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AZARIN LIMITING SETS OF FUNCTIONS AND
ASYMPTOTIC REPRESENTATION OF INTEGRALS

K.G. MALYUTIN, T.I. MALYUTINA, T.V. SHEVTSOVA

Abstract. In the paper we consider integrals of form

b
/ F(t) explip(rt) In(rt)] dt

where ¢(r) is a smooth increasing function on the semi-axis [0, 00) such that liIJP o(r) =
r——400

oo . We find a precise information on their asymptotic behavior and we prove an analogue of
Riemann-Lebesgue lemma for trigonometric integrals. By applying this lemma, we succeed
to obtain the asymptotic formulae for integrals with an absolutely continuous function.
The proposed method of obtaining asymptotic formulae differs from classical method like
Laplace method, applications of residua, saddle-point method, etc. To make the presen-
tation more solid, we mostly restrict ourselves by the kernels expliIn”(rt)]. Appropriate
smoothness conditions for the function f(t) allow us to obtain many-terms formulae. The
properties of the integrals and the methods of obtaining asymptotic estimates differ in the
cases p € (0,1), p=1,p > 1. As p € (0,1), the asymptotic expansions are obtained by
another method, namely, by expanding the kernel into a series. We consider the cases,
when as an absolutely continuous function f(t), we take a product of a power function ¢*
and the Poisson kernel or the conjugate Poisson kernel for the half-plane and as the inte-
gration set, the imaginary semi-axis serves. The real and imaginary parts of these integrals
are harmonic functions in the complex plane cut along the positive semi-axis. We find the
Azarin limiting sets for such functions.

Keywords: Riemann-Lebesgue lemma, trigonometric integral, asymptotic formula, Pois-
son kernel, harmonic function, Azarin limiting set.
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1. INTRODUCTION

In the paper we consider the integrals of the form:

/ F(#) explio(rt) In(rt)] dt,

where ¢(r) is a smooth increasing function on the half-line [0, 00) such that

lim ¢(r) = oo,

r——+00

and obtain sharp description of their asymptotic behavior.
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The kernel exp[ip(rt) In(rt)] is rather peculiar. For instance, in three-volumes monograph by
b

E. Riesting [I]-[3], where, in particular the integrals [ f(¢)K (rt) dt were considered, the asymp-

a
totic expansions of the integrals with the above kernels were not studied. We prove an analogue
of Riemann-Lebesgue lemma for trigonometric integrals, see Lemmalll This lemma allows us to
obtain single-term asymptotic formulae for the integrals with an absolutely continuous function
f(t), see Theorems We note that a proposed method for obtaining asymptotic formu-
lae differs from classical method like the Laplace method, application of residues, saddle-point
method and others described in monograph by M.A. Evgrafov [4].

To achieve a better completeness of the presentation, we mostly restrict ourselves by the
kernels exp[iIn?(rt)]. The corresponding smoothness conditions for the function f(t) allow us
to obtain many-terms formulae, see Theorem [, The properties of the integrals and the ways
of obtaining asymptotic estimates differ in the cases p € (0,1), p =1, p > 1. As p € (0,1),
the asymptotic expansions are obtained by expanding the kernel into an asymptotic series,
Theorem 5. Then we study particular functions taking the product of ¢ by the Poisson kernel
or by the adjoint Poisson kernel for the half-plane as f(¢), and as interval of integration we
take the ray [0,00). The real and imaginary parts of these integrals are denoted by ug(z),
k = 3,4,5,6, are harmonic functions in the complex plane cut along the positive semi-axis.

An important characteristics of the growth of a subharmonic and, in particular, harmonic
function u(z) is its Azarin limiting setFru [5]. This is a limiting set of the family of the functions
ut(z) = u(tz)/t? (p is the order of u) as ¢ — +oo in the topology of the Schwarz space of
tempered distributions. In the case p € (0,1), we find the Azarin limiting of the functions u(2).
Azaring limiting set possesses more information on the behavior of subharmonic functions
in the vicinity of the infinity than the indicator. A general theory provides a theorem on
characterization of Azarin limiting sets and ensures the existence of the subharmonic functions
with a prescribed limiting set. However, we provide examples of particular functions of irregular
growth, for which we calculate Azarin limiting set. Up to now, asymptotic estimates have been
constructed for the functions of completely regular growth. Such functions approximate well
some subharmonic functions with zeroes on a single ray. We provide such functions. In this way,
we describe a wide class of subharmonic functions of irregular growth with a known asymptotic
behavior. We mention, that asymptotic formulae for entire functions of completely regular
growth were provided in book by B.Ya. Levin [6]. Entire functions of completely regular growth
are studied quite well, they arise in many works and have various applications. However, modern
studies on completeness and representations by series in functional spaces, on problems in the
theory of analytic continuation, on problems in theory of infinite order differential operators
and operators of convolution type require a thorough study of entire functions possessing no
regular behavior. This is why the developing of methods for solving problems related with
finding extremal values for main asymptotic characteristics for the growth of entire functions
in very general and natural classes is topical. Recently, there appeared many papers devoted
to this subject; here we mention a joint work by G.G. Braichev and V.B. Sherstykov [7] and a
work by V.B. Sherstykov [§].

