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BOUNDARY VALUE PROBLEMS FOR DEGENERATE AND
DEGENERATE FRACTIONAL ORDER DIFFERENTIAL
EQUATIONS WITH NON-LOCAL LINEAR SOURCE AND
DIFFERENCE METHODS FOR THEIR NUMERICAL
IMPLEMENTATION

M.Kh. BESHTOKOV

Abstract. In the paper we study non-local boundary value problems for differential and
partial differential equations of fractional order with a non-local linear source being math-
ematical models of the transfer of water and salts in soils with fractal organization. Apart
of the Cartesian case, in the paper we consider one-dimensional cases with cylindrical and
spherical symmetry. By the method of energy inequalities, we obtain apriori estimates of
solutions to nonlocal boundary value problems in differential form. We construct difference
schemes and for these schemes, we prove analogues of apriori estimates in the difference
form and provide estimates for errors assuming a sufficient smoothness of solutions to the
equations. By the obtained apriori estimates, we get the uniqueness and stability of the
solution with respect to the the initial data and the right par, as well as the convergence
of the solution of the difference problem to the solution of the corresponding differential
problem with the rate of O(h? + 72).

Keywords: boundary value problem, apriori estimate, the equation of moisture transfer,
the differential equation of fractional order, Gerasimov-Caputo fractional derivative.
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INTRODUCTION

As non-local boundary value problems, one usually calls problem, in which on the boundary,
instead of prescribing the values of a solution and its derivatives, a relation between these
values and similar values on some other internal or boundary manifolds is given. The theory of
non-local boundary value problems is important as a part of general theory of boundary value
problems for partial differential equations due to numerous applications in mechanics, physics,
biology and other natural sciences.

At present, differential equations involving fractional derivatives both in time and spatial
variables attract attention by mathematicians and physicians since such equations serve as
mathematical models of various processes [1]-[9]. A lot of works are devoted to studying vari-
ous local and non-local initial-boundary value problems for Sobolev type differential equations
and their subclass of pseudo-parabolic equations [10]-[19]. In works [20]-[25], the finite dif-
ference method was employed for studying various boundary value problems for Sobolev type
differential equations with varying coefficients.
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In the present work we consider nonlocal boundary value problems for Sobolev type differ-
ential equations with a Gerasimov-Caputo fractional derivative in time and with a nonlocal
linear source. Apart of the Cartesian case, in the work we consider one-dimensional cases with
a cylindrical and spherical symmetry.

1. BOUNDARY VALUE PROBLEM FOR A PSEUDO-PARABOLIC EQUATION WITH A
NONLOCAL LINEAR SOURCE

In a closed cylinder Qp = {(z,t) : 0 < 2 <[, 0 <t < T} we consider the following boundary
value problem:

0 0 ou ou
=g (M50 ) + Oy ()50 + 1o

/qs,t (s,t)ds + f(z,t), 0<z<l, 0<t<T,
0

(1.1)

I1(0,¢) = B11(t)u(0,t) + B1a(t)Igu(0,t) — pa(t), 0<t<T,
—II(t, ) Bar(t)u(l, t) + Paa(t) Otu( t) — p2(2), 0<t<T,
( )—Uo(l’), nggla
where
0 <co < k(x,t),n(r), Bia(t), Baa(t) < ey,
|511(t>a BQl(t)v T(ZE,t), q<£L’,t), nz(z),k‘x(ﬁ,t) T‘x((L' t)| Co, (15)
and .
o 1 ur(x,7)
Dot = r'il-a) / (t— T)adT
0
is a Gerasimov—Caputo fractional derivative of order o, 0 < o < 1, [20], [27], II(x,t) =
ku, + OF, (n(x)ux) ¢i, 1 =0,1,2 are positive constants,
t
u(0) 1 d udT
v = Do = 53— oy TP —a)dt / (t— 7)o

0

is the Riemann-Liouville fractional derivative of order a.

In what follows we assume that problem (1.1)—(1.4) possesses the unique solutions with all
needed derivatives. We shall assume that the coefficients in the equation and boundary condi-
tions satisfy all smoothness conditions arising in calculations and ensuring a needed approxi-
mation order of the difference scheme. By M;, i = 1,2, ..., we shall denote positive constants
depending only on the data of the considered problem.

