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ON PRESERVATION OF GLOBAL SOLVABILITY OF
CONTROLLED SECOND KIND OPERATOR EQUATION

A.V. CHERNOV

Abstract. For a controlled evolution second kind operator equation in a Banach space con-
sidered on a finite time segment, we obtain sufficient conditions for the preservation of global
solvability under small (with respect to the right-hand side increment with a fixed state)
control variations. In addition, we establish an estimate for the global solution increment
under a control variation and conditions for uniqueness of the solution corresponding to an
arbitrary fixed control. Most essential differences from former results on the preservation of
global solvability of controlled distributed systems are as follows. A solution to the abstract
equation representing an evolution controlled distributed system can be sought in arbitrary
space W0; T of time functions with values in a Banach space X and not necessarily in the
space of continuous functions with values in X or in a Lebesgue space. An estimate for the
solution increment under a control variation is also obtained with respect to the norm of the
space W[0; T']. Moreover, the right hand sides of the partial differential equations associated
with a controlled distributed system may include not only the function of state but also its
generalized derivatives. As examples, we study the preservation of global solvability for the
nonlinear Navier—Stokes system, the Benjamin-Bona—Mahony—Burgers equation, and also
for certain strongly nonlinear pseudo-parabolic equations.

Keywords: nonlinear evolution operator equation of second kind in a Banach space, preser-
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gers equation, strongly nonlinear pseudo-parabolic equations.
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1. INTRODUCTION

Let X be a Banach space. Following [1, Ch. IV, Sect. 1|, we shall employ the following
notations for Banach spaces of functions defined on the segment [0; '] with values in the space
X.

C’k([(); T}, X) for K =0,1,... is the set of all functions ¢ : [0; T —> X possessing continuous

derivatives up to order k equipped with the norm ||<p||Ck([O;T] x) = Z trerfoa¥ |\ ( HX

L,([0;T); X) for ¢ € [1; 00) is the set of all functions ¢ : [0;T] — X measurable in the Bochner

 dt is finite; for the measurability in the Bochner sense

T
sense, for which the integral [{/o(t)|%
0

see, for instance, |1, Ch. IV, Sect. 1|. The norm is defined as follows:

1
191, (o /ng W dt

q
A.V. CHERNOV, ON PRESERVATION OF GLOBAL SOLVABILITY OF CONTROLLED SECOND KIND OPERATOR
EQUATION.
© CHERNOV A.V. 2020.
Submitted August 27, 2019.

56


https://doi.org/10.13108/2020-12-1-56

ON PRESERVATION OF GLOBAL SOLVABILITY ... 57

Lo ([0; T]; X) is the set of all essentially bounded functions ¢ : [0; 7] — X measurable in the
(o) = Viswle@]

We also adopt the following convention. In a phrase like «<v € V' is an object», the word
«object» concerns each element v in a set V.

In the present paper we consider a controlled evolution operator equation of second kind in
the Banach space X

Bochner sense. The norm is introduced as ngHL

o =F[flul(e)],  ©eW[0;T] C Ly([0;T); X),

on a finite time interval [0;7], where w is control. For this equation we obtain conditions
ensuring stability of existence of global solutions (SEGS). In other words, these conditions
ensure preservation of global solvability under variations of control small with respect to a
variation of the right hand side for a fixed state. In particular, given an operator differential
equations in the Banach space X like in |1, Ch. V, Sect. 1], with a fixed right hand side
fe Lg([O; Ty, X), then as the operator F, a mapping serves, which maps the right hand side f
into the solution ¢ of this equation for a fixed initial condition. If we consider a similar operator
differential equation with a right hand side depending on a phase variable and control, then we
can represent it as the studied operator equation.

SEGS issue is topical in obtaining necessary conditions of optimality in problems of optimal
control, calculating the gradients of functionals in such problems and justifying corresponding
numerical optimization methods. If there is no information about SEGS while varying the
optimal control, in particular, in obtaining necessary conditions of optimality, one usually
proceeds to considering the pairs «control-states, see, for instance, [2], [3, Ch. 2]|. As a result,
one has to treat the state equation as a phase restriction of a special type. This gives rise to
certain technical difficulties; we can mention, for instance, an adapted penalty method proposed
in [2].

In [2|, a series of unsolved problems was formulated, namely, a series of controlled distributed
systems was described, for which we failed to obtain necessary optimality conditions by means
of the adapted penalty method. Meanwhile, in |4, Ch. 5, Sect. 2, Subsect. 2|, [5, Ch. 3, Sect.
1], some problems from this series were presented, in which the necessary optimality conditions
were obtained by employing SEGS theory. The matter is that if an information on SEGS is
present, one can employ an alternative approach based on considering the functionals in the op-
timization problem as functions depending on control only. While studying here various issues,
corresponding theorems and their generalizations in the functional analysis are to be used, see,
for instance, 6], [7]. In particular, one can employ the technique of control parametrization for
distributed control systems, see [7]. Thus, the presence of SEGS gives additional opportunities
for obtaining necessary optimality conditions in optimal control problems and their numerical
solving.

We observe that the fail of the global solvability of an evolution controlled system associated
with a differential or integro-differential equation is very likely, when the growth order of the
right hand side in the corresponding equation with respect to the phase variable exceeds the
linear growth, see demonstrative examples in [6], [8], |9, Introduction, Sect. 2]. Once the
differential operator involves a nonlinearity, the situation becomes worse, see, for instance, [10],
[11].

In studying various control problems, apart of a simple postulating the global solvability of a
controlled problem for all admissible controls, various researchers employ usually some general
or specific results on global solvability based on Browder-Minty theorem, Lax-Milgram theorem,
Schauder theorem and others, see, for instance, [12|. These results are usually known in the
theory of differential or integro-differential equations of specific form with a non-controlled
right hand side depending nonlinearly on the state variable. A vast literature is devoted to
the global solvability conditions of equations with a non-controlled right hand side, see, for
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instance, 13|, [14], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24], [25]. At the same time,
while studying the global solvability of initial-boundary problems with a nonlinear right hand
side depending on the control, it makes sense to employ the information on the presence and
nature of this dependence. In particular, it can turn out that the presence or absence of
the global solvability depends essentially on how large the controlled parameters involved in
the nonlinear right hand side of the equation are varied. In many situations one succeeds to
prove that if, for instance, a system is globally solvable for some fixed control, then it keeps
this property for all sufficiently small in a proper sense variations of this control; at the same
time, for some admissible controls there can be no global solvability. Exactly this property
accompanied by the uniqueness of the solution is called the stability of existence of global
solutions or, more generally, the preservation of unique global solvability, see, for instance, the
surveys in |26], [27], 28], [29)].

Earlier, in studying the SEGS for controlled distributed systems, there was employed a
method based on reducing these systems to a Volterra functional-operator (operator) equation
in a Lebesgue (or, more generally, in a Banach ideal) space of measurable functions. Then
corresponding abstract results were applied. More details on the history of developing the
method of Volterra operator for obtaining SEGS conditions for controlled distributed systems
can be found in the above cited surveys [26], [27], [28], [29]. In work [29], there was obtained
an SEGS test for initial-boundary value problem related with a controlled semi-linear equation
of a global electric circuit. Here the same idea on reducing to a Volterra functional-operator
equation was employed; the equation was of Hammerstein type. A principle difference from
former results was that the problem did not admit a reduction to an abstract equation in a
Banach ideal space. The equation was considered in a space C ([O, T); X ) with some Banach
space X of functions defined on a domain € C R™. At the same time, the technique of [29]
can be applied to semi-linear equations only. In [30], there was proved a condition for total
(over all admissible controls) preservation of global solvability of evolution operator equation
of first kind of general form with a controlled additional nonlinearity in a Banach space. The
technique of [30] can be applied also to essentially nonlinear partial differential equations of
evolution type. The matter of the condition in [30] is the total preservation of global solvability
(TPGS) of the mentioned equation was guaranteed by assuming the global solvability for some
majorizing uniformly in all controls integral equation for an unknown function depending on the
time variable only. At that, the majorizing equation was constructed on the base of postulated
estimates for the controlled additional nonlinearity.

