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ALGEBRAICITY OF LATTICE OF 7-CLOSED TOTALLY
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Dedicated to a blessed memory of Leonid Alexandrovich Shemetkov

Abstract. All groups considered in this paper are assumed to be finite. The symbol
w denotes some nonempty set of primes, and 7 is a subgroup functor in the sense of
A.N. Skiba. We recall that a formation is a class of groups that is closed under taking
homomorphic images and finite subdirect products. Functions of the form f:w U {w'} —
{formations of groups} are called w-local satellites (formation w-functions). Such functions
are used to study the structure of w-saturated formations.

The paper is devoted to studying the properties of the lattice of all closed functorially
totally partially saturated formations related to the algebraicity concept for a lattice of
formations. We prove that for each subgroup functor 7, the lattice 1], of all 7-closed
totally w-saturated formations is algebraic. This generalizes the results by V.G. Safonov.
In particular, we show that the lattice [ of all 7-closed totally p-saturated formations
is algebraic as well as the lattice {7 of all T-closed totally saturated formations. Similar
results are obtained for lattices of functorially closed totally partially saturated formations
corresponding to certain subgroup functors 7. Thus, we find new classes of algebraic lattices
of formations of finite groups.

Keywords: formation of finite groups, totally w-saturated formation, lattice of formations,
7-closed formation, algebraic lattice.
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1. INTRODUCTION

All groups considered in this work are assumed to be finite. We follow a terminology used
in works [1]-{4].

One of the most intensively developing directions in the formation theory is one aimed on
studying internal structures of formations and their classifications. Universal tools of such
studies are the methods and constructions of general lattice theory.

A modular property of the lattice of all formations established by A.N. Skiba [5], as well
as of the lattice of all saturated formations gave an opportunity to employ lattice methods
for solving many issues in the formation theory. The main results of the structural formation
theory was exposed in monographs [I]-[3], [6]-[9]. Works [10]-[I5] were devoted to studying
a series of properties of the lattice of all totally saturated formations as well as a structural
construction of totally saturated formations with prescribed restrictions on the lattice of of
their totally saturated subformations.
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A.N. Skiba [3] showed that for each integer n, the lattice of all 7-closed n-mutliply saturated
formations and the lattice of all soluble totally saturated formations are algebraic. A.N. Skiba
and L.A. Shemetkov [I6] proved the algebraicity of the lattice of n-mutliply £-composition
formation. Later, [.P. Shabalina established the algebraicity of the lattice of 7-closed n-mutliply
w-saturated formations [I7]. M.V. Zadorozhnyuk proved the algebraicity of the lattice of all
7-closed solubly w-saturated formations [I8]. The algebraicity of the lattice of all 7-closed n-
mutliply solubly w-saturated formations was proved by N.N. Vorob’ev and A.A. Tsarev [19],
see also [8, Ch. 4, Thm. 4.6.12].

V.G. Safonov showed that the lattice of all 7-closed totally saturated formations and the
lattice of all totally w-saturated formations are algebraic [11], [20]. A series of properties of the
lattice of totally partially saturated formations were studied in works [20]-[23].

In the present work we employ a functorial approach to prove that the lattice [, of all
T-closed totally w-saturated formation is algebraic.

2. DEFINITIONS AND NOTATIONS

In what follows w denotes some non-empty set of prime numbers and w’ = P\ w. By symbols
F,(G) and O,(G) we denote respectively the maximal normal p-nilpotent subgroup of group G
and the maximal normal m-subgroup of group G, while the symbol 7(G) stands for the set of
all prime divisors of the group G. The symbols 0, M. and &, denote the class of all p-groups,
m-groups and soluble m-groups, respectively.

Following [4], by the symbol G4 we denote the maximal normal in G subgroup K with the
property wN7(H/N) # & for each composition factor H/N in K (G,q = 1 if wN7(Soc(G)) =
)).

We recall that a formation is a class of groups closed with respect to taking homomorphic
images and finite subdirect products.

Each function of form f : w U {w'} — {formations of groups} is called w-local satellite
(formation w-function). Following [4], to each w-local satellite f, we associate a class of groups

LF,(f) = (G| G/Gua € f(w') and G/F,(G) € f(p) for all p € wN7(G)).

If a formation § is such that § = LF,(f) for some w-local satellite f, then the formation § is
called w-local, and f is called local satellite of this formation [4]. If all values of f are located
in §, then f is called internal (or reduced) satellite.

