3+ CCs+ C(N + 1) /TN(t)tN dt.

T s

For Cy := max{2CC3, C(N + 1)} this implies exactly (2.21]). The proof is complete. O
By (2.18)) and inequality (2.21]) in Lemma , for some constant Cy € RT we get

R
L(r,R) < I)(r,R) + C4/tN sup g(TS]\), dt + c1Jr(r, Ry qe + o) + C1 (2.24)

s>t

for all 400 > R > r > max{r, b}, where the quantity max{rg, b} can be replaced by 7y
increasing if needed the constant C, and @ is a function from ([2.16]).

Lemma 5. Let g > 0. For each function u in (1.8ul) there exists C,, € R™ such that for all
rg < r < R < 400 we have the inequality

max{l,(r, R), Jir(r, R;uw) } < min{l'(r, R), [} (r, R), Jir(r, R;u)} + C,.

The statement of this lemma follows immediately lemma
Applying Lemma [f] to the functions u and M with the Riesz measures v and p, by (2.24)) we
obtain (1.10) and this completes the proof of Theorem [}
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3. VARIATIONS OF CONCLUSION (|1.10) OF THEOREM

3.1. Some simplifications. Rather cumbersome integrals involved in the right hand
side of the final estimate in Theorem |1 can be included into our standard logarithmic
integral Jg of form already involved in the right hand side in the estimate . This
can be done under inessential additional restrictions for the function

onts) =23 Q)

Proposition 1. Assume that there exists an interval (A, +o00) # &, on which at least one
of the following two conditions hold:

(i) the function Qn in (3.1) is decreasing in (A, +00);

(i) the function Q in (2.16]) is continuously differentiable on (A, +00) and possesses the prop-

q(s) +q(—s), se€R". (3.1)

erty
. yQ'(y)
lim sup < +00. 3.2
y—too  QY) (3.2
Then there exist the numbers 1o > 0, N € Rt and C € R*, for which
R R
) t .
In(r, Riq) &2 / N sup Qu(s) dt < C / th) at & cnir R g). (3.3)
s>t

In particular, the latter integral in (1.10) can be replaced by Jr(r, R;q), and the final estimate
([L.10) in Theorem[]] can be written as

max{l,(r, R), Jir(r, R;u) } <min{l;}(r, R),1}(r, R), Jin(r,R; M)}

3.4
+CJr(r,R;qo +qe+q)+C  forall ro<r <R < +o0, (34)

Proof. If the function (3.1)) is decreasing on (A, +00), then it is obvious that
(S) tN Q(t) Q(t)

$2+N o )

" sup Qu

s>t

for all ¢ > A and for ry > A we get exactly (3.3)).
For a continuously differentiable function @ satisfying condition (3.2)) there exists Cy € R™*
such that sQ'(s) < C5Q(s) for all s > b. The derivative of the function in (3.1 reads as

Q'(s)s — (2+ N)Q(s) < C5Q(s) — (24 N)Q(s)

/
QN( ) = 3N g3+N

and it is negative for N > Cs — 2. This means that the function @y in (3.1)) is decreasing. [

Proposition [If implies immediately a following obvious corollary.

Corollary 1. If under conditions and of Pfr’oposition for some number ro > 0 the
relation holds:

sup  Jr(r, R;qo + qr + q) < 400,

ro<r<R<+oo

then the final estimate ((1.10) in Theorem can be written as

max{l,(r, R), Jir(r, R;u)} < min{l;}(r,R), 1} (r,R), Jir(r,R; M)} + C

forallrg <r < R < 4o00.