The present paper is a result of an essential revisiting of works [29], [30]. First, the results
of [29], [30] can be reformulated as conditions for SEGS and TPGS, respectively, for an evolution
operator equation of second kind and in fact, such approach is more natural. Second, the space
C([0; T]; X) serving in the cited works as the space, in which the solution is sought, can be
poorly adapted for satisfying made assumptions. Third, the results of [29], [30] allow one
to estimate the solution only in the norm of the space C([0;7]; X). At the same time, in
applications, one can need to estimate in norm of the space W[0; 7] (say, Sobolev space) and
to seek the solution in this space. Fourth, assumed apriori pointwise (as ¢ € [0;7]) estimates
for the solution of the corresponding equation with a fixed right hand side independent on the
phase variable, can be realized not as an integral with a varying upper limit as it was assumed
but only as estimates in the norm of W0; 7. Fifth, in [30], the right hand side of the equation
could not involve the generalized derivatives of the state function, but only this function itself.
Exactly improving of the technique [29], [30] according the above remarks is the main result
of the present paper. As examples we consider a controlled nonlinear non-stationary system of
Navier-Stokes equations, Benjamin-Bona-Mahony-Burgers equation, as well as some strongly
nonlinear pseudo-parabolic equations. The results of works [29], [30] here are not applicable in
view of the above remarks, while this is the case the results of the present paper.



ON PRESERVATION OF GLOBAL SOLVABILITY ... 59

Nevertheless, as in [29], [30], the theorem on preservation the global solvability is proved
by successive continuation of the solution along the time scale as earlier there was used a
continuation along the Volterra chain of the operator in the right hand side of Hammerstein
type equation representing the studied controlled system. The uniqueness of the solution is
proved by a similar continuation of the difference of two assumed solutions corresponding to
the same control.

2. FORMULATION OF MAIN RESULTS

Let X, Y be real Banach spaces, T > 0, Wy[0;7] be a closed set in the Banach space
W10;T], whose elements are the functions with values in X; in particular, the embedding
Wi0;T] C Lq([O;T];X) can hold. More precisely, we assume that a scale of Banach spaces
W0; 7] is given and respectively, that of closed subsets Wy[0;7] < W[0;7], 7 € (0;7]. In
view of practical applications, Wy[0;T] is a set of functions in W[0;T] satisfying some initial
condition (initial-boundary conditions) written in some given form.

Let B([O; TY; Y) be some linear normed space of measurable in the Bochner sense functions
t€[0;T] — 2(t) € Y, B([r;€];Y) be the corresponding induced space of restrictions on [7; ],
0 <7< &< T, and the following natural assumptions hold true:

12l () < 12l (0 s o) S Wells(omn) ¥ 1ol (rgyy 7> 05

2Ol € Blrsél = B ERR),  elly(y ) = Nl gy

and the sum and the multiplication by a scalar are defined pointwise. In particular, as B[0; T,
the spaces C[0; T, L,[0; T], p € [1;4+00] can serve. We assume that we are given a family of the
operators F, : B([0;7];Y) — Wo[0;7], 7 € (0; T], F = Fr, satistying the following conditions:

G4) (Volterra property). For all 7,¢ € (0;T), 7 < &, 2, € B([0;7];Y), 2 € B([0;¢];Y), and
corresponding images ¢, = F,z;, @¢ = Feze, the condition z¢(t) = z,(t) for almost each
t € [0; 7], implies the identity ¢ ‘[ = ¢, in the space W[0; 7].
0;7

Hence, for each z € B([O; Ty, Y), the equation of form
o = Flz] (2.1)

[o;ﬂ]'
This property allows us to construct the solution by continuing it from a small segment

to a bigger one.
Gy) For all 7,§ € [0;T], 7 < &, 2 € B([O;g];Y), 2 [ ]: 29 o] in the case 7 > 0,
0;7 057

12;]|B(0:¢1;v) < w, and corresponding ¢; = F¢[z;], j = 1,2, the inequality

possesses a unique local solution ¢, € Wy[0; 7], which is determined as ¢, = F; [z ‘

lr = @allwiog) < N(w)ao(§ — )21 — 22lls(rey),
holds, where N : Ry — R, is a non-decreasing function, o : Ry — R, is a continuous

function, and ag(d) > 0 as 0 < < .

G: F-(0 < Hoo0.
) 50 17O < 00

Now we add a dependence on the phase variable and on the control to the right hand side.
Namely, we consider a controlled analogue of equation (2.1):

o=F|flul(p)]. @eW[0;T]. (2.2)

Here uw € U is a control, U C U is a given set in some, generally speaking arbitrary, space
U. We assume that for all u € U the operator f[u] = fr[u] is well-defined and this operator
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corresponds to the family of the operators f.[u] : W[0;7] — B([0;7];Y), T € (0; T}, possessing
the following properties:

F,) For all 7,& € (0;7], 7 < & and ¢ € W[0;€], v ’[ = v € W[ the identity
057

felu](ve)(t) = fr[u](¢-)(t) holds for almost each ¢ € [0;7].
Fg) For all T, 5 S (OT] T< f wl,wg S W()[Oﬂ ||wz||W[O,£] < M, 1= 1,27 the inequality

|| felu] ul(¢2) ||B (reiy) S (€= T)BLM)[r — allwiog

holds, where a; : ]RJr — R+ is a continuous function, f; : Ry — R, is a non-decreasing
function.
F3) There exists a non-decreasing function 3y : Ry — R, such that for all

u,u € U, T,€ € (0,7, T <E, v >0, v € Wpl0; 7],
€ Wol0;¢], lellwior < M, [@llwiog < M,
in the case
pre(u, @) = || felul(@) — fe[@ @) g r0) <
there exists a function
Z=Z[r,&7,u,1,9,9] € B([0;€];Y)
such that

2|, = . = @) < HOD {7+ 15006~ £d@ 10 |-

[057]

Remark 2.1. At first glance, condition F3) can seem to be too exotic and difficult to check.
In fact, as we shall show below, it holds, for instance, for Lebesque spaces B = L,, p € [1;00],
and the space of continuous functions B = C.

Lemma 2.1. Let the space B([O; &; Y) be such that for the characteristic function X = X (-
for all z; € B([0;7];Y), 22 € B([0;¢];Y) and for extension z1¢ by zero of the function 2 on
[0;€] we have z1¢ € B([0;€];Y), xz2 € B([0;€];Y). This property obviously holds for the
Lebesque spaces Lp([O; &; Y), p € [1;00]. Then condition F3) is satisfied.

Proof. Tt is sufficient to let

feld@)@),  te (€]
It is clear that Z = 21 ¢ + x20 € B([0;£];Y), where 21 = f;[u](¢), 22 = fe[u](®). At that,

z@:{ﬂmwwx te[0;7],

z

o] 12— fe[u] H = |[felu)(®) — fe[] HB[Tg] vy ST
Lemma 2.2. Let B([O;f};Y) = C([O;f]; Y). Then condition F3) is satisfied.

Proof. We denote
2= flulle),  Z= @),  Z= [f[ul(®).
By assumptions,
pre(w @) =12 =2l ( gpy <7 >0
Since Z € C([0;&];Y), there exists n € (7;€) such that

|2(t) — /Z\(T)Hyé ~  forall t € [r;n).
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Let w : [7;€] — [0;1] € R be a continuous function such that w(7) = 1, w(t) = 0 for all

t € [n;&]. We let
1) = {Z(t), t € [0;7],
T e + (1—w®)2w),  telnd
By construction, z € C'([0;¢];Y). We have

Hg_EHC([T;E];Y) <z- ZHC([T;S};Y) Iz _zHC([T;ﬂ;Y) <lz= ZHC([TW];Y) i

since z {[n'S]: z ‘[77'6} for an arbitrary function w(t). For an arbitrary ¢ € [1;7] we estimate

12(t) = 2(8) ||, =w(®)||z(r) = 2()]|,

<|lz(r) = 2(0)||y + [|207) = 20|y < Iz — 2”0([0;7};1/) 7

Hence, we obtain:

]

Theorem 2.1. Assume that Conditions G1) — G3), F1), Fy) and the identity a(0)aq(0) = 0
are satisfied. Then, for arbitrary u € U, equation (2.2)) can possess at most one solution.