2. ON ANALOGUE OF RIEMANN-LEBESGUE THEOREM

We begin with an analogue of Riemann-Lebesgue lemma [9] on tending to the zero of the
Fourier coefficients of an arbitrary integrable function.

Lemma 1. Let f(t) € Li([a,b]), 0 < a < b < 400, and let p(r) be an increasing twice
differentiable function on the half-line [0, +00) such that

r2¢"(r) Inr
li = li =0. 1
r> 460 p(r) = o0 r> 450 (r'(r)Inr + o(r))? 0 (1)
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Then

r—-+00

lim / F(#) explio(rt) In(rt)] dt = 0.

Proof. We observe that if f(t) € L;i([a,b]), then the inequality holds:

/ £(t) explip(rt) In(rt)] / F@ldt =[] 2)

By E we denote the set of functions f(t) € Li([a,b]), for which the lemma holds true. It
follows from and that E is a closed subset in L;([a, b]) in the topology defined by the
norm || - [|;. It is also obvious that E is a linear subspace in the space L;([a,b]). This is why,
to prove the lemma, it is sufficient to show that E contains at least a set of functions, whose
linear combinations are dense in L;([a,b]). We can find many sets of such kind. As an example
we take the set of the functions C([a,b]) continuously differentiable on the segment [a, b].

Let f € Ci([a,b]) and assume first that a > 0. We observe that as r > 1/a,

t d(explip(rt) In(rt)])
i(rte! (rt) In(rt) + @(rt))

explie(rt) In(rt)] dt =

Integrating by parts, we obtain:
b

| _ J(Otesplig(rt) In(re)
| rtrestistrameoe =SS .

b

a

b

a % / [r hf j:t)fj—)go(rt)

f(t)t(rgo (rt) In(rt) + r2te" (rt) In(rt) + 2ry'(rt))
(rte’(rt) In(rt) + @(rt))?
~explip(rt) In(rt)] dt .

It follows from that the right hand of the latter identity tends to zero as r — +oc.
If a=0, f € Li(]0,b]), then given € > 0, we choose § > 0 so that the identity

5
/f(t)dt <e

is satisfied. Then, taking into consideration identity |expli¢(rt) In(rt)]| = 1, we get:

b 5b
/ )explip(rt) In(rt]| dt| = / / €+ /f )explip(rt) In(rt]| dt| ,
0 0o s

and by the first of the proof we arrive at the statement of the lemma. m

Remark 1. As in Riemann-Lebesgue lemma, in Lemma |1, we do not estimate the rate
of the vanishing. This is impossible under the assumption f € Li([a,b]). Under additional
assumptions for the smoothness of the function f, by means of integrating by parts, one can
obtain a more detailed information on the asymptotic behavior of the integral.

Remark 2. A rather wide class of functions obeys restrictions . For instance, they hold
for the functions o(r) = (Inr)?, o(r) =717, p(r) = exp(r?) (o > 0) and so forth.
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3. ASYMPTOTIC FORMULAE FOR INTEGRALS

Theorem 1. Let f(t) be an absolutely continuous function on the segment |a,b],
0<a<b<oo, p€eR, and a function ¢(r) satisfies condition (1]). Then

/f d(t? cos[p(rt) In(rt)]) = b° f(b) cos|p(br) In(br)] — a’ f(a) cos|p(ar) In(ar)] + o(1),
(3)
/f d(t” sin[p(rt) In(rt)]) = b° f(b) sin[e(br) In(br)] — a” f(a) sin[p(ar) In(ar)] 4+ o(1),

as r — +0o0.

Proof. Let us prove the first formula in . Integrating by parts, we obtain:

/f d(t? cos[p(rt) In(rt)]) = f(t) t” cos[e(rt)

/f ) t* cos|p(rt) In(rt)] dt .

Since f' € Ly([a,b]), by Lemma [l the integral in the right hand side converges to zero as
r — 400. The second formula in (3) can be proved in the same way. O]

Let us consider a particular case ¢(r) = (Inr)®, where o > 0 is a constant. In this case we
obtain formulae for the limiting set of the integrals in in the direction r — +o0.

Theorem 2. Let f(t) be an absolutely continuous function on the segment [a,b], 0 < a <
b< oo, and p € R, p>1 be constants. Then the limiting set of the integrals

/ (1) d(t# cos[(In(rt))?]), / F(#) d(t? sin[(In(rt))?))

in the direction r — 400 coincides with the segment
[—a”[f(a)] = b[f(D)], a”[f(a)] + O°[F(D)I] -
The proof of this theorem is based on the following lemma.

Lemma 2. Let ¢ be a T-periodic continuous function, p > 1, A = ¢([0,T)), a, b be arbitrary
numbers, 0 < a < b < oco. Then the limiting set of the functwn (p((z +a)? ) o((z+0)P)):
(—a, +oo) — R? as © — +oo coincides with the Cartesian square A X A.

