
ISSN 2304-0122 Ufa Mathematical Journal. Vol. 12. No 1 (2020). P. 13-29.

doi:10.13108/2020-12-1-13

SOLVABILITY AND SMOOTHNESS OF SOLUTION TO

VARIATIONAL DIRICHLET PROBLEM IN ENTIRE SPACE

ASSOCIATED WITH A NON-COERCIVE FORM

S.A. ISKHOKOV, B.A. RAKHMONOV

Abstract. In the work we study the solvability of the variational Dirichlet problem for one
class of higher order degenerate elliptic operators in an entire 𝑛-dimensional Euclidean space.
The coefficients of the operator have a power-law degeneracy at the infinity. The formulation
of the problem is related with integro-differential sesquilinear form, which may not satisfy
the coercivity condition. Earlier, the variational Dirichlet problem for degenerate elliptic
operators associated with noncoercive forms was studied mostly for a bounded domain by
means of a method based on a finite partition of unity of the domain. In contrast to this, we
employ a special infinite partition of unity of the entire Euclidean space of finite multiplicity.

The method used is based on techniques from the theory of spaces of differentiable func-
tions of many real variables with a power weight. The boundary conditions in the problem
are homogeneous in the sense that a solution to the problem is sought in a functional space
in which the set of infinitely differentiable compactly supported functions is dense.

The differential operator depends on the complex parameter 𝜆, and the existence and
uniqueness of a solution of the variational Dirichlet problem is proved in the case as 𝜆
belongs to a certain angular sector with a vertex at zero that contains the negative part
of the real axis. Under additional conditions on the smoothness of the coefficients and the
right-hand side of the equation, the differential properties of the solution are studied.

Keywords: variational Dirichlet problem, elliptic operator, power degeneration, noncoer-
cive form, smoothness of a solution.
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1. Introduction

The solvability of a variational Dirichlet problem for various classes of degenere elliptic op-
erators is well studied in the case, when the sesquilinear forms associated with the considered
operators satisfy the coercitivity condition, see [1]–[8] and the references therein. The case of
elliptic operators associated with non-coercive sesquilinear forms is technically complicated and
is studied rather poor. This case was considered first by K.Kh. Boimatov in work [9] and later
in works [10]–[18]. Except for works [13], [18], in the other cited works there were studied the
operators defined in a bounded domain. while the operators considered in works [13], [18], were
defined in unbounded domains very close to bounded ones; these were a limiting-cylindrical
domain with a zero diameter at infinity and some of its generalizations.
In contrast to the above mentioned works, here we first consider degenerate elliptic operators

defined on an entire 𝑛-dimensional Euclidean space R𝑛 and associated non-coercive sesquilinear
forms. Similar exterior Dirichlet problem for degenerate elliptic operators in the case of the
associated coercive forms were studied earlier in works [2], [3]. The method we apply is based
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on employing the theory of weighted functional spaces. This is why in the second section
we provide necessary definitions of functional spaces with weights and formulate their main
properties. In the third section we prove the unique solvability of the homogeneous variational
Dirichlet problem. Here the homogeneous boundary condition are treated in the sense that the
solution to the considered problem is sought in a functional space, in which the set of compactly
supported infinitely differentiable functions is dense. In the fourth section we formulate the
result on smoothness of a solution of the considered problem.
The technique developed in our work allows us to study similar issues for other types of un-

bounded domains like the exterior of an unbounded domain, a half-space, an infinite cylindrical
domain, etc.

2. Functional spaces

Let R𝑛 be an 𝑛-dimensional Euclidean space of points 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑛), 𝑘 =
(𝑘1, 𝑘2, · · · , 𝑘𝑛) be a multi-index and |𝑘| = 𝑘1 + 𝑘2 + · · · + 𝑘𝑛 be the length of 𝑘. We denote by

𝑢(𝑘)(𝑥) a generalized derivative in the Sobolev sense of the function 𝑢(𝑥). Let 𝑑(𝑥) = (1+|𝑥|2)− 1
2 ,

𝑟 be a natural number, 𝛼, 𝛿, 𝑝 be real numbers and 1 6 𝑝 <∞. By the symbol 𝑊 𝑟
𝑝,𝛼,𝛿(R

𝑛) we
denote the space of the functions 𝑢(𝑥) defined on the entire space R𝑛 and having all generalized
derivative in the Sobolev sense of order 𝑟 with a finite norm⃦⃦

𝑢; 𝑊 𝑟
𝑝, 𝛼, 𝛿(R

𝑛)
⃦⃦

=
{︀⃦⃦
𝑢; 𝐿𝑟

𝑝, 𝛼(R𝑛)
⃦⃦𝑝

+ ‖𝑢; 𝐿𝑝, 𝛿(R
𝑛)‖𝑝

}︀ 1
𝑝 ,

where

⃦⃦
𝑢; 𝐿𝑟

𝑝, 𝛼(R𝑛)
⃦⃦

=

⎧⎨⎩∑︁
|𝑘|=𝑟

∫︁
𝑑𝑝𝛼(𝑥)|𝑢(𝑘)(𝑥)|𝑝𝑑𝑥

⎫⎬⎭
1
𝑝

,

‖𝑢; 𝐿𝑝, 𝛿(R
𝑛)‖ =

{︂∫︁
𝑑𝑝𝛿(𝑥)|𝑢(𝑥)|𝑝𝑑𝑥

}︂ 1
𝑝

.

Hereinafter in the integral over the entire space R𝑛 we omit the symbol R𝑛. Together with the
space 𝑊 𝑟

𝑝,𝛼,𝛿(R
𝑛) we define also spaces 𝑊 𝑟

𝑝,𝛼(R𝑛), 𝑉 𝑟
𝑝,𝛼(R𝑛) respectively with the norms

⃦⃦
𝑢; 𝑊 𝑟

𝑝, 𝛼(R𝑛)
⃦⃦

=

{︂⃦⃦
𝑢; 𝐿𝑟

𝑝, 𝛼(R𝑛)
⃦⃦𝑝

+

∫︁
𝐾𝑅

|𝑢(𝑥)|𝑝𝑑𝑥
}︂ 1

𝑝

, (2.1)

⃦⃦
𝑢; 𝑉 𝑟

𝑝, 𝛼(R𝑛)
⃦⃦

=

⎧⎨⎩∑︁
|𝑘|6𝑟

∫︁
𝑑𝑝(𝛼+𝑟−|𝑘|)(𝑥)|𝑢(𝑘)(𝑥)|𝑝𝑑𝑥

⎫⎬⎭
1
𝑝

. (2.2)

Here 𝐾𝑅 is a ball of radius 𝑅 > 0 centered at the origin.
By 𝑉 −𝑟

𝑞,−𝛼(R𝑛), where 𝑞 = 𝑝/(𝑝− 1), we denote the space of antilinear continuous functionals
𝐹 over the space 𝑉 𝑟

𝑝,𝛼(R𝑛) equipped with the norm of dual space.

If 𝐵 is some of the spaces 𝑊 𝑟
𝑝,𝛼,𝛿(R

𝑛), 𝑊 𝑟
𝑝,𝛼(R𝑛), the symbol 𝐵 stands for the closure of the

set 𝐶∞
0 (R𝑛) in the norm of this space.

Let us formulate the main properties of the space 𝑉 𝑟
𝑝,𝛼(R𝑛) implied by the corresponding

results of works [4], [19], [20].

Theorem 2.1. For all 𝑟 ∈ N, 𝛼 ∈ (−∞, +∞), 𝑝 ∈ (1, +∞) the following statements hold:
1) the set 𝐶∞

0 (R𝑛) is dense in the space 𝑉 𝑟
𝑝,𝛼(R𝑛);
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2) norm (2.2) in the space 𝑉 𝑟
𝑝,𝛼(R𝑛) is equivalent to the following quantity:

‖𝑢;𝑉 𝑟
𝑝;𝛼(R𝑛)‖* =

⎧⎨⎩∑︁
|𝑘|=𝑟

∫︁
𝑑𝑝𝛼(𝑥)|𝑢(𝑘)(𝑥)|𝑝𝑑𝑥+

∫︁
𝑑𝑝(𝛼+𝑟)(𝑥)|𝑢(𝑥)|𝑝𝑑𝑥

⎫⎬⎭
1
𝑝

; (2.3)

3) for each natural number 𝑚 the embeddings hold:

𝑉 𝑟+𝑚
𝑝;𝛼−𝑚(R𝑛) → 𝑉 𝑟

𝑝;𝛼(R𝑛), 𝑉 −𝑟+𝑚
𝑞,−𝛼−𝑚(R𝑛) → 𝑉 −𝑟

𝑞,−𝛼(R𝑛).

4) Let 𝑛/𝑝− 𝛼 /∈ {1, 2, . . . , 𝑟}. Then the identity holds:

𝑊̊ 𝑟
𝑝,𝛼(R𝑛) = 𝑉 𝑟

𝑝,𝛼(R𝑛).

The space 𝑊 𝑟
𝑝, 𝛼(R𝑛) was introduced by L.D. Kudryavtsev and it was studied in details in

works [21], [22], see also [3].
In the next section, while estimating some auxiliary forms, we shall make use of Lemma 2.2

in [6]. Below we formulate this lemma in a convenient for us form for the spaces of differentiable
functions of many variables in the entire space R𝑛 with a power weight.

