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ON ASYMPTOTIC CONVERGENCE OF
POLYNOMIAL COLLOCATION METHOD
FOR ONE CLASS OF SINGULAR
INTEGRO-DIFFERENTIAL EQUATIONS

A.lI. FEDOTOV

Abstract. Among the approximate methods for solving the operator equations, the most
used methods are collocation and Galerkin methods. Each of them has their own advantages
and disadvantages. For instance, Galerkin methods are used for the equations in Hilbert
spaces. The estimates for the errors of the solutions obtained by these methods have the
order of the best approximations of the exact solutions. However, Galerkin methods are not
always constructive, as for their implementation one needs to calculate integrals and this is
not always possible to do explicitly. Collocation methods are used for the equations in the
spaces of continuous functions and thus are always constructive. However, the estimates
for the errors obtained by collocation methods are usually worse than those of the best
approximation of the exact solutions.

In the present paper, we justify a polynomial collocation method for one class of singular
integro-differential equations on an interval. For the justification, the technic of reducing
the polynomial collocation method to Galerkin method is used for the first time for such
equations. This technique was first used by the author to justify the polynomial collocation
method for a wide class of periodic singular integro-differential and pseudo-differential
equations. For the equations on a open interval, this approach is used for the first time.
Also for the first time we prove that the interpolative Lagrange operator is bounded in the
Sobolev spaces Hy, s > %, with the Chebyshev weight function of the second kind. Exactly
this result gives an opportunity to show that in non-periodic the polynomial collocation
method provides the same convergence rate as the Galerkin method.

Keywords: singular integro-differential equations, justification of the approximate meth-
ods.

Mathematics Subject Classification: 65R20

1. INTRODUCTION

In [I], Arnold and Wendland proposed an original approach for justification of the spline-
collocation method for periodic pseudo-differential equations in Sobolev spaces. The justifica-
tion is based on the equivalence of the spline-collocation method and a modified Galerkin-Petrov
method; the latter was justified by reducing it to the standard Galerkin method. In works [2]—
[6], this approach was employed in justifying the spline-collocation methods for various classes
of singular integral and pseudo-differential equations. It was shown that a strong ellipticity is
a sufficient and, in some cases [7],[8], a necessary condition for the convergence of the spline-
collocation method.
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In work [9], we justified a polynomial collocation method for wide classes of singular integro-
differential equations, periodic pseudo-differential equations and systems of pseudo-differential
equations in Sobolev spaces. The results of that work showed that the polynomial colloca-
tion method converged for a wider class of singular equations than in the case of the spline-
collocations. Namely, it was shown that the polynomial collocation method converges for all
elliptic equations, and not only for strongly elliptic ones. Moreover, the convergence rate of the
polynomial collocation method increases unboundedly as the smoothness of the exact solution
improves, while the growth of the convergence rate of the spline-collocation method is bounded
by the order of the employed splains.

In the present work the approach of [9] is used for justifying the polynomial collocation
method for a singular integro-differential equation in a non-periodic case. We prove the con-
vergence of the method and obtain the estimates for the errors of approximate solutions.

2. FORMULATION OF PROBLEM

We consider a singular integro-differential equation

, A / x(T)dT B
x<t>+;[m<7_t)—y<t>, <1, 0

with the condition
1
d
dndr 2)
V1—712
|
Here z is a sought function on the segment [—1, 1], y is a given function on the interval (—1, 1),

A is a given real number, and the singular integral is treated in the sense of Cauchy-Lebesgue
principal value.

3. AUXILIARY RESULTS

In this section we provide three lemmata needed in what follows. The proof of the first
lemma was given, for instance, in [L0], while the second was proved in [11]. The results of the
third lemma are new and its proof is provided.

Lemma 1. We denote by D and V linear operators acting from a Banach space X into a
Banach space Y. Assume that the operator D 1is invertible and the condition

IVilxov[ D Hlyox <1
is satisfied. Then the operator D +V : X — Y 1s also invertible and the estimate

1D~y x
1= [[Vlxsy D7y ox

1D+ V) lyox <

holds true.