2. APRIORI ESTIMATE IN DIFFERENTIAL FORM

To obtain apriori estimate for the solution of problem (1.1)—(1.4) in a a differential form, we
introduce a scalar product and a norm:

(a, b) = /l abdzx, (a, CL) = ||QH(%7
0

where a, b are some given on [0,!] functions. We multiply equation (1.1) by U = u + J§,u in
the sense of the scalar product:

(5. 0) = (ko). U) + (05 (pe) . U) + (rue, U) - (/O quds,U) + (£.U).  (21)

The following lemma holds true [28].
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Lemma 1. For each absolutely continuous on [0,T] function v(t), the inequality holds:

W(OFll) > S0 00).  0<a<lL

We rewrite the terms in identity (2.1) by employing the Cauchy inequality with ¢ [29] and
Lemma 1:

(05, U) = (O, u+ ) = (1, ufu) + (1,(@3;14)2) o llul2 + locul,  (2.2)
(k) U) =((kwr) o+ Ou) = Uk, ; — (Rt e + agtuz)

(k:zﬂ) - (k,uxG&ux> (2.3)
-~ aluwli -5 [ ki (s

()0 0) = o)+ ) = U0 )|

l
=Uku,| —
0

<Ukuy,

(5 ne2), e + O,

== (mwdhi) = (n @) + V0B )| (2.4)
v, 3 [ e ol
() (i 58) () 50 .

<ell gl + M5 (Iulld + 1w ).

—(/Osquds,U> =— </Osquds,u+(38‘tu> = —(/Osquds,u> — </Osquds,85“tu)
<ellegal + ol + 35 (1. ([ W)z) 2:6)

<M / / wdsd + <05l + 5 lully < ellagull3 + sl
(10) = (fru+ ) = () + (F.050) < l0Gul} + MEFIE + lul3 (2.7)

Taking into considerations transformations (2.2)—(2.7), by (2.1) we find

(63 (63 1 : (0% (63
S0l + 105l + ol + 5 [ (- (@) )P + col e
0

(2.8)
!
< UMz, t)| +elOfulld + 2 (Iulld + lualiF) + 220715
. 1
Letting € = 2 by (2.8) we get:
SRl + S0l + collual? + (b (@) 38 () + o0
5 0t 0 otUllo 0]|Uz || 5 ) )0 \Uz ) QAT 7 Co||Ogi Uz ||
0 (2.9)

< U, o)+ M (Il + a2 + M7
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Estimating the first term in the right hand side of the above inequality, we obtain:
Uz, )Tz, t)(’o = (1) + Bt 1)) (malt) — Bn (el 1) — Baa(D)r0(0. 1))
o+ (w(0,8) + 05u(0,)) (11 (1) = Burul0,8) = Bia()0%(0, 1) )
s(8)ull, 1) + )0l ) — Ban (D21, 1) — s ()l DOuu(L, )
~ Balt)ull, g1 1) — Ban(0)(O5u(0.1)) 4 (£)u(0. 1)
+ 111 (£)95u(0, ) — Bra(8)u?(0,¢) — Br1u(0, £)05u(0,t)
~ Bualt)u(0, 13Gu(0.1) — s (9(0,1))

) , (2.10)
<M+ 183) + 4 (Tl )+ 2 (950 t>)
+Mfl(\|u|!8+!|ux\l2>—522(15)(8“ (1.0)) — 5Bn()05?(0,1)
— Bualt) (8(0.1)) " — £ Bual0)260 (0.1
< P20 (o) - B””(a;;; 0.0 = 220500
512( u2(0,1) + Mo (3 + ) + 3y (4 4 1)
In view of (2.10), by (2.9) we find:
o5l + | (e ()8 + 3 + 103 + 06 o

< Muallull o0+ Mis (13 + 2(0) + 430,

where [Ju[f oy = llullg + [Jull5.
We apply the operator of fractional integration Dg,” to both sides of inequality (2.11) and
we obtain:
0003000y + Do (sl + 105013 + 10G10:113) < MaDa o

(2.12)
+ My (Daﬂ(nfn% () + (1) + ||uO<x>||%V;<o,l)>-

To estimate the first term in the right hand side, we employ Lemma [2§].
Lemma 2. Let a non-negative absolutely continuous function y(t) for almost all t in [0,T]
satisfy the inequality
Dry(t) < cy(t) +eat),  0<a<l,

where ¢; > 0, co(t) is a summable on [0,T] non-negative function. Then
y(t) < y(0)Ealcrt®) + I'(@) Ba,a(c1t®) Dy, ca(t),

where
n ?’L

Zfan—l—l ZF&TL-}-M

and Mittag-Leffler functions.
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By Lemma 2 we can estimate the first term in the right hand side in (2.12).
Let y(t) = Doy 01+ (1) = [[uly5 g, then

D ullsiony < Mie (Da (113 + 120) + 13(0) + o (@) By ). (2:13)
The following lemma holds.