Lemma 2.1. Let 𝑚 ∈ [0, 𝑟) be an integer number, 𝑝 > 1, 1 6 𝑞1 6 𝑞0, and a number 𝑞0
satisfies the conditions⎧⎨⎩

1

𝑝
− 𝑟 −𝑚

𝑛
<

1

𝑞0
, as 𝑛− (𝑟 −𝑚)𝑝 > 0;

𝑞0 is an arbitrary finite number, as 𝑛− (𝑟 −𝑚)𝑝 6 0.

Then for each 𝜀 > 0 and all 𝑣 ∈ 𝑉 𝑟
𝑝, 𝛼(R𝑛) the inequality⃦⃦⃦

𝑣; 𝐿𝑚
𝑞0, 𝛼−𝑛

𝑝
+ 𝑛

𝑞0
+𝑟−𝑚(R𝑛)

⃦⃦⃦
6 𝜀

⃦⃦
𝑣; 𝑉 𝑟

𝑝, 𝛼(R𝑛)
⃦⃦
* + 𝑐0𝜀

−𝜇
⃦⃦⃦
𝑣; 𝐿𝑞1, 𝛼−𝑛

𝑝
+ 𝑛

𝑞1
+𝑟(R

𝑛)
⃦⃦⃦
,

holds true, where

𝜇 =
𝑞−1
1 − 𝑞−1

0 +𝑚𝑛−1

𝑞−1
0 − 𝑝−1 + (𝑟 −𝑚)𝑛−1

.

3. Solvability of homogeneous variational Dirichlet problem

In this section we assume that 𝑟 is natural, 𝛼, 𝛿 are real numbers satisfying the condition
𝛿 6 𝛼+𝑟, and in order to simplify the writing, by 𝐻+ we denote the closure of the class 𝐶∞

0 (R𝑛)

in the norm of the space 𝐻+ = 𝑊 𝑟
2,𝛼,𝛿(R

𝑛), while the symbol 𝐻− stands for the completion of
the space 𝐻0 = 𝐿2,𝛿(R

𝑛) with respect to the norm

‖𝑓‖− = sup
0 ̸=𝑢∈𝐻+

|(𝑓, 𝑢)𝛿|
‖𝑢‖+

.

Hereinafter ‖ · ‖+ is the norm in the space 𝐻+ and

(𝑓, 𝑢)𝛿 =

∫︁
𝑑2𝛿(𝑥)𝑓(𝑥)𝑢(𝑥)𝑑𝑥,

is the scalar product in 𝐻0. The norm in the space 𝐻0 is denoted by ‖ · ‖𝛿. The elements of the

space 𝐻− are identified with the corresponding antilinear continuous functionals over 𝐻+. The
action of the functional 𝐹 ∈ 𝐻− on a function 𝑢 ∈ 𝐻+ is denoted < 𝐹, 𝑢 >. Thus, we obtain
a triple of densely embedded spaces 𝐻+ → 𝐻0 → 𝐻−. This triple is called a rigged Hilbert
space, while 𝐻+ and 𝐻− are called respectively positive and negative spaces [23, Ch. 1]).
We note that

‖𝑢;𝑉 𝑟
𝑝;𝛼(R𝑛)‖* 6 ‖𝑢;𝑊 𝑟

𝑝;𝛼, 𝛿(R
𝑛)‖ as 𝛿 6 𝑟 + 𝛼



16 S.A. ISKHOKOV, B.A. RAKHMONOV

and by the equivalence of norms (2.2) and (2.3) as 𝛿 6 𝛼 + 𝑟, the inequalities∫︁
𝑑2𝛼+2𝑟−2|𝑘|(𝑥)

⃒⃒
𝑢(𝑘)(𝑥)

⃒⃒2
𝑑𝑥 6𝑀1‖𝑢‖+ (3.1)

hold for all 𝑢 ∈ 𝐻+ and |𝑘| 6 𝑟; the number 𝑀1 > 0 is independent of 𝑢.
In what follows by 𝑀2, 𝑀3, . . . we denote various positive inessential constants.
On functions 𝑢, 𝑣 ∈ 𝐶∞

0 (R𝑛) we consider a sesquilinear form

𝐵[𝑢, 𝑣] =
∑︁

|𝑘|,|𝑙|6𝑟

(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑢

(𝑘), 𝑑−|𝑙|𝑣(𝑙)
)︀
𝛼+𝑟

, (3.2)

whose coefficients 𝑎𝑘𝑙(𝑥) are bounded complex-valued measurable functions. In what follows we
study the solvability of the following variational Dirichlet problem associated with form (3.2).

Problem 𝐷𝜆. Given a functional 𝐹 ∈ 𝐻−, find a solution 𝑢 ∈ 𝐻+ to the equation

𝐵𝜆[𝑢, 𝑣]
def
= 𝐵[𝑢, 𝑣] + 𝜆 (𝑢, 𝑣)𝛿 =< 𝐹, 𝑣 > for all 𝑣 ∈ 𝐶∞

0 (R𝑛). (3.3)

We note that each solution of equation (3.3) is called a generalized solution of the differential
equation ∑︁

|𝑘|,|𝑙|6𝑟

(−1)|𝑙|
(︀
𝑑2𝑟+2𝛼−|𝑘|−|𝑙|(𝑥)𝑎𝑘𝑙(𝑥)𝑢(𝑘)(𝑥)

)︀(𝑙)
+ 𝜆𝑑2𝛿(𝑥)𝑢(𝑥) = 𝐹, 𝑥 ∈ R𝑛.

Together with form (3.2), we introduce the function

𝐴(𝑥, 𝜁) =
∑︁

|𝑘|,|𝑙|6𝑟

𝑎𝑘𝑙(𝑥)𝜁𝑘𝜁𝑙

defined for all 𝑥 ∈ R𝑛 and each set of complex numbers 𝜁 = {𝜁𝑘}|𝑘|6𝑟.

Assume that for all 𝑥 ∈ R𝑛 and each set of complex numbers 𝜁 = {𝜁𝑘}|𝑘|6𝑟 the conditions

|arg𝐴(𝑥, 𝜁)| < 𝜙, (3.4)∑︁
|𝑘|=𝑟

|𝜁𝑘|2 6𝑀2Re {𝛾(𝑥)𝐴(𝑥, 𝜁)} , (3.5)

hold, where 𝜙 is some number in the interval (𝜋/2, 𝜋), 𝛾(𝑥) is everywhere continuous non-
vanishing function with the following property: for each number 𝜈 > 0 there exists a number
𝑅𝜈 > 0 such that

|𝛾(𝑥) − 𝛾(𝑦)| < 𝜈 (3.6)

for all 𝑥, 𝑦 ∈ R𝑛 such that |𝑥| > 𝑅𝜈 , |𝑦| > 𝑅𝜈 . Hereinafter we assume that the function arg 𝑧
ranges in (−𝜋, 𝜋].
We note that the study of the solvability of the variational Dirichlet problem associated

with a non-coercive form made in works [9]–[17] for a bounded domain was based on a finite
partition of the unity in the considered domain. In contrast to that case, here we employ an
infinite partition of the unity of the space R𝑛 constructed in the following lemma.

Lemma 3.1. Let a function 𝛾(𝑥), 𝑥 ∈ R𝑛, satisfies condition (3.6) and let 𝜈 be a sufficiently
small positive number. Then there exist non-negative functions 𝜙𝑚 ∈ 𝐶∞

0 (R𝑛), 𝜂𝑚 ∈ 𝐶∞
0 (R𝑛),

𝑚 = 1, 2, . . . , such that
a) the system of functions {𝜙2

𝑚(𝑥)}∞𝑚=1 forms the partition of the unity in the space R𝑛 with
a finite multiplicity, that is,

∞∑︁
𝑚=1

𝜙2
𝑚(𝑥) ≡ 1, 𝑥 ∈ R𝑛, (3.7)
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and if 𝜒𝑚(𝑥) is a characteristic function of the set supp𝜙𝑚, then there exists a finite number
Λ𝑛 depending on 𝑛 only such that

1 6
∞∑︁

𝑚=1

𝜒𝑚(𝑥) 6 Λ𝑛 for all 𝑥 ∈ R𝑛;

b) the function 𝜂𝑚 is identically equal to one in some neighbourhood of the set supp𝜙𝑚(𝑥)
and 0 6 𝜂𝑚(𝑥) 6 1 for all 𝑥 ∈ R𝑛;

c) the derivatives of the functions 𝜙𝑚, 𝜂𝑚, 𝑚 = 1, 2, . . . , obey the inequalities⃒⃒
𝜙(𝑘)
𝑚 (𝑥)

⃒⃒
6 𝐶1 𝑑

|𝑘|(𝑥),
⃒⃒
𝜂(𝑘)𝑚 (𝑥)

⃒⃒
6 𝐶2 𝑑

|𝑘|(𝑥), |𝑘| 6 𝑟, (3.8)

where positive numbers 𝐶1, 𝐶2 are independent of 𝑚 and 𝑟;
d) |𝛾(𝑥) − 𝛾(𝑦)| < 𝜈 for all 𝑥, 𝑦 ∈ supp 𝜂𝑚, 𝑚 = 1, 2, . . .

Proof. Proceeding as in the proof of Lemma 7.1 of work [24], we construct the partition of the
unity

∞∑︁
𝑚=1

𝜓𝑚(𝑥) ≡ 1, 𝑥 ∈ R𝑛,

of multiplicity Λ𝑛 6 (10)9𝑛, where non-negative functions 𝜓1, 𝜓2, . . . , in 𝐶∞
0 (R𝑛) satisfy the

inequalities ⃒⃒
𝜓(𝑘)
𝑚 (𝑥)

⃒⃒
6 𝐶 ′

1 𝑑
|𝑘|(𝑥), 𝑥 ∈ R𝑛, 𝑚 = 1, 2, . . . ,

|𝑥− 𝑦|𝑑(𝑥) 6 1 𝑥, 𝑦 ∈ supp𝜓𝑚, 𝑚 = 1, 2, . . .