Proof. Let f(x) = (x% + c)p, then for = > |c|?

fl(z) = (1+i1>p1:1+c(p71)+....

xXrPp xrp

We fix a number z € [0,7) and define a sequence zj by the formula

T = (x—i—kT)% —a, (rg+a)f=x+kT, kel.
We denote
we = (@ + ) = (0 + K1) +b—a) =y + (k)T
where j(k) € N, y, € [0, 7).
By the Lagrange formula we get:

wk+1—wk:<(x+(k+1)T)%+b—a>p— ((x+kT)%+b—a>p
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TG+ b-a ly):T<L%®_@@_D +m>
(x+(k+0)T)» (x4 (k+0)T)
=T+ A, 0€(0,1).

3=

It is clear that

IR (USSP DP U0 R
(z+ (k+6)T)r 20+ (k+0)T)r (x+ (k+6)T)%
Hence, the sequence A possesses the properties:
)Ak—>0ask—>oo,Ak>O,
2) Z Ay =
3) 1f wk = Y +j(k‘)T, j(k) € N, y, €]0,7T), then
Wi =Y+ A+ (J(B)+1)T. (4)

It follows from Properties 1), 2), 3) that the limiting set of the sequence y; as k — oo is the
left-closed interval [0, 7).

Indeed, let € > 0 be an arbitrary number and y € [0,7). We denote ¢; = min{e, T — y}.
Then e; > 0. Let kg be a number such that as k > kg, the inequality holds Ay < €;. By the
definition, yx, € [0,7). It follows from (4]) that

Wro+m = Yko + Akzo + Ak0+1 +--+ Akg—l—m—l + (j(k()) + m) T7
for each m € IN. The divergence of the series Ay, + Ag,41 + ... implies that there exists a
minimal m such that the inequality yi, + Ax, + - + ADkyg+m—1 > T + y holds. Then
yko+Ako +"'+Ako+m—1 :T+y+57

where 0 < Agyrm—1 < €1.
It is obvious that 0 <y + 6 < T. Then

Wiotm = Yrotm + (J(ko) +m +1)T, Yko4m = Y + 0.

Since 0 < § < €1 < ¢, and € > 0 is an arbitrary number, then y belongs to the limiting set of
the sequence yg. Since the number y is arbitrary chosen in the left-closed interval [0,7"), this
completes the proof. O

Theotrm [2 follows Lemma 2] if we let 2 = In7 and observe that In(ra) = Inr + Ina.

Theorem 3. Let f(t) be an absolutely continuous function on the segment [a,b], 0 < a <
b< oo, andp>1. Then asr — +o0,

/f(t) cos[In”(rt)] dt = plnp . [bf (b) sin[In”(br)] — af(a) sin[ln”(ar)]] + lri)p(_ll)r’
3 (5)
/f(t) sin[ln® (rt)] dt = plni — [af(a) cos[In”(ar)] — bf(b) cos[In”(br)]] + % :

In particular, the limiting set of the functions

plnp_lr/f(t) cos[In”(rt)] dt, plnp_lr/f(t) sin[ln?(rt)] dt

in the direction r — 400 is the segment

[—alf(a)] =l f(b)], alf(a)] + bl f(D)]].
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This theorem can be proved in the same way as Theorems [I]
If f(t) possesses several derivatives, we can repeat integration by parts and we obtain the

following theorem.
Theorem 4. Let a function f(t) possesses an absolutely continuous (k — 1)th derivative

fEU(#) on [a,b], 0 <a<b<oo, k=1, and let p> 1. Then
b

b LE52)
1Bo(l) )
/f(t) cos(Inrt)P dt = mz_o (=™ W sin(In rt) )
& ) o) ?
m m—+ P
2 (—1) Wcos(lnrt) a—i— (o)D) r — +o0o,
where Ld i
®,(t) = L™[f(t)], L[f()] = pdt (nrtyrt -
Proof. Let us prove that
b kot
2 o . ‘ b
/ F(t) cos(Inrt)? dt :T;)(—m ]ﬁ sin(In 7t)? a
b
(7)

k—2
2 t o i1 (1)
+ mE:O( ) p—(ln T cos(Inrt)

—i—(—l)k21/p(ff+£;2_ld[cos(ln'r’t)p]

a

a

for odd k, while for even k the latter term in the right hand side in (7)) reads as

(—1)% / ]ﬁ%ﬁ_ld[m(lm)p] .

Integrating by parts and applying the identity
td [cos(Inrt)P]
- (8)

(I )P
cos(Inrt)? dt = L lsin( nrtl) ], sin(Inrt)? dt = —,
p(Inrt)r- p(Inrt)r-

b b
tPy(t

/f(t) cos(Inrt)P dt = p(l#i)?)’—l sin(In rt)? ) - /@1(t) sin(ln rt)? dt .