Lemma 3. Fach non-negative integrable on [0,T] function g(t) satisfies the inequality

—2a _ t*T'(a)
Do) = Craa) ~ T2a)

Proof. We transform a fractional integral in the left hand side:

Dy %g(t). (2.14)

1 t 1 t
D72a — _ 2a—1 — _ afy a—1 ) 21
9(0) = gy | (4= e = s [ =rra = 2)
. . () . .
Integrating by parts and employing the formula B(a, a) = [2a) by simple transformations
«

we arrive at (2.14).
Let us show that al?(a) > I'(2a) for all a € (0,1) in (2.14), or

(2a)! < 2(a!)?, forall € (0,1). (2.16)

In order to do this, we consider the inequality 20% < 2, which is true for all & € (—1,1). Then
by (2.16) we find

(2a)! < 2°°(a!)? < 2(a!)®  forall e (0,1). (2.17)
We are going to prove
2a)! <2%°(al)?  forall acR (2.18)
by induction. Indeed, (2.18) is true as o = 0. Assume that it holds for all @ = n. Let us prove
that (2.18) holds for all & = n + 1, then we obtain

(2n 4 2)! < 20D (0 + 1)) (2.19)
We transform the right hand side of (2.19)
(2n +2)! = 2n)(2n + 1)(2n 4 2) < 27 (n)?(2n 4 1)(2n + 2) < 27 22" (n!)?2(n + 1)

This implies:
2n+1<2""(n+1) forall neR. (2.20)
The latter identity can be proved by induction. O

By means of Lemma 3, (2.12), (2.13), (2.14) we find a needed apriori estimate:
ealg 00y + D (I + 105l + a3
(2.21)
—« 2 2 2 2
< M( D (1118 + 1(8) + 153(6)) + o)z 0 )

where M is a positive constant depending only on data (1.1)—(1.4),
t

1 udTt
Dy u =
% Ta) / (t—7)°
0
is a fractional Riemann-Liouville integral of order o, 0 < o < 1.

Theorem 1. If k(x,t) € C0(Qy), n(x) € C'0,1], r(x,t),q(x,t), f(x,t) € C(Qr), u(z,t) €
C*(Qr) NCH(Qr), dgu(z,t) € C(Qr) and conditions (1.5) are satisfied, then the solution
of problem (1.1)-(1.4) obeys apriori estimate (2.21).
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Apriori estimate (2.21) implies the uniqueness of the solution and the stability in the initial
data and the right hand side in the sense of the norm

lull? = gy + Dar (I3 + 106120l + 106y 13).

3. STABILITY AND CONVERGENCE OF DIFFERENCE SCHEME

To solve problem (1.1)—(1.4), we apply the finite element method. We construct a monotone
scheme of second order approximation involving the derivatives taking into consideration the
sign of r(x,t). In order to do this, instead of equation (1.1), we consider the following equation
with perturbed coefficients [28]:

S = se(kuty o+ O (1ita)e + 12ty — / o(s, t)uls, )ds + f(z, 1), (3.1)
0
ﬁ, R= 0'5,? "l is the difference Reynolds number.

On the uniform grid @y, we introduce a difference scheme of approximation order O(h*+ 72)
corresponding to differential problem (1.1)—(1.4):

where ¢ =

Agtj_;,_(,y = %j <a]ys(v ))x + Agtj_;,_(, <%?/£) b jajya: K b+] ]+1yx 7 Z dsysa)h + 901’ (32)

%Oalya(:g + Agthra (71?[’1:,0) = Blly(() + 0. 25h2dOyOU) + BwAgthroyO — [, t €W, (33)
- (%NCZN.%(C N+ A%, (vyaN)) = Boyy + 0.5k Z Ay Oh+ PG, e YN = [i2, (3.4)
s=0
y(xa 0) = uO(x>7 VIS wha (35)
where

312 = 12+ 0.5h, f1(tjro) = pa(tjvo) + 0.5h90€)> 622 = [92(tj1+,) + 0.5h,
fir(tjso) = pa(tjsre) + 0.5, al = k(z;_os5,1%), vi = n(Ti—05),

. tirg . . .
p— M0hie) ) YD oy (L), d = d( ),

v k(x,tj+g)’

a(()a,a) _ O‘l_a, al(a ) (l + O‘) —a (l 1 +0_)1—a’ [ > 1, o=1- %,
1 1

b7 = 5 [(l +o) (I —1+ a)z—a] -3 [(l +o) (I =1+0) 7, I>1,
—

C(a,a) (a,0) as ] — 0’
aéa’a) -+ bga’g), s =\,

cga,o) _ aga70) + bio—:f) _ bga,a)7 1<s<j—1, as 7 >0,
CL§-OC7U) — b§-a70), s =17,

o) > ;a(era) @ >0,

and
N Tl—a ('a,a) s

AOt]-+Uy = F(Q _ Oé) - C]*S Yy

S=
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is a discrete analogue of Gerasimov-Caputo fractional derivative of order a, 0 < av < 1 [30].
We introduce scalar products and a norm:

N
= E U;V; h,
1=0

We rewrite (3.2)—(3.5) in an operator form:

0.5h, i=0,N, N
N {h Z?é 0,N (u’ /U} = Zuiviha [u,u} = [17u2:| = Hu”ga

AG =Nty + 0y + O, (3.6)
y(xa 0) —U()(I’), X ewh:

where
9 = se(ayl™), + b7 ayl® + bratHyl) — Zd YA,

o — (o 2
Mtjro)y'™ = A7y =+

N
o) 2 . .
A+y1(\7) = E( %NaNny ﬁmy — 0.5h E diyg )h>, i=N,
s=0

<%0a1yw0 Byl 0.25h2dgy0”), i =0,

6y1 - Agtj+g (rylyIE)I? L= 17 N — 17

_ 2/ a o .
oy = 0 Yo = h (Aﬂtj+a (V1Yz0) — ﬁleOtﬂayo), 1 =0,

2 .
0 yn = —< - A&W (YNYzN) — ﬁng&MyN), i =N,

h
1
=
p=¢i, i=LN-1, 1+ 254
_ 2 ; , 1
D=4 :E<,U1(tj+o)+0'5h90€)>a 1 =0, 0 = OS] ro <0
9 . ko.s
- j -
@ =—</~Lz(t‘+a)+0-5hso > i=N, _ 1
h / N N = 1 0.5h|rn| "’ ry 2 0.
+ kn—o05
We calculate the scalar product of (3.6) with § = y(®) + AG, LY
86,,58] = [Rltay®, 7] + [69.9] + [8.9]. (3.8)

The following lemma holds [30].

Lemma 4. Fach function y(t) defined on the grid &, satisfies the inequality:
g (0% 1 (0%
y( )AOtHUZ/ P §A0t]~+g (y2>~
By means of Lemma 4, we estimate the sums in (3.8):

[Agtj+ay’g:| :[Aotg+ Y, y + AOthr y:| = [Agtj+ayay(a):| + |:17 (Agtj+ay)2:|

Afﬁﬁ [y]16 + 112G, vl6.
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[ A(t40)y, 5] =(Ay. ) +0.5h50A 57 + 0.5hg Ay
- (%(ayé“) Jer9) + (67l ) + (b7aty), y)

<Z dsys ) + yO%Oaly:c 0 5113/0 Yo (3.10)
— %NCLN?J,E:« NYN — 0~25h2déy(()g)§0

— By Gn — 0.5hdn G Z @y h.

s=0

We transform the terms in the right hand side in (3.10):

N
(%(ayé"))x,g) —gjscay’” S

(a0, Gepe|
:QN%NCLN%(‘;,TZ)\/ - ﬂo%oalyig (ayéo)a gy + %(_1)@2]

=nsnanyn — Goroaryy — (ayé"), %fy(”)} — (ayg({’), %&A&H(,y}

— (ank? 50| = (a0, s (3.11)
<gnenany = Joromyl + llAG,,, w)iE + 25 (11 + 1)13)

- %}LM(@% (’yég)ﬂ - m<%v Aff%yg}
<nsevanyy — Gosoary' + ellag,, w3 + M (1ly ) + 1))
— Myllys7)R = MaAg,,, llysll?,
(b‘ayg%”),ﬂ) <b+ Dyl ),y) Z(b‘ayg’),y“’)> + (b‘ayéa)aﬁgtj+gy)
+ (b+a(“)y§f) Y ) <b+ 'y ),A&j+ay) (3.12)

<ellg,,, ulli + Mz (1) + 1911,

i N
~( D diyn,5) ~0.250%dy 5o — 0.5hdniin S iy — Byl — By
= s=0
=— [Zdéyﬁ")h, y(”)} [Zd y\h, Aﬁt]ﬂ,y]
s=0

— Bu(u”
- /821(%(\?))2 - 521?/(()0)A8}HU?JN

<eillag,, vt + M 1, (Zd@yéa ONES T

)2~ 511% AGt,, . Yo
(3.13)

2
+ &2 <A8‘tj+0y0) + €3 <Agtj+o'yN>

2 2
<[, 2 + M )R + (A5, m0) (85, v)
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In view of (3.11)-(3.13), by (3.10) we obtain
A (o) = e 2 a 2 e 2
K(t40)y ), 5] <o1l185,, )3 + 2 (28, m0) +25(25,,.0v)
27 (N 4+ 1) - Mally 1 — Mads,,,, lysll,