We let

𝜙𝑚(𝑥) = 𝜓𝑚(𝑥)

(︃
∞∑︁
𝑗=1

𝜓2
𝑗 (𝑥)

)︃− 1
2

, 𝜂𝑚(𝑥) =
∑︁′

𝜙𝑗(𝑥)

(︃
+∞∑︁
𝑖=1

𝜙𝑖(𝑥)

)︃−1

, 𝑚 = 1, 2, . . . .

where
∑︀′ denotes the summation over indices 𝑗 such that 𝜙𝑚(𝑥)𝜙𝑗(𝑥) ̸≡ 0. These functions

possess properties a) – d). Since a non-vanishing complex-valued function 𝛾(𝑥) is everywhere
continuous and for each number 𝜈 > 0, thanks to (3.6), there exists a number 𝑅𝜈 > 0 such
that |𝛾(𝑥) − 𝛾(𝑦)| < 𝜈 for all 𝑥, 𝑦 ∈ R𝑛 obeying |𝑥| > 𝑅𝜈 , |𝑦| > 𝑅𝜈 , statement d) can fail
for finitely many indices 𝑚. In this case, for the indices 𝑚, for which statement d) fails, we
represent the functions 𝜙𝑚, 𝜂𝑚 as finite sums of similar functions and we achieve in this way
that statement d) holds for all 𝑚 = 1, 2, . . .

In what follows we shall employ Lemma 2.2 from [25]. We formulate this lemma in a conve-
nient for us form.

Lemma 3.2. Let Λ𝑛, 𝜒𝑚, 𝑚 = 1, 2, . . . , be same as in Lemma 3.1. Let the operator 𝑇 reads
as

𝑇 =
+∞∑︁
𝑚=1

𝜒𝑚𝑇𝑚𝜒𝑚,

where 𝑇1, 𝑇2, . . . is a sequence of continuous operators in 𝐿𝑝(R
𝑛) such that

Λ = sup
𝑚=1, 2, ...

‖𝑇𝑚‖𝑝 < +∞,

where 𝑝 ∈ (1, +∞) is some number. Then 𝑇 is a bounded operator and the inequality holds:

‖𝑇‖𝑝 6 Λ
1
𝑝
𝑛Λ.

Here ‖𝑇‖𝑝 stands for the norm of a continuous operator 𝑇 : 𝐿𝑝(R
𝑛) → 𝐿𝑝(R

𝑛).
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Now we are in position to formulate the main result of the present work.

Theorem 3.1. Let 𝛿 6 𝛼 + 𝑟 and conditions (3.4)–(3.6) hold. Then there exists a sector
𝑆 ⊂ {𝑧 ∈ 𝐶 : |arg 𝑧| < 𝜋 − 𝜙} ∪ {0} with the vertex at zero and a positive number 𝜎0 such that

if 𝜆 ∈ 𝑆 and |𝜆| > 𝜎0, then for each given functional 𝐹 ∈ 𝐻−, Problem 𝐷𝜆 is uniquely solvable
and the estimate

‖𝑢‖+ 6𝑀3 ‖𝐹‖− (3.9)

holds true, where a number 𝑀3 > 0 is independent of 𝜆 ∈ 𝑆 and the functional 𝐹 .

Proof. Let 𝜙𝑚, 𝜂𝑚, 𝑚 = 1, 2, . . . be the same functions as in Lemma 3.1. In each set
supp𝜙𝑚, 𝑚 = 1, 2, . . ., we fix a point 𝑥𝑚 and we consider the form

𝐵
(0)
𝜆;𝑚[𝑢, 𝑣] =

∑︁
|𝑘|,|𝑙|6𝑟

(︁
𝑑−|𝑘|𝑎

(0)
𝑘𝑙𝑚𝑢

(𝑘), 𝑑−|𝑙|𝑣(𝑙)
)︁
𝛼+𝑟

+ 𝜆 (𝑢, 𝑣)𝛿 ,

where

𝑎
(0)
𝑘𝑙𝑚(𝑥) = (1 − 𝜂𝑚(𝑥))𝛾(𝑥𝑚)𝑎𝑘𝑙(𝑥𝑚) + 𝜂𝑚(𝑥)𝛾(𝑥)𝑎𝑘𝑙(𝑥).

The boundedness of the coefficients 𝑎𝑘𝑙(𝑥), |𝑘|, |𝑙| 6 𝑟, implies the boundedness of the coeffi-

cients 𝑎
(0)
𝑘𝑙𝑚. This is why, applying Cauchy-Bunyakovsky inequality and (3.1), we get⃒⃒⃒

𝐵
(0)
𝜆;𝑚[𝑢, 𝑣]

⃒⃒⃒
6𝑀4

∫︁ ∑︁
|𝑘|,|𝑙|6𝑟

𝑑2𝛼+2𝑟−|𝑘|−|𝑙|(𝑥)
⃒⃒
𝑢(𝑘)(𝑥)

⃒⃒ ⃒⃒
𝑣(𝑙)(𝑥)

⃒⃒
𝑑𝑥

+ |𝜆|
∫︁
𝑑2𝛿|𝑢(𝑥)||𝑣(𝑥)|𝑑𝑥 6𝑀1(𝑀4 + |𝜆|)‖𝑢‖+ · ‖𝑣‖+

(3.10)

for all 𝑢, 𝑣 ∈ 𝐻+.
If follows from condition (3.5) that

Re

⎧⎨⎩ ∑︁
|𝑘|,|𝑙|6𝑟

𝑎
(0)
𝑘𝑙𝑚(𝑥)𝜁𝑖𝜁𝑗

⎫⎬⎭ > 𝑐
∑︁
|𝑘|=𝑟

|𝜁𝑘|2

for all 𝑚 = 1, 2, 3, . . ., 𝑥 ∈ R𝑛, 𝜁 = {𝜁𝑘}|𝑘|6𝑟 ⊂ 𝐶. Substituting 𝜁𝑘 = 𝑑𝛼+𝑟−|𝑘|(𝑥)𝑢(𝑘)(𝑥) into
this inequality and integrating over R𝑛, we get:

Re 𝐵
(0)
𝜆;𝑚[𝑢, 𝑢] > 𝐶0‖𝑢‖2+, Re𝜆 > 1, (3.11)

for all 𝑚 = 1, 2, 3, . . ., 𝑢 ∈ 𝐻+.
Now we consider a sesquilinear form

ℬ(0)
𝜆;𝑚[𝑢, 𝑣] =

∑︁
|𝑘|,|𝑙|6𝑟

(︀
𝑑−|𝑘|̂︀𝑎𝑘𝑙𝑚𝑢(𝑘), 𝑑−|𝑙|𝑣(𝑙)

)︀
𝛼+𝑟

+ 𝜆 (𝑢, 𝑣)𝛿 ,

where ̂︀𝑎𝑘𝑙𝑚(𝑥) = [(1 − 𝜂𝑚(𝑥))𝑎𝑘𝑙(𝑥𝑚) + 𝜂𝑚(𝑥)𝑎𝑘𝑙(𝑥)]𝛾(𝑥𝑚).

Since

𝑎
(0)
𝑘𝑙𝑚(𝑥) − ̂︀𝑎𝑘𝑙𝑚(𝑥) = 𝜂𝑚(𝑥)(𝛾(𝑥) − 𝛾(𝑥𝑚))𝑎𝑘𝑙(𝑥),

and the coefficients 𝑎𝑘𝑙(𝑥) are bounded, we proceed as in the proof of inequality (3.10) to obtain

|𝐵(0)
𝜆;𝑚[𝑢, 𝑣] − ℬ(0)

𝜆;𝑚[𝑢, 𝑣]| 6𝑀5 Λ ‖𝑢‖+ · ‖𝑣‖+

for all 𝑢, 𝑣 ∈ 𝐻+. Here Λ = sup |𝜂𝑚(𝑥)(𝛾(𝑥) − 𝛾(𝑥𝑚))|, where the supremum is taken over all
𝑥 ∈ 𝑅𝑛 and all 𝑚 = 1, 2, 3, . . .
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Applying this inequality, by (3.11) we find

𝐶0‖𝑢‖2+ 6Re
(︁
𝐵

(0)
𝜆;𝑚[𝑢, 𝑢] − ℬ(0)

𝜆;𝑚[𝑢, 𝑢]
)︁

+ Reℬ(0)
𝜆;𝑚[𝑢, 𝑢]

6Reℬ(0)
𝜆;𝑚[𝑢, 𝑢] +𝑀5 Λ ‖𝑢‖2+, 𝑢 ∈ 𝐻+.

(3.12)

Since
|𝜂𝑚(𝑥)(𝛾(𝑥) − 𝛾(𝑥𝑚))| < 𝜈, 𝑥 ∈ supp 𝜂𝑚, 𝑚 = 1, 2, . . . ,

and 𝜈 is a sufficiently small positive number, it follows from (3.12) that

𝑐0‖𝑢‖2+ 6 Reℬ(0)
𝜆;𝑚[𝑢, 𝑢], Re𝜆 > 1, 𝑢 ∈ 𝐻+. (3.13)

We introduce the following sesquilinear form

ℬ𝜆;𝑚[𝑢, 𝑣] =
∑︁

|𝑘|,|𝑙|6𝑟

(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝑢

(𝑘), 𝑑−|𝑙|𝑣(𝑙)
)︀
𝛼+𝑟

+ 𝜆 (𝑢, 𝑣)𝛿 , (3.14)

where
𝑎𝑘𝑙𝑚(𝑥) = (1 − 𝜂𝑚(𝑥))𝑎𝑘𝑙(𝑥𝑚) + 𝜂𝑚(𝑥)𝑎𝑘𝑙(𝑥).