Let X and Y be again Banach space and let X,, C X, Y, C Y, n = 1,2,..., be their
subspaces. We consider the equations

Kz =y, K: X =Y, (3)
K,x, = yn, K,: X,—Y,, n=12 ..., (4)

where K and K,, n=1,2,..., are linear bounded operators.
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Lemma 2. Suppose that the operator K : X — Y is invertible and the operators K,,
n=1,2,..., converge uniformly to this operator:

|K — Kyllx,»y — 0 as mn — oo.
Ifdim X,, =dimY,, n=1,2,..., then for all n obeying the condition
@ = K lyox | K = Kallx,»y < 1,

approximate equations have unique solutions x; € X,, for all right hand sides y,, € Y,, and
the estimate )
K ly-x

I dn
holds, where o* = K 'y is an ewact solution of equation (@

*

[o* — 7 ]lx < (g = ynlly + anllylly),

In what follows, as usually, by IN we denote the set of natural numbers, INy is the set of
natural numbers with the zero, and R is the set of real numbers.

By T;(t) = cos(larccost), | € Ny, t € [—1, 1], we denote the system of Chebyshev polynomials
of first kind orthogonal on [—1,1] with the weight p(t) = (1 — 2)72, t € [—1,1].

By

sin((l + 1) arccost
o) — S+ 1) arccos

we denote the system of Chebyshev polynomials of second kind orthogonal on [—1, 1] with the
weight ¢(t) = (1 — %)z, t € [-1,1].

We denote by H;*l the Sobolev space of order s +1 € R with the weight p, that is, the
closure of the set of all smooth real functions on the segment [—1,1] in the norm

: I leN,
3t = {Z £2(8+1)§g\2(l)} , L= {1 I—0 (5)

€Ny ’

S leN, tel-1,1],
sin(arccost) 0 | ]

|

and
1 1

z(0) = — /p(T)a:(T)dT, z(l) = - /p(T)x(T)Tl(T)dT, l €N,

are the Fourier coefficients of a function x over the system of polynomials {7}};en,. In the
space H;“ we define the scalar product

(fo 9o = > PG, fge HM
€N

Being equipped with this scalar product, the space H;H becomes a Hilbert one, and norm
is expressed via the scalar product:

el s = /(@0 s @€ HE

We denote by H; the Sobolev space of order s € R with a weight ¢, that is, the closure of
all smooth real-valued functions defined on the interval (—1,1) in the norm

1

by = {Za - 1)28@2@} , (6)

€N

1yl

where
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are the Fourier coefficients of the function y over the system of the polynomials {U;};en,. In
the space H; we also define a scalar product

~

(f9hmy =Y (+1)>*F0)g(),  f.g€H;.

1elNg

With such scalar product, the space H; becomes a Hilbert one, and norm @ is expressed via
this scalar product

(v, ¥, y€H,.

Hereafter we assumee that the inequality s > % holds. Under this assumption, see, for
instance, [I3], the space H is embedded into the space of continuous functions, while the space
H;“ is embedded into the space of the functions with a first continuous derivative.

We fix n € Ny and we denote by

t) = Zy(tk)gk(t)v te [_17 1]’ (7)

the Lagrange interpolation polynomial of the function y € H; over the nodes

w(k+1)

kE=0,1,...,n. 8
n+27 P y ()

tr = cos

Here
&ut) = Un+1§t) ’
(t —tx)Up g1 (i)
are fundamental polynomials corresponding to nodes . In [I4], we proved a boundedness of
the norm of the Lagrange operator in the pair of Sobolev spaces (H;, H), s > i
The following lemma establishes the boundedness of the norm of the Lagrange operator P,
in the pair of Sobolev spaces (H;, H?), s > l.

k=0,1,....n, te[-1,1],

Lemma 3. For eachn € Ny and s € R, s > =, the estimate holds:

| Polls s < v/T+C(29),

where ((t) = Z;; j~t is the Riemann zeta-function being bounded and decreasing as t > 1.