Theorem 2.2. Assume that Conditions G1) — G3), F1) — F3) and the identity a(0)aq (0)
0 are satisfied. Assume also that a control uw =u € U gives rise to a global solution ¢ =
W0;T] of equation (2.2). Then there exist numbers € > 0 and C > 0 such that for each u €
obeying the estimate

€
U
p(0,7) = | F1u)(?) — F18P) | o < &
there exists a unique global solution ¢ € WI0;T)| of equation (2.2) and moreover,
[ = @llwior) < C p(u, ).
We prove Theorems 2.1} 2.2] in Section

3. PROOF OF MAIN RESULTS

For all 7,& € (0;T], 7 < &, ¢ € Wy|[0; 7] we define @[, ¢] as the set of all n € Wy[0;£] such
that

inf |l = nllwiog =0,
where the infimum is taken over all ©» € W;[0;£] such that o ¢ in the space W0; 7].
057
Lemma 3.1. For all 7,§ € (0;T], 7 <&, ¢ € Wyl0; 7], the set D¢, | is closed in the space
W0; €]

Proof. In the case ®[¢,p] = () and also in the case of a finite set the statement is trivial. In
what follows we assume that the set ®[¢, ¢| is infinite.

Let {0} C @&, 0], [1Mm — mollwiog — 0 as m — oo. Since the set Wy[0;¢] is closed in the
space W0;¢], it is clear that ny € Wy[0;£]. We fix an arbitrary number ¢ > 0 and we find a
number m, € IN such that

e
|10 — UOHW[O;g] < 3 for all m > m..

According the definition of the set ®[, o], there exists 1. € W;[0; ] such that

13
— — < =
Ve o= P 1% = M. lwiosg 5
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We estimate:
[V = nollwiog < e = e llwiog + 0me = mollwiog <€
Since the number € > 0 is arbitrary, this means that ny € ®[¢, ¢). O

Lemma 3.2. Assume that conditions F1), Fy) are satisfied. Then for all 7,& € (0;T], 7 <&,
@ € Wpl0; 7], and respectively, 1,19 € ®[E, ], u € U, we have:

| felul (1) — fs[u](%)HB([O;T];Y) =0. (3.1)
Moreover, for o € Wy|0;€], ¢ ‘[0 ]: or € Wy 0; 7] we have

| felul (vs) = felul(we) H 5(osr1v) <[ £ lul(9) = f-[ul (s H (0m): ST L2 (3.2)

Proof. 1. Let us prove formula (3.1). Let ||¢s]lwiog < M, s = 1,2. We choose an arbitrary
number ¢ > 0, and according the definition of the set ®[¢, ], we find ¥, € W;[0;£] such that

Vs

~ 3
O'T]: ¥, ds = ||vs — 1/13HW[0;£] <L a1 (§)B1(M +1)ds < 9 s=1,2.

It is clear that in this case ||¢S||W[0 e < M +1, s =1,2. Employing Conditions F), F5), we
get:

Hkmwn<mwwwdmwyﬂﬁwﬁn<mm%mdmw>
+ > || felul (ha) = felul(vs)]| 5 (o)

2
<[ L) = £l (D)0, )+m@me+U§;&<s

Since the number ¢ is arbitrary, we obtain identity (3.1).
2. Let s € 1,2, |[Us]lwiosg < M, |l¢ellwpg < M. We are going to prove formula (3.2).
We choose an arbitrary number £ > 0 and according the definition of the set ®[¢, ], we find

s € Ws|0; ] such that

G| =@, 0= |[ts — bullwiog <1, aa(€)B(M +1)d, < e.

‘{o;ﬂ
It is clear that in this case [[]wioe < M + 1. Employing Conditions Fy), F,), we have:
(| felu) (05) = felul(e) | 5(for ) <[ felul(s) = felul(tbs) H 5(j0m1)
+ Hfg ul(vs) — fe[ul(ee)|| ( )
01(E) B (M + 1) + [| - [ul(0) = frlul (o) 51,1
<&+ || frlul(p) = frlul(or H 5(osrly)
Since the number ¢ is arbitrary, we arrive at inequality. 0

In what follows, to avoid bulky notations, we shall omit the subscript 7 in the notation f,|u]
since its value is easily recovered from the context.
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Proof of Theorem 2.1 We argue by contrary assuming that a control u € U gives rise to two
solutions ¢ = ¢ and ¢ = @, of equation (2.2)). We denote

g =flulle), 7=12  w=max|zlsmy), R=maxo(t), s=01,

te[OT]
Nw = N(W), Yo = SUP ||F My = Yo +N¢UUJNO-
€(0:7]

Here 79 < oo by Condition Gg). We observe that according Condition G,), for all 7 € (0; 7]
we have:

)HW[O;T]’

<||]: (0) HWOT]—i_Hf “j
<o + Mool 24| 5(

~F.T(O)HW[O;T]
<My, j=12

||S03 ‘[O;T]”W[O;T |[O’T

B([0;T);y ) =
By Conditions Gs), F3), the function o = ap(-)a;(+) is continuous and by the assumption of
the theorem, it is such that «(0) = 0. This is why there exists a number § € (0;dp) such that
Noa(8)B1(Mp) < i. We choose an arbitrary partition of the segment [0; 7] of the form
O=ty<ty1 <...<tp,=T, ti —tiig <0, i=1,k.

According Condition Gy), we denote

Zji = Zj |[O;ti]’ Pii = ©j }Ot]e W[O t]

We consider the segment [0;¢1]. According Condition Gy), the identities @1 = F,[251],

s = 1,2, hold in the space W|0;t;]. We are going to prove that ¢11 = ¢ in the space W/0; ¢4].
We denote 7, = ¢11 — ¢21. According Condition Gy),

171 llwiose) < Moo (9)]1211 — 22 B(10sta1v):
where by Conditions Fy), Fs),

1211 — 22,1l B(0ta]v) :Hf[u](@l,l) - f[u](gpllﬂ‘g([o;tﬂ;y)
<a1(6)1(Mo) || p11 — 902,1HW[0¢1]-
Therefore,

1
71l wiost) < N () Br(Mo)[|n1 |l wiosy) < 3 72| wi0st1)-

Thus,

1

5 H771||W[0;t1] g Oa
that is, 71 = 0, or @11 = a1 in the space W|0;4].

Proceeding by induction, we assume that we have proved the identity ¢ ;1 = ¢ ;1 in the
space W0;t;_4], j € 2, k. In view of this assumption, we are going to prove that 01, = P2.j
in the space W/[0;t;]. According Condition G1), we have ¢ ; = JF;,[2,] in the space W/[0;1],
s = 1,2. We denote 1; = ¢1; — 2. According the induction assumption and Condition Fy),
we have:

215 = 225l BG0t; 11v) = || FTul(pr-1) = f[u](@2,j—1)||B([0;tj_1];y) = 0.