We note that 𝛾(𝑥𝑚)ℬ𝜆;𝑚[𝑢, 𝑣] = ℬ(0)
𝜆𝑚;𝑚[𝑢, 𝑣], where 𝜆𝑚 = 𝜆𝛾(𝑥𝑚). This is why it follows from

inequality (3.13) that as Re 𝛾(𝑥𝑚)𝜆 > 1,

𝑐0‖𝑢‖2+ 6 Re {𝛾(𝑥𝑚)ℬ𝜆;𝑚[𝑢, 𝑢]} , 𝑢 ∈ 𝐻+. (3.15)

By (3.4), inequality (3.5) holds also in the case, when we replace 𝛾(𝑥) by exp(𝑖𝜃(𝑥)), where

𝜃(𝑥) = min
{︁
𝜙− 𝜋

2
, |arg 𝛾(𝑥)|

}︁
(sign arg 𝛾(𝑥)).

By 𝑆 we denote a closed angular sector with the vertex at the origin on the complex plane
such that |𝜃(𝑥) + arg 𝑧| < 𝜋/2 for all 𝑥 ∈ R𝑛, 𝑧 ∈ 𝑆. We note that

𝑆 ⊂ {𝑧 ∈ C : |arg 𝑧| < 𝜋 − 𝜙 < 𝜋/2} ∪ {0}.
Thus, inequality (3.15) implies that

𝑐0‖𝑢‖2+ 6 Re {exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[𝑢, 𝑢]} 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, (3.16)

for all 𝑢 ∈ 𝐻+. Hereinafter 𝜎0 is some positive number and 𝜃𝑚 = 𝜃(𝑥𝑚), 𝑚 = 1, 2, . . .
Proceeding as in the proof of inequality (3.10), we find that

|ℬ𝜆;𝑚[𝑢, 𝑣]| 6𝑀6(𝑀4 + |𝜆|)‖𝑢‖+ · ‖𝑣‖+, 𝑢, 𝑣 ∈ 𝐻+. (3.17)

Inequalities (3.16), (3.17) allow us to apply the generalized Lax-Milgram theorem [1, Thm
2.0.1]. According this theorem, there exists an operator

ℛ𝑚(𝜆) : 𝐻− → 𝐻+

such that
exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[ℛ𝑚(𝜆)𝐹, 𝑣] = ⟨𝐹, 𝑣⟩ (3.18)

for all 𝐹 ∈ 𝐻− and all 𝑣 ∈ 𝐻+;

‖ℛ𝑚(𝜆)𝐹‖+ 6𝑀7 ‖𝐹‖− (3.19)

for all 𝐹 ∈ 𝐻−. Here a number 𝑀7 is independent of 𝐹 and 𝜆 ∈ 𝑆, |𝜆| > 𝜎0.
The operator of multiplication by a function 𝜙𝑚 is denoted by the same symbol. We introduce

one more operator

ℛ(𝜆) =
∞∑︁

𝑚=1

exp(𝑖𝜃𝑚)𝜙𝑚ℛ𝑚(𝜆)𝜙𝑚 (3.20)

acting from 𝐻− into 𝐻+.
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Employing inequality (3.11) and the boundedness of the coefficients 𝑎𝑘𝑙, |𝑘|, |𝑙| 6 𝑟, it is easy
to confirm that the operator R(𝜆) defined by the identity

⟨R(𝜆)𝐹, 𝑣⟩ = 𝐵𝜆[ℛ(𝜆)𝐹, 𝑣], 𝑣 ∈ 𝐻+, (3.21)

acts from 𝐻− into 𝐻−.
The functions 𝜙2

𝑚, 𝑚 = 1, 2, . . . , form the partition of the unity in R𝑛, see (3.7). This is

why for all 𝐹 ∈ 𝐻0 and all 𝑣 ∈ 𝐻+, the following identities hold:

⟨𝐹, 𝑣⟩ = (𝐹, 𝑣)𝛿 =
∞∑︁

𝑚=1

∫︁
𝜙2
𝑚(𝑥)𝑑2𝛿(𝑥)𝐹 (𝑥)𝑣(𝑥)𝑑𝑥 =

∞∑︁
𝑚=1

(𝜙𝑚𝐹, 𝜙𝑚𝑣)𝛿. (3.22)

We recall that (·, ·)𝛿 is a scalar product in 𝐻0 = 𝐿2, 𝛿(R
𝑛) and as above, all integrals are taken

over R𝑛.
Since 𝑎𝑘𝑙𝑚(𝑥) = (1− 𝜂𝑚(𝑥))𝑎𝑘𝑙(𝑥𝑚) + 𝜂𝑚(𝑥)𝑎𝑘𝑙(𝑥), and the function 𝜂𝑚 is identically equal to

one in some neighbourhood of the set supp𝜙𝑚, the functions 𝑎𝑘𝑙𝑚 and 𝑎𝑘𝑙 coincide on the set
supp𝜙𝑚. This is why it follows from identities (3.2), (3.20) and (3.21) that

⟨R(𝜆)𝐹, 𝑣⟩ =
∞∑︁

𝑚=1

exp(𝑖𝜃𝑚)

{︃ ∑︁
|𝑘|,|𝑙|6𝑟

(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝐷

𝑘(𝜙𝑚ℛ𝑚(𝜆)𝜙𝑚𝐹 ), 𝑑−|𝑙|𝑣(𝑙)
)︀
𝛼+𝑟

+

+ 𝜆 (ℛ𝑚(𝜆)𝜙𝑚𝐹, 𝜙𝑚𝑣)𝛿

}︃
.

(3.23)

Hereinafter the symbol 𝐷𝑘 denotes the differentiation with a multi-index 𝑘.
Let 𝐹 ∈ 𝐻0. In identity (3.18), we replace 𝐹 by 𝜙𝑚𝐹 and 𝑣 is replaced by 𝜙𝑚𝑣:

exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[ℛ𝑚(𝜆)𝜙𝑚𝐹, 𝜙𝑚𝑣] = (𝜙𝑚𝐹, 𝜙𝑚𝑣)𝛿.

In view of identity (3.14) this implies that

(𝜙𝑚𝐹, 𝜙𝑚𝑣)𝛿 =exp(𝑖𝜃𝑚)

{︃ ∑︁
|𝑘|,|𝑙|6𝑟

(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝐷

𝑘 (ℛ𝑚(𝜆)𝜙𝑚𝐹 ) , 𝑑−|𝑙|𝐷𝑙(𝜙𝑚𝑣)
)︀
𝛼+𝑟

+ 𝜆 (ℛ𝑚(𝜆)𝜙𝑚𝐹, 𝜙𝑚𝑣)𝛿

}︃
.

Summing up this identity over 𝑚 from 1 to ∞, by (3.22) we have:

⟨𝐹, 𝑣⟩ = (𝐹, 𝑣)𝛿 =
∞∑︁

𝑚=1

exp(𝑖𝜃𝑚)

{︃ ∑︁
|𝑘|,|𝑙|6𝑟

(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝐷

𝑘 (ℛ𝑚(𝜆)𝜙𝑚𝐹 ) , 𝑑−|𝑙|𝐷𝑙 (𝜙𝑚𝑣)
)︀
𝛼+𝑟

+ 𝜆 (ℛ𝑚(𝜆)𝜙𝑚𝐹, 𝜙𝑚𝑣)𝛿

}︃
.

By (3.23) this yields:

⟨R(𝜆)𝐹, 𝑣⟩ − ⟨𝐹, 𝑣⟩ =
∞∑︁

𝑚=1

exp(𝑖𝜃𝑚)
∑︁

|𝑘|,|𝑙|6𝑟

{︂(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝐷

𝑘 (𝜙𝑚ℛ𝑚(𝜆)𝜙𝑚𝐹 ) , 𝑑−|𝑙|𝑣(𝑙)
)︀
𝛼+𝑟

−
(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝐷

𝑘 (ℛ𝑚(𝜆)𝜙𝑚𝐹 ) , 𝑑−|𝑙|𝐷𝑙 (𝜙𝑚𝑣)
)︀
𝛼+𝑟

}︂
.