By a known asymptotics of the functions qy, qg, ¢ at 00, we can also simplify the final
estimate (|1.10) of Theorem . One of the versions is provided in the following proposition.
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Proposition 2. Let a function P: R™ — R™ be bounded and integrable in the Riemann
sense on each bounded interval I C R satisfy the condition

P(t
lim sup # = 0. (3.5)

t——+o0

Then for each number ry > 0 there exists a decreasing function d: Rt — R™ such that
R

P(t R
lim d(R) =0, / (t) dt < d(R) ln? for all 19 <r <R < +o0. (3.6)

R—+o00 t2

T

In particular, if the functions qo, q, qz i (L&), (1.80), (T.9E]) satisfy the conditions

lim sup y) +9) + 45 () =0, sup qo<+oo forall ReERT,
Iyl —+oo i [ R.R|

and the function qo is locally integrable in the Riemann sense, then final estimate (1.10) in
Theorem [ can be written as

max{l,(r, R), Jir(r, R;u)} < min{l;}(r, R), 1} (r, R), Jin(r,R; M)}

—l—d(R)ln?—i—C’ forall 1o <r <R < +o0,

where d is a decreasing function such that d(R) = o(1) as R — +oc.

Proof. We first pass to the function

R R
P(s) _ P P
p(t) := sup (s) > ﬁ, teR*; /@ dt > /ﬂ dt. (3.7)
s>t S t t 12
decaying in view of (3.5]). For each fixed number R > 0 we let
L[ L[
p(t p(t
d(R) := dt > dt
(R):= s oiw/m) / t n(R/r) / t
R " (3.8)
B7 1 P(t
>ln(R/r)/ tg)dt forall ro <r < R < +o0,

r

which gives the latter inequality in (3.6)).
The supremum in (3.8]) is taken for the function with partial derivatives

R R
o_ 1 p(t) 1 p(t) — p(r)
9 _ _ _
Orn(R/r) / t a r1n®(R/r) / ; dt <0 as ro<r <R,
0 1 [ 1 (R - )

p(t p(R) — p(t

v _ _ _
ORIn(R/r) / t dt Rlnz(R/r) / 7 dt <0 as ro<r<R,

and hence, this functions decreases in r < R. Therefore,
L[
p(t
d(R) = dt 3.9
() In(R/ro) / t (39)

0]

is a decreasing function on [rg, +00).
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We choose a number a > 0 and let p(t) < a as t > R,. Then by (3.9), for R > R, > ry we

have

R, R
_ 1 p(t) (SuPyo,r, P) IM(Ra/10)  In(R/R,)
d(R) = In(R/ro) /+/ Tt df < In(R/ro) ta In(R/rq)

Hence, limsupp_, . d(R) < a, and by the arbitrary choice of the number a > 0 this leads us
to the relation d(R) = o(1) as R — +00. O

3.2. Logarithmic measures and submeasures of intervals. The notions of logarithmic

measures of intervals (1.7r)), (1.7l) and logarithmic submeasures of intervals (1.7ml) in Defini-

tion Pl can be introduced in another form.

Definition 3. Let p € Meas’. We introduce a counting function of the measure p with a
2m-periodic Borel positive weight function k: R — R*:

p(r; k) = / k(arg z) du(z), (3.10)

D(r)

12
ped(r) forr € RT.

As k=1, we obviously have pu(r;1)
In the particular cases k = cos™, that is,
k(6) := cos™ 6 := max{0, cos 0}, k(0) := cos™ 0 := max{0, —cosf}, 0€R, (3.11)
by Definitions , in terms of notations 7, we integrate by parts for 0 <r < R <
+00:

R
" dp(t; cos™)
luh (r, R) = — B )

T

R
. + . + t: +
_ plRicost)  plricos™) /u( cos)

R r t2
R
L (r, R) LD d,u(t cos™) (3.120)
(Ricos)  plricos) | [ plticos)
pw(R;cos™)  p(r;cos™ u(t; cos™
p— _— dt-
R r Jr/ t?
We let:
i +
u(t
zrh(rR)!/ (;Os)dt, 0<r<R<too, B3
R
t
zlh(rR)!/ put . Jat, 0<r<R<toc B13)
L(r, R) "2 max{I™(r, R),I*(r, R)}, 0<r <R < +oo B13m)
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Proposition 3. Let ;1 € Meas™ be a measure of an upper finite density or of a finite type
type[u] < oo andrg > 0. Then