Then by Condition Gs),
103 llwioie;) < Nuco(8)[|21,5 — 22,5l 501t -15t517)-
Here Condition F») yields that
21,5 — Z2,jHB([tj—1;tj];Y) Hf (1,5) f[u](QOZJ')HB([tj_l;tj];Y) S 041(5)51(]\40)"301,]- N 902,2’”1/1/[0;@]'

Therefore,
1
17 lwioiy) < Noa(0) Br(Mo)||m; lwiow,) < 5 17 llwiose,1-
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Thus,
1
3 175 llwioe;) <0,

that is, n; = 0 or ¢ ; = ¢ ; in the space W/0;1¢,].
By induction we conclude that ¢ = @5 in the space W[0; T]. The proof is complete. O]

Proof of Theorem[2.4 Let a number M > 0 be arbitrary and fixed,
Yo = Sup H}_T(O>HW[0'T} <
7€(0;T] ’

according Condition G3); Ny = max a,(t), s =0, 1,
te[0;7T]
z=flu(@), m= HEHB([O;T];Y)’ Mo =70 + N (7)1 Ro.
We observe that according Conditions Gs), Fy), for all 7 € (0; 7] we have:

HE ‘[o;T]HW[o;T} <IF7 O lwioir + H]:T = ‘[O;T]} B fT(O)HW[O;T]
S0+ Nl 1) < o

We denote

No = Ry 8 (M) {1+ Bo(M1)}, M, =max{l,N(w)},

M, = M + My, w =7+ (Bo(M) + 1+ Ry) M.
We choose a number o > 0 so that oN,, < 1. After that, employing the continuity of the
function o = ag(-)ay(+), see Conditions Gs), Fy), as well as the condition «(0) = 0, we choose

a number ¢ € (0;dp) so that
a(6)p (M) <o

We choose an arbitrary partition of the segment [0; 7] of the form
O=ti<ti <...<tp=T, ti—ti,lg(;, 221,_]{?
According Condition Gy), we denote

El‘:Z

)

= ‘Fti [72] - Wo[o; ti].

‘ [052:] ’ 7 ‘ [05t]

We note that according Condition Fy),

b = F, [f[ﬂ](az)}v =1k
We define the function ¢(c) = N,Ro[Bo(M:1) + 1 + Roc]| and scalar sequences

. 1 - g(Cz—l) . —
CZ_<1+1—O',/\/’W> 5(0171), Fz—l_UNw, ]

We choose an arbitrary control v € U so that

0 < p(u,u) < M, Crp(u,w) < M.

I
\‘)—‘
=
&
I
=}

Let us show that under such choice, equation (2.2)) is solvable.
First of all, we consider the case p(u,u) = 0. Then ¢ = ¥ solves equation (2.2). Indeed,
according Condition Ga),

\P—vawﬂhwﬂ%VUmwﬂ—fUM@Mqu
SNRo|[£[W)(@) = STN@) 5 177) = Mool @) = 0.



ON PRESERVATION OF GLOBAL SOLVABILITY ... 65

Here we have taken into account that
Hf P) + zH ([O;T];Y) < ||2HB([O;T];Y) + p(u, 1) =71 < w

This is why in what follows we consider the case p(u,u) > 0. The further proof is made in
several steps. In these steps, we shall consider local analogues of equation (2.2)):

p=F,[flul(p)],  ©e W0t (&)
The solvability of equations (&;) in corresponding spaces W|0; ¢;] will be proved by the induction
inj=1k.
1. We are going to prove the existence of a function ¢ = ¢, € W;[0; 1] solving equation (&;)
and obeying the estimate:

le1 = @i llwion) < Cipu, ).
We define U, as a set of all ¢ € Wy|[0;¢;] such that

H@D - ‘Ftl [ETHW[O;tl] g Wlp(u?ﬂ)7 zZ= f[uK@l)

a) Let us show that Uy # (). Indeed, ¥ = F;,[2] € V5.
b) Let us show that the set W, is closed in the space W|0;¢;]. Let {n,,} C ¥; and

||77m - 770||W[0;t1] — 0 as m — 0Q, Mo € W[O;tl].
It is obvious that
||770 - E1 [E]HW[O;tl} <||770 - nm”W[O;tl] + HT/m — JT"tl [E]HW[O;tl]
<M — nollwiosey) + mp(u, @).
Passing to limit as m — oo, we conclude that
HUO Fiy THWOt ] < mp(u, ).

In view of the closedness of the set Wy[0;¢;] in the space W0;t], this means that ny € ;.
Thus, the set Uy is closed in W|0;¢].
c) We define an operator Fy : ¥, — W;|[0;¢;] by the formula

n=rhlpl=F,lz], where 2= flu(p), eV
Let us show that n € ;. According Condition F),
12— Z1]| s(osgy) ~ | flu] f[U](@)HB([O;tI];Y) < pu, ).
Therefore,
1Z]] B(og) ST M < w; ||?1||B([O;tl];y) < <w.
We estimate:
H(p SolHWOtl] ||§0 ]:t1 A‘]HW[O 1] + H]:m T ]:tl Z1 HWOt I’
Hence, employing the definition of the set ¥; and Condition Gs), we obtain:
i = Palbwiony < map(, ) + ALRolIE =2l < [0 4+ 0)] plu ),

that is,
I = B1llwion) < Cip(u, @) < M.
Therefore,
lellwion < @1 llwioe) + M < Mo+ M = M.
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According Condition Fy),

120 ) =I10) £ FI0@) g )
SRl = Bullwioss) + 1215 (10,0
SRB (M) M+ M+ 7 <w
Employing Conditions Gs), Fy), we obtain:
H77 — F1, 7] Hw[o;tl} :H]:h 2] = F, [E]HW[O it1]
NLao@)|[/Tu)(e) = S0y (100,1v)
SNoa(6)B1 (M) [l — Prllwiosen)-
Since o N, < 1, this yields that
|n — F, THWOt | S [oNm1 + €(Co)] plu, @) = mip(u, ).

Therefore, n € ¥, and thus, F} : ¥V; — V.
d) Let us establish that the operator Fj is contracting on the set W;. We choose arbitrary
Y1, P € ¥y and we let

:f[u](qvbs)(t)? te [Oatl]a ns:Fl[ws] :]:tl[zs] S \Illa s = 172

Similar to Subsection 1,c¢), we have:
25 lB0st115v) < w, 17 lwios) < M, s=1,2.
Employing Condition G,), we estimate as follows:
Hﬁl - 772”W[0;t1] < Nw@0(5) ||Zl - Z2|‘B([0;t1];Y)=
where, according Condition Fy),
|21 = 22| Boita)sv) < @1 (0)B1(My)|[11 — Yallwios-

Therefore,

I — M2 llwioe) < Nowar(8) 1 (M) [[1hr — Yallwiogy) < Nuwo |01 — ol lwiog)

where N, o < 1. This means that the operator F} is contracting on the set V.
e) According the contracting mapping principle, we conclude that equation (&;) is uniquely
solvable in the set Wy, that is, it possesses a solution ¢, € Wy|0; 1] satisfying the estimate:

H‘Pl - Fu [an[o;tl] < mp(u, ).
As it was shown in Subsection 1,¢), the belonging ¢; € ¥y implies the inequalities:

1 — @i llwio) < Crp(u, @), le1llwion) < M.

2. Proceeding by induction, we assume that we have already proved the existence of a solution
wj—1 € Wo[0;t,_1] to equation (£;_1), j € 2,m, obeying the estimates:

H%OJ 1HW0tJ 1] X MlaH% 1= %0]-_1HW[0;tj_1] <ijlp(u7ﬂ)-

We are going to prove that this assumption implies a similar statement for equation (&;).
We define ¥; as the set of all ¢ € ®[t;, p;_1] such that

‘}¢_th [E]HW[O;tj] < 7Tj p(uvﬂ)7 E’:: Z[tj—latj777u7ﬂ7 ()Oj—h@j]’ (33)
and in view of Condition Fj),

zeB([0:41Y),  Zy, = flullei), v =plum).
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a) Let us show that W; # (). Indeed, v = F; [2] € Wy[0;t;] obeys estimate (3.3) and by
Condition Gy),

‘[O;t]‘—l]: ]:tj_l [E ‘[O;t.y‘—lﬂ - ‘Ft.i—l [f[u]((pj—l)} = Pj-1-

Therefore, 1) € @[t;, ;_1], and hence, ¢ € V.

b) In view of Lemma the closedness of the set ¥; can be proven in the same way how
this was done for the set V.

c) We define an operator F}; : ¥; — Wy[0;¢;] by the formula

n=Fjle] =F,lz],  where 2= flul(p), ¢eV;
Let us show that n € ¥;. According (3.3) and Conditions F3), Fy), F5),

= zjnB([tjfl;m;y) <Bo(2) (p(w. ) + | £1ul(2s1) = FI@5 ), 1))

{ u,w) + B (MR |91 — P, lwiog, 1]}
In the same, according Conditions Fg) 1)

HZ_ZJ‘HB([O#J_ v) Hf ul(pj—1) — flul(@;-1) £ flu }(903'71)”8([0#]__1];3/)
<O (M)R i1 — Bj_1lwiow,_) + p(u, ).