(3.24)
We introduce the notation

𝑈𝑚,𝜆 = ℛ𝑚(𝜆)𝜙𝑚𝐹, 𝑚 = 1, 2, . . . (3.25)
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and we write (3.24) as

⟨R(𝜆)𝐹, 𝑣⟩ − ⟨𝐹, 𝑣⟩ = K𝜆[𝐹, 𝑣] + L𝜆[𝐹, 𝑣], (3.26)

where

K𝜆[𝐹, 𝑣] =
∞∑︁

𝑚=1

exp(𝑖𝜃𝑚)
∑︁(1)

𝐶𝑘′′

𝑘′

(︁
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝜙

(𝑘′)
𝑚 𝑈

(𝑘′′)
𝑚,𝛿,𝜆, 𝑑

−|𝑙|𝑣(𝑙)
)︁
𝛼+𝑟

, (3.27)

L𝜆[𝐹, 𝑣] =
∞∑︁

𝑚=1

exp(𝑖𝜃𝑚)
∑︁(2)

𝐶 𝑙′′

𝑙′

(︁
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝑈

(𝑘)
𝑚,𝛿,𝜆, 𝑑

−|𝑙|𝜙(𝑙′)
𝑚 𝑣(𝑙

′′)
)︁
𝛼+𝑟

. (3.28)

Hereinafter the symbol
∑︀(1) denotes the summation over the multi-indices 𝑘, 𝑙, 𝑘′, 𝑘′′ such

that 𝑘 = 𝑘′ + 𝑘′′, 𝑘′ ̸= 0, |𝑘|, |𝑙| 6 𝑟, while the symbol
∑︀(2) denotes the summation over the

multi-indices 𝑘, 𝑙, 𝑙′, 𝑙′′ such that 𝑙 = 𝑙′ + 𝑙′′, 𝑙′ ̸= 0, |𝑘|, |𝑙| 6 𝑟.
We are going to estimate the absolute values of the right hand sides in (3.27), (3.28). First

let us prove that for all 𝐹 ∈ 𝐻−, 𝑣 ∈ 𝐻+ the inequality holds:

|K𝜆[𝐹, 𝑣]| 6 𝜔1(|𝜆|)‖𝐹‖− · ‖𝑣‖+, 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, (3.29)

where a positive function 𝜔1(𝑡), 𝑡 > 0, is such that 𝜔1(𝑡) → 0 as 𝑡→ ∞.
We consider a symmetric form̃︀ℬ𝜆;𝑚[𝑢, 𝑣] =

1

2

{︁
exp(𝑖𝜃𝑚)ℬ𝜆𝑚[𝑢, 𝑣] + exp(−𝑖𝜃𝑚)ℬ𝜆;𝑚[𝑣, 𝑢]

}︁
, (3.30)

It follows from (3.16) that

𝑐0‖𝑢‖2+ 6 ̃︀ℬ𝜆;𝑚[𝑢, 𝑢], 𝑢 ∈ 𝐻+. (3.31)

Hence,

𝑐0‖𝑢‖2𝛿 6 ̃︀ℬ𝜆;𝑚[𝑢, 𝑢], 𝑢 ∈ 𝐻+. (3.32)

Then by a well-known theorem in the functional analysis, see, for instance, [26], there exists a
self-adjoint operator 𝐵𝑚(𝜆) acting in the space 𝐻0 = 𝐿2,𝛿(R

𝑛) such that

‖𝐵
1
2
𝑚(𝜆)𝑢‖2𝛿 =

(︁
𝐵

1
2
𝑚(𝜆)𝑢, 𝐵

1
2
𝑚(𝜆)𝑢

)︁
𝛿

= ̃︀ℬ𝜆;𝑚[𝑢, 𝑢] = Re {exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[𝑢, 𝑢]} , (3.33)

𝐷( ̃︀ℬ𝜆;𝑚) = 𝐻+.

By (3.32) this implies that

‖𝐵
1
2
𝑚(𝜆)𝑢‖𝛿 > 𝑐0‖𝑢‖+, 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, 𝑢 ∈ 𝐻+. (3.34)

Employing (3.1), we get ⃦⃦
𝑑𝛼+𝑟−|𝑘|𝑢(𝑘)

⃦⃦
0
6𝑀8‖𝐵

1
2
𝑚(𝜆)𝑢‖𝛿, |𝑘| 6 𝑟.

Therefore, as 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, |𝑘| 6 𝑟, the operators 𝑑𝛼+𝑟−|𝑘|−𝛿𝐷𝑘𝐵
− 1

2
𝑚 (𝜆) are bounded:⃦⃦⃦

𝑑𝛼+𝑟−|𝑘|𝐷𝑘𝐵
− 1

2
𝑚 (𝜆)𝑢

⃦⃦⃦
0
6𝑀8‖𝑢‖𝛿. (3.35)

Let multi-indices 𝑘, 𝑘′′ be such that 0 ̸= |𝑘′′| < |𝑘| 6 𝑟. As 𝑘′ = 𝑘 − 𝑘′′, we employ (3.8) to
obtain ⃦⃦⃦

𝑑𝛼+𝑟−|𝑘|𝜙(𝑘′)
𝑚 𝑢(𝑘

′′)
⃦⃦⃦
0
6 𝐶1

⃦⃦⃦
𝑑𝛼+𝑟−|𝑘′′|𝑢(𝑘

′′)
⃦⃦⃦
0
.

Since |𝑘′′| < |𝑘| 6 𝑟 and 𝛿 6 𝑟 + 𝛼, by means of Lemma 2.1 we prove that⃦⃦⃦
𝑑𝛼+𝑟−|𝑘′′|𝑢(𝑘

′′)
⃦⃦⃦
0
< 𝜀‖𝑢‖+ +𝐾(𝜀) ‖𝑢‖𝛿 , 𝑢 ∈ 𝐻+. (3.36)



22 S.A. ISKHOKOV, B.A. RAKHMONOV

Here 𝜀 > 0 is a sufficiently small positive number and a quantity 𝐾(𝜀) is such that

𝐾(𝜀) → +∞ as 𝜀→ +0. (3.37)

In the following proof, instead of 𝑀𝐾(𝜀), where 𝑀 is some positive number, we shall write
again 𝐾(𝜀).
By (3.34), it follows from (3.36) that⃦⃦⃦

𝑑𝛼+𝑟−|𝑘′′|𝑢(𝑘
′′)
⃦⃦⃦2
0
< 𝜀2‖𝐵

1
2
𝑚(𝜆)𝑢‖2𝛿 +𝐾(𝜀)2 ‖𝑢‖2𝛿 .

In view of identity (3.33) we have⃦⃦⃦
𝑑𝛼+𝑟−|𝑘′′|𝑢(𝑘

′′)
⃦⃦⃦2
0
6 𝜀2Re {exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[𝑢, 𝑢]} +𝐾(𝜀)2 ‖𝑢‖2𝛿 .

Employing (3.14), we estimate the right hand side of this inequality:

𝜀2Re {exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[𝑢, 𝑢]} +𝐾(𝜀)2
⃦⃦
𝑑𝛿𝑢
⃦⃦2
0

= 𝜀2Re

⎛⎝exp(𝑖𝜃𝑚)

⎛⎝ ∑︁
|𝑘|,|𝑙|6𝑟

(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝑢

(𝑘), 𝑑−|𝑙|𝑢(𝑙)
)︀
𝛼+𝑟

+ 𝜆
⃦⃦
𝑑𝛿𝑢
⃦⃦2
0

⎞⎠⎞⎠+𝐾(𝜀)2 ‖𝑢‖2𝛿

6 𝜀2Re

⎛⎝exp(𝑖𝜃𝑚)

⎛⎝ ∑︁
|𝑘|,|𝑙|6𝑟

(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝑢

(𝑘), 𝑑−|𝑙|𝑢(𝑙)
)︀
𝛼+𝑟

+ Λ(|𝜆|, 𝜀) ‖𝑢‖2𝛿

⎞⎠⎞⎠ ,

where Λ(|𝜆|, 𝜀) is a continuous positive function satisfying the condition

|𝜆| +𝐾(𝜀)2𝜀−2 6 cos (𝜙− 𝜋/2)Λ(|𝜆|, 𝜀).
By (3.37), without loss of generality we can assume that 𝐾(𝜀)2𝜀−2 → +∞ as 𝜀 → +0. Hence,
the above obtained inequality with |𝜆| = 1/𝜀 implies that⃦⃦

𝑑𝛼+𝑟−|𝑘′′|𝑢(𝑘
′′)
⃦⃦2
0

6 𝜀2Re

⎛⎝exp(𝑖𝜃𝑚)

⎛⎝ ∑︁
|𝑘|,|𝑙|6𝑟

(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝑢

(𝑘), 𝑑−|𝑙|𝑢(𝑙)
)︀
𝛼+𝑟

+ 𝑝(𝜀) ‖𝑢‖2𝛿

⎞⎠⎞⎠ ,
(3.38)

where 𝑝(𝜀) = Λ(1/𝜀, 𝜀). We note that 𝑝(𝜀) → ∞ as 𝜀 → 0. We denote by 𝑞(·) the inverse
function for 𝑝(𝜀). Then as 𝜀 = 𝑞(|𝜆|), that is, |𝜆| = 𝑝(𝜀), it follows from (3.38) that⃦⃦⃦

𝑑𝛼+𝑟−|𝑘′′|𝑢(𝑘
′′)
⃦⃦⃦2
0
6 𝑞(𝜆)2Re

⎛⎝exp(𝑖𝜃𝑚)

⎛⎝ ∑︁
|𝑘|,|𝑙|6𝑟

(︀
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝑢

(𝑘), 𝑑−|𝑙|𝑢(𝑙)
)︀
𝛼+𝑟

+ 𝜆 ‖𝑢‖2𝛿

⎞⎠⎞⎠ .