Proof. We take an arbitrary function y € Hj, s > % Employing the identity

U;H-l( ) tUnJrl( ) 1(11:; 2)Tn+2(t)7 ne ]NO, t e [_1’ 1]’ (9)

and a known relation, see, for instance, [12],
1

1 d
_ / q<T>Un+1(T) : = _Tn+2(t)7 nc IN07 te [_17 1]7 (10)
T T—1

)

we calculate the Fourier coefficients of polynomial .
As 0 <1 < n, we obtain

1

Fa) = [ ) Pap(r)r)r

-1
/ Zy n+1 Ul( )d
7 7' —tk Un+1(tk)
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= 2 / (T Upgr (T)(U(T) = Uy(ty,))dr
=2yt W/ (7 — ) Uy ()

+%Ul(tk) / (q<T)Un+1 (T)dr

T —t)Uy 4 ()

Since (Uy(1) — Uy(ty))/(T — tx), T € [-1,1], is a polynomial of degree [ — 1 < n + 1, by the
orthogonality we get

/ ¢(7) U1 (1) (Uil7) — Uilti))d7 _ 0, k=0,1,.

S, M.
(7 = t)Up 41 ()
Employing relations @D and , we find
1 Sin2 (k: + 1)
l/ Q(T)UnJrl(T)dT _ n+ 2 EL=0.1 n
) (7 —te)U), 1 (tk) n+2 B
we finally obtain:
— 2 & Com(k+1)
Py)(l) = —— ty) sin®? ———Uy(t 0<I<n. 11
Pl = 5 3 vlosnt S0, n (1)

For other values I, n < [, the Fourier coefficients of polynomial vanish. Indeed, taking
into consideration that t;, k = 0,1,...,n, are the zeroes of the polynomials U, 1, we get:

1
n

(%)(l} :%/q(T)(Pny)(T)Ul<7-)d7- _ %Zy(tk)/Q(Z-)Unﬂ(T)Uz(T)dT

= ) o)l ()

_2 - / q(7)(Uns1(7) = Upa () Uy (1)dT
- Zy(tk) / (7 — ) Uy (1) ’

And since (Up41(7) — Upsa(tr)) /(T —t), k =0,1,...,n, are polynomials of degree less than [,
by the orthogonality we obtain

n <.

k=0 2

1

[ 1) =l g
(7 = tr) Uy () ’ R
and therefore,
(Py)(l) =0, n <lI. (12)
By the definition of the norm in the space H, and in view of identities we have:
1Pl = S (14 1 (Poy)(). (13)

0o<i<n

Now we are going to calculate the coefficients (%)(Z) only for [ obeying 0 <1 < n. In 1}
we replace the values of the functions y at nodes by the values of its Fourier series. As a
result, for all 0 < I < n we find:

Z Z sm kT+21>Um(tk)Ul(tk)

k=0 me&lNg

(Pny

n+2
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_Z m(m + 1)( k+1)sin7r(l+1)(k+1)
e n+2 n—+2
1 —)(k+1) 7(m+1+2)(k+1)
_n—l—QZ Z( n—|—2 e n+2
meENg k=
(2n+3)7(m—(14+1)) . 2n+3)m(m+(14+1))
1 . sin 2(n+2) Sin 2(n+2)
- Zy(m_1)< - m(m—(l+1 - . alm+ (141 ) Oglg
n+2 meN Sin (2(n(+;) 2 Sin (2(Jnrsr;r) )
Representing the numerators in the expressions in the latter brackets as
2 — 1 — 1
sin (2n +3)m(m = (1 +1)) =sinm(m — (I + 1)) cos mim = (+1))
2(n+2) 2(n+2)
—(l+1
—cosm(m — (Il +1))sin W(ﬂ;(n S_;_) )
—(l+1
=sinm(m — (I 4+ 1)) cos W(Tg(n 5_;3 )
. mm—(l+1
+ (=1)™ 'sin (2(715_2) )), me Ny, 0<I<n,
. 2n+3)r(m+(1+1) . m(m+ (Il +1))
= 1
sin 21 9) sinmm(m + (I + 1)) cos 2+ 2)
[+1
—cosm(m+ (I +1))sin W(TZ(Z EL ;) )
[+1
=sinm(m+ (I + 1)) cos W(TZ(Z S_ ; )
met .. T(m+({+1
+ (—=1)™ 'sin (2(71:_2) >), me Ny, 0<I<n,
we obtain
— 1 N sint(m—(I+1)) w(m—(1+1))
(Pny)(l) =5/ o Z y(m - 1) < . n(m—(I+1 cos
2(n + 2) = Smw 2(n+2)
_sm7r(m—|—(l+1))COSW(m+(l+1)) , 0o<is<n
“in m(m+ (14 1)) 2(n+2)
2(n+2)
Since

simt(m—(l+1)) w(m—(1+1))
—a(m_(t1) 08
sin D=4 2(n+2)