Thus,
Iz — 7| ([Ot ) {50 (M) +1}PU u) + Nellpj-1 — B llwioit; 1)

and by the induction assumption,

~ — 1
12 = %3l ) < {500 + 14 RCis} ) = S (),
In particular, taking into consideration that
ijlp(uaﬂ) < Ckp(uaﬂ) < M, p(uaﬂ) < Ma

we have

Iz — EjHB([O;tj};Y) < [BO(Ml) + 1+ NQ} M.
Therefore,
B0l ) <+ [B0OE) + 1R M <o Bl ) < <0
We estimate:
le = Bllwio,) < [l = F, THW[Ot + |7 B - Ay 7 ||W[Ot]
By the definition of the set ¥; and Condition G;), we obtain:
o — @,llwioe;) < mip(u, @) + NoRo||Z — EjHB([O;tj];Y) < [+ 0(Ci20)] pu, ), (3.4)

that is,
I = @jllwiow,) < Ciplu,u) < M.
Hence,
lellwiow;) < H@'HW[O;m + M < My+ M = M.
According Conditions Fg), Fi),

2] 50,3y =[|f[ul(0) £ flu](®;) “ (l0st,):v)
<N151(M1)”90_90jHW[0;tj} + Hf[ (p]):l:f 90] H ([gt )
KN By (M) M+ M +y <w
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Since
NS (I)[tjv(pjfl]u d} = ftj [E] S (I)[tj7 Sojfl]
see Subsection 2,a), by Lemma [3.2] see (3.1), we get:

2 1[OM= flul(#) )mjf flul () \[%_1] .

At that, as it was shown in Subsection 2,a), v = ;_1. Hence, according Condition F),

[05t5—1]

— flulps) =% | (3.5)

Z ’
[0;t5 1]

(0525 1]

In view of the established facts, we employ Conditions Ga), Fy), we get:
I = 2wy =11~ 7l
<ALao(O)0(e) = S ()
SNLa(0) B (M) lp — B5llwios,)-
Hence, by and the inequalities a(0)S1 (M) < o, oN, < 1, we get:
11 = Fo Ellwioq,) < [oNom; + UC5-0)] plu, @) = mip(u, ).

Thus, n obeys estimate (3.3).
Let us show that n € ®[t;, p;_1]. Indeed, by (3.5)), Condition G;) and induction assumption,

we conclude that this property holds in a stronger form:
AN T PR
Thus, n € ¥;, and hence, F; : ¥; — W,

d) Let us show that the operator Fj is contracting on the set ;. We choose arbitrary 1,
1y € U, and we let

d

2= flul(@s),  ns = Filb] = Fyla),  s=12.

Similar to Subsection 2,¢) we have:

| zsl|B(lost,1:v) < w, 175l w0 < My, s=1,2.
In view of Lemma [3.2] see (B.1)), we get:
z — u = u —= Z
! [05t;—1] f[ ](¢1) ‘[Oth—l] f[ }(1#2) ’[O;t]’—ﬂ ? [05t5-1]

since 5 € ®[t;, p;_1], s = 1,2. This is why, by employing Conditions G;), F5), we obtain:

I = m2llwioe;) SNwao(0) |21 = 22ll5(1t;_1:651v) = Nowo(9) (| Flul (1) — Flul(@2) (s —1:t50)
SNLa(0) 81 (M) |1 = Yalwiow,) < Noo || — V2|l wiog,),

where N0 < 1. This means that the operator F} is contracting on the set V.
e) By the contracting mapping principle, we conclude that equation (£;) has a unique solution
in the set W, that is, a solution ¢; € ®[t;, ;1] satisfying the estimates

le; = Pillwioe) < Cjp(u,u),  [l@jllwion,) < M,
which are obtained are similar to (3.4) just by using that ¢; € ¥;. Moreover, similar to relation
(3.6) we obtain: ¢, ‘ = @j_1.
(0525 1]

3. By induction we conclude that a similar statement holds for j = k. And this means that
equation (2.2) has a solution ¢ € Wy[0; T satisfying the estimates:

lellwiom < M, e = @llwior < Cr p(u, ).
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The uniqueness of solution in the space W[0; T'] follows Theorem . The proof is complete. []

4. EXAMPLE: INITIAL BOUNDARY VALUE PROBLEM FOR NAVIER-STOKES SYSTEM

Let Q C R? be a bounded domain with a boundary 02 =S € C?, T >0, p,r > 1, Qr =
2 x [0;T]. Following [31], apart of standard Lebesgue spaces L,(2), L,(Qr) and anisotropic
Lebesgue spaces L,,(Qr) = L,([0;T]; L,(€2)), we shall make use of the following functional

spaces.
1) The Sobolev space W[0;T] = W' (Qr) with the norm

lelwior = D 10"ellpor + 10lbor
lnl<2

where || [|p.or = |+ l,@r)» # = (11, pi2, p13) is a multi-index,

3 |l
|l =ZZI/M7 My = WM, Opp = aa—f,

where all derivatives are treated in the generalized sense. We shall also employ the following
notation for the norm: |- ||,r0r = I - 2,00

2) The symbol Jj_%(Q) denotes the closure of the set of smooth compactly supported
solenoidal vectors vanishing on S with respect to the norm W;_%(Q), see. [31]. An equiva-
lent norm in Ji_%(Q) is

lollp.c = inf [l lwio.

where the infimum is taken over all continuations ¢ (z,t) of a vector ¢ on the set (1. It can be
shown that for each given ¢ in the considered space at least one mentioned continuation exists.

3) The classes G, () and J,(Q) are defined as follows [31]. Each smooth compactly supported
vector f(x) can be represented as a sum of two terms orthogonal in Ly (£2):

[(@) = V@) +g(a),  where  Veg=0,  g-n(z)| =0, (4.1)
n(zx) is the unit outward normal,

0
Ap=V-f&), L|=fn

on ls s’
and Vo and g for all V& € L, (Q) satisfy the identities:
(Ve,VO) = (f,V®),  (9,V®) =0, (4.2)
where

3
wv)= [o-vde=Y [wo)ilz)da.
Q =g
By G,(£2) we denote the set of all Vo € L,(Q2), while jp(Q) stands for the set of all vectors
in g € L,(Q) obeying identity (4.2). We note that in [31] the notations L3(2) for the space of
vector functions and L,(§2) for the space of scalar functions are not distinguished. This is why,
to have a better accordance with [31], we also adopt the same convention.
4) The classes G,(Qr) and J,(Qr) are subspaces of L,(Qr) consisting of the vectors belonging
to G,(€2) and jp(Q) for almost each t € [0;7]. Relation (4.1)) means that

LP<Q) = GP(Q) D JP<Q)7 LP(QT) = GP(QT) 52 JP(QT)'
Following [31], we shall employ the notations: Py is the operator of projecting L,(Qr) —
G,(Qr), Py is the operator of projecting L,(Qr) — J,(Qr).
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First of all, following [31]|, we consider an initial boundary value problem for a linearized
Navier-Stokes system:

3

9,
8—f —vAp+alx, t)p + Zak(a:, )Pz, + VP = 2(z,1), x €, t € [0;77, (4.3)
k=1
V-p=0, that is divy = 0, (4.4)
p| =0, te[0T];  ¢| =wolr), xe€ (4.5)
zeS t=0

Here o(z,t) = (gol(x, t), oz, 1), p3(z, t)) is the velocity field of a liquid, P(z,t) is a pressure,
¢ and P are unknowns, a(z,t), ai(z,t) are given functions such that

3
||aH5,0,QT + Z ||aj||81701,QT < M’

j=1

where
3 1 3 1 Iy

5707 2s + s = L 25, + o1 <3
z = (71, 22, 23) € L,(Qr) is the density of external fields, v is the viscosity coefficient. In [31] a
solution to problem f was constructed in two ways:

1) as a limit of classical solutions in the norm of an appropriate space [31, Sect. 4];

2) as a solution to Cauchy problem for an evolution operator differential equation in the
space jp(Q).