[5% y] = (5@/, ﬂ) + 0.5h0 " yolo + 0.5h6 Tyn N

(3.14)

= (Agtj+0' (713/(2)17 g) + gOAgtj+g (7Zy$70) - g0612Agtj+g Yo
— UNAG,,, (INYzN) — YnB2rAG,, U
(Afftﬁ[, (viz), %] — B2t Ay, Yo — Yn P22 AG,, YN

(@)y (o)

«@ (e g «@ 1
= (AOtj+d (vivs ), Ya } - (’Yz‘a (AOtj+[,y:i)2:| - 5123/3 )AOtj+gy0 (3.15)

2
— Bra (D8, 90) — Bt A%, uw — Bl DG, )

Co /612 a
< - §A0tj+a”yfc]|0 CoHAomgym”o - TAOWUZ/%

Baz o o 2
) AOtJ+ayN 512<A0tj+0y0> —522(A0tj+gyzv) )

[6, g} =(p, y) + 0.5h¢ " o + 0.5kt yn
=(¢.¥) + o <M1 + 0.5hg00) + N <M2 + 0.5hgoN)
=(¢,9) + Yop1 + 0.5kl + Ynpiz + 0.5honyN
=[. 5] + g + 2 (316)

= [90, y(”)} + [90, AStj+c,y] + g+ A, Yo + iyl + 1l | yn

2 2
<ell[AG,,, Yl + &2 (Aa“tj+gyo> + €3 (Aé“tj+ayw) + Mg>= (/ﬁ + u%)
+ Mo (1ly 13 + I)3) + M3 Nl

Due to (3.9)—(3.16), by (3.8) we find:

1

S0, W15+ 145, wlls + MuaAg,llyall + coll AG, s l§ + Msllys” )1

Bi2 s o P22 o o 2
+ TAOtj+gyO Ty AOtHC,?JNWLﬁlz( OthroyO) +622<A0tj+0yN)

2
<51|[A8t]-+ay] |(2) + &2 (Agt -+gyo> + €3 (AgthrayN)
+ 5= (11 + o)) + M (13 + 1) + Mt el

1, _Be _P»
272 273 27

(3.17)

Choosing £, = by (3.17) we get:

A()1tj+c,|[ “Wl(oz + HZ/ ”0 + ‘[Agtﬁg yllg + ||A0tj+(,yz]‘o

oz , (3.18)
< Maslly )00 + Mo (11113 + 123 + 13),
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where |[y] I[y]|2 + |lyz]|2. We rewrite (3.18) as

|W1(oz

«

B Bz 00y < MEIY 00 + Ml g on) + Mis (1017 + 1+ 153).
The following lemma holds true.

Lemma 5. Let {p;} be a sequence obeying the following conditions:
J
Po = 17 Eliapj = Z(Cg’—i - C?J)pjf& j 2 17
s=1
then

0<p; <1, ijsc k—a -, 1<k <y,

where .
El—a _ 5 <(1 + O_)Q—a o 0_2—a> o

%((1 + o)t — 01_"“).

Proof. We follow [31] to prove 1dent1ty (3.20). Since ¢ < ¢5-1 as s > 1, we obtain:

o
§ Dj—sCq < E Dj— scs 17
where
J J
a,0 oL,0
§ :pjfscs—l - E :pjfscs :
s=1 s=0

By (3.21), (3.22) we find
ij SCS —7 _poco _61 a?

where

11—«

o , J =0,

g - 1 1 —« .
((1 + o) — 02‘0‘> — 5<(1 +o) - al‘O“), j=z1,

2—«

ij sCO“7 <ij scaa_pOCO _l a

Thanks to (3.23) (3.24), we obtain
J J
ij =TT Y P <T T Y g - ) <7,
s=1 s=1

J
ij,scj’” < ij,sc;""’ +pjco, pjco >0, cg=07 °.
s=1 s=1
By (3.22) we find
J
Copj = Z(C?—i — &7 )Pj—s-
s=1

It follows from (3.24), (3.25) that
0 < pjco < g, 0<p <l

43

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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Let s =1+ k — 1, then by (3.23) we obtain:

J—k+1
—1— .
Zpascsk—ngk+1lcll—0 , 1<k<y.

The proof is complete. O
Lemma 6. Assume that (3.20) holds, then

—l—a,ma

['2—-a) Da o %
(s —_— IN. 2
Zp] s F(l—i—ma) m € (3.26)

I'(1+(
The proof of this lemma is similar to that of Lemma 3.2 in [31].