A formation § is called w-saturated if it contains each group G satisfying the condition
G/L € §, where L C ®(G) N O,(G).

Let A, B be groups, ¢ : A — B be an epimorphism, 2 and ¥ be some systems of subgroups
in A and B, respectively. Then by Q¢ we denote the set {H? | H € Q}, and by ¢ we denote
the set {H? ' | H € ¥} of all complete pre-images in A of all groups in X.

Let X be an arbitrary non-empty class of groups and to each group G € X some system
of its subgroups 7(G) be associated. We say that 7 is a subgroup X-functor in the sense of
A.N. Skiba [3] (or, in other words, 7 is a subgroup functor on X) if for each epimorphism
¢ : A — B, where A, B € X, the embeddings hold (7(A))? C 7(B), (r(B))? ' C 7(A) and for
each group G € X we have G € 7(G). If X = & is the class of all groups, then the symbol X is
omitted and one says just a subgroup functor. By S(G) we denote the set of all subgroups of
a group G, while S, (G) is the set of all normal subgroups of the group G. A subgroup functor
7 is called trivial if 7(G) = {G}, and is called unit if 7(G) = S(G) for each group G. The class
of groups § is called 7-closed if 7(G) C § for each group G € §.
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According the concept of multiple locality proposed by A.N. Skiba [24], see also [4], each
formation is supposed to be 0-mulitple w-local, while for n > 1, a formation § is called n-
multiple w-local if § = LF,(f), where all values of f are (n — 1)-mutliply w-local formations. A
formation § is called totally w-local if it is n-mulitple w-local for all n. If at that a formation §
is 7-closed, then ¥ is called 7-closed n-mutliply w-local and respectively 7-closed totally w-local.

In view of Theorem 1 in work [4], a formation § is called w-local if and only if it is w-saturated.
This is why n-mutliply w-local and totally w-local formations are also n-mutliply w-saturated
and, respectively, totally w-saturated.

We recall that a lattice is a partially ordered set L, in which each two elements have an
infimum denoted by = A y and the supremum denoted by z V y [25, Ch. I, Sect. 4]. A lattice
L is called complete if each its subset X have supremum and infimum in L. An element a of
the lattice L is called compact if it follows from a < V(z; | i € I) that a < V(z; | ¢ € J) for
some finite subset J C I. A lattice L is called algebraic if each its element a € L is the union
of compact elements in the lattice L [25, Ch. VII, Sect. 5|.

A non-empty system of formations 6 is called complete lattice of formations if the intersection
of each set of formations in 6 again belongs to ¢ and the set # contains a formation §, such
that $ C § for each formation $) € 6. Each complete lattice of formations is a complete lattice
in the usual sense. A formation in 0 is called 0-formations. A satellite f is called 6-valued if
all its values belong to . The symbol 8“ denotes the set of all formations possessing a w-local
f-valued satellite.

By (], we denote the set of all 7-closed totally w-saturated formations. For each set of
groups X by ], form X we denote the intersection of all 7-closed totally w-saturated formations
containing X. A formation ], _form X is called 7-closed totally w-saturated formation generated
by the set of groups X. If X = {G}, then []_formX =[], _form G is called one-generated -
closed totally w-saturated formation.

For all 7-closed totally w-saturated formations 90t and $ we let M V], _H = [ form (MU SH).
With respect to the operations V[, and N, the set of all 7-closed totally w-saturated formations
17, partially ordered with respect to the inclusion C is a complete lattice of formations, see [8|,
Ch. 1, Thm. 1.5.4]. In this lattice V_(F; |7 € I) =[]_form (ZLEJI&) and ig&» are respectively

supremum and infimum for the subset {§; |7 € I} in []_.

An w-local satellite, whose values are I], -formation is called [],_-valued satellite.

Let {f; | ¢ € I} be some system of [, -satellites. Then by V] _(f; | i € I) we denote a
satellite f such that f(a) = [J_form (iLGJ]fi(a)) for all a € w U {w'} if for at least one of the

formation we have f;(a) # @. Otherwise we let f(a) = @.

For each set of groups X we let X(F),) = form (G/F,(G) | G € X) if p € n(X) and X(F,) = @
if p ¢ m(%).