But the result, namely, the conditions of the existence and the uniqueness and the estimates
for the solutions, is the same for both ways.

Given a function z € L,(Qr), we get: z = Pgz + Pjz. Here Pgz is added to the vector
VP, and after that 2z in the right hand side is treated as P;z. We note that the operator P; is
bounded, see [31, Thm. 2.2].

A solution to problem ([£.3)—([4.5) is treated as in [31] Sect. 5]. According that approach, we
seek it as a pair ¢ € W[0;T], VP € L,(Qr). The following statement holds [31, Thm. 4.2,
Cor. 2, Sect. 5.

lalls.0.q, = max|a"™]|
m

2

Lemma 4.1. Under the above assumptions, for each pair z € L,(Qr), vo € ji_E(Q) problem
(4.3)—(4.5) possesses a unique solution ¢ € W|[0;T], VP € L,(Qr), and the estimate holds true:

lellwiom + IVPlper < Ci(L+e ) {lvollpe + l2llp.ar ) (4.6)
where C, v > 0 are constants independent of T, g, 2.

Remark 4.1. The proof of estimate (4.6) in [31] employs implicitly, with no explanations,
an inequality of the form

qb" (cra + cb) < ygb? + cza?  for all a,b >0 (4.7)
as vy > co. In the next statement we establish this inequality.

Lemma 4.2. Let v > ¢y, ¢1,¢0 > 0, ¢ > 1. There exists a constant c3 = c3(q,7y,c1,¢2) > 0
such that inequality (4.7) holds for all a,b > 0.

Proof. In the cases a = 0, b = 0, ¢ = 1 the statement is trivial. This is why in suppose that
a>0,b>0,q>1. We consider the left hand side of inequality (4.7):

gb" ' (cra + cob) = ygb? + (v — c2)gb"! (7 Clc “” b) '
— 2
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We denote g = . It is sufficient to show that
Y G
Babq_1 —b? < aal,
that is,
q
8 (%) <a (%) +1 forall ab>0, (4.8)

for some o > 0. In this case, inequality holds true with c3 = ag(y — ca).

We consider the function f(t) = 1+t9— pt. It is clear that f(0) =1 > 0, and by the theorem
on stability of the sign of a continuous function, there exists £ > 0 such that f(¢) > 0 for all
t € [0;¢].

In what follows we consider two cases:

1) t = — <. Then (4.8) holds as & = 1, and thus, ) holds true.

2) t=— >t that is, b < ; Therefore,

@I@@ s

7 (0 = (7= )b) < @' enn < e,

that is, ) holds for c3 = qcl

Thus, we can take c3 = max {q(v — Ca), %} The proof is complete. O
t

The statement and the proof of Theorem 2.1 in [31] and the proof of Lemma 10.1 in [31]
imply the following lemma.

Lemma 4.3. Let 7 € (0;7], ¢ € WI[0;7]. If g1,71,G2,72 = p > 1 are such that the conditions
5 3 1 1 5 3 1
— =0
7,

\\/

=1—- — — = - — — - _
P1 2p 2q1 + ) P2 92 2p+2q2+r2

hold, where as p; = oo or r; = 00, © = 1,2, the inequality are assumed to be strict, then the
estimates

WV

0, (4.9)

leillari@- < c{llellwomn + Mo, 0)llpa, (4.10)
3

>l llq

=1

220 < cllellwiom + e, 00} (4.11)

hold true. Here c 1s a constant independent of 7, ¢ but depending of the domain 2.

2

Let 7 € (0;T], o € Joji;(Q) be fixed but arbitrary. We denote Y = L,(Q2), Wy[0; 7] is the

set of all ¢ € W[0; 7] such that
lle(-,0) = wollpe = 0.
It is clear that
Ly(Qr) = Ly([0: 7] Y) = B([0; 75 Y).
The numbers ¢y, 71, g2, 2 are chosen as in Lemma [£.3] We define an operator F; : L,(Q,) —
Wol0; 7] as follows. Given z € L,(Q,), we find a pair ¢ € Wy[0;7] and VP € L,(Q,) as a
solution to problem (4.3)—(4.5) for T = 7. After that we let F,[z] = ¢. By integral represen-
tation (5.5) in [31] we then conclude that Condition Gq) holds true. Condition G.) is satisfied
by Lemma [4.1| with A(w) = N = Ci(1 + €'T), ap = 1. Condition G3) obviously holds since
according Lemma
17 (0)[lwio:r) < Nleollp.e-
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Then we consider problem (4.4) — @ ) for a non-controlled nonlinear Navier-Stokes system

Jyp

o uAgp+a(xtg0+Zakxtgoxk+V73 flel(z,t), (z,t) € Qr, (4.12)

k=1

where

flel(a,t) = g(x,t) — Zsowzk, g9 € Ly(Qr), p>§.

We are going to obtained needed estlmate for the right hand side f. At that we shall make use
some constructions made in |31, Sect. 10]. We find numbers the o, ¢ > 1 by the conditions:

7 3 1 1
— —Z0p<—<—, 4.13
max{zp 5 } a<p ( )
3 5 13 5

>0, - SN 4.14
w2 o 414
where ¢’ is dual to gq. Let us show that system (4.13), (4.14)) is compatible. We take, for
instance, ¢ = 2. Then ¢’ = 2 and condition (4.14)) becomes:

1+3—5>0 & 2p+3-10>0 <« >7
2 4 P b=y
Hence,
o33 1
2 2 2 2
and (4.13]) becomes
1 1
0<—<- & o>0p.
g p

According Lemma [4.3] it follows from ({.14)) that for ¢ € W[0; 7], r € (1; 00) we have:

2 c qu,ar(@‘r)a Pay, € qu’,ar/<QT)-
We denote:

3
Hlgl = Hlp,¢l, Hlp,¥] = outha,, @, € W[0;7].
k=1

Employing Holder inequality for H = H|p, 1], we get:

=
S
o=

T

1#1l5.q. Z/dt/lHl”dx< /1€’dt / /IH\de ,
o Q 0o \a

0

where

Thus,

150, < 7% | [IHI0at | .
and this yields

11 11
|Hllpo, <702 | Hllpog, <7072 Y okl
k=1
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By the Hélder inequality

q/

lorta) D] < /|90k\pqu [t i)
Q

and therefore,

H(@k@%k Hpg < [lokllpg.2ll ¥z lpg 0
Hence,

lorton I oo, = / Nkt I 0 dt < / lorlZ, ol 15 0 dt

r!

/||sok|pqg /||¢mk| !t

Lemma 4.4. For all ¢, 1» € W|0; 7| the estimates

This implies the following lemma.

||90k¢xk||paQT < ||S0k||pqrerT||¢xk||pq’ or',Qrs (4-15)
[ Hlp0. < Tp 4 Z [ Pxkllpg.or.@ Yz v .or @ (4.16)
k=1

hold true.
This lemma implies the next one.