Lemma 7. Let ¢ = (1,1,...,1)T € RJ,

0 p1 ... Pj2 Pj1
0 0 Dj—3 DPj—2
J =212 — a)\7°
0 0 0 D1
0 0 0 0.
JX7

and (3.26) holds. Then
Jt = 0, 127,

1 T
J"e < = ((QAt;?‘)m, @M )™, (QW)W) . m=0,1,2,...
i1 .
s-) s—> @ o o . .
Z 7=y e (Ea(ZAtj), Ea(2MS)), ... ,Ea(2)\t1)) i
s=0

The proof of the above lemma is similar to that of Lemma 3.3 in [31].

Lemma 8. Assume that non—negative sequences ', /. 5 =0,1,2,..., satisfy the inequality

Ay ¥ <My Xy +¢!, 1
where A\ = 0, Ay = 0 are constants. Then there exist 7y such that as T < 19, we have

(0]

to ) . -
v <2+ gy ) ), 1<5 <o

where
_y
—~ I'(1+ ka)
A
1s a Mittag-Leffler function and X = A\ + 2—1—%

This lemma can be proved by employing Lemmata 4-6 similar to Lemma 3.1 in [31].
By Lemma 8 and (3.18) we obtain

e .
b7 g < M(Hy%ﬁv;(o,l) ey s, (1B + 0+ u)) (327

where M is a positive constant independent of A and 7.

Theorem 2. Assume that conditions (1.5) are satisfied, then there exists 1y such that as
T < To, the solution of difference problem (3.2)—(3.5) obeys apriori estimate (3.27).
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Apriori estimate (3.27) implies the uniqueness of solution to problem (3.2)-(3.5) and its
stability in initial data and the right hand side. '

Let u(x,t) be the solution of problem (1.1)-(1.4), y(z;,t;) = y] be the solution of difference
problem (3.2)— (3 5). To estimate the exactness of difference scheme (3.2)-(3.5), we consider the
difference 2/ = 4! — u, where u} = u(x;,t;). Substituting y = 2 4 u into relations (3.2)(3.5),
we obtain a problem for the functlon z:

AGy,, 2 = %ﬁ(afz}{j)> + Ag, <%zz> +0b; ]azzgH + b7 ]+1Zm Zd O+, (3.28)
00127 0+ AL, (M2e0) = Bzl +0.2502d 27 + BlgAS‘tngo — i, t € Wy, (3.29)

N
— (sevanzly + Ay (inzew)) = Bz + 050> Ak + BnG,  zy —in,  (3.30)
z(x,0) =0, T € Wy, ) (3.31)
where ¥ = O(h2 + 72), % O(h2 + 7 ), Uy = O(h2 + 7'2) are the errors of approximation

of differential problem (1.1)—(1.4) by dlfference scheme (3.2)—(3.5) in the class of solutions
u = u(x,t) of problem (1.1)—(1.4).

Applying apriori estimate (3.27) to the solution of problem (3.28)—(3.31), we obtain the
inequality

7 g 00y < M mac (119713 + 4 +247), (3.32)

0<y'<y
where M is a positive constant independent of h and 7.
Apriori estimate (3.32) implies the convergence of the solution of difference problem (3.2)-

(3.5) to the solution of differential problem (1.1)—(1.4) in the sense of the norm |[277!] %V%(OJ)

on each fiver so that there exists 7y such that as 7 < 7, the estimate holds:
j+1 1712 2 2
7 = g 00 < M (B2 4 72).

Corollary 1. The results obtained in the present work holds also for the case, when equation
(1.1) reads as

0 ou . 0 ou ou
ogyu = p (k‘(x,t)%) aOt(? < (x )%> +r(x,t)%
I
—/ q(z, t)u(z, t)dx + f(z,t), 0<z<l, 0<t<T,
0

if we assume that |q| < co

4. BOUNDARY VALUE PROBLEM FOR A DEGENERATING PSEUDO-PARABOLIC EQUATION
WITH A NONLOCAL LINEAR SOURCE

In a closed cylinder Q = {(z,t) : 0 <z <1, 0 <t < T} we consider the following nonlocal
boundary value problem:

o =L 1 0 ( mk@) L g0 0 ( " )8u>

xrm m 0t
%xu gx x ox ox (4.1)
+ra——/ q(s,t)u(s,t)ds + f(z,t), 0<z<l, 0<t<T,
z 0
hH(l) 2™ I(z,t) =0, 0<t<T, (4.2)
z—

N
~
N
~

T8 = Bu(tull,t) + Bl t) — p(D). 0
u(z,0) = ug(x), 0<z <,
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where 0 < m < 2. At x = 0, we assume the boundedness of the solution |u(0,t)| < co that is
equivalent to condition (4.2), which is equivalent to the identity I1(0,¢) = 0 [25] if the functions
r(0,t), k(0,t), q(0,t), f(0,t) are finite.