This proves the formula @ as k = 1. Suppose that formula is valid for all odd k£ < m,

while the function f(t) possesses (m + 1)th absolutely continuous derivative on the segment

[a, b]. Integrating twice by parts and applying identity , we obtain:

we obtain
b

b

ot | t®,,(t) . ot 1Py (1) ,
07 [ et dostnrey] = (177 R coiurey|

+ (—1);1/%d[sin(1nrt)p]

a
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b b

cos(Inrt)?

a

= (—1) 2 p(lT—;)p_l sm(ln T’t)p
b

+ (_1)mT+1 /pt—§;;32?1 d [cos(Inrt)P] .

m—1 t@m(t)
FEUE Sy

a

a

Thus, formula is valid also for k = m + 2. This proves it for all odd k > 1. The proof of
even k is similar. Formula @ follows since

O(1)
[

Remark 3. [t is clear that an infinitely differentiable function f(t) satisfies asymptotic for-
mula (@ for each k.

In the case p € (0,1), asymptotic expansion for the integral is obtained not by integration
by parts, but by expanding the kernel.

Theorem 5. Let f(t) € Li([a,b]),0 <a<b< oo andp € (0,1). Then asr > max{b, 1/a},
the expansion holds true:

[ e o]

/f(t) exp(tA(Inrt)P) dt = exp(iXIn® 1) (Ozo + Mfe%) ’ (9)

“ k=1 n=0

where
b

ik Nk /
agz/f(t) dt, i = chvk/f(t)(lnt)’”k dt,

a

and the coefficients c, 1, are determined by the expansion

(;«1+xy—10k: ;S eop 7"

The double series in formula @ s absolutely convergent for sufficiently large r. Expansion (@
1s true as an asymptotic expansion for a = 0 and

/rw@m<m
0

for some € > 0. This expansion holds as asymptotic expansion also in the case

o0

b= oo, /ﬂﬂmﬁ<m.

Proof. We employ the expansion of the function e* into the Taylor series and the identity

1 Int\”
exp (1A(In7t)?) = exp (¢A In” r) exp (z’)\lnpl rint ( el (1 + i) — 1))

Int Inr

to obtain

!/}Kﬂexpﬁkﬂnrﬂp%ﬂ
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1 Int\” "
comanrn (oot S fronee (3 (14 20) 1) )

Denoting z = Int/Inr, we obtain expansion @ The absolute convergence of the series is
implied by the inequality |In¢| < |Inr|, which holds as r > max{b, 1/a}. The final part of the
theorem follows the fact that the convergence of the integral

/tg\f(t)\ dt < oo /ﬂf(t)\ dt < oo
0

implies the convergence of the integral

/f(t) (Int)* dt < oo /f(t) (Int)" dt < oo

for each £ > 0. O

Remark 4. The coefficients c, i can be written in a closed form if we employ the binomial

theorem for ((1 + z)? — 1)* and then 6xp(md the function (1 4 )™ into the Taylor series. As
a result, for all integer k > 1 andn > —k + 1 we get

o= i(_l)k—m k! mp(mp —1)---(mp — (n+k) +1)
n,k ( .

m!(k —m)! (n+ k)!

m=1

4. AZARIN LIMITING SET FOR SOME FUNCTIONS

We consider the functions

7 8in 0 7 7P exp(iA| In 7|P) J P sin 0 7#’ exp(iA|Intr|P)
-

A\) = = dt 10
U1(Z,p,P, ) T 7_2_27-7.0050_’_702 T t2—2t0080+1 ’ ( )
0 0
1 T 7P 1r(r — 7 cos0)
A) =— Al In7]P) d
u2<zapap7 ) W/TQ—QTTCOSQ—FTQ eXp<Z ‘HT|> T
° (11)
(1 —tcos )t~ ,
A IntrP) dt
/t —2tcos€+1eXp<Z [ Inrf?)

0
Ug(Z,p, P )‘) - Reul(z7p7 P, >\)7 U4<Z7p, P, )\) = Imul(z7p7 P A)?
U5(2,p, P, )\) = Reu?(zvpa P, A)v UG(»Zyp) = Imu2(27p7 P, >\)a
where z = e, p € (0,1), p > 0, A > 0. As p = 1, we omit the modulus sign to obtain a

simpler function.
The following integrals are calculated by means of complex integration:

o0

Sin9 tp dt Slnp(7r—9)
= 0 2 1 12
T /t2—2t0080+1 sinpr € (0,2m), pe(0,1), (12)
0
1 T (1 —tcosO)tr~1dt COSp(ﬂ'—@)
o = 0 2 1). 1
7r/ t2 —2tcosf + 1 sinpr € (0,2m), pe(0,1) (13)

