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REGULARITY OF ALMOST PERIODIC
SOLUTIONS OF POISSON EQUATION

E. MUHAMADIEV, M. NAZAROV

Abstract. This paper discusses some regularity of almost periodic solutions of the Poisson
equation —Awu = f in R"™, where f is an almost periodic function. It wasproved by Sibuya
[Almost periodic solutions of PoissonsB'™s equation. Proc. Amer. Math. Soc., 28:195-
198, 1971.] that if u is a bounded continuous function and solves the Poisson equation in
the distribution sense, then w is an almost periodic function. In this work, we weaken the
assumption of the usual boundedness to boundedness in the sense of distribution, which
we refer to as a bounded generalized function. The set of bounded generalized functions
are wider than the set of usual bounded functions. Then, assuming that v is a bounded
generalized function and solves the Poisson equation in the distribution sense, we prove
that this solution is bounded in the usual sense, continuous and almost periodic. Moreover,
we show that the first partial derivatives of the solution du/dz;, i = 1,...,n, are also
continuous, bounded and almost periodic functions. The technique is based on extending
a representation formula using Green function for Poisson equation for solutions in the
distribution sense. Some useful properties of distributions are also shown that can be used
in studying other elliptic problems.

Keywords: Poisson equation, almost periodic solutions, generalized solutions.
Mathematics Subject Classification: 35J, 35D

1. INTRODUCTION

We study the following Poisson equation
—Au=f, (1)

where v : R™ — R is the solution and f : R® — R is a given almost periodic source function
and A = div-V is the Laplace operator. A function f is called an almost periodic of x if f
is continuous in R™, and for each sequence of points {x,} € R", the corresponding sequence
{f(z+x,)} contains a uniformly convergent subsequence. Our interest is to study the behavior
of the solution, which is obtained when the source function is almost periodic.

The theory of almost periodic solutions of ordinary differential equations was started by
early work of Bohr & Neugebauer [I] and Jean Favard [3] 4]. Jean Favard proved the following
theorem: if all homogeneous limit equations have no non-zero bounded solutions, and the
original system has a bounded solution, then this solution is almost periodic. This result raised
the problem of the existence of a bounded solution of a system with almost periodic coefficients.
Later, it was shown by Muhamadiev [5], that the property of limit systems mentioned in the
theorem of Favard guarantees the existence of a bounded solution of the original system, and
consequently its almost periodicity.

The issue on the behavior of solutions to Poisson equation with almost periodic source
functions was first addressed by Sibuya [7]. Later, Sell in [6] extended the result of Sibuya
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and Favard to linear systems of partial differential equations with almost periodic coefficients
and source functions. We remark here that the extension of the theory of almost periodic
solution to more general classes of differential equations such pseudo-differential operators was
studied by Shubin [§].

The following theorem was proven by Sibuya [7].

Theorem 1.1 (Sibuya). Let f(x) be an almost periodic function of x in R", and let u(x) be
a bounded continuous function of x in R™. Assume that u(x) is a solution of in the sense
of distribution. Then u(x) is almost periodic with respect to x in R™.

Theorem shows that if a bounded continuous function u solves equation in the distri-
bution sense, then it is almost periodic. The main goal of this paper is to address the following
key questions:

(1) to study the possibility of relaxing the assumption of Theorem , i.e., to consider a
wider class of solutions rather than bounded continuous functions;

(17) to study the properties of the partial derivatives of such solutions, i.e., boundedness,
continuity, and almost periodicity.

We stress that in this paper we assume that the solution u of the Poisson equation is bounded
in the distribution sense, whereas in [7] and [6] the solution was assumed to be bounded in the
strong sense.

This paper is organized as follows. Some definitions including that of the bounded generalized
functions are presented in Section [I.I We formulate our main results in Section Main
theorems are proved in Section [3] Some technical lemmas are proved in detail in Section
and in the Appendix.