Lemma 4.5. Let 7,£ € (0;T), 7 <&, ¢, ¢ € W[0;¢]. Then

l 1
1B, () < €= aznw%um o I lwon + 1o, 0},

l 1
I (1) S & =77 "Z||90k||pqarQT{||¢||W[oT]+|H¢ 0)llpa}-

k=1

We consider the difference

Hlp) = H] =) (0rpr, — Yathn,) = Hlo — 0, ¢ + H[th, 0 — 9],

Thus, Lemmata imply the following statement.
Lemma 4.6. Let 0 <7 < LT, ¢,1 € Wyl0; €],
lellwoeg < M, [[dllwiog < M.
Then
#7161 = H, ) < 9206 = DD = Blhwio (4.17)

where a1 () = 5v 7, Br(M) = 3¢* (M + [leolp.)-

Remark 4.2. Inequality (4.17) in the formulation of Lemma means that H|p| satisfies
Condition Fy). Condition F1) is obviously true. Condition Fs) is satisfied thanks to Lemmal[2.1]
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Now we consider a controlled operator

g:g[u](w)(xvt)v ue U,

satisfying Conditions Fy) — Fy) with the parameters oy = o, 81 = ;. In particular, from a
physical point of view, it is of interest to control the density of external fields by the feedback
principle with a linear pattern: g = uy(z,t) + us(z,t)¢(x,t). A corresponding problem can
be treated as a problem with a program control u = (uy,us2). It is clear that in the case
uy € L,(Qr), us € Lyy o (Qr) we can obtain estimates of the same type as above for the
function H|y].

We consider the operator of the right hand side: fu](yp) = g[u](p) — H|p]. It is clear f[u]
satisfies Conditions F)-F53). Condition F3) thanks to Lemma

We consider problem — for a controlled nonlinear Naviers-Stokes system:

w

%—f —vAp+a(x,t)p + Zak(x,t)gpxk + VP = flu](p)(z, ), (x,t) € Qr. (4.18)
k=1
We have thus established that problem (4.4]) — for equation possesses SEGS property.

We note that in [31, Sect. 10|, the unique solvability of problem - for a non-
controlled equation of form (4.12)) was proved only under the assumption that the final time T’
is small enough.

In general, except for some particular cases like absence of forces g = 0, axial symmetry, etc.,
and even in these particular cases, the issues of global solvability and those of uniqueness of the
solutions to non-linear non-stationary Navier-Stokes systems were studied mostly independently
in various spaces, see, for instance, [32|, [33], [34], [35], [36], [37], [38], [39]. To find one class, in
which it would be possible to prove the global stability and uniqueness of the solution to this
system in a general case is still a topical problem.

Finally we mention the results in [3, Ch. 3, Sects. 4-5; Ch. 4], where problem ({4.4)—(4.5)
was considered for equation of form asa =0, ap =0, k = 1,3, and the function g(t, )
was regarded as a control in a problem on minimizing the energy in speeding up a stationary
wo = 0 liquid up to a prescribed velocity. It was proved that the set of the controls for which
there exists a unique global solution (for an arbitrarily fixed 7' > 0) is everywhere dense in
the space of the right hand sides. It was also observed that the uniqueness of the solution can
be proved only in a class of sufficiently smooth functions, for instance, W[0;T]. However, the
solvability in this class for arbitrary 7" > 0 was not proved since the problem was ill-posed.

5. EXAMPLE: BENJAMIN-BONA-MAHONY-BURGERS EQUATION

Let Q C R? be a bounded domain with a boundary 9€). Following [11], we introduce a series
of notations.

H (€2) is a Hilbert space of measurable functions having the zero trace on 02, possessing
generalized derivatives of orders up to m, m € IN, in the space Ly(€2). The scalar product in
HE (2) is

(9072/})]}]16” = Z (a'ugp7 81“1#)27
|ul<m
where (-, )y is the scalar product in Ly(9);
H~™(€2) is the Hilbert space dual to Hj'(€2). Each element of this dual space can be repre-
sented as
o= g gu € La();
lul<m
see |[11]. Here we mean that ¢ is a linear continuous functional on Hj'(Q2) and its action on
an element ¢ € H{'(€2), denoted by (¢, 1), is called duality bracket between the spaces H'(€2)
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and H~™(2). It is calculated by the formula:

(o) = Y (0 (g 002 = 30 (<)M [ g, 000

|u|<m lpl<m Q

for more details, see [40, Subsect. 1.2.16].
WP (Q) is a Banach space of measurable functions having all generalized derivatives of order
up to k in the space L,(€2), p > 1. The norm in the introduced space reads as

lelles = D 19"l
|l <k
where || - ||, is the norm in L,(€);
WiP(Q) is the Banach space of elements in W*?(Q) having zero trace on 9
W52 (Q) is the Banach space dual to ng’p(Q), p = ]%, whose elements can be repre-

sented as
p=> gy  gu€ Ly(Q);
|l <k
00 € O™ is the boundary of the domain €, and in a vicinity of each point z € 9§ it can
be represented by local coordinates

gi:(bi(fla'-'agf—lan)7 7’:17€_1a

and the functions ®; are m times continuously differentiable in all variables and @Em
are Holder functions with an exponent ¢ € (0; 1].

We let YV = H}(Q), Y~ = H'(Q). Following |11, Sect. 11], we begin with considering
Dirichlet initial boundary value problem for a three-dimensional Benjamin—Bona—Mahony—
Burgers equation (BBMBE):

),mEZﬁ,

0
E(A¢—¢)+A¢+wm+<ﬁ3=0, (z,t) € Qr =Q x (0; T, (5.1)
o(z,t) [,,=0;  @(z,0) =go(z), TEQ, (5.2)

where © = (11, 29,23) € Q C R?, 09 € C?9 5 € (0;1]. As it was said in |11, Sect. 11], such
problem arises in studying non-stationary processes in semiconductors under the presence of
sources and an external homogeneous constant electric field. A strong generalized equation of
problem (5.1)), (5.2) is defined as a function in the class CV([0; T];Y') obeying the conditions:
<A¢’—¢’+A<p+<pcpxl+go3,w>:0 forall weY, tel0;T];
p(0) = o €Y,
where (-, ) is the dual bracketing between the spaces Y and Y ~. The operator A; = —Ap :
Y — Y~ is treated in the following sense:

(A, ) = (Vo, Vi), forall o0 €Y.

Following [11], we denote

1 9p?
Ap=—R¢+ty, hlp) =55 Bhilp)= ¥, F(p) = ¢+ Fi(p) + Fa(p),
and we reduce problem (5.1), (5.2)) to an abstract Cauchy problem for an operator differential

equation:

d
Ad—f+A90=F(90), ©(0) = o €Y.



76 A.V. CHERNOV

As it was mentioned in |11, Sect. 11], the operator A : Y — Y~ possesses an inverse Lipschitz-
continuous operator:

A7 2y — A 2ly < 2 — 22|ly- forall z;,20€Y".

Moreover, this Cauchy problem is equivalent to an abstract integral equation:
t

o(t) = poe" +/ dse I ATLF (), ¢ € Loo([0;T);Y). (5.3)
0
We consider a corresponding equation with a fixed right hand side z € Loo([O; Ty, Y):

t

o(t) = poe " +/ ds e_(t_s)z(s), Y€ Loo([O;T]; Y). (5.4)
0
It is clear that
Il () < Noolly + [ 66} s (5.5)
0

for each 7 € (0; 7). For each 7 € (0; 7], formula defines an operator
Fr: W0, 7] = Wo0; 7],
where we formally adopt the notation
Wo[0; 7] = W[0; 7] = Loo ([0; 7] Y).