0
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Theorem [5| can be applied for the cases a = 0, b = oo,

sin 6 tP

(8= ™ t2—2tcosf + 1 or f(t) =

where 6 € (0,27), p € (0,1). Asp € (0,1), 0 € (0,27), p
we obtain the relations

1 (1 —tcosf)tr!
mt2 —2tcosf + 17
€ (0,

1), A > 0 according this theorem

sin p(m — 6)

us(z,p, p, A) = sin o7 r?cos(AInP r) + e r — +00, (14)
i -0 O(1)r?
us(2,p, py A) = %rp sin(AInf r) + (_)7’ , r— 400,
sin p7 Int=?r

and similar formulae for us(z,p, p, \), ug(z,p, p, \) with sin p(m — ) replaced by cos p(m — ).
Namely,

-0 O(1)r?
us(z,p, p, A) = %ﬂpﬂ)r’) cos(A1In” r) 4+ n(l_)prr’ r— 400,
-0 O(1)r?
u6(27p7p7)‘) :MTpSin()‘lin)—i_g? r— +00.
sin pm Inl=?r

The Azarin limiting sets for the introduced functions are described by the relations
i -0
Frus = Fruy = {olenp_(#rp: a € [—1,1]} , (15)
sin p
—0
Frus = Frug = {a%r” D ae -1, 1]}
sin pr

for p € (0,1), p € (0,1), A > 0.
As an example, let us prove relation (17)). Let a € [—1,1] be a fixed number. We introduce

the notations
1
t 1 »
uy(2) = M, t, = exp ((X(arccosa + 27m)> p) .

It follows from that for each fixed » > 0 the asymptotic identity holds:

. i y
Uy, (7‘619) — a—smp'(w )Tp
sin pr (16)
i — 40 O(1)rr
:smp'(#rp cos()\lnptnr)—a—i—# : n — 0o
sin pr In""Pt,r

It follows from the definition of sequence t,, and an asymptotic identity

1
(a+ z,)" = 22 + Izap—i—O( 2p)7 Ty — 00,

:CTL n

that for each fixed r > 0
lim (cos (Alnft,r) —a)=0.

n—oo

By (16) this implies that in the circle {z : [2| < R}, the sequence uy, (z) converges uniformly

to the function
A i —0
wa(rew) = asulp‘(;)rp.
sin pr

Hence, the convergence also holds in the sense of the topology of the space of tempered distribu-
tions on the plane. The definition of the limiting set implies that {w,(z) : a € [-1,1]} C Frus.
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Since in each sequence ¢,, — +00 we can select a subsequence of the form

arccos Ou,, + 2mny, v
Ly, = €xp \ ,

where ny, are natural, o, — o € [ -7, 5} there are no other functions in the limiting set.

If hy(0) is the Phragmén-Lindeldf indicator of the function ug(z, p), that is,

i0
hi(6) = lim sup —uk(re .P) ,
r—+4o00 TP
then the identities hold:
| sin p(7 — 0)| | cos p(m — 0)]|
hs(0) = hy(0) = ——M~ hs(0) = hg(0) = ——Mm—— .
3(0) 1(0) sin pr ’ () o(0) sin p7

The structure of asymptotic formulae changes essentially while passing to the cases p =1 or
p > 1.

Theorem 6. Letp=1, p€ (0,1), A > 0. Then
us(z,1,p, A) = [A,(A, ) cos(AInr) — B,(A, 0) sin(Alnr)|r”, (17)
us(z,1,p,A) = [B,(A, ) cos(Alnr) + A, (A, ) sin(Alnr)|r”,
us(z,1,p,A) = [Cp(A, 0) cos(Anr) — D, (A, 0) sin(A1nr)]r?,
ug(z, 1, p, A) = [D,(A, 0) cos(An7) + C, (A, 0) sin(Alnr)]r?,
where ) , . .
A\, 6) = Re sin(p + i\) (7 — 0), B,(\0) = I sin(p + i\) (7 — 6)

sin(p + i\)w sin(p + i\)w

while similar formulae for the quantities C,(X,0) and D,(\, 8) are obtained via replacing sin(p+

iN)(m —0) by cos(p + i) (7w — 0), that is,

cos(p + i) (m — 6)
sin(p + i\)w

cos(p 4+ iA\)(m —0)
sin(p + i)

C,(\,60) = Re . D,(\6) =1

Proof. First we observe that the written identities imply immediately that the function
us(z, 1, p, \) obeys the formulae:

Frus(z, 1, p,A) = {(C,(\,0)sing — D,(\,0) cosp)r? = ¢ € (0,27}, (18)
- \/03@,9) +D2(\,0),

Similar formulae also hold for ug(z, 1, p, A), us(z, 1, p, N), ug(z, 1, p, A).
Let us prove one of these identities. We have:

o0

rP sin @ , i
1,p,\) = Re r**
us(2, 1,0, 2) T " /t2—2tcos8+1

0

In view of formula , by the method of analytic continuation in the parameter p we obtain

the expression
oo

/ oA g T sin(m — 6)(p 4 iN)
t2—2tcosA+1  sinf sinm(p+i))

0
and this implies formula . Identity is obtained by the same arguing as for identity