1.1. Preliminaries. Throughout this work we follow the notations and definitions consistent
with [2]. Let € be an open subset of R", we denote its closure by (0. We often use an open
ball of radius 7 > 0 centered at the point & denoted by B%(x,r) = {y € R" : |z — y| < r},
and the symbol B(x,r) = {y € R": |x — y| < r} stands for a closed ball. For a given function

g(x) = g(xq,...,2,), € Q, we denote the normal derivative by
0
(@) = v- Dy(a).

where v is an outward pointing unit normal to the boundary 0f2, and

dg dg
Dg:=|(—,...
g (89&1’ ’&’L’n)

is the gradient of g. Furthermore, we use the so-called Green’s functions to write the represen-
tation formula for the Poisson equations, see e.g., [2].

Definition 1. Green’s function for an open set Q = B°(x,1) in R™ is

where & = %5 and
|z

— % log(x), n =2,
d(x) = 1 1 (3)

> 3.
wn— Dam a2 70

Theorem 1.2. (Representation formula) Let Q = B%(x,1). If u € C*(Q) is the solution of
, then the following identity holds

u(w)——/ug%yds /f Gla,y)dy (z Q). (4)

v
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where v is an outward normal vector, g—f(m, y) is the normal derivative of function G(x,y) at

point y € 0f).

We denote by D(R™) the set of all infinitely differentiable compactly supported functions
¢ : R" — R™ such that ¢. A function u(x) is said to be a generalized or weak solution of
if it solves the following integral equation for every ¢ € D(R"):

— / uApdx = fode.
n Rn
Next we give the definition of bounded generalized functions.

Definition 2 (Bounded generalized function). We say that the distribution g(x) is a
bounded generalized function in R™, if for any function ¢ € D(R"), the function

(gxp)(x) = (9(y), o(x —y)) is bounded in R", i.e., sup |(g * ¢)(x)| < oc.

It can be easily observed that the set of bounded generalized functions contains the set of
usual bounded functions.

2. MAIN RESULTS

In this section we formulate the main results of the paper. The first result extends the results
by Sibuya [7]. We prove that under the same assumptions of Theorem [1.1} the function w is
continuously differentiable and its partial derivatives are almost periodic.

Theorem 2.1. Let f(x) be an almost periodic function of x in R™, and let u(x) be a bounded
continuous function of x in R™. Assume that u(x) is a solution of in the sense of distri-
bution. Then u has continuous partial derivatives Ou/0x;, which are almost periodic functions

of  in R".

Theorem generalizes the Sibuya’s result in the case that not only u is almost periodic,
but also the partial derivatives du/0x; are almost periodic. The second result of this work is to
prove that u does not have to be a bounded continuous function in the usual sense. We prove
that if the weak solution of the Poisson equation is a bounded generalized function, then it is
also a bounded continuous function in the usual sense.

Theorem 2.2. Let u be a bounded generalized function in R™ which solves equation mn
the distribution sense. Then u is a continuous and bounded function in R".

In Section [3.1] we prove Theorem [2.1] and Section [3.2]is devoted to the proof of Theorem [2.2]
Before proving our main theorems, we need to prove several technical lemmata in the next
section.

2.1. Technical lemmata. First, we prove that if u is a solution of the Poisson equation in
the distribution sense then it can be written via representation formula .

Lemma 2.1. Let u(x) be a bounded continuous function of & in R™ that solves in the
sense of distribution. Then representation formula holds for u.

Proof. We use the definition and properties of a standard mollifier. Let w be a standard mollifier

defined as
() = ¢ exp (W%J’ x| < 1, 5)
0, x| > 1,

such that

/m<1 w(x)de = 1.
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Further, we define

and let u. := w. xu and f. := w. * f.
The proof consist of two steps. First, we show that the following identity holds:

— Auc(z) = fe(z). (6)

Then, we pass to the limit as ¢ — 0, and use a uniform convergence property of the mollifier
to get the desired result.
Using the definition of mollifier, we have

~Au () = — /n (Aw.(z — y))u(y) dy,
fla) = [ e~ y)riy)dy

For a fixed & we set ¢(y) = w.(x — y) we obtain

—/n Ap(y)u(y) dy = / o(y)f(y)dy,

which is in fact true, since u solves the equation in the distribution sense. Therefore, we
conclude that @ holds and since u. is a smooth function the representation formula can
be written as

wlo) = [ )G @vasw) + [ o 7

Next, we write the following relation

wl@) -~ u(e) = [ e yuly)dy - u(@

1 r—vy
= — dy — .
/Rn Snw< . >U(y) y — u(x)
Let us denote —§ = =¥, then dy = " d§ and

w@) - u@) = [ w(@ule )it - ul@) [ wle)de

= /n w(€) (u(x + &) — u(x)) d&.
Consequently, we get that

lus(x) —u(x)| < sup |u(az +c€) — u(w)|
xzeR",|€IL1
Hence, we conclude that if the right hand side goes to zero as ¢ — 0, then u. — u uniformly
and similarly, f. — f. Now passing to the limit in as € — (0, we obtain the desired result.
The proof is complete. O

We next prove that a weak solution of the Poisson equation in an open unit ball has continuous
partial derivatives in this ball.

Lemma 2.2. Let a continuous in the unit ball B(0,1) = {x : |x| < 1} function u(x) be a
solution to equation in the distribution sense in B°(0,1) = {x : |£L‘| < 1}. Then u(x) is
continuously differentiable for all x € B°(0,1).
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Proof. Using the definition of solution for £ € B°(0,1) and the definition of the Green’s
function (2)), we get

1
" naln) |:1:—y|nZ:yz Yi — yilzl* + ;)
B 1 1-|=z)?

na(n) o —y[*

This implies that the function $Z is continuously differentiable for = € B°(0,1) and
y € 0B(0,1). Hence, the first term in the right hand side of is a differentiable function
for x € B°(0,1).

Similarly, it follows from the definition of (2)) that

oG 09 8@ .
e = =) = 2 (felly — @)

(8)

1 (yi_xi B ?/i—fi|y|2>

“na(m) \ly —al"  lyle - G/
The first term of the right hand side of 86 has an integrable singularity when y = . When
y # 0, the second term is continuous and bounded by
2
(1= )

Y; _leyl2
Hy’w - |y||

which is integrable.
We conclude that the function u(x) defined by the representation formula in the unit
ball Q = B°(0,1)

oG
ue)=~ [ G @wisw [ f@eeydy @B, o)
oB°(0,1) v B°(0,1)
is continuously differentiable for © € B°(0,1). O

Remark 1. Note that Lemma[2.9 is also true as f € L=(B(0,1)).

In the above lemma, we have proved that u is differentiable if the Green’s function and the
normal derivative of the Green’s function are differentiable with respect to . The following
lemma completes Lemma

Lemma 2.3. Let a continuous in the unit ball B(0,1) = {x : |x| < 1} function u(x) be
a solution to equation in the distribution sense in B°(0,1) = {x : |x| < 1}. Then, the
following limits hold:

9 oG 8 (hei,y) — 25(0,)
lim o, | 92, v ——(0,y) — ; 'dS(y) =0, (10)
lim s 8_@-(0’3/) ; dy = 0. (11)
Proof. Noting that y € 9B(0, 1), we have
0 0G 0 11— |=z?
Ox; Ov Ox; \ na(n) |z — y| = (12)
_ 1 2z n(l— =) (@ — ) Y
Tram \m—oF -y )l a(n)
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For the second term of we get

1 [0G oG 1 1 1—h?

13
R Y +1—\hei—y|” (13)
“na(n)h \ |he; —y|" he; —y[* )
Now using the Taylor expansion
|he; — y|" =(|he; — y[*)2 = (h* = 2hy; + [y[*) = (1 = h(2y: + h))2
—1- gh@% + )+ Oh2) = 1 — nhy; + O(h?),
we obtain
1 [0G oG 1 1 /1—(1—nhy;+O(h?)) h?
— | =—(he;,y) — — = - — .
1 Wi

Consequently, the function in the first integral of converges uniformly to zero with respect
to y € 08B(0,1).

Let us show that the second limit holds true. We start by partitioning the unit ball
B(0,1) as the union of two sets B(0,d) and B(0,1) — B(0, ), where 0 < § < 1. Then for the
first ball we have

oG G(he;,y) — G(0,y) ‘
/3(075) 3952‘( ) h
oG 1
</ (o,y)' dy+ g [ [Gliesy) - GO.y) dy
B(0,6) O; h 1B(0,0)
= [1 + IQ.

Using formula at the point (0,y), we compute the integral I;:
1 Yi 1 1—|y|™ 1 1

L = / ~ = / |yl ln’ dy < / T dy.

no(n) Jaos | Yl no(n) Js(.s) Y| na(n) Ju.s |yl

We apply the definition of G(x,y) in (2)) at the points (0,y) and (he;,y) and obtain

(e w) - ()
he; —y[" 2 [y lly|(he; — 2)|" "

1 1
= n(n —2)a(n) h /B(D,é) o
Now we make use of Lemma to estimate the expressions inside the brackets. By setting
a=1/|he; —y| and b = ﬁ in inequality and by using the fact that |a| — [b] < |a — b|, we
can easily get that
1 1
' |he; —y[*=2  y[?

dy =

i

Y.

<n—2“| h | 1 L1
ST 1 Y Jhe; g 7yt

n-2, Lo
T2 he; —y[*=t oyt )

1

In the same way, we let
a=1, b= ——mMmm,
Y
\wm@ wd
and by using the fact that
Y

he; —
lylhe Y|

> |~ llvlhe] > 1-h
Yl
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we get
1 —2 1
lyl(he; — %) [yl lylhe; — &
n—2 1
RSl Y T
y Ut ATy
Hence, we obtain the following estimate for the second integral I:

1 / 1 1 o" 1
L < — + dy+—(1+—). 15
> S 2naw) Bmﬁ><mer—yw—l |mw4> 2\t Ty (15)

From the above estimates for I; and I, we observe that the integrals contain two weakly
singular integrals at points y = 0 and y = he;. Letting h < §/2, we ensure that both points lie
inside the ball B(0,d). Using the standard techniques for computing weakly singular integrals,
we get

[ dy = naw)s
B0,5) |Y|" !
and

1 1
—dy</ ———dy =na(n)(d + h).
/13(0,5) |he; —y|"! B(he;,6+h) |he; — y["! (
Thus, we obtain the following estimate for integral
o+h o 0" 1
L+L<éd+—+=-+— (1 —> 16
1+ 12 <0+ 5 +2+2n +(1—h)”*1 (16)

In the second set B(0,1) — B(0,0), the function in the integral is continuous, has no sin-
gular points and converges uniformly to zero. Therefore, the integral of this function converges
to zero. This completes the proof. O

Remark 2. Let x € BY(0,1) be a fived point. Then, following the lines of the proof of
Lemma one can prove that

0 0G 9 (x4 hey,y) — 2 (x, y)
li el _ ov v ov \*7 d —
, oG G(z + he;,y) — G(z,y)
1 - dy = 0.

3. PROOF OF THE MAIN THEOREMS

3.1. Proof of Theorem [2.1 Using the result of Theorem [I.I} we know that u is an almost
periodic function. Lemma shows that the function u(xy + x), where @, is a fixed point in

R", is continuously differentiable, and moreover, for its derivatives du/0z;, i = 1,...,n, the
following representation
ou 0 0G
= — — ds
g == [ )@ wasw)
’ (17)
oG
+ fl@o+y)o (@, y)dy.
B(0,1) Ly
holds for each @ in the unit ball B°(0, 1).
Our aim is to show that the following relation holds:
. u(xo + he;) —u(xy)  Ou B
ke T .
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We begin with writing representation formula (4)) at the point (zy+ ) for each € B°(0, 1):

oG
st == [ o rn g @asw s [ seoryGEyd 19

It follows from relations and that
u(.’L‘o + hez) — U(CC()) %

1,0G oG J 0G
< sup |u he;,y) — —(0, — — ds
meg(ﬁn‘”’ - h(ay< V) - G 09) - 5 500.9) ()
oG
+ s (1@ [ [ (Glheny) - G0.9) - G200 ay
xeB(0,1) B(0,1) Li

This inequality and Lem imply relation ((18)).

According to Theorem [1.1] the function u(z) is almost periodic and therefore, (u(wo+ he;) —
u(mo))/h, for h > 0,7 =1,...,n, is an almost periodic function. Hence, its limit du/0xz;(xo),
which is the uniformly continuous limit of this function, is also an almost periodic function.
The proof is complete.

3.2. Proof of Theorem The proof of the theorem is split into three steps. First,
assuming that u is a continuous bounded function, we obtain representation formula @ for
the ball of radius = at the origin B(0,7). Then, following the lines of the proof of Lemma [2.1]
we construct the representation formula for the generalized function u and we prove that wu is
continuous and bounded in the usual sense at the origin, i.e., * = 0. Finally, then we prove
that u is continuous and bounded for each point in R™.

Step 1. Let us assume for the time being that u is a bounded continuous function. Let us
define the Green’s function for a ball of radius r, i.e., B(0,r) € R™

(v - @))  ((w.y) € BO.r) .z £y),

where & = "";—‘93 and ®(x) is defined as in (3.
Then the representation formula in a ball of radius r can be written as

oG,
W)= [ )G s+ [ )Gy dy

kd

Gr(e.y) = oty o)~ o (21

r

, e o (20)
:u/{j LdS( ) + /B(O )f(y)Gr(rB,y)dy-

na(n)r Joso 2 =yl

We multiply by @(r)r™t # 0, let £ = 0 and integrate in the variable r € [0, R] for some
R > r. By noting that |y| = r we obtain:

R R ) )
u(0) / o ar = / T /mﬂ () dS(y) d

4 ) 4 ’
R (21)
s [t [ G0y dy dar
R 0 B(0,r) |
15(f)
We pass to the spherical coordinates (r,¢q,...,d,_1), where r is the radial distance, ¢;,
i=1,...,n— 1 are angular coordinates, and in view of the identities

dS(y) = sin"_2(¢1) sin"_3(gz§2) ce sin(gbn_g) d¢1 d¢2 cee dgbn_g, dy = Tn_l dS(y) dr
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1 U
I — / w(|yli_§y) dy.
na(n) ly|<R Y|
By dividing both parts of by I; we obtain:

ol L1 el )
(0) L@@

we obtain that

na(n) I ly|nt vt L

Step 2. Assume that u is a generalized function. By repeating the above steps with u, = u*w,
and a corresponding source function f. = f*w,, and using in addition Lemma [2.1] the following
relation can be obtained:

11 v(lyl) 1

Ue 0 :—_/ Ue d + [ fs 22

(0) na(n) I ly|<R ly|! uely) fe): (22)

In our construction, the function ¢ is chosen such that gp(]y|) =0asl|y|<dor|y >R-9,

where § > 0 is some small number. Then, it is clear that ¥(y) = ©(|y|)/|y|" ' is a test
function, i.e., it is an element of D(R™). We denote:

v(@) = (uxy)(x) = (uly —=),9(y)).
Now using Lemma the integral in the right hand side of can be simplified as follows:

V(y)u-(y) dy = Y(y)(u* w:)(y) dy

ly|<R ly|<R

:/fuww*wwMy (23)
:/?%@W@My=%®%

where v. = v x w,.. Using identity , we rewrite equation in the following form:

1 1 1
ue(0) = na(n) I ve(0) + I, I3(fe). (24)
This yields that the expression in the right hand side has a limit as ¢ — 0, since v.(0) and f.
have a limit as ¢ — 0. Consequently, we conclude that there exists a limit u.(0) as ¢ — 0.

Step 3. In the second part of the proof, under the assumptions of the theorem, we showed
that u is continuous and bounded at point = 0. Here we show that this is in fact true for
each point of the space.

For a fixed point &y € R™ let us denote w(x) := u(x + ), where w(x) is a the solution of
equation

—Aw(x) = fz(x), x€R",
in the distribution sense, where we denote fp () = f(x + ®y). Then, we have that
w(x) = u.(x + xp) and

v(@ — o) = (uxP)(x — x0) = (w(y —z),¥(y)) = (w*y)(),
and the equation ([24] . for w becomes:

which is
el@0) = s (= m0) (o).

Now, passing to again the limit as ¢ — 0, we see that v.(—xo) = v(—0), fzoe — [zy, and
therefore, the limit of u.(xg) exists as ¢ — 0 for each &g € R™. The proof is complete.
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APPENDIX
Lemma A.1. Let a and b be arbitrary positive numbers. For each m = 1,2,3,... the fol-
lowing inequality holds
m|l 1
m_bm g____ m+1 bm—i—l. 25
o < | g o )

Proof. Using the polynomial identities, we have

m—1 m—1 m—1
m_m m—kyk—1 _ 0= m—kpho1 _ (1 1 m—kpk+1
a™ —b —(a—b);a b —Wab;a b _(E_E)Za b (26)
Next, we need to use the following Holder’s inequality
dP q
dc < — + C_7
p q
where
1
d >0, c> 0, p>1, p>1 ,—+-=1
P q
By letting
+1 m+1
a 7 (& Y p m — k7 q k/' + 1
in the Holder’s inequality, we get
am R m—Fk ., F+1 pmtl
m+ 1 m + 1
Now, we apply this inequality to (26)) and obtain
m—1 m—1
1 1 m—k k+1
mo_ pm <‘___‘< m+1 berl )
o | b a ¢ Z m+1 + Z m+1
k=0 k=0
m|l 1
|z _ = m—+1 bm+1
2 ‘b a G )
which completes the proof of the lemma. n

Lemma A.2. Let u be a distribution in R", and let p(x) and (x) be two test functions
from D(R™) such that p(—x) = p(x), and Y(—x) = Y(x). Then the following identity holds
true:

| @ i@ e~ [ (@) wxp)a)de (27)

Proof. Let us denote the support of functions ¢ and p by V- C R™. Let Vi, k =1,..., N, where
N is some finite number, be a set of disjoint simplexes such that V = Up=1..NVk, where V
and V denote the closure of V and Vj, respectively. Then for a fixed point x;, € Vi, we write
the following identity:

| e@ s i@de =3 [ (pl@) 0 6)(e) = ola) (wr i) do
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Since the integrand in the first integral of the right hand side is continuous, the first integral
goes to zero as k — co. On the other hand, since the integrand of the second integral is
constant, we use the definition of a distribution to obtain:

ZN:/V o) (u* Y)(xy) de = (U(y), ZN: o) Pz, — y) !Vk\),

where |V| denotes the volume V.
We pass to the limit as £ — oo and get that

| s@) s @iz =(uw). | el@)ie - y)dz).
In the same way, for the right hand side of we get

V(@) (usp)(@) de = (uly), | v(@)p(z - y)dz).
-

RTL

n

Finally, by using the assumption of the lemma, i.e., o(—x) = ¢(x) and P(—x) = P (x), we see
that

/’w@w@—ysz/'ﬂ@w@—wa
: ‘ (28)
~ [ @ e —e)de= [ (o) e(o—y)da,

where we used the property of mollifier. This completes the proof. O
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