For an arbitrary 7-closed totally w-saturated formation §, by §_ we denote its minimal
w-local I, -valued satellite, that is, the intersection of all its w-local I], -valued satellites of the
formation §.

For an arbitrary totally w-saturated formation §, by F' we denote its canonical (maximal
interior w-local) satellite. According Remark 1 in work [4], if § = LF,(f) and f is an arbitrary
internal w-local satellite of the formation §, then the inequality holds: f < F.

3. AUXILIARY RESULTS

In order to prove the main results, we shall need some known facts of the formation theory
of finite groups.
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Lemma 1 (|22, Lm. 3.2|). Let § be a non-empty T-closed formation, m be a set of prime
numbers such that 7(§) Nw C 7w. Then the product &;F is a T-closed totally w-saturated
formation.

Lemma 2 (|3, Ch. 2, Lm. 2.1.6]). Let A be a monolithic group with a non-Abelian monolith,
M be some T-clolsed semi-formation. And let A € ITform M. Then A € 9.

Lemma 3 (|3, Ch. 4, Sect. 4.4]). The lattice IT is algebraic.

Lemma 4 (|23, Lm. 20]). Let f; be a w-local minimal I7, -valued satellite of a T-closed totally
w-saturated formation §;, where i € I. Then V[, (f; | i € I) is a minimal I}, _-valued w-local
satellite of the formation § = VI_(Fi|i € I).

Lemma 5 ([4, Lm. 4]). If § = LF,(f) and G/O,(G) € FNf(p) for somep € w, then G € §.

4. MAIN RESULT

Lemma 6. Let § = [],_form (_UI&»), where §; 18 a T-closed totally w-saturated formation
1€

(1€1), A€ $is a monolithic group. Then if Soc(A) is a non-Abelian group, then A € ,U]&'-
1€

Proof. Let A be a group satisfying the assumptions of the lemma, 7 = ﬂ(form (,U[&')) Nw.
(S
According Lemma , &, mform (‘UI&-) € l7__. This is why
1€

I, form (ZLGJISZ) C 6, rform (Zgl&)

Hence, A € &, rform (AUI&')- Since Soc(A) is a non-Abelian group, then A € rform (}U[&).
1€ 1€
Then in view of Lemma2l A € U ;. O
iel

Theorem. The lattice [, of all T-closed totally w-saturated formations is algebraic.

Proof. Let us show first that for each group A, a one-generated 7-closed totally w-saturated
formation § =[], form A is a compact element in the lattice [7_.
We assume a contrary. Then there exists a group A and formations §; € [

ooy 1€ I, such
that

S=1 fomACH=1] form(U&-)
and moreover,
§ =17 _formA ] form (‘U]&»)
1€.

for each finite subset J C I. Let A be a group of a smallest order among the groups with such
property. Let us show that the group A is monolithic. Assume that N; and N, are two different
minimal normal subgroups of the group A. Let £ =[] form (A/N;), M =[], form (A/Ny).

Since |A/Ny| < |A| and |A/N,| < |A], then in view of the choice of the group A, it follows
from the inclusions

£ =1 formA/N, C$ =1, form ('UI&),
1€
M =1, _form A/N, C $ =I;_form ('UI&»)
(S
that there exist the sets of indices 71, ...,%, and j,...,J;, such that

£Cl form(F;, U...UF;,),
M C I, _form (F; U...UF ).
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Therefore,
=LV, MC] form(F;,U...UF;, UF;, U...UFj,).
We have obtained a contradiction and hence, A is a monolithic group.
Let P = Soc(A). Assume that P is a non-Abelian group. Since A € [J_form (_Uj&), by
1€

Lemma ﬁ we get that A € .UI&-. Then there exists ig € I such that A € §,,, which is a
1€

contradiction. Therefore, P is an Abelian p-group. Let 7 = w(form ('UI&»» Nw.
(S
Assume that p ¢ w. Then p ¢ 7. In view of Lemma , we have 6ﬂ7f0rm(.U]§i) el
1€
Hence,
H =1, form ( U &) C G, 7form ( U Sz)
e iel iel
Since
A€ =1, form (iLGJISi),
then
A € G, rform ( U Sz)
el
Since p ¢ 7, then
A € tform ( U&»).
i€l
Hence, according Lemma [3] there exist indices iy, ..., iy, such that
rform A C rform (F;, U... UF;, ).
The inclusion
rform (§;, U...UF;,) €I _form (F;, U...UF;,)

yield that
rform A C I],_form (§;, U...UF,).