5. APRIORI ESTIMATE IN DIFFERENTIAL FORM

We are going to obtain an apriori estimate by the method of energy inequalities. In order to
do this, we calculate the scalar product of equation (4.1) with 2™U = 2™ (u + d5u) :

(8 LU, :ch> :((a;mkux)w,U> + (8&(mm77ux)x,U>

+ (Tux,:va> — (/Squds,me) + (f,a:mU>.
0

Taking into consideration (2.2)-(2.7), after some simple transformations by (5.1) we find:

(5.1)

23&!!962“!\3+§/ (k + n(2)) 05 (22 ue) *dz + coll ua g + Ha o %
0

coll % a3 < 2™ UTH e, D)l + My (laFul} + na:mu%) + Myle% 13,

(5.2)

We estimate the first term in the right hand side in (5.2):
Uz, £)[, =™ (u(l,t) + 8gtu(l,t)>ﬂ(l,t)

—m (u(l, £) + a%ull, t)) <u(t) — Bit)u(l,t) — Ba(t)0%ull, t))
a1, () + ()08l 1) — ™21 0B () — 1™ By ()l )0 u(l, 1)
— 1" By (t)u(l, 1)05u(l, t) — 1™ Bo (1) (O5cu(l, 1))?
<~ 1) (it ) — 2 opr 0 5.3

+ (@l 1) + My(lleFulld + % w,ll3) + Mo (t)
[ [
62( )(agt ( ))2_ ﬁ;(t)

+M9( 2Bl + o unl}) + Mion®(0).

<-— (1, t)

In view of (5.3), by (5.2) we find:

l
OlleFulle [ (k+n() T uc e + ¥, + 1060 ull + 106w o
<Ml Fullyy o + Mo ([l FIE + 12(0)).

where [|z2u|?1 ., = 22 ul|2 + ||z% u,||2. Applying the operator of the fractional integration

2 (0,0)
Dy, to the both sides of inequality (5.4), we find:

o %l 00 + D (o wall + N0 % ulld + 1062 % wall3)
m o9 o2 2 5 2 (5:5)
< MigDo |2 % w31 0,y + Mis (D&"‘(Hﬂfllo +p5(t)) + ||ﬂ“0||w;(o,n>‘
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By Lemma 2 and (5.5) we obtain the sought apriori estimate:

e FullZg 00 + Dot (e F walld + 1052 ull3 + 1050 % a2

. . (5.6)
< M<Dm“(Hw2fH3 + (1)) + Hx?uO(w)H%@m,z)),

where M is a positive constant depending only on the data of problem (4.1)—(4.4), and

t

1 udT
D%y =
or Y F(Oé)/(t—T)l_a
0

is the fractional Riemann-Liouville integral of order o, 0 < v < 1.

Theorem 3. If k(z,t) € C*(Qr), n(x) € C'[0,1], r(z,t),q(x,1), f(z,t) € C(Qr), ulw,t) €
C*(Qr) NCH(Qr), d5u(z,t) € C(Qr) and conditions (1.5) are satisfied, then the solution
of problem (4.1)-(4.4) obeys apriori estimate (5.6).

Apriori estimate (5.6) implies the uniqueness of the solution and the stability with respect
to the initial data and the right hand side in the sense of the norm:

77L

e ullivyon + Do (lle Bl + 1052 ull; + 1055 e ).

2% ulff = |

6. STABILITY AND CONVERGENCE OF DIFFERENCE SCHEME

On the uniform grid @y, we consider a difference scheme for differential problem (4.1)—(4.4)
of approximation order O(h? + 72):

_ > - L. m b -
%Agtj+gy :W( i o5ajy:(c )>$ + FAOtHU (20 57iYz.i)e + m (szno 5ajyg(c 2)
" (6.1)
+ C(]_m ( Lo, 5az+1yx i ) Z dsys h + 9017 (l‘, t) € Wh,r,
0.5h /. ~
a1y + AGy ., (71%:,0) = <A0t Yo + 0.5hdyl’ ) — fin, (6.2)
—%NCLNZJQ(—:])V - A&W (’YNZJ@,N) = 513/%) +0.5h Z diyﬁ")h + B2A3tj+oyN — [i2, (6.3)
s=0
y(x,0) = up(z), T € Wy, (6.4)
where
— . 05k, ;
B = xBi(tjro), B2 = x> + 0.5h, fn = fiz = 32p(tjro) + 0.5y,
1 1
_ : Jjt+o _ : jto
g = —1 n 0~5h""0.‘+0 if ry 0 <0, N = —1 . T if ry =0,
(m+1)ky5 kn—o0.5
r=rt4+r", lr|=rt—r", r+:0.5<7‘+|r|> >0, r_:0.5<7“—|7“|> <0,
—  +jto 2
i_ +o _ 1 _ AT _ m(m — 1)h
al = k(zi_o5,t"77), ¥ = n(i—05), b; W’ =1+ 24—%2,