2(n+2)
(=1D)"2(n+2) as m—(I+1)=2(n+2)py,
= p € INo,
{ 0) as m—(l+1)#2(n+2)u,
sint(m+({+1) am+({+1))
. w(m+(l+1)) COS 2( +2)
SIn =50 oy n
(=D)#*2(n+2) as m+({+1)=2(n+2)u,
= e N,
{ 0 as m+(l+1)#2(n+2)u,
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then
Bo)(D) = 3 (1! FR+ 2+ 1) + 3 () FRm +2u—1-2),  0<I<n
pneNg HEN
Returning back to , we find:
1Pyl = Y (Z (=G + 2pu+1—1)
1<l<n+1 nelNg
2
+Y (DR 4 2)p -1 — 1))
pelN
2
<2 }:z%<§:@4wamn+mu+z—n>
1<I<n+1 1e€Ng
2
+2 Y <Z D" 152(n +2)p —1 — 1))
1<i<n+1 pnelN
2
FRn+2)p+1-1)°
=2 (=1)" =720+ 2u+1—1)
1<Z<Zn+1 <u§0 Cn+2p+l-1)
2
PRMR+2)p—1-1)°
+2 1rt y2(n+2)p—1-1)
1<;+1 (;%11:\1 (2(n+2)u—1—1)*
l?s
<2
1<§+1 <u§ (2(n+2p+1-1)°
: Z 2 +2pu+1—D*FPRMn+2p+1— 1))
n€No
jg:: (::E:: l25
+2
1<i<n+1 uelN n + 2):“ -1 — 1)2

D @+ 2u—1- Vs%mn+mu—z—n>

neEIN

l23 l23
<lyll3: | max -+ max .
S\ 1 G<nt = 2(n+2)u+1—1)*  1<i<nt N 2 +2)p—1-1)%*

Let us estimate separately the maxima of the sums in the last expressions. For the first sum
we have:

lgs 1 $ l - 1
i = < <n + ) max Z <2M + >
1<I<n+1 et 2n+2)u+1-1) n+2 1<l<n+1 1€Ny _ n+2

l— 1 —2s
<1+ max 2+ —— (14)

1<I<n+1 n—+ 2
pneN

<14+ (@w ™

pneN
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For the second sum we find:
12 n+ 1)\ [+1\ %
max 5 S max 21 —
1<i<n+1 s 2(n+2)pu—1—1)% n—+2 I<lsnt1 < n+2

e (15)
<> @u—-1)7.

neN
Substituting and into , we get:
1
1Pl < 0+l 5> 5
The proof is complete. O

We denote by E,(y); the best approximation of a function y € H; by algebraic polynomials
in the norm of the space H;. It is known that the best approximation in the Hilbert space is
given by a partial sum of its Fourier series:

En(y)y = (@uy)(t) = > TOU(D),  te(=1,1).
o<isn
Corollary 1. For each function y € H;, s > 35, and each n € Nq the estimate holds:

Hy S (1+\/T(23))E

Proof. We take arbitrary functions y € Hj, s > 3, and a number n € Ny. The statement of
the corollary is implied the chain of inequahtles

”y - PnyHHg g”y - QnyHHg + HQny - PnyHHg
<En(y)g + |1 Pall g— s
<(1+ VIFC29) Enly);,

ly = Payl

4. ANALYSIS OF SOLVABILITY
We write problem , as an operator equation:
Kr=Dx+Vzx =y, K: X =Y,

X = Y =H.

“Hm’/m_ ’ ;

/\ i x(T)dr
0 mT—t)

Theorem 1. For all A\, |\| < 1, problem , (@ is uniquely solvable for arbitrary right hand
side y € Y and the estimate

(Dz)(t) = 2'(t),  (Va

€ (—1,1).

K lyox < (=AD"
holds.