Here 𝑞(𝑡) is a positive continuous function defined for 𝑡 > 0 such that 𝑞(𝑡) → 0 as 𝑡 → ∞. By
(3.14), (3.33) and the above obtained inequality we obtain that⃦⃦⃦

𝑑𝛼+𝑟−|𝑘′′|𝑢(𝑘
′′)
⃦⃦⃦
0
6 𝑞(|𝜆|)‖𝐵

1
2
𝑚(𝜆)𝑢‖𝛿, 𝑢 ∈ 𝐻+. (3.39)

We have proved this inequality for 0 ̸= |𝑘′′| < |𝑘|. In what follows we shall prove that it holds
also in the case |𝑘′′| = 0.
Let 𝜆 ∈ 𝑆 and |𝜆| > 𝜎0, where 𝜎0 > 0 is the same number as in (3.34). Then employing

(3.30) we get

‖𝐵
1
2
𝑚(𝜆)𝑢‖2𝛿 =Re {exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[𝑢, 𝑢]} = ‖𝐵

1
2
𝑚(𝜆0)𝑢‖2𝛿 + Re {exp(𝑖𝜃𝑚)(𝜆− 𝜎0)} ‖𝑢‖2𝛿

>Re {exp(𝑖𝜃𝑚)(𝜆− 𝜎0)} ‖𝑢‖2𝛿 .
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Therefore,

‖𝑢‖2𝛿 6
1

Re {exp(𝑖𝜃𝑚)(𝜆− 𝜎0)}
‖𝐵

1
2
𝑚(𝜆)𝑢‖2𝛿 . (3.40)

Denoting

𝑞(𝜆) =
1√︀

Re {exp(𝑖𝜃𝑚)(𝜆− 𝜎0)}
and taking into consideration the inequality 𝑑𝑟+𝛼(𝑥) 6 𝑑𝛿(𝑥), 𝑥 ∈ R𝑛, by (3.40) we arrive at
(3.39) for |𝑘′′| = 0.
According inequalities (3.16), (3.17), the form exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[𝑢, 𝑣] is closed and sectorial in

the space 𝐻0. This is why, by Statement i) of Theorem 2.1 in [27, Ch. 6], there exists an
𝑚-sectorial operator 𝐴𝑚(𝜆) such that

exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[𝑢, 𝑣] = (𝐴𝑚(𝜆)𝑢, 𝑣)𝛿, 𝑢 ∈ 𝐷(𝐴𝑚(𝜆)) ⊂ 𝐻+, 𝑣 ∈ 𝐻+. (3.41)

Let 𝑓 ∈ 𝐻0. Then ℛ𝑚(𝜆)𝑓 ∈ 𝐻+ and in view of identity (3.18) we have:

exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[ℛ𝑚(𝜆)𝑓, 𝑣] = ⟨𝑓, 𝑣⟩ = (𝑓, 𝑣)𝛿

for all 𝑣 ∈ 𝐻+. According Statement iii) of Theorem 2.1 in [27, Ch. 6], if for 𝑢 ∈ 𝐻+, 𝑤 ∈ 𝐻0

the identity holds

exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[𝑢, 𝑣] = (𝑤, 𝑣)𝛿 ∀𝑣 ∈ 𝐻+,

then 𝑢 ∈ 𝐷(𝐴𝑚(𝜆)) and 𝐴𝑚(𝜆)𝑢 = 𝑤. This is why

(𝐴𝑚(𝜆)ℛ𝑚(𝜆)𝑓, 𝑣)𝛿 = ⟨𝑓, 𝑣⟩ = (𝑓, 𝑣)𝛿 ∀𝑣 ∈ 𝐻+.

This yields that

𝐴𝑚(𝜆)ℛ𝑚(𝜆)𝑓 = 𝑓 for all 𝑓 ∈ 𝐻0,

and therefore,

ℛ𝑚(𝜆)𝑓 = 𝐴−1
𝑚 (𝜆)𝑓 for all 𝑓 ∈ 𝐻0. (3.42)

Let 𝐵𝑚(𝜆) be a self-adjoint operator associated with form (3.30). It follows from inequality
(3.34) that ⃦⃦⃦

𝐵
1
2
𝑚(𝜆)𝑢

⃦⃦⃦
𝛿
> 𝑐0 ‖𝑢‖𝛿 for all 𝑢 ∈ 𝐻+, 𝜆 ∈ 𝑆, |𝜆| > 𝜎0.

This implies the invertibility of the operator 𝐵
1
2
𝑚(𝜆) as 𝜆 ∈ 𝑆, |𝜆| > 𝜎0. Applying Theorem 3.2

from [27, Ch. 6], we obtain the representation

𝐴−1
𝑚 (𝜆) = 𝐵

− 1
2

𝑚 (𝜆)𝑋𝑚(𝜆)𝐵
− 1

2
𝑚 (𝜆), 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, (3.43)

where 𝑋𝑚(𝜆) is some bounded operator in 𝐻0 and its norm ‖𝑋𝑚(𝜆)‖ does not exceed a number
𝑀1 > 0 independent of 𝜆 ∈ 𝑆, |𝜆| > 𝜎0.
We proceed to proving estimate (3.29). We rewrite identity (3.27) as

K𝜆[𝐹, 𝑣] =
∞∑︁

𝑚=1

exp(𝑖𝜃𝑚)
∑︁(1)

𝐶𝑘′′

𝑘′

(︁
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝜙

(𝑘′)
𝑚 𝑈

(𝑘′′)
𝑚,𝜆 , 𝑑

−|𝑙|𝑣(𝑙)
)︁
𝛼+𝑟

. (3.44)

Let 𝐹 ∈ 𝐻0. Employing identities (3.41)–(3.44), we get:

K𝜆[𝐹, 𝑣] =
∞∑︁

𝑚=1

∑︁(1)
𝐶𝑘′′

𝑘′ exp(𝑖𝜃𝑚)
(︁
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝜙

(𝑘′)
𝑚 𝐷𝑘′′𝐴−1

𝑚 (𝜆)𝜙𝑚𝐹, 𝑑
−|𝑙|𝑣(𝑙)

)︁
𝛼+𝑟

=
∞∑︁

𝑚=1

∑︁(1)
𝐶𝑘′′

𝑘′ exp(𝑖𝜃𝑚)(𝑑−|𝑘|𝑎𝑘𝑙𝑚𝜙
(𝑘′)
𝑚 𝐷𝑘′′𝐵

− 1
2

𝑚 (𝜆)𝑋𝑚(𝜆)𝐵
− 1

2
𝑚 (𝜆)𝜙𝑚𝐹, 𝑑

−|𝑙|𝑣(𝑙)(𝑥))𝛼+𝑟.
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Employing Lemma 3.2 and Cauchy-Bunyakovsky inequality, we obtain:

|K𝜆[𝐹, 𝑣]| 6𝑀9Λ𝑛 sup
𝑚=1, 2, ...

∑︁(3)
⃦⃦⃦
T𝑘′,𝑘′′

𝑚 (𝜆)𝑉𝑚,𝜆

⃦⃦⃦
𝑟+𝛼

·
⃦⃦
𝑑−|𝑙|𝑣(𝑙)(𝑥)

⃦⃦
𝑟+𝛼

, (3.45)

where

T𝑘′,𝑘′′

𝑚 (𝜆) = 𝑑−|𝑘′|−|𝑘′′|𝜙(𝑘′)
𝑚 𝑎𝑘𝑙𝑚𝐷

𝑘′′𝐵
− 1

2
𝑚 (𝜆), 𝑉𝑚,𝜆 = 𝑋𝑚(𝜆)𝐵

− 1
2

𝑚 (𝜆)𝜙𝑚𝐹 (3.46)

and the symbol
∑︀(3) denotes the summation over multi-indices 𝑘′, 𝑘′′ such that |𝑘′| + |𝑘′′| 6 𝑟

and 𝑘′ ̸= 0.
By inequality (3.1), it follows from (3.45) that

|K𝜆[𝐹, 𝑣]| 6𝑀10‖𝑣‖+ · sup
𝑚=1, 2, ...

∑︁(3)
⃦⃦⃦
T𝑘′,𝑘′′

𝑚 (𝜆)𝑉𝑚,𝜆

⃦⃦⃦
𝑟+𝛼

, (3.47)

Let 𝜎0 be the same positive number as in (3.43). Then for |𝜆| > 𝜎0, by identity (3.33) we
have⃦⃦⃦

𝐵
1
2
𝑚(𝜆)𝑢

⃦⃦⃦2
𝛿

= Re
{︀

exp(𝑖𝜃𝑚)ℬ𝜆;𝑚[𝑢, 𝑢]
}︀
> Re

{︀
exp(𝑖𝜃𝑚)ℬ𝜎0;𝑚[𝑢, 𝑢]

}︀
=
⃦⃦⃦
𝐵

1
2
𝑚(𝜎0)𝑢

⃦⃦⃦2
𝛿
. (3.48)

Therefore, ⃦⃦⃦
𝐵

− 1
2

𝑚 (𝜆)𝜙𝑚𝐹
⃦⃦⃦
𝛿
6𝑀11

⃦⃦⃦
𝐵

− 1
2

𝑚 (𝜎0)𝜙𝑚𝐹
⃦⃦⃦
𝛿
. (3.49)

In what follows we shall make us of the identity:

‖𝑓‖𝛿 = sup |(𝑓, 𝑣)𝛿|, (3.50)

where the supremum is taken over all 𝑣 ∈ 𝐶∞
0 (R𝑛), such that ‖𝑣‖𝛿 = 1.

As 𝜆 = 𝜎0, by identity (3.33) we have:(︁
𝐵

1
2
𝑚(𝜎0)𝑢, 𝐵

1
2
𝑚(𝜎0)𝑣

)︁
𝛿

= ̃︀ℬ𝜎0;𝑚[𝑢, 𝑣].