(). 0

Let us consider the functions ug(z,p, p, A) as p > 1. We shall prove an asymptotic formula
for the function u;(z, p, p, A) only.
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Theorem 7. Let p>1, p€ (0,1), A > 0. Then as p € (1,2] we have
0 100
ul(z,p, el )\> :Sil’le / exp [(p + 1)7' + Z)\|T|P] i+ sin @ / eXQ}? [(p —|—T1)T n i)\Tp] N
S — 2<% cosf+1

e27

—
mr - %cos@+1 mr

+ rPe? Z exp(2mipn) exp(iX(Inr + (0 + 27n))?P)

n=0

— e "exp(2mip(n + 1)) exp(iA(Inr + (27 (n + 1) — 0))7)
n=0
and each of the above series is convergent and asymptotic. Asp > 2, if the straight lineIm 71 = s
contains no poles of the denominator, the formula holds true:

0 s
iy (2 p ) :sin9 / ex;;[(p%— 1T)T + iA|T|7] ir 4+ sin 0 / elez [(p +71)7' + IATP] ir
r 5 —2% cosf+1 r & —2% cosf+1
15400
N sin 6 / ex212 [(p +T1)7' + iAT?| i
mr S5 —2% cosf+1

+ rPet? Z exp(2mipn + iA(Inr + (0 + 27n))P)
0§n<%

— rPelf? Z exp(2mip(n 4+ 1) +iX(lnr +i(2r(n 4+ 1) — 0))?P),
O<n<Stl—1

and each term in the written sums tends to zero as z — oo faster than any power of z. If in
the above integrals we expand the kernel

627' e’ -1
(—2—2— cos@—i—l)
r r

1

into the powers of r—, then a term-wise integration gives the expansion of the corresponding
1

integral in an asymptotic series in powers of v~ .

Proof. We make the change ¢ = expv in integral . Then

Psing [ exp [(p+ 1)v + iA|v + Inr|P]
A) = d
wi(zp,p, A) T / e2v — 2evcosf + 1 v
After the change v = 7 — Inr we obtain
sin 6 OOexp + )7 +iA|T|P
ui(z,p, p, A) = / QTKp T) g dr .
mr S —2% cosf+1

The denominator in the latter integral vanishes at the points
T=Inr+i@+2nr, n=0,+1,4+2....

Let Ly be a rectangle with vertices at the points 0, R, R + s, is, and the number s is chosen
so that the boundary of the rectangle contains no aforementioned zeroes. The function
exp ((p+ 1)7 +iATP)
f(7—> = e27 eT
G —2% cosf+1

r2
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is holomorphic inside the rectangle L, except finitely many poles 7. By the theorems on the
residues

1 exp ((p+ 1)7 + iATP)
e dr = R T )
27 / 62—T—2§ cosf +1 ’ Z esnf (7)

OLs r2 TR ELs

where 0L, is the boundary of the rectangle L, passed in the positive direction. Since all poles
of the function f are simple, then

exp ((p + 1)Tk -+ i)\TP)
ReSka(T) = 62_7—_2i COSQ—’_lk '

2

If 7o =71, = Inr +4(0 + 2nm), then

rPH el et oxp(2nmpi +idtl,) P exp(2nmpi + irT],)

Res,, , f(7) = 2¢i (e — cos6) - 2isind

If 7, =71, =Inr+i(2(n+ 1)m — 0), then

rP e et 0 exp(2(n + 1)mpi + iATh,)  rPTre " exp(2(n + 1)mpi + iATS,)

Resr, , f(T) = 2= (e~ — cos f) - 2isind

Hence,

/ exp ((p+ 1)7 4+ iATP) dr —n Z rPtlet® exp(2nmpi + iAT],)

e27 eT .
S —2cosf< +1 ‘., sin 6

o<n< o

OLs

S oot i it

— T - ,
o<n<st? g sin 6
= 21

where the sum over the empty set is adopted to the zero. We denote by I; the segment [0, R],

by I, we denote [R, R+is], by I3 we denote the segment [0, is|, and by I; we denote the segment
[is, R + is]. Then

/fde:/f(T)dT+/f(T>dT—/f(f)dT—/f(T)dr.
OLs I Iz I3 Iy

If 7 = R+ iu, where 0 < u < s, and the number R is large enough, then 77 = RP(1 + iuR1)P.
This implies Im 77 > 0. Moreover,

27 T R 2
6—2—200806—+1'>(6——1) )
r r r

This is why
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This implies

00 is 18400

/ exg((p +Tl)7' + iATP) ir :/ exi((p +T1)7' + iATP) ir 4+ / exg((p +T1)7' + iATP) ir
e——2670050+1 e——2€70050+1 e——ZeTCOSQ—I—l

2 2
r T
0

e r2
18

it Z exp(2nmpi + i)\Tﬁn)

Dcmmio sin ¢
s Z exp(2(n 4 1)mpi +iA13,)
sin ’

s5+6
0<n<?—1

y 8
i ) P : . p
u(z,p, p, A) :sm9 / exp [(p + 1)7 + iATP] i+ sin 6 / exp [(p + 1)T +iA7?] .
T

ef—;— € cosf+1 ™ ef—;— € cosf +1
—00 0
) 0 18400 [( 1) )\ p]
sin ex + 1)7 + AT
+ / 212 P = dr +
™ J S —2%cosf+1 (19)