Proof. First we are going to show that the operator D : X — Y is invertible and

IDllxoy = 1D lyox = 1.
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Indeed, we take arbitrary functions x € X and y € Y and write them as Fourier series in the
corresponding spaces:

w(t) =D ZOTI(), te[-1,1],  yt)=Y_ gOU(t), te(-11).
leN 1€N,
In this case equation
Dx =y, D: X =Y, (16)
becomes an infinite system of equations
(U1 (t) =yl — DU 1 (2), leN, te(-1,1),
and its solution is the function
w(t) =D TPl -1DT(t),  te[-1,1].
lEN

Since the element y € Y is arbitrary, this implies the invertibility of the operator D : X — Y.
Let us find the norms of the operators D : X — Y and D! : Y — X. For an arbitrary
element x € X we have

1D} = > (1 +1)*((+ 1)z = PR = ||z}
leNg lelN
For an arbitrary element y € Y we find:
ID7 5 =D PCTATgI - 1) =D [+ DZ5() = [y}
leN 1eNg
This means that
IDllxsy = 1D Hyox = 1.

Our next step to find the norm of the operator V : X — Y. We again choose an arbitrary
element xr € X:
w(t) =D 2OT(t),  te[-1,1],
leN
and apply the operator V' to this element. Since

V1 =121 —t)

see, for instance, [12], then

%/ v =Ua), 1eN, tel-11]

[ Tndr e
(Va)(®) lem [m(T_t)_)\Zx(l)Ull(t), te (—1,1),

and the norm of the function Vx in the space Y is estimated as follows:
Vel =22 300+ 1)*2 0 +1) < 22 30 BEIR20) = N3
1eNg lelN

Hence, ||V x=y < |A|. By Lemmal[l] the operator K = D+V : X — Y is invertible for all A,
|A| <1 and the estimate

K lyox < (L= A7 Al <1,
holds true. The proof is complete. O
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5. GALERKIN METHOD

We fix n € Ng. We seek an approximate solution to problem , as a partial sum of the
Fourier series
Toa(t) = Y Ban(D(t),  te[-1,1]. (17)
1<li<n+1

We determine unknown coefficients z,,+1(1), [ = 1,2,...,n+ 1, by the Galerkin method via the
system of equations:

o () + 2\ () =1 —1),  1<i<n+1, (18)

where
1

30 =2 [amutntar, o<i<n

-1
are the Fourier coefficients of the function y over the system of polynomials {U;}en,-

Theorem 2. For arbitrary fired A € R, |A\| < 1 and n € Ny, system of equations (@ of the
Galerkin method for problem , (@) 15 uniquely solvable

() =1+ X"yl -1), 1<l<n+1,
and the approximate solutions
)= Y TaOn),  tel-1,1],
1<li<n+1
converge to the exact solution x* of problem , (@ with the rate
lz* = 25 llx < (L= )7 Euly)g-
Proof. We denote by
X,, = span{T;}"}, Y, = span{U,}].,
the subspaces of the spaces X and Y, respectively. We write system of equations as an
operator equation:
Kpxpi1 = Qn(Dxpyy + V) = Quy, K,: X,—>Y,. (19)
By Theorem [T, under the assumptions of Theorem [2| the operator K is invertible. Moreover,
dim X,, = dimY, and K — K,, =0 on X,,, n € Ny. This is why by Lemma [2| operator equation
is uniquely solvable
Tty = Y (+N'PU-DL),  tel-1,1],
1<i<n+1

for arbitrary right hand side @,y € Y,, and an error of the approximate solution is estimated
as

lo” = ah i llx S NE T yoxlly = Quylly < (1= [A)T En(y);-
The proof is complete. O

Apart of all advantages of the Galerkin method, it has one essential disadvantage: it is not
constructive. Indeed, to find the Fourier coefficients of the right hand side in equation we
need to find integrals, which can not be found explicitly for all functions. This is not the case of
the collocation method, but in some spaces, for instance, Hélder spaces or spaces of continuous
functions, this method has a worse convergence rate than the Galerkin method.