On the other hand, ̃︀ℬ𝜎0;𝑚[𝑢, 𝑢] > 𝑐1‖𝑢‖2+,⃒⃒⃒ ̃︀ℬ𝜎0;𝑚[𝑢, 𝑣]
⃒⃒⃒
6𝑀1(𝑀0 + 𝜎0)‖𝑢‖+ · ‖𝑣‖+ (3.51)

for all 𝑢, 𝑣 ∈ 𝐻+. Hence, according Lax-Milgram theorem, equatioñ︀ℬ𝜎0;𝑚[𝑢, ̂︀𝑣] = (𝑤, ̂︀𝑣)𝛿 for all ̂︀𝑣 ∈ 𝐶∞
0 (R𝑛)

is solvable for each 𝑤 ∈ 𝐻0 = 𝐿2,𝛿(R
𝑛). Therefore, the function 𝑣 ∈ 𝐶∞

0 (R𝑛) in (3.50) can be

represented as 𝑣 = 𝐵
1
2
𝑚(𝜎0)𝑤, that is,

‖𝑓‖𝛿 = sup
⃒⃒⃒(︁
𝑓, 𝐵

1
2
𝑚(𝜎0)𝑤

)︁
𝛿

⃒⃒⃒
,

where the supremum is taken over all 𝑤 ∈ 𝐶∞
0 (R𝑛) such that

⃦⃦⃦
𝐵

1
2
𝑚(𝜎0)𝑤

⃦⃦⃦
𝛿

= 1.

On the other hand, on the class 𝐶∞
0 (R𝑛), the norms ‖𝑣‖+ and

⃦⃦⃦
𝐵

1
2
𝑚(𝜎0)𝑣

⃦⃦⃦
𝛿
are equivalent.

This is why ⃦⃦⃦
𝐵

− 1
2

𝑚 (𝜎0)𝜙𝑚𝐹
⃦⃦⃦
𝛿

= sup
⃒⃒⃒(︁
𝐵

− 1
2

𝑚 (𝜎0)𝜙𝑚𝐹,𝑤
)︁
𝛿

⃒⃒⃒
= sup

⃒⃒⃒(︁
𝐵

− 1
2

𝑚 (𝜎0)𝜙𝑚𝐹, 𝐵
1
2
𝑚(𝜎0)𝑣

)︁
𝛿

⃒⃒⃒
6𝑀12 sup |(𝜙𝑚𝐹, 𝑣)𝛿 | 6𝑀13 ‖𝜙𝑚𝐹‖− 6𝑀14‖𝐹‖−,

(3.52)
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where the first supremum in this chain is taken over all 𝑤 ∈ 𝐶∞
0 (R𝑛) with the unit norm in 𝐻0,

the second supremum is taken over all 𝑣 ∈ 𝐶∞
0 (R𝑛) obeying the condition

⃦⃦⃦
𝐵

1
2
𝑚(𝜎0)𝑣

⃦⃦⃦
𝛿

= 1,

while the third supremum is taken over all 𝑣 ∈ 𝐶∞
0 (R𝑛) with the unit norm in 𝐻+.

By (3.49), (3.52) we have the inequality

‖𝑉𝑚,𝜆‖𝛿 6𝑀‖𝐹‖−, (3.53)

which is valid as 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, where 𝜎0 > 1 is some finite number.
By the above proven inequality (3.39), it follows from identity (3.46) that

lim
𝜆→∞

‖T𝑘′,𝑘′′

𝑚 (𝜆)‖ = 0. (3.54)

Then by (3.47), (3.52), (3.53) we get

|K𝜆[𝐹, 𝑣]| 6𝑀15 sup
𝑚=1, 2, ...

sup
|𝑘′|+|𝑘′′|62𝑟; 𝑘′ ̸=0

⃦⃦⃦
T𝑘′,𝑘′′

𝑚 (𝜆)
⃦⃦⃦
‖𝑉𝑚,𝜆‖𝛿 ‖𝑣‖+ 6 𝜔1(|𝜆|)‖𝐹‖−‖𝑣‖+

for all 𝐹 ∈ 𝐻0, 𝑣 ∈ 𝐻+, and 𝜔1(𝑡) → 0 as 𝑡 → ∞. And since 𝐻0 is dense in 𝐻−, this implies
estimate (3.29).
We proceed to estimating the absolute value of the right hand side in the identity (3.30). Let

us prove that for all 𝐹 ∈ 𝐻−, 𝑣 ∈ 𝐻+, the inequality holds:

|L𝜆[𝐹, 𝑣]| 6 𝜔2(𝜎0)‖𝐹‖− · ‖𝑣‖+, 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, (3.55)

where a positive function 𝜔2(𝑡), 𝑡 > 𝜎0, is such that 𝜔2(𝑡) → 0 as 𝑡→ ∞.
We represent the sesquilinear form L𝜆[𝐹, 𝑣], see (3.28), as

L𝜆[𝐹, 𝑣] =
∞∑︁

𝑚=1

exp(𝑖𝜃𝑚)
∑︁(2)

𝐶 𝑙′′

𝑙′ I
𝑙′,𝑙′′

𝜆; 𝑘,𝑚[𝐹, 𝑣], (3.56)

where

I𝑙
′,𝑙′′

𝜆; 𝑘,𝑚[𝐹, 𝑣] =
(︁
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝑈

(𝑘)
𝑚,𝜆, 𝑑

−|𝑙′|−|𝑙′′|𝜙(𝑙′)
𝑚 𝑣(𝑙

′′)
)︁
𝛼+𝑟

,

𝑈
(𝑘)
𝑚,𝜆(𝑥) = 𝐷𝑘(ℛ𝑚(𝜆)𝜙𝑚𝐹 )(𝑥), 𝑚 = 1, 2, . . . ,

and the symbol
∑︀(2) denotes the summation over the multi-indices 𝑘, 𝑙, 𝑙′, 𝑙′′ such that 𝑙 = 𝑙′+𝑙′′,

𝑙′ ̸= 0, |𝑘|, |𝑙| 6 𝑟.

Employing (3.42), (3.43), (3.46), we write the form I𝑙
′,𝑙′′

𝜆; 𝑘,𝑚[𝐹, 𝑣] as

I𝑙
′,𝑙′′

𝜆; 𝑘,𝑚[𝐹, 𝑣] =
(︁
𝑑−|𝑘|𝑎𝑘𝑙𝑚𝐷

𝑘𝐵
− 1

2
𝑚 (𝜆)𝑉𝑚,𝜆, 𝑑

−|𝑙′|−|𝑙′′|𝜙(𝑙′)
𝑚 𝐷𝑙′′𝑣

)︁
𝛼+𝑟

.

Hence, in view of the self-adjointness of the operator 𝐵𝑚(𝜎0), we get:

I𝑙
′,𝑙′′

𝜆; 𝑘,𝑚[𝐹, 𝑣] =
(︁
𝐵

− 1
2

𝑚 (𝜎0)𝐷
𝑙′′𝜙(𝑙′)

𝑚 𝑑−|𝑘|−|𝑙′|−|𝑙′′|𝑎𝑘𝑙𝑚𝐷
𝑘𝐵

− 1
2

𝑚 (𝜆)𝑉𝑚,𝜆, 𝐵
1
2
𝑚(𝜎0)𝑣

)︁
𝑟+𝛼

. (3.57)

According (3.46) and (3.54),(︁
T𝑙′,𝑙′′

𝑚 (𝜎0)
)︁*

= 𝐵
− 1

2
𝑚 (𝜎0)𝐷

𝑙′′𝜙(𝑙′)
𝑚 𝑑−|𝑙′|−|𝑙′′|𝑎𝑘𝑙𝑚,

lim
𝜎0→∞

⃦⃦⃦(︁
T𝑙′,𝑙′′

𝑚 (𝜎0)
)︁*⃦⃦⃦

= 0 (3.58)

as |𝑙′| + |𝑙′′| 6 𝑟; 𝑙′ ̸= 0. Taking this into consideration, we write identity (3.57) as

I𝑙
′,𝑙′′

𝜆; 𝑘,𝑚[𝐹, 𝑣] =
(︁(︁

T𝑙′,𝑙′′

𝑚 (𝜎0)
)︁*
𝑑−|𝑘|𝐷𝑘𝐵

− 1
2

𝑚 (𝜆)𝑉𝑚,𝜆, 𝐵
1
2
𝑚(𝜎0)𝑣

)︁
𝛼+𝑟

.