Therefore,
17, _form A C [}, form (§;, U...UZFi,),
which is a contradiction. This is why p € w. Since
I7_form (A/®(A) N O,(A)) =17, _form A,

by the choice of the group A, we have P ¢ ®(A). This is why P = C4(P) = F,(A) = F(A4) =
O,(A) and A = [P|B, where B is some maximal subgroup in A. Let f;, f, h be minimal
I7, -valued w-local satellites of the formations §;, § and ), respectively. Then by Lemma

h = \/Z}oo(fi ’ 1€ I)
Since P = F,(A) and A € §, then
B = A/F,(A) € h(p) = Vi (filp) [ i € I).

Since |B| < |A], the choice of the group A ensures that there exists a set of indices J =
{j1,---,Jn} such that

B=AJF,(A) e Vi (filp) |7 € ).
According Lemma {4, [ = V], _(f;(p) | j € J) is a minimal [], -valued satellite of the formation
£=V]_(F;|J€J). Therefore,

AJOy(A) = B el(p) =V, (filp) | j € J).
In view of Lemma [5, we have A € £. Therefore,
=10 _fomACL=V_(3]j€.).
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The obtained contradiction shows that § is a compact element in the lattice [,_. Since each
T-closed totally w-saturated formation is the union of its one-generated 7-closed totally w-
saturated subformations in the lattice [J,_, the lattice [],_ is algebraic. ]

We mention the main corollaries of the proven theorem.
If 7 is a trivial subgroup functor, by this theorem we obtain the following corollary.

Corollary 1 (|20, V.G. Safonov|). The lattice I of all totally w-saturated formations is al-
gebraic.

If w =P, the theorem implies the following corollary.

Corollary 2 (|11, V.G. Safonov|). The lattice I7, of all T-closed totally saturated formations
18 algebraic.

As w =P, for the trivial subgroup functor the theorem gives the following corollary.

Corollary 3 (|11, V.G. Safonov|). The lattice I, of all totally saturated formations is alge-
braic.

If w = {p}, by the theorem we obtain the following corollary.

Corollary 4. The lattice I, of all T-closed totally p-saturated formations is algebraic.
For the unit subgroup functor Corollary {4 implies the following statement.

Corollary 5. The lattice of all hereditary totally p-saturated formations is algebraic.

In the case when 7(G) = S,(G) for each group G, by Corollary 4| we obtain the following
statement.

Corollary 6. The lattice of all normally hereditary totally p-saturated formations is alge-
braic.

5. GENERAL REMARKS

We recall that a sublattice of a lattice L is a subset H C L such that iuf a € H, b € H, then
aNbe H and aVbe H |25, Ch. I, Sect. 4]. A sublattice of a lattice is again a lattice with the
same operations of union and intersections. We also recall that a sublattice H of a complete
lattice L is called complete if for each non-empty subset X C H the belonging sup; X € H
holds and inf;, X € H |26, Ch. V, Sect. 1.2]. In this case, the identities sup,; X = sup; X and
infy X = inf; X hold. It is easy show that a complete sublattice of an algebraic lattice is an
algebraic lattice. As it follows from a known result by Ph.M. Whitman, see |27, Thm. 2] and
also |26l Ch. V, Sect. 5.1|, an arbitrary sublattice of an algebraic lattice is not necessary an
algebraic lattice.

As it was mentioned above, the lattice [], is algebraic, see [I7]. At the same time, the lattice
[7, . is not a complete sublattice in [], . Moreover, we shall show that for an arbitrary set of
prime numbers w such that |w| > 1 and for an arbitrary non-negative integer n, the lattice I, _
is not a sublattice in [], .

It is sufficient to show that the lattice of soluble [, -formations is not a sublattice in [], .
We employ a method by A.N. Skiba, see [3, Ch.4, Sect. 4.1] and [8, Ch. 4, Sect. 4.5], and also
work [28]).