+ rrei? Z exp(2mipn + iA(Inr + (0 + 27n))P)
0<n<3E
— e 3" exp(2mip(n + 1) + iA(Inr +i(2w(n + 1) — 0))F).
0<n< 21
First we consider the case p > 2. If 7 = u + is, then
[exp((p + 17 + A7) = exp((p + Du + ¢(u)) , (20)
where ¢(u) = ReiA(u + is)?. We have:

, is\"
o(u) =Re (z)\up (1 + —) )
U
. _ 1 2
=Re [ 2\u” 1+pE—M8—+... ~ —ApsuP~, U — +00.
u 2 u?
We also observe that if we choose s as follows: s = 7 + 2mm as cosf > 0 and s = 2mm as
cosf < 0, then for 7 = u + is the estimate holds:

(21)

€2T e’ e2u
— —2cos—+1| > —+1. 22
2 oS " + ' 3 + (22)
We have:
e e’ - er e’ A\
(—2 —2cosf— + 1) = ((— — 626) (— — e_w)>
r r r r
23
1 1 1 (23)
_271 Sln9 671‘0 (1 . eT:w) eie (1 . 67’;1’9)
Employing the identity
n+1
=14+z+--+2"+
1—2z —z
and , we get:
1 _ —osin((k 4 1)6) e
f—;—QCOSH%—i—l_k:O sin 6 rk
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1 e+D7 sin((n 4+ 2)8) — sin((n + 1)0)<

. 2
sinf rntl & —2% cosf +1

Employing this identity, we obtain:
5400 15400

oy / el Dr+ider) Ly sinf(k+1)0) / & exp((p+ 1)7 + iAT?)) dr

T = —
2T T
us & —2% cosf+1 U rk
: r r k=0 :
s s

1 i7oo (sin((n +2)0) — < sin((n + 1)6)) "D exp ((p + 1)7 + iATP)

e27

- dr .
& - 87(3056’+1

rntl
In what follows, s is chosen in the above way. Then by relations , and inequality
we conclude that all written above integrals converge. Moreover, if r > 1 and

15400

R — 1 / (sin((n 4 2)8) — <) sin((n +1)8)) ™7 exp ((p + 1)7 + iATP)
" & —2% cosf + 1

T )
X
we apply the above relations to obtain:

e}

1
B2 / (1+ ")el™ " exp((p+ D + o (u)) du = ¢, < 0.
T
0

This yields that the series
15400
1 <~ sin((k +1)0
- Z sin((k +1)6) 7":_ )0) / " exp((p + 1)1 + iA7P)) dr
™
k=0 is

is asymptotic in powers of r~! for the integral

18+00
sin 6 / exp ((p+ 1)7 + iATP) ir
27 T
T % —2(cos)S + 1
We note that the statements of the theorem on other integrals can be proved in the same way.
We consider the expression

bu1(z) = exp(2mnpi + iA(Inr + 16 + 27n)P) .

0+ 2mn\”
bun (2)] =exp (Re (I ) (1 s m) >

Inr

We have:

=exp(—(1+ o(1))Ap(6 + 2mn)(Inr)P~1), r— 400.
This implies that b,111(z) = o(1) b,1(2).
In the case p > 2, the quantity b, ;(z) decays faster than any power of z. Moreover,

' P
’bn71(2)| = exp (Re Ze%k(e + 27Tn)p <1 i Inr ) ) .

0+ 2mn
If p € (1,2), then for sufficiently large n the inequality

) 1 p
Re (ie™? (1 — nr <6<0
0+ 2mn

holds true. This is why for such p the series ) b,1(2) is convergent.
n=0
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If p=2, then
bn1(2) = exp(2mnpi +iA(In’r — (0 + 2mn)?) — 2X\Inr (0 + 27n)),
and in this case the series ) b, 1(2) is also convergent. Similar statements hold for the quantity
n=0
bn2(2) = exp(2m(n + 1)pi +iX(Inr +i(2r(n+ 1) — 0))P).

We denote by 75 the contour formed by the ray (—oo,0), the segment [0,is] and the ray
[is,is + 00). In the case p > 2, we obtain an asymptotic expansion for the function u;(z,p) as
follows. We expand the kernel

1
e2T

& 2%00384—1

ReT)

into the power series in r~! (this series converges as r > e and we substitute it into the

integral

sin 6§ / exp ((p+ 1)1 4+ iA7P) g
T T 7—
m J & —2(cosf)< + 1
Integrating then term-by-term, we obtain an asymptotic expansion for the function u(z,p).
We note that in the integrals for the coefficients the integration path can be replaced by the real
axis. Therefore, to obtain an asymptotic expansion, we can avoid employing the contour . It
is needed only to justify the asymptotic expansion. In particular, as p > 2, ¢ < argz < 27 — ¢,
where ¢ is an arbitrary positive number, the function ru;(z, p) tends to the constant

o0

/exp((p+ D)1 +\T|P) dr.