P =

A v, i=1,N — 1, (i, i=1,N -1,
d‘] = ()0‘7 = 3 ¢
Qi+g7 Z: 07 N7 ! fz“j+07 Z: OJ N?
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" 0.5h, =0, 0.5hm 1
frnd - ”w = 1+ - P
h,  i=1T.N=-1, l 1 — 0Em
P — ) Rl = .
& 1+ R; ki—os

We are going to obtain an apriori estimate by the method of energy inequalities. In order to
do this, we rewrite (6.1)—(6.4) in the operator form:

%A%me - A(tj-i-o)y(a) + 0y + @,
y(x,0) = uo(z),

where
_ [, T E W, __1+m(m—1)h2
71, z=01 7 2472
( 1
0y; = m—mﬁgtﬁa(%ﬁof)%ym)x, (z,t) € wn,r
T _ m—+1
0y =96 yo = 05h AOt]Jm (M¥z0), z =0,
2 ~ a
5%y = =5 (86, (ovwe) + 32805, ux ), a =L
(~ o o 7 m o b_j m i (o
A )yz( ) = x_m<xz 0.5%; ya(: z)> + W(%—o.sﬂgya(z )>
bt v
o + ZE_m< Lityo. 5az+1yx > Z d;yg )
Rty = | ‘1
—_ g m g
A y(() ) = W (%Oalyxo 0. 5hd€)y0 )), T = 0,
5 i N
ATy = - (maNy;f’)V + By + 050> dgygff>h>, =1
\ s=0
© = i, (z,t) € Whr,
o _ m+1_
@ e SD = O 5h ILL17 €r = 0’
1
t= /i =1
SO 0'5]_'//"627 X
We calculate the scalar product of (6.5) with 2™y = z™y(” +amAG Ly
(;Agtﬁray?‘rmg) = (A(tj—l-a)y(o)axmg} + (5y,l’mgi| + (ci)vxmg}a (67)

where
5 0.5h, 1=0,N
- {h, 1#0,N.

N N
U] = Zuivih’ ||u]|(2) = Zu?h,
i=1 i=1
We transform the sums in identity (6.7) employing the Cauchy inequality with e:
(505, 9:075) =(505, ., 9.2™y ] + (305, v 2755, y]

><§’A6‘tj+a(x?y)2] + (if’ <A3tj+a(xgy>>2}’
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(A( )y ”),xmg] = (Ay(o), > + 0. 5hA+yN TN

—(z(x;’z()ﬁaiy;”))x,g) + (b @ sl

i— 05a ya:

49

), ) <b+( Zito. 5az+1ya(c ))7 @)
Ay y) — 2NN <%NaNy§c N+ Byl +0.5h Z Ayl ﬁ)

() (6.9)
< ] (070 )

> iyl

ha") = Buaky g — e0.5hiy Z Py

s=0
+ (fﬁ - x’]@) y S

YNANANYz N — 550.5%0%1/9(500)370
Let us transform the terms in the right hand of the above identity

- <x?10.5aiy§?0)v (”@)f} = - (xﬁ(]ﬁaiyaga)a »zY + %(_1)%]

= — <.:Emayg(-f),%iy(”)] — (x aym ,%IAS}J+ y]

- (i‘mayé”), Dyl )} (fmayg(—f),%’l AS‘myf}
<ellag,, %)l + M (lo% y )3 + 2% 1R

- %}%@ma%’ (ya(’co))ﬂ - 2(1+—1hM2)<fma%a Agtj+gy§]
<ellag,, %yl + M (% y )3 + 2% 51
= Myllz %y ]G — MaAG, 1177 el
(- Ee.5) + (et 0575

:<b_a_:m ayg’),y(a)> (b "y, A&H(,y)

(6.11)
<b+ 1+05a( )ym >?J ) <b+ i10.5 (H)y(g) A0t9+oy>
<ellag,,, ¥ ol + Mz (I %y )R + 7551

(6.10)

0
(Zdﬂ FLJZ y) 51$NyN v — zR0. 5hyNngy§U

(stys h,a" y} By

1TNYN YN

- < Z &y, xmy(")} - ( > dlylh, xmAS“tH[,y]
s=0 s=0

— Bt (y))?

N

(6.12)
_ p.m (U)Aa
By Otj 1o IN
2
<eillAg,,, ¥ ylld + 2 (28, uv)

Mg (e y @ + % i)12).

IB
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Taking into consideration (6.