We argue by the induction in n. Let n = 0. We consider a formation § = 9,91, VI1,0,, where
p € w, p, r and ¢ are mutually different prime numbers. Since the formations 91,, 9, and N,
are s-closed and totally saturated, they are also 7-closed totally w-saturated. Then according
Lemma 11 in [23], the formations 9,91, and 91,91, are also 7-closed totally w-saturated. We
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also observe that they are soluble and moreover, 91,91, C ML N, = NN, and NN, C NN, =
NN,

Let us show that the formation § is not w-saturated. Assume that this is not true. Let
f be a minimal w-local satellite of the formation §. Then f(p) = 9y, 3. Let Z, and Z, be
some groups of orders r and ¢, respectively. In view of Corollary 10.7 in [2, Ch. B]| the group
B = Z, x Z, possesses a prime exact module P over the field F,,. Let G = [P]B. Then in view
of Lemma , G € §. It is easy to see that G ¢ 2,91, UMN,N,. Hence, according Corollary 1.2.26
in [3, Ch. 1], in § there exists a group H with normal sugroups N, M, Ny, ..., Ny; My, ...,
M, t > 2, such that the following statements hold:

1) H/IN 2 G, M/N = Soc(H/N);

2) Nyn...N N, =1;

3) H/N; is a monolithic 2,0, UN,I,-group with a monolith M;/N;, which is H-isomorphic
to M/N. Let H/N; € MN,.. Since Cg(P) = P, then M = Cy(M/N). Hence, M; C M
and B = Z, x Z; € M,MN,. The obtained contradiction shows that the formation § is not
w-saturated. Hence, § is not totally w-saturated. In view of Corollary 1.2.24 in [3, Ch. 1], we
have:

NN, Ve, NN, = tform (N, UN,N,) =
form (91,9, UDL,0T,) = OL,90, v 0,0,

Therefore, the lattice of soluble I], -formations in not a sublattice in [, .

Let n > 1 and the statement be true for n — 1. Then there exist solvable []_-formation
M C NN, and H C NN, such that MV H &7, Let My = N.M, H; = N,H. In view
of Lemma 4.5.2 in [8, Ch. 4|, the formations 9t; and $); have such internal [, -valued w-local
satellites m and h, respectively, such that for each a € w U {w'} the identities m(a) = I,
h(a) = $ hold. Hence, both formations belong to the lattice IJ,_. We note that the formations
M, and $; are soluble. Moreover, taking into account that 9t C M9, and $H C NI, we
have:

My = N, C N, (N'N,) = (M, NN, = NN,
and
H1 = NM C N,(N'N,) = (N NN, = NN,
Suppose that 9, vV, $; € I],_. Since according Lemma 4.5.4 in [8, Ch. 4]
My Ve, H1=NMV, NH=NMV,  H)

Wn—1

and

My vy, $H =1, form (9 U $H,)
=l;, form (M, UH) =My V], N,

by Lemma 4.5.5 in [§], the formation MM V], $ is totally w-saturated. Therefore, MV] ~ $H €
I7, _, that contradicts the choice of the formations 90t and ). Hence, the lattice of the soluble,
and hence of all [], -formations is not a sublattice in [], .

Thus, the algebraicity, as any other property of the lattice [], is not in general an implication
of the algebraicity or the corresponding property of the lattice [, , see also Sections 4.2 and 4.4
in Ch. 4 of the monograph by A.N. Skiba [3]. In view of this we mention that the above given
proof of the algebraicity of the lattice [, of all 7-closed totally w-saturated formations base
essentially on the properties of the lattice [, established earlier in works by V.G. Safonov and
L.N. Safonov [22] and in the work by the author and V.G. Safonov [23]. It does not employ the
results of work by I.P. Shabalina [I7] and they are not implied by these results.
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We finally observe that similar remarks are true also for the theory of soluble w-saturated
formations. Arguing as above, one can show that under the same assumptions for the set of
prime numbers w and an integer number n (Jw| > 1, n > 0), the lattice ¢, of all 7-closed totally
soluble w-saturated formations is not a sublattice of the lattice ¢, of all T-closed n-mutliply
solubly w-saturated formations.

In conclusion we mention that in a recently published work [29], A.A. Tsarev established
the algebraicity of the lattice ¢, of all totally composite formations. The algebraicity of the
lattice ¢, of all n-mutliply composite formations is implied by the algebraicity of the lattice
c,,, for a trivial subgroup functor 7 and w = P, which was obtained earlier in a joint work of

W

N.N. Vorob’ev and A.A. Tsarev [19], see also [8, Ch. 4, Thm. 4.6.12].

The author expresses his deep gratitude to the referee for useful remarks allowed to improve
the paper.
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