Condition G;) obviously holds, see (5.4). If z1, 2o € WI0;¢], = |[0-T}: 2o ’[o-r}’ the by (5.4),
(5.5), we get:

£
| Felz] = Feleal ||y < / [2165) = 2()ly ds < (€= Pz = 22l _ ()
This means that Condition Gs) holds for N’ = 1, a(t) = t. Condition G3) holds as well since
FT(O> = $o-
We define an operator G(¢) = A~ F (). According [11, Sect. 11], G(¢) can be regarded as
an operator G : W|0; 7] — W/|0; 7], and moreover, the estimates hold:

|F(e1) = Flga)||y- < u(M)]lgr —ally  forall o, €Y, gilly <M, i=1,2;
|G (1) = G(e2)||y < (M)|ler — @2y forall ¢; €Y, lpilly < M, i=1,2
Hence,

HG(QDI) B G(g@) ”Loo ([T;E];Y

for all ¢; € W(0; 7], ||¢illwp.n < M, i =1,2. Thus, the operator G satisfies Condition F5) as
a; = 1, f1(M) = p(M). Condition F;) obviously holds since there is no explicit dependence
on the variable ¢ in the right hand side except for an implicit dependence in the argument .
Condition F3) is implied directly by Lemma [2.1] Equation (5.3)) is equivalent to the equation

p=TFr|G(e)], e W]
As it was shown, all conditions G1) — G3), F1) — F3) are satisfied. We note that |11}, Sect. 11]
Fr: Loo([0;7];Y) — AC([0; 7], Y), Fr:O([0;7];Y) = CW([o; 7] Y),
FrG 1 Lo ([0;7];Y) — AC([0;7];Y), F.G:AC([0;7];Y) — C(l)([O;T];Y).
This is why the solution in fact belongs to the class CV([0;7);Y).

) < (M) |lor = @2 lwiosr
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We consider a corresponding controlled analogue:

4%

- A =F(p) +glul(p), e CV(0;T]Y),

which is equivalent to the equation
p=Fr[flullp)], e W[0;T],

where f[u](¢) = A7 [F(¢) + g[u](¢)]. We assume that
Y~

glu] : Y — glu] - Lo ([0;7};Y) = Lo ([0;71;Y7), 7€ (0;7],
glu] - AC ([ ] ) — A(C([O;T]; Y’), u e U,
lglul(p1) = glul(w2)[|y- < pg(M) — forall ¢, €Y, oy <M, i=12

Then the operator f[u](p) satisfy Conditions F;) — F3) in the same way as for G(¢), a; = 1,
Br(M) = u(M) + py(M). Thus, according Theorem , the SEGS property holds.

We note that in [11], a local solvability and the existence of a maximal solution were proved
for problem (5.1]), (5.2). There was also provided a way for finding a segment [T7; T5] such that
as T € (0;T7), there exists a unique global solution, while for 7' > T3 the solution blows up.

6. EXAMPLE: STRONGLY NONLINEAR PSEUDO-PARABOLIC EQUATIONS

Let Q C R? be a surface simply connected bounded domain. Following [11, Subsect. 8.1],
we consider initial boundary value problems for strongly nonlinear pseudo-parabolic equations
of form

0 dp
A 5_ 0.
pilAP =)ty et =0 o
# |pq=0, t € [0;T]; o(2,0) = po(x), z€Q; o0 € 029,
( )
SN2+ Ap) + g = — div (|Vg|* V) = 0;
: 0 - (6.2)
()0 . . o i 4,5 )
¥ ‘89:8_ ‘BQ: 0, tel0;T]; ©(x,0) = po(z), z € o0 e CWY;
0
G0t A9) + Z H — div (|[Ve[*Ve) = 0;
(6.3)
0
12 loa= 3 o =0, tETL p@0)=p(x), z€Q 02t

in a cylinder Qr = Q x (0;T] 3 (z,t), where by + by + b3 =0, § € (0;1], z = (z1, 22, 23) € L.
In [11, Subsect. 8.1], problems (6.1)) — (6.3]) were rewritten as the following Cauchy problems
for abstract first order differential equations with operator coefficients, respectively:

AL =R -RE), 90)=p € HYQ) (6.4
4L =) - i), ol0) = g0 € HQ) (6.5
4L =R - B, 9(0)= g0 € HQ) (6.6

dt
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Here

Arp=—Ap Hy(Q) - H 1(Q),  Ayxp=A%—Ap:Hj(Q) - H*(Q),

(Arp, )1 = (Vip, Vip)s = / V- Vi dz,

Q
(s, )2 = (V4. Ve + (B, M) = [ [V V04 Bp ] do
Q
(-,)m is the duality bracketing between H{'(€2) and H~™(Q), (-,-), is the duality bracketing
between L,(§2) and L, (Q), p’ = Ll;
D—

Fi(p) = ; g‘; HL(Q) © Ly(Q) — HL(Q),

P
Z axHaf Ho() = (),
) j

Fy(p) = ¢° : Hy(Q) C La(Q) — Lays(Q) C H (D),
Fy(p) = —=div (V[ Vi) - Hj(©2) € Wo(Q) —» WH%(Q) € H*(Q).
Then in [11, Subsect. 8.1] each of problems (6.4) — was rewritten as the Cauchy problem

for an abstract ordinary differential equations in the Banach space Y':

Ai—f =F(p),  ¢(0)=¢o €Y, (6.7)

where A:Y — Y* F:Y — Y* and, as it was proved in L1, Subsect. 8.1],
[ A1 — Ags|
||F(901) — F(ps) v

and the operator A possesses an inverse Lipschitz-continuous operator A=!: Y* — Y~

HA’lzl — A’lngY <m |z

For (6.4) we choose Y = H}(£2), while for (6.5) and a similar choice is Y = H2(2). As it
was shown in the above cited work, problem (6.7) is equivalent to the following one:

yo* 2 m||g01 — 902||Y7 for all ©i < Y, = ]., 2,

< M(M)ngl - %OQHY for all i € Y7 H()OZHY < M7 L= 1727

for all z;,20 € Y™,

C;—f =Gp)(t), te (0T p0)=weY; ¢eCW(0T]Y), (6.8)

where G(¢) = A F(p) : C([0;T};Y) — C([0;T];Y). Finally, problem is equivalent to
an abstract integral equation:
t

o) =g+ [5G, te0Th peC(OTEY). (6.9
0
For an arbitrary 7 € (0;7], we consider a following analogue with a fixed right hand side
2z € C([0;7];Y):
t
p(t) = o+ /Z(s) ds, t € [0;7]; ¢ e C([0;7];Y). (6.10)
0
Formula (6.10) defines an operator F. : C'([0;7};Y) — W[0;7], ¢ = F,[z], where W[0;7] =
C([0;7];Y). As Wy[0; 7], we can take the set of all p € W[0; 7] such that ¢(0) = .
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Condition Gy) is obviously satisfied, see (6.10). If 21, zo € W0;¢], 21 ‘[O.T]: 2o |[0_ﬂ7 then by
(6.10) we obtain:

H-Fé[zl] - Fé[z?”‘vv[o;g} < /Hzl(s> - Zz(S)HYdS < (=7l — ZzHC([T;g];Y)-

This means that Condition Gs) holds as N' = 1, ag(t) = t. Condition Gj) is satisfied as well
since F,(0) = .

The operator G(p) obviously satisfies Condition F,) since the formula defining this operator
involves no explicit time dependence. Let

pi €Wl leillg(pgyy S M =12
Then

|G (1)) = Gle) (O], <m™H[F(e1)(t) = F(e2) (0],
<m= (M) |[er(t) = ea(t)]|,  forall ¢ € [0:¢].

This implies that
|G (1) — G(@z)llc(m;y) <m7 uM)ler = el g):

Thus, Condition Fy) holds as a; = 1, 81(M) = m~'u(M). Condition F3) is implied by
Lemma [2.2
We consider a following controlled analogue:

chl—f = F(p) +glul(e), ¢ CV(0;T]Y),

which is equivalent to the equation
p=Fr[flu(e)], ¢eW[0;T],
(¢) = A7 [F(p) + glu)(p)]. We assume that
Y - Y*, glu] : C([O;T];Y) — C’([O;T];Y*), 7€ (0;T], uwel,
lolul(or) — ol (@)l < o(M) forall o€, llgly <M, i=12.

Then the operator f[u](y) satisfies Conditions F;) — F3) in the same way as for G(p), a; = 1,
Bi(M) =m Y (u(M) + py(M)). Hence, according Theorem the SEGS property holds.

We note that in |11, Sect. 8|, a local solvability and the existence of a maximal solution were
proved for problem (6.1]) — (6.3). There was also provided a way for finding a segment [T}; T3]
such that as T' € (0;7}), there exists a unique global solution, while for 7" > T, the solution
blows up.

where f[u]
'

glu
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