We introduce the notation

P𝑚, 𝑘(𝜎0) = 𝑑−|𝑘|𝐷𝑘𝐵
− 1

2
𝑚 (𝜎0)
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and we write the obtained identity as

I𝑙
′,𝑙′′

𝜆; 𝑘,𝑚[𝐹, 𝑣] =
(︁(︁

T𝑙′,𝑙′′

𝑚 (𝜎0)
)︁*

P𝑚, 𝑘(𝜎0)𝐵
1
2
𝑚(𝜎0)𝐵

− 1
2

𝑚 (𝜆)𝑉𝑚,𝜆, 𝐵
1
2
𝑚(𝜎0)𝑣

)︁
𝛼+𝑟

. (3.59)

It follows (3.48) that as 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, the operator 𝐵
1
2
𝑚(𝜎0)𝐵

− 1
2

𝑚 (𝜆) is a bounded operator
and its norm does not exceed one. On the other hand, according inequality (3.35), the operator
P𝑚, 𝑘(𝜎0) is bounded. This is why by (3.59) we have⃒⃒⃒

I𝑙
′,𝑙′′

𝜆; 𝑘,𝑚[𝐹, 𝑣]
⃒⃒⃒
6𝑀16

⃦⃦⃦(︁
T𝑙′,𝑙′′

𝑚 (𝜎0)
)︁*⃦⃦⃦

‖𝑉𝑚,𝜆‖𝛿
⃦⃦
𝐵

1
2
𝑚(𝜎0)𝑣

⃦⃦
𝛿

for all 𝜆 ∈ 𝑆, |𝜆| > 𝜎0. By (3.51), (3.53) it follows that⃒⃒⃒
I𝑙

′,𝑙′′

𝜆; 𝑘,𝑚[𝐹, 𝑣]
⃒⃒⃒
6𝑀17

⃦⃦⃦(︁
T𝑙′,𝑙′′

𝑚 (𝜎0)
)︁*⃦⃦⃦

‖𝐹‖−‖𝑣‖+

for all 𝜆 ∈ 𝑆, |𝜆| > 𝜎0 and for all 𝐹 ∈ 𝐻0, 𝑣 ∈ 𝐻+. Introducing the notation

𝜔*(𝜎0) = 𝑀17

⃦⃦⃦(︁
T𝑙′,𝑙′′

𝑚 (𝜎0)
)︁*⃦⃦⃦

,

we obtain: ⃒⃒⃒
I𝑙

′,𝑙′′

𝜆; 𝑘,𝑚[𝐹, 𝑣]
⃒⃒⃒
6 𝜔*(𝜎0)‖𝐹‖−‖𝑣‖+ (3.60)

for all 𝜆 ∈ 𝑆, |𝜆| > 𝜎0 and all 𝐹 ∈ 𝐻0, 𝑣 ∈ 𝐻+.
It follows from (3.58) that 𝜔*(𝜎0) → 0 as 𝜎0 → 0. This is why by choosing the number 𝜎0

large enough, by (3.60), (3.56) and Lemma 3.2 we obtain (3.55) for 𝐹 ∈ 𝐻0. By the continuity

this estimate is extended to all 𝐹 ∈ 𝐻−. This completes the proof of inequality (3.55).
Applying inequalities (3.29), (3.55), by (3.26) we obtain

|⟨R(𝜆)𝐹, 𝑣⟩ − ⟨𝐹, 𝑣⟩| 6 (𝜔1(|𝜆|) + 𝜔2(𝜎0))‖𝐹‖−‖𝑣‖+
for all 𝐹 ∈ 𝐻−, 𝑣 ∈ 𝐻+. Since lim𝑡→∞ 𝜔𝑖(𝑡) = 0, 𝑖 = 1, 2,, there exists a number 𝜎0 > 1 such
that

|⟨R(𝜆)𝐹, 𝑣⟩ − ⟨𝐹, 𝑣⟩| 6 1

2
‖𝐹‖−‖𝑣‖+ (3.61)

for each 𝜆 ∈ 𝑆, |𝜆| > 𝜎0 and all 𝐹 ∈ 𝐻−, 𝑣 ∈ 𝐻+.
It follows from (3.61) estimate that as 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, the operator G(𝜆) = R(𝜆) − 𝐸

acting from 𝐻− into 𝐻− is bounded and its norm does not exceed 1
2
. This is why the operator

R(𝜆) : 𝐻− → 𝐻− is continuously invertible and R−1(𝜆) = (𝐸 + G(𝜆))−1.

The operator ℛ𝑚(𝜆) defined by identity (3.18) acts from 𝐻− into 𝐻+. This is why it follows

from (3.20) that the operator ℛ(𝜆) also acts from 𝐻− into 𝐻+. Therefore, for each functional

𝐹 ∈ 𝐻−, the function 𝑈(𝑥) defined by the identity

𝑈 = ℛ(𝜆)R−1(𝜆)𝐹, 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, (3.62)

belongs to the space 𝐻+.
In what follows we suppose that 𝜆 ∈ 𝑆, |𝜆| > 𝜎0 and 𝜎0 is some sufficiently large number.

Then it follows from identity (3.21) that 𝐵𝜆[ℛ(𝜆)R−1(𝜆)𝐹, 𝑣] = ⟨𝐹, 𝑣⟩ for all 𝑣 ∈ 𝐶∞
0 (R𝑛). This

is why for 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, the function 𝑈(𝑥) defined by identity (3.62) solves the equation

𝐵𝜆[𝑈, 𝑣] = ⟨𝐹, 𝑣⟩ for all 𝑣 ∈ 𝐶∞
0 (R𝑛),

that is, it is a solution to problem 𝐷𝜆. Since as 𝜆 ∈ 𝑆, |𝜆| > 𝜎0 the operator R−1(𝜆) is bounded,
it follows from (3.19) and (3.20) that the function (3.62) satisfies estimate (3.9) of Theorem 3.1.
We proceed to proving the uniqueness of the solution of problem 𝐷𝜆. It is clear that it

is sufficient to prove that homogeneous problem 𝐷𝜆, that is, as 𝐹 = 0, has only the trivial
solution.
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We consider the adjoint problem: given a functional 𝐹 ∈ 𝐻−, find a function 𝑈1 ∈ 𝐻+

satisfying the identity

𝐵𝜆[𝑣, 𝑈1] = ⟨𝐹, 𝑣⟩ for all 𝑣 ∈ 𝐻+. (3.63)

Since the coefficients of the form 𝐵𝜆[𝑣, 𝑈1] satisfy the assumptions of Theorem 3.1, we proceed
as above and we construct the operators ℛ*(𝜆), R*(𝜆) such that the function

𝑈1 = ℛ*(𝜆)R*(𝜆)−1𝐹, 𝜆 ∈ 𝑆, |𝜆| > 𝜎*
0

belongs to the space 𝐻+ and satisfies equation (3.63).

Let a function 𝑢 ∈ 𝐻+ solves the equation

𝐵𝜆[𝑢, 𝑣] = 0 for all 𝑣 ∈ 𝐻+, (3.64)

where 𝜆 ∈ 𝑆, |𝜆| > 𝜎′
0 = max{𝜎*

0, 𝜎0}. Let 𝐹 be an arbitrary element in the space 𝐻−.

Since 𝑈1 = ℛ*(𝜆)R*(𝜆)−1𝐹 belongs to the space 𝐻+, we let 𝑣 = 𝑈1 in (3.64) and we obtain

𝐵𝜆[𝑢, 𝑈1] = 0, that is, 𝐵𝜆[𝑢, 𝑈1] = 0.
On the other hand, the function 𝑈1 = ℛ*(𝜆)R*(𝜆)−1𝐹 satisfies (3.63). This is why ⟨𝐹, 𝑢⟩ = 0

for all 𝐹 ∈ 𝐻+. In view of the embedding 𝐻+ → 𝐻− and letting 𝐹 = 𝑢, we have ⟨𝑢, 𝑢⟩ = 0,
that is, 𝑢 = 0.

4. Smoothness of solution to homogeneous variational Dirichlet problem

If the coefficients 𝑎𝑘𝑙 of form (3.2) and the right hand side in equation (3.3), the functional
𝐹 , possess certain smoothness, the smoothness of the solution of problem 𝐷𝜆 improves as well.
Let 𝑚 be a natural number and 𝑚 6 𝑟. We introduce the notations 𝐻𝑚

+ = 𝑊̊ 𝑟+𝑚
2;𝛼−𝑚, 𝛿(R

𝑛),

‖ · ‖+𝑚 is the norm in 𝑊 𝑟+𝑚
2;𝛼−𝑚, 𝛿(R

𝑛). By 𝐻−𝑚
− we denote the completion of the space 𝐻0 =

𝐿2,𝛿(R
𝑛) with respect to the norm

‖𝑓‖−𝑚 = sup |(𝑓, 𝑢)𝛿| ,

where the supremum is taken over all 𝑢 ∈ 𝐶∞
0 (R𝑛) such that

⃦⃦
𝑢; 𝑊 𝑟−𝑚

2;𝛼+𝑚, 𝛿(R
𝑛)
⃦⃦

= 1. We note

that 𝐻𝑚
+ → 𝐻+, 𝐻

−𝑚
− → 𝐻− for each natural 𝑚 6 𝑟.

Theorem 4.1. Let all assumptions of Theorem 3.1 are satisfied and there exists a natural
number 𝑚0 6 𝑟 such that ⃒⃒⃒

𝑎
(𝑠)
𝑘𝑙 (𝑥)

⃒⃒⃒
6𝑀𝑑|𝑠|(𝑥), 𝑥 ∈ R𝑛,

for each multi-index 𝑠, |𝑠| 6 𝑚0.
Then there exists a sector 𝑆 ⊂ {𝑧 ∈ C : |arg 𝑧| < 𝜋/2}∪{0} with the vertex at the origin and

a positive number 𝜎0 such that as 𝜆 ∈ 𝑆 and |𝜆| > 𝜎0, for each given 𝐹 ∈ 𝐻−𝑚
− , where a natural

number 𝑚 obeys the inequality 𝑚 6 𝑚0, there exists a unique solution 𝑢 ∈ 𝐻+ of Problem 𝐷𝜆.
This solution belongs to the space 𝐻𝑚

+ and the estimate

‖𝑢‖+𝑚 6𝑀 ‖𝐹‖−𝑚

holds, where a number 𝑀 > 0 is independent of 𝜆 ∈ 𝑆, |𝜆| > 𝜎0, and the functional 𝐹 .

The proof is based on an improvement of the technique employed in the proof of Theorem 8
of work [12] on the smoothness of a solution to the variational Dirichlet problem in a bounded
domain associated with a non-coercive form, see also [28].
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