(r, B) — [ (r. B)] = O(1)

‘lﬁ‘(r, R) — llh(r R)| O(1)  forall o <r <R < +o0. (3.14)
|lu(r, R) — R)| =0O(1)

Moreover, for all fized numbers a € (O 1], b € [1,+00) we have

I (r, R) — I (ar, bR)| = O(1)
[(r, R) = I(ar,bR)| = O(1)  for all 7o <7 < R < +o0. (3.15)
|0u(r, R) — 1 arbR| O(1)

Proof. Relations (3.14] - ) follow (|3 since for all 7y > 0 and measures pu of a finite upper density

the relations hold

R; cos™ ] COS rad rad
1 ¢ ) ‘ ) \|M|R( ) |“|r<)—0(1) as 1o <r < R < oo

Relations (3.15)) are implied by (3.14) and the inequality

o o rad 1 rad

F(arbR) — B R)| < sup P Ly g I t )

a7"<t<7" a R<t<bR

I

where in the left hand side one can replace (™ by /™. O

Remark 3. According Proposition @ relations (3.14) and Remark various logarithmic
measures and submeasures of intervals (L.7¢), (L.70), (1.7m) in Definition |4 begz'nm'ng with 1
can be replaced by corresponding them in view of (3.14)) functions of intervals -

(3.13ml) beginning with [ in conclusion 0) of Theoreml we employ the same termmology for
them. In what follows, we identify these two equivalent up to an additive constant logarithmic

measures and submeasures of the intervals for the measures of an upper finite density and we
shall denote them as in Definition with no accent” over [.

Definition 4 ([18], developing of [3, Def. 3.4, 3.5]). Let 0 < ro € R*, | be a function of
intervals (r,R] C ro + R* with values in Ryos, {(r,R) := I((r,R]). For | we define four
logarithmic block-densities:

~—

_ 1
In-dens(l) := lim sup — limsup (7, ar); (3.16]")

a—+oo MA r—+tco

1
Indens(/) := liminf — limsup (7, ar); (3.161)

a—r+00 lna r——+00

1
In-densj,¢(1) := inf — limsup I(r, ar); (3.16})

a>1 n a T‘—)-‘rOO

R
In-densy, (1) := inf {b eR*: sup (l(r, R) —bln —) < +oo} . (3.16p)
ro<r<R<4oo r

A function of intervals I > 0 is called logarithmic submeasure of intervals in the vicinity of +o0o
if for some number ro > 0 two conditions hold:
[11] sup,,, I(r,2r) < +oo (logarithmic growth);
12] U(r1,r3) < U(ry,72) + U(rg,73) for all rg < 1y < re < r3 < 400 (subadditivity).

If in the first inequality in /]@/ for some ro > 0 the sign < can be replaced by = for all
ro < rp < ry < r3 < +oo (additivity), then the function of intervals l is called logarithmic
measure of intervals in the vicinity of +oo.
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Definition [4] implies easily the following statements.

Proposition 4. If ¢ € R", and Iy, ly are logarithmic submeasures of intervals, then cly,
l1 + 1y and max{ly, s} are logarithmic submeasures of intervals.

Proposition 5. For the functions qo in (1.8))) under the condition

lim sup D(y) < 400, (3.17)
lyl—+oo 1Yl

and for the functions q in (L.8q)) and for qg in (L.9E), the integrals Jr(r, R;qo), Jr(r, R;q),
Jr(r, R;qp) are logarithmic measures of intervals (r, R] C RT. If p € Meas" is a measure of

a finite upper density, then I;} and I} from (L.7r) and (L.7l), and also lvzh and lvﬁl from (3.13)
and (3.13]]) are logarithmic measures of intervals, and l,, from (1.7m|) and luu from (3.13ml) are

logarithmic submeasures of intervals.