In the next section we show that in Sobolev spaces the convergence of the collocation method
is not worse than for the Galerkin method.
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6. COLLOCATION METHOD

We again fix n € IN. As by the Galerkin method, we seek an approximate solution to problem
, as partial sum of Fourier series , but know we find uknown coefficients {7, (1)}
by the collocation method via the system of equations

(Dzpir) (tr) + (V) (te) = y(te), k=0,1,...,n, (20)

over nodes .
Denoting w = Kx,1 — y, we can write Galerkin method as the system of equations

E/Q(T)w(T)Ul(T)dT —0, I1=01,...,n, (21)

™
-1

while collocation method is written as the system of equations
w(ty) =0, k=0,1,...,n. (22)
We approximate integrals by interpolating quadrature sums:

n

%/Q(T)(in)(T)Ul(T)dT— 2 Zw(tk)Ul(tk) sinQM [=0,1,...,n,

n+2k:0 n+ 2

and we denote by

a m(k+1)

2
t U (1) sin? ———
n+2kz;w(’“) 1) sin n+2

1
2
n="= [ ()t - i=0.1....m
™
-1

the tails of these quadrature sums. By numbers {r;}]", we form a polynomial

n

(Row)(t) = > nlUi(t),  te[-1,1].

1=0
We write Galerkin method for the sought function w — R, w

%/q(T)(w C R (OUF)dr =0, 1=0.1,....n, (23)

System of equations is called a modifier Galerkin-Petrov method for problem , .

Lemma 4. Collocation method (@) and modified Galerkin-Petrov method are equiva-
lent in the sense that identities (@ hold if and only if identities are satisfied.

Proof. We represent identities as

1 1

2 [t - ray@uiryir =2 [ autryvimar -
:n—|—22n:w(tk)Ul(tk)Sin27T§lk—_:_21>:0, [=0,1,...,n.
k=0

Now identities imply immediately identities .
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Assume that identities (23)) hold. The matrix (Uj(tx))'—o is non-degenerate and this is why
a homogeneous system of equations

o k+1
> w(ty)Ui(ty,) sin® mk+l) 0, 1=0,1,...,n.
+2
k=0
possesses the zero solution only:
.o m(k+1)
ty) sin® ———~ =0 k=0,1,...,n.
w(ty) sin 9 , J1,....n
Since ( )
. om(k+1
——=#0 k=0,1,...
s n + 2 % Y Y 7 7n7
we get
w(ty) =0, k=0,1,...,n.
The proof is complete. n

Lemma 5. For each function w € H; and each n € Ny the estimate holds:
s <1+ ((25)E,(w);.

Proof. We fix a function w € H; and a number n € Ny. The coefficients r;, I = 0,1,...,n, are
first n + 1 Fourier coefficients of the function w — P,w. This is why by Lemma |3 we get:

[Bnwll g = [|Qn(w — Pow) ||y = [|Po(@nw — w)l[m; < /1 +((28)En(w)g.
The proof is complete. O

Theorem 3. For all fited A € R, |\| <1 and n € Ny, system of equations (@ of the poly-

nomial collocation method has the unique solution {Z%,,(1)}}2! and the approzimate solutions

Hat) = Y ELOD0).  tel-11]
1<i<n+1

converge to the exact solution x* of problem , (@ with the rate
lz* = 2} llx < (1= A En(y);-

[ Rnw]

Proof. Following Lemma , we write system of equations of the polynomial collocation
method as system of equations of the modifier Galerkin-Petrov method. In operator form,
system of equations reads as Q,w = QR,w. Making the inverse change w = Kx,.1 — ¥,
we obtain the equation

of the Galerkin method for the equation
Dr+Vzr=y+ R,w.

By Lemma , the operator K, = @Q,K is invertible on the pair of spaces (X,,,Y,), and the
error of the approximate solution 7}, ; of equation in the Galerkin method is estimated as
follows:

[ = a5 lx <= 1AD) " Hly = Row — Quy + QnRywlly
<1 =AD"y = Quylly + | Raw — QuRywlly).
Since R, = Q,, — Q. P,, then R,w — @, R,w = 0, and this is why
o =25 llx < (1= M) Eu(y);-
The proof is complete. O
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7. REMARK

Problem , is of course a model, which was chosen just to demonstrate the method of
justification the collocation method by reducing it to the justification of Galerkin method. The
application of this approach for justifying the collocation method for more general equations,
for instance, for pseudo-differential equations on open-ended lines, requires a developing of the
theory of such equations. However, the developing of the theory of singular integro-differential
and pseudo-differential equations on open-ended contours is much behind of theory of such
equations in the periodic case. This restrains the developing of the justification theory for
approximate methods in this direction.
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