—00

sin 6

uniformly as z — oo.
Let p € (1,2]. We are going to show that in this case

15400

AP
lim exp ((p+ 1)7 +iA7P)

27 T
s——+00 e __9¢e
J = —cosf + 1

dr =0,

as s tends to infinity passing the values, which we mentioned above.
Indeed, if 7 = u + ¢s and s takes the mentioned values, then

exp ((p+ 1)7 + iA7P)

XD ((p+ 1)u+ Reir(u+ is)?)

%—2(0059)%—#1 e:—gu—i-l
exp ((p+ Du — A(u? + %)% sin (parctan £))
- e:Qu +1 :
We obtain:
e 1 i \TP T elotiu
/ eXE)T((p +T )7+ iATY) dr| < / 627 exp (—)\(u2 + 52)% sin <p arctan i)) du.
% —2%cosf +1 S+l u

18
The first factor in the integral is an integrable function on the ray [0, 00), while the second
factor is less than one and tends to zero as s — 4+00. By the dominated convergence theorem,
the integral tends to zero. Passing to the limit as s — oo in identity , in the case p € (1,2]
we obtain a formula for u;(z,p) given in the formulation of the theorem. One can also show
that the obtained series are not only converging but also asymptotic. O]
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Similar formulae can be written for other functions ux(z,p, p, A). It is also possible to write
more precise asymptotic formulae. Such formulae are obtained by applying a corresponding
technique of transformation of the integrals in the complex plane. We note that to study the
functions uy(z,p, p, ) as p > 1, Theorem is not applicable since all non-integral terms vanish.
We see that the structure of the asymptotic behavior of the functions ux(z, p, p, A) differ for the
cases p € (0,1), p =1, p > 1. In particular, as p > 1, the function wu(z, p, p, A) have different
growth rate on different rays 6, 62, 0 < 61 < 0 < 7. This is not the case as p € (0,1]. The
behavior of the functions ug(z,p, p,\) as p € (0,1) and as p = 1 differs as well. This can be
seen be the structure of the Azarin limiting sets of such functions.

5. ASYMPTOTIC FORMULAE FOR IRREGULARLY GROWING ENTIRE FUNCTIONS

Let f(z) be an entire function of order p € (0,1) with positive zeroes z;, k = 1,2,.... We
shall consider the functions In(1 — i) in the plane cut along the ray [0, +00) fixing the branch
by the positivity of the function for negative real z. Then

In f(z Zln(l—z—k>:71n<1—g> dn(t) = ]Ozit@dt,

0

where n(t) = ) 1 is the counting functions of the zeroes of f. We have:
2 <t

o0

/ . r(r—tcosf) n(t) n -

|
n|f(2)l —2trcosf +1r? t

0
Let
o(t) = t(ap + ay cos(A1Int) + by sin(Alnt)), t>0,
where p € (0,1), ag > 0, A > 0, and ay, by are arbitrary real numbers. If

)\2
> 1+E\/a§+b%,

then ¢(t) is a strictly increasing function. Indeed,

A A
¢ (t) = pt*! [ao + (a1 + ;bl) cos(AInt) + <b1 — Ea1> sin()\lnt)] ,

and by the elementary inequality

Cisina+ Cycosa > —y/C? + C3

we obtain
A\’ A\

O'(t) = pt" ! |ag — (a1 - _b1> - (61 — —al) = pt*! ( 1+ —\/a1 + 62)
p p

In the definition of the function f we let n(t) = |¢(¢)]; as in Theorem [ here we employ a
standard notation for the integer part of a number. We observe that in fact we deal not with a
particular entire function f, but with a family of entire functions depending on five parameters
P, Go, A, a; and by.

The Azarin limiting set Fr f for an entire function f is defined as the Azarin limiting set of
a subharmonic function In |f(z)|. Theorem [ shows that the Azaring limiting set Fr f and the
indicator hs(6) of the function f in the mentioned family are determined by the identities

Fr f = { (aow + (a1C,(A, 0) + byD,(A, ) cos o+

sin p7
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+ (—alDP(A,H) +01C,(A, 0)) sin gp) rf . p e |0, 27r]} ,

cos p m—
h¢(0) = b3/ C2(\,0) + D2(\, 0
£(6) g VA GO0 + D200
These relations hold also without the assumption
22
1+ E\/ a% + b% s

but in the general case, the function f is meromorphic.
If we take an auxiliary function of the form:

o(t) =t (ao + Z(ak cos(Ag Int) + by sin(Ag In t))) : t>0,
k=1

and construct then the function f(z) by the proposed scheme, then by means of Theorem @ we
can obtain an asymptotic formula for In | f(z)|. In the case, when ¢() is an increasing function,
the function f is entire. In this way one can obtain asymptotic formulae for a wide class of
irregularly growing entire functions. It would be interesting to compare such formulae with
general results of work [7], but this issue requires an independent study.
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