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ON FAMILIES OF ISOSPECTRAL

STURM-LIOUVILLE BOUNDARY VALUE PROBLEMS

O.E. MIRZAEV, A.B. KHASANOV

Abstract. The work is devoted to describing all boundary value Sturm-Liouville problems
on a finite segment with the same spectrum. Such problems are called isospectral and
they were studied in works by E.L. Isaacson, H.P. McKean, B.E. Dahlberg, E. Trubowitz,
M. Jodeit, B.M. Levitan, Y.A. Ashrafyan, T.N. Harutyunyan. Nowadays, there are various
methods for solving inverse spectral problems: the method of transformation operator,
that is, Gelfand-Levitan method, the method of spectral mappings, the method of etalon
models and others. V.A. Marchenko showed, that the Sturm-Liouville operator on a
finite segment is determined uniquely by its eigenvalues and a sequence of normalizing
constants, that is, by its spectral function. I.M. Gelfand and B.M. Levitan found necessary
and sufficient conditions on recovering boundary value Sturm-Liouville problems by their
spectral functions. This method is based on recovering a potential and boundary conditions
by spectral data by means of a Fredholm integral equation of a second kind with parameters.
While constructing isospectral boundary value Sturm-Liouville problems with a prescribed
spectrum 𝑛2, 𝑛 > 0, we have employed the Gelfand-Levitan method. The main result of the
work is an algorithm for recovering a family of boundary value Sturm-Liouville problems
𝐿 = 𝐿(𝑞(𝑥), ℎ,𝐻), whose spectra satisfy the condition 𝜎(𝐿) = {𝑛2, 𝑛 > 0}. At that, the
found coefficients 𝑞 = 𝑞(𝑥, 𝛾1, 𝛾2, . . .), ℎ = ℎ(𝛾1, 𝛾2, . . .), 𝐻 = 𝐻(𝛾1, 𝛾2, . . .) depend on
infinitely many parameters 𝛾𝑗 , 𝑗 = 1,∞.
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1. Introduction

Definition 1.1. Sturm-Liouville boundary value problems

𝐿0𝑦 ≡ −𝑦′′ = 𝜆𝑦, 0 < 𝑥 < 𝜋,

𝑦′(0) = 0, 𝑦′(𝜋) = 0
(1.1)

and
𝐿𝑦 ≡ −𝑦′′ + 𝑞(𝑥)𝑦 = 𝜆𝑦, 0 < 𝑥 < 𝜋,

𝑦′(0) − ℎ𝑦(0) = 0, 𝑦′(𝜋) + 𝐻𝑦(𝜋) = 0,
(1.2)

are called isospectral if they have same eigenvalues, that is, 𝜎(𝐿) = 𝜎(𝐿0) = {𝑛2, 𝑛 > 0} . Here
𝑞(𝑥) ∈ 𝐶[0, 𝜋] is a real continuous function on the segment [0, 𝜋], ℎ and 𝐻 are real numbers.

In this work we recover the family of Sturm-Liouville boundary value problems 𝐿 =
𝐿(𝑞(𝑥), ℎ, 𝐻) with boundary conditions (1.2), whose spectra satisfy the condition 𝜎(𝐿) =
{𝜆𝑛}∞𝑛=0 = {𝑛2, 𝑛 > 0} .
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2. Preliminaries on inverse spectral problem

We consider the following boundary value problem:

𝐿(𝑞(𝑥), ℎ,𝐻)𝑦 ≡ −𝑦′′ + 𝑞(𝑥)𝑦 = 𝜆𝑦, (0 < 𝑥 < 𝜋), (2.1)

𝑦′(0) − ℎ𝑦(0) = 0, (2.2)

𝑦′(𝜋) + 𝐻𝑦(𝜋) = 0, (2.3)

where 𝑞(𝑥) ∈ 𝐶[0, 𝜋], 𝜆 is a spectral parameter.
We denote by 𝜑(𝑥, 𝜆) a solution to equation (2.1) satisfying initial conditions