Proposition 6 ([I8, Thm. 1]). For a logarithmic submeasure of intervals | > 0 all four
logarithmic block-densities in (3.16) are finite and coincide, and the upper limit limsup in

a—+00

(3.16[ ) and the lower limit limlnf in (3.16L)) can be replaced by the usual limit lim . In what
a——+00

a——+00
follows for the logarithmic submeasure of intervals | > 0 all four logarithmic block-densities in

(3.16]) are universally denoted by In-dens(1).

In terms of logarithmic block-density In-dens the following statement holds.

Theorem 2. Assume that conditions (1.8) and (1.9) of Theorem |1 and condition (3.17)
hold. Moreover, let for the function Q(y) = q(y) + q(—y) from (2.16) or from (3.1), one of the
conditions or with property (3.2)) in Pmposz’tion is satisfied and also

In-dens(Jr (.-, 90 + ¢ + qg)) = 0. (3.18)
Then
In-dens(l,) < min{In-dens(l}}"), In-dens(l;}) } < In-dens(l,,). (3.19)

Proof. Under additional conditions or with property (3.2) in Proposition , conclu-
sion ([1.10)) of Theorem (1| becomes conclusion (3.4 of Proposition 1, which, in particular, for
each a > 1 can be written as

l(r,ar) < min{lﬂ“(r, ar), lgl(r, (ZT)} + CJg(r,ar;q0+qe +q) + C forall r>r.

Then, passing to limit as r tends to +o00, we obtain

limsup l,(r,ar) < min{lim sup l;h(r, ar), lim sup lﬁl (r,ar) }

r—+00 r—r+00 T—+00
+ Climsup CJg(r,ar; qo + qe + q) + C,
r—-+00

Dividing both sides of the latter inequality by Ina and passing to the limit as a tends to +oo,
in notations of Definition (3.16[ ) we obtain the following chain of inequalities and identities:

In-dens(l,) < min{ln—dens(lzh), ln-dens(lif)} + C'ln-densJg (-, 3 qo + q& + q)

: _— S S

C2 1min {In-dens (™), In-dens(I™)} "< In-dens(l,).
By assumption [6] on coinciding all four logarithmic block-densities in Definition (3.16), this
gives exactly (3.19). O

For zero entire function of exponential type 0, by the definition, the set of its zeroes is

Zeroy = C, and the counting measures reads as nzer, (S) = oo for each S C C. In particular,
In-dens(lzero,) = +00.
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We mention the uniqueness theorem for entire functions of exponential type implied by
Theorem [II

Theorem 3. Let Z = {z;}—12.. C C be a sequence of complex points of an upper finite

density in the sense of (1.12]), that is,

ngt(r) = nz(D(r) = Or) as 1 +oo,

with the logarithmic submeasure of intervals

lz(r, R) :== max Z Rezi, Z Re(—i> lnz(r,R).

k Z
r<|zi|<R r<|zx|<R
Rezi>0 Rezp <0

Let conditions (1.8M)), (1.8), (1.8, (T.9E]), (3.17) be satisfied and an entire function of ex-
ponential type f vanishes on Z in the sense that Nzeo, > nz and for each y € R™ \ E, the
mequality holds:

In| f (iy) f(—iy)| < Car(iy, a(y)) + Car (=i, a(—y)) + 20 (y) + qo(—y). (3.20)
If holds and at that In-dens(lz) > In-dens(Jig (-, M)), then f = 0.

Proof. Assume that f # 0 and let u := In|f|. Then (1.8u) holds with v := nz. It follows from
(3.20)), Proposition |I| with a > 1 and (3.4)) that

lz(r,ar) = l,,(r,ar) < Jig(r,ar; M) + CJg(r,ar;qo +qe +q) +C  as 1 >ry.

Passing to the limit as r tends to 400, dividing then by In a and passing to the limit as a tends

to +00, by Proposition [5, Definition (3.16)) and (3.18)) we obtain
In-dens(lz) = Indens(Iz) < Indens(Jig(,; M)) = In-dens(Jir (-, -; M)).
By Proposition |§| this contradicts the condition In-dens(lz) > In-dens(Jir (-, -; M)). O
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