𝜑(0, 𝜆) = 1, 𝜑′(0, 𝜆) = ℎ. (2.4)

It is well-known [3] that a solution 𝜑(𝑥, 𝜆) to problem (2.1), (2.4) exists, is unique and for
each fixed 𝑥 ∈ [0, 𝜋], it is an entire function in 𝜆. Moreover, the integral representation

𝜑(𝑥, 𝜆) = cos
√
𝜆𝑥 +

𝑥∫︁
0

𝐾(𝑥, 𝑡) cos
√
𝜆𝑡𝑑𝑡, (2.5)

𝐾(𝑥, 𝑥) = ℎ +
1

2

𝑥∫︁
0

𝑞(𝑡)𝑑𝑡. (2.6)

holds. It is obvious that for each 𝜆 the function 𝜑(𝑥, 𝜆) satisfies boundary condition (2.2). This
is why the eigenvalues 𝜆𝑛, 𝑛 = 0, 1, 2, . . . of problem (2.1)–(2.3) are the roots of the equation

∆(𝜆) = 𝜑′(𝜋, 𝜆) + 𝐻𝜑(𝜋, 𝜆) = 0, (2.7)

where 𝜑(𝑥, 𝜆𝑛) , 𝑛 = 0, 1, 2, . . . is the associated eigenfunction. We let

𝛼𝑛 =

𝜋∫︁
0

𝜑2(𝑥, 𝜆𝑛)𝑑𝑥. (2.8)

The numbers 𝛼𝑛 are called normalizing numbers of boundary value problem (2.1)–(2.3). In
what follows, the set of numbers {𝜆𝑛, 𝛼𝑛}∞𝑛=0 is called spectral data of problem (2.1)–(2.3).

Theorem 2.1. ([3],[9]). Spectral data {𝜆𝑛, 𝛼𝑛}∞𝑛=0 of problem (2.1)–(2.3) satisfies the
identities √︀

𝜆𝑛 = 𝑛 +
𝑐

𝑛𝜋
+

𝛾𝑛
𝑛
, 𝛼𝑛 =

𝜋

2
+

𝛽𝑛

𝑛
; {𝛾𝑛} , {𝛽𝑛} ∈ 𝑙2, (2.9)

𝑐 = ℎ + 𝐻 +
1

2

𝜋∫︁
0

𝑞(𝑡)𝑑𝑡, (2.10)

𝜑(𝑥, 𝜆𝑛) = cos𝑛𝑥 +
𝜉𝑛(𝑥)

𝑛
, |𝜉𝑛| 6 𝑀. (2.11)

It is well-known that the eigenfunctions associated with different eigenvalues are orthogonal
and for an arbitrary function 𝑓(𝑥) ∈ 𝐿2(0, 𝜋) one has

𝑓(𝑥) =
∞∑︁
𝑛=0

1

𝛼𝑛

⎛⎝ 𝜋∫︁
0

𝑓(𝑡)𝜑(𝑡, 𝜆𝑛)𝑑𝑡

⎞⎠𝜑(𝑥, 𝜆𝑛). (2.12)

This implies a symbolic identity:
∞∑︁
𝑛=0

𝜑(𝑡, 𝜆𝑛)𝜑(𝑥, 𝜆𝑛)

𝛼𝑛

= 𝛿(𝑡− 𝑥), (2.13)
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where 𝛿(𝑥) is the Dirac delta function. In particular, as 𝑞(𝑥) ≡ 0, ℎ = 0, 𝐻 = 0, we have

∞∑︁
𝑛=0

cos𝑛𝑥 cos𝑛𝑡

𝛼0
𝑛

= 𝛿(𝑡− 𝑥), (2.14)

where

𝛼0
𝑛 =

{︃
𝜋, 𝑛 = 0
𝜋

2
, 𝑛 > 1.

(2.15)

Theorem 2.2. (V.A. Marchenko [1]). The potential 𝑞(𝑥) and the coefficients ℎ, 𝐻 of
boundary value problem (2.1)–(2.3) are determined uniquely by spectral data {𝜆𝑛, 𝛼𝑛}∞𝑛=0.

Lemma 2.1. ([2]). The identity holds:

∞∑︁
𝑛=0

𝜑(𝑥, 𝜆𝑛) cos
√
𝜆𝑛𝑡

𝛼𝑛

= 0, 0 < 𝑡 < 𝑥. (2.16)

Theorem 2.3. (I.M. Gelfand, B.M. Levitan [2]). The kernel 𝐾(𝑥, 𝑡) of the transformation
operator (2.5) satisfies the integral equation

𝐾(𝑥, 𝑡) + 𝐹 (𝑥, 𝑡) +

𝑥∫︁
0

𝐾(𝑥, 𝑠)𝐹 (𝑠, 𝑡)𝑑𝑠 = 0, 0 < 𝑡 < 𝑥, (2.17)

where

𝐹 (𝑥, 𝑡) =
∞∑︁
𝑛=0

{︂
1

𝛼𝑛

cos
√︀
𝜆𝑛𝑥 cos

√︀
𝜆𝑛𝑡−

1

𝛼0
𝑛

cos𝑛𝑥 cos𝑛𝑡

}︂
. (2.18)

Theorem 2.4. (I.M. Gelfand, B.M. Levitan [2],[9]). A sequence of real eigenvalues
{𝜆𝑛, 𝛼𝑛}∞𝑛=0 is a spectral data for some boundary value problem (2.1)–(2.3) with a potential
𝑞(𝑥) ∈ 𝐿2(0, 𝜋) if and only if conditions (2.9) hold true.

Let a sequence {𝜆𝑛, 𝛼𝑛}∞𝑛=0 satisfy condition (2.9). We construct a function 𝐹 (𝑥, 𝑡) by formula
(2.18) and consider family of integral equations (2.17) for 𝐾(𝑥, 𝑡).

Theorem 2.5. ([2]). For each fixed 𝑥 ∈ (0, 𝜋), integral equation (2.17) has a unique solution
𝐾(𝑥, 𝑡) ≡ 𝐾𝑥(𝑡).

Solving equation (2.17), we find 𝐾(𝑥, 𝑡). Then we define a function 𝜑(𝑥, 𝜆) by formula (2.5).
Then function 𝜑(𝑥, 𝜆) satisfies the differential equation

− 𝜑′′ + 𝑞(𝑥)𝜑 = 𝜆𝜑, 0 < 𝑥 < 𝜋, (2.19)

and initial conditions

𝜑(0, 𝜆) = 1, 𝜑′(0, 𝜆) = 𝐾(0, 0) = −𝐹 (0, 0) = ℎ, (2.20)

where

𝑞(𝑥) = 2
𝑑

𝑑𝑥
𝐾(𝑥, 𝑥). (2.21)

𝐻 = 𝑐− ℎ− 1

2

𝜋∫︁
0

𝑞(𝑡)𝑑𝑡. (2.22)
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3. Algorithm of recovering isospectral boundary value problems

1) Let

𝜆𝑛 = 𝑛2, 𝑛 > 0; 𝛼𝑛 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝜋

2
, 𝑛 > 𝑘

𝑎𝑘−1, 𝑛 = 𝑘 − 1,

. . .

𝑎1, 𝑛 = 1,

𝑎0, 𝑛 = 0

(3.1)

where 𝑎0, 𝑎1, . . . , 𝑎𝑘−1 are given positive numbers.
It is easy to observe that the sequence {𝜆𝑛, 𝛼𝑛}∞𝑛=0 defined by identities (3.1) satisfy the

assumptions of theorem 2.4. This is why there exists a unique boundary value problem
𝐿(𝑞(𝑥), ℎ,𝐻) = 𝐿(𝑎0, 𝑎1, . . . , 𝑎𝑘−1) of form (2.1)–(2.3) with the coefficients

𝑞(𝑥) = 𝑞(𝑥, 𝑎0, 𝑎1, . . . , 𝑎𝑘−1) ∈ 𝐿2(0, 𝜋),

ℎ = ℎ (𝑎0, 𝑎1, . . . , 𝑎𝑘−1) , 𝐻 = 𝐻 (𝑎0, 𝑎1, . . . , 𝑎𝑘−1) .
(3.2)

In this case the spectrum of the family of boundary value problems 𝐿(𝑎0, 𝑎1, . . . , 𝑎𝑘−1) satisfy
the identity 𝜎(𝐿(𝑎0, 𝑎1, . . . , 𝑎𝑘−1)) = {𝑛2, 𝑛 > 0} . Then we find coefficients (3.2) of boundary
value problems

𝐿(𝛼0, 𝛼1, . . . , 𝛼𝑘−1)𝑦 = −𝑦′′ + 𝑞(𝑥, 𝑎0, 𝑎1, . . . , 𝑎𝑘−1)𝑦 = 𝜆𝑦, (3.3)

𝑦′ (0) − ℎ (𝑎0, 𝑎1, . . . , 𝑎𝑘−1) 𝑦 (0) = 0, 𝑦′(𝜋) + 𝐻(𝑎0, 𝑎1, . . . , 𝑎𝑘−1)𝑦 (𝜋) = 0. (3.4)

We first define 𝐹 (𝑥, 𝑡) by formulae (2.18) and (3.1):

𝐹 (𝑥, 𝑡) =
𝑘−1∑︁
𝑛=0

𝑏𝑛 cos𝑛𝑥 cos𝑛𝑡, (3.5)

where

𝑏𝑛 =
1

𝛼𝑛

− 1

𝛼0
𝑛

, 𝛼0
𝑛 =

{︃𝜋

2
, 𝑛 > 1,

𝜋, 𝑛 = 0.

Then we substitute (3.5) into integral equation (2.17) to obtain:

𝐾(𝑥, 𝑡) = −𝐹 (𝑥, 𝑡) −
𝑥∫︁

0

𝐾(𝑥, 𝑠)𝐹 (𝑠, 𝑡)𝑑𝑠 = −
𝑘−1∑︁
𝑛=0

𝑏𝑛 cos𝑛𝑡𝜑(𝑥, 𝜆𝑛), (3.6)

where

𝜑 (𝑥, 𝜆𝑛) = cos𝑛𝑥 +

𝑥∫︁
0

𝐾 (𝑥, 𝑠) cos𝑛𝑠𝑑𝑠. (3.7)

In view of formulae (2.20) and (2.21) we find:

ℎ = ℎ(𝑎0, 𝑎1, . . . , 𝑎𝑘−1) = −𝐹 (0, 0) = −
𝑘−1∑︁
𝑛=0

𝑏𝑛, (3.8)

𝑞(𝑥) = 𝑞(𝑥, 𝑎0, 𝑎1, . . . , 𝑎𝑘−1) = −2
𝑘−1∑︁
𝑛=0

𝑏𝑛{cos𝑛𝑥𝜙(𝑥, 𝜆𝑛)}′. (3.9)
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Substituting expression (3.6) into formula (3.7), we get

𝜑 (𝑥, 𝜆𝑛) = cos𝑛𝑥−
𝑘−1∑︁
𝑝=0

𝑏𝑝𝜑 (𝑥, 𝜆𝑝)

⎧⎨⎩
𝑥∫︁

0

cos𝑛𝑡 cos 𝑝𝑡𝑑𝑡

⎫⎬⎭ , 0 6 𝑛 6 𝑘 − 1 (3.10)

Differentiating in 𝑥, we see that

𝜑′ (𝑥, 𝜆𝑛) = − 𝑛 sin𝑛𝑥−
𝑘−1∑︁
𝑝=0

𝑏𝑝𝜑
′(𝑥, 𝜆𝑝)

⎧⎨⎩
𝑥∫︁

0

cos𝑛𝑡 cos 𝑝𝑡𝑑𝑡

⎫⎬⎭
−

𝑘−1∑︁
𝑝=0

𝑏𝑝𝜑(𝑥, 𝜆𝑝) cos 𝑝𝑥 cos𝑛𝑥.

(3.11)

Finally, letting 𝑥 = 𝜋 in formulae (3.10) and (3.11), we first obtain

𝜑 (𝜋, 𝜆𝑛) = (−1)𝑛 − 𝑏𝑛𝜑 (𝜋, 𝜆𝑛)𝛼0
𝑛,

𝜑 (𝜋, 𝜆𝑛) =
(−1)𝑛

1 + 𝑏𝑛𝛼0
𝑛

. (3.12)

Then we get

𝜑′ (𝜋, 𝜆𝑛) = −𝑏𝑛𝛼
0
𝑛𝜑

′ (𝜋, 𝜆𝑛) − (−1)𝑛
𝑘−1∑︁
𝑝=0

(−1)𝑝𝑏𝑝𝜑(𝜋, 𝜆𝑝),

𝜑′ (𝜋, 𝜆𝑛) =
(−1)𝑛+1

1 + 𝑏𝑛𝛼0
𝑛

𝑘−1∑︁
𝑝=0

(−1)𝑝𝑏𝑝𝜙 (𝜋, 𝜆𝑝) . (3.13)

Substituting (3.12) into the right hand side in (3.13), we obtain:

𝜑′ (𝜋, 𝜆𝑛) =
(−1)𝑛+1

1 + 𝑏𝑛𝛼0
𝑛

𝑘−1∑︁
𝑝=0

𝑏𝑝
1 + 𝑏𝑝𝛼0

𝑝

. (3.14)

By the second boundary condition in (3.4) we find:

𝐻 ≡ 𝐻(𝑎0, 𝑎1, . . . , 𝑎𝑘−1) =
𝑘−1∑︁
𝑝=0

𝑏𝑝
1 + 𝑏𝑝𝛼0

𝑝

. (3.15)

2) Let sequences of numbers {𝜆𝑛, 𝛼𝑛}∞𝑛=0 be defined by relations

𝜆𝑛 = 𝑛2, 𝑛 > 0,
1

𝛼𝑛

=
1

𝛼0
𝑛

+
𝛾𝑛

𝑛 + 1
, (3.16)

where 𝛾𝑛 satisfies the condition
∞∑︁
𝑛=0

𝛾𝑛
𝑛 + 1

< ∞ (3.17)

and 𝛼0
𝑛 is defined by formula (2.15).

We see easily that the sequence {𝜆𝑛, 𝛼𝑛}∞𝑛=0 satisfies the assumptions of Theorem 2.4. This
is why there exists a unique boundary value problem 𝐿(𝑞(𝑥), ℎ,𝐻) ≡ 𝐿(𝛾0, 𝛾1, . . . , 𝛾𝑛, . . . ) of
form (2.1)–(2.3) with the coefficients

𝑞 (𝑥) = 𝑞 (𝑥, 𝛾0, 𝛾1, . . . , 𝛾𝑛, . . . ) , ℎ = ℎ (𝛾0, 𝛾1, . . . , 𝛾𝑛, . . . ) , 𝐻 ≡ 𝐻(𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .),
(3.18)

whose eigenvalues are equal to 𝑛2, 𝑛 > 0, that is,

𝜎 (𝐿(𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .)) =
{︀
𝑛2, 𝑛 > 0

}︀
.
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Now we find coefficients (3.18) of the boundary value problems:

𝐿(𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .)𝑦 ≡ −𝑦′′ + 𝑞(𝑥, 𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .)𝑦 = 𝜆𝑦, 0 < 𝑥 < 𝜋, (3.19)

𝑦′ (0) − ℎ (𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .) 𝑦(0) = 0, 𝑦′(𝜋) + 𝐻(𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .)𝑦(𝜋) = 0. (3.20)

In order to do this, we define 𝐹 (𝑥, 𝑡) by formulae (2.18) and (3.16):

𝐹 (𝑥, 𝑡) =
∞∑︁
𝑛=0

𝛾𝑛
𝑛 + 1

cos𝑛𝑥 cos𝑛𝑡. (3.21)

This gives:

ℎ(𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .) = −𝐹 (0, 0) = −
∞∑︁
𝑛=0

𝛾𝑛
𝑛 + 1

. (3.22)

Substituting (3.21) into Gelfand-Levitan integral equation (2.17), we obtain:

𝐾(𝑥, 𝑡) = −
∞∑︁
𝑛=0

𝛾𝑛
𝑛 + 1

cos𝑛𝑡𝜑(𝑥, 𝜆𝑛), (3.23)

where

𝜑(𝑥, 𝜆𝑛) = cos𝑛𝑥 +

𝑥∫︁
0

𝐾(𝑥, 𝑠) cos𝑛𝑠𝑑𝑠. (3.24)

It is known that the function 𝜑(𝑥, 𝜆) defined by formula (2.5) satisfies the differential equation

− 𝜑′′ + 𝑞(𝑥, 𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .)𝜑 = 𝜆𝜑 (3.25)

and initial conditions

𝜑(0, 𝜆) = 1, 𝜑′(0, 𝜆) = ℎ(𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .),

where the coefficient 𝑞(𝑥, 𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .) is determined by the formula

𝑞(𝑥, 𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .) = 2
𝑑

𝑑𝑥
(𝐾(𝑥, 𝑥)) . (3.26)

Substituting expression (3.23) into (3.24), we get

𝜑(𝑥, 𝜆𝑛) = cos𝑛𝑥−
∞∑︁
𝑘=0

𝛾𝑘
𝑘 + 1

𝜑(𝑥, 𝜆𝑘)

⎧⎨⎩
𝑥∫︁

0

cos 𝑘𝑡 cos𝑛𝑡𝑑𝑡

⎫⎬⎭ . (3.27)

Differentiating this identity in 𝑥, we obtain:

𝜑′(𝑥, 𝜆𝑛) = − 𝑛 sin𝑛𝑥−
∞∑︁
𝑘=0

𝛾𝑘
𝑘 + 1

𝜑′(𝑥, 𝜆𝑘)

⎧⎨⎩
𝑥∫︁

0

cos 𝑘𝑡 cos𝑛𝑡𝑑𝑡

⎫⎬⎭
−

[︃
∞∑︁
𝑘=0

𝛾𝑘
𝑘 + 1

𝜑(𝑥, 𝜆𝑘) cos 𝑘𝑥

]︃
cos𝑛𝑥.

(3.28)

Substituting 𝑥 = 𝜋 into identities (3.27) and (3.28), we have:

𝜑(𝜋, 𝜆𝑛) =
(−1)𝑛

1 + 𝛾𝑛
𝑛+1

𝛼0
𝑛

, 𝜑′(𝜋, 𝜆𝑛) =
(−1)𝑛+1

1 + 𝛾𝑛
𝑛+1

𝛼0
𝑛

∞∑︁
𝑘=0

𝛾𝑘
𝑘 + 1 + 𝛾𝑘𝛼0

𝑘

.

By the second boundary condition in (3.20) we find:

𝐻(𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .) =
∞∑︁
𝑘=0

𝛾𝑘
𝑘 + 1 + 𝛾𝑘𝛼0

𝑘

.
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Then it follows from (3.23) and (3.26) that

𝑞(𝑥, 𝛾0, 𝛾1, . . . , 𝛾𝑛, . . .) = −2
∞∑︁
𝑛=0

𝛾𝑛
𝑛 + 1

[cos𝑛𝑥𝜑(𝑥, 𝜆𝑛)]′ ,

where the function 𝜑(𝑥, 𝜆𝑛), 𝑛 > 0, is defined by formula (3.27).
Thus, we have constructed a family of Sturm-Liouville boundary value problems, whose

eigenvalues coincide with prescribed numbers 𝜆𝑛 = 𝑛2, 𝑛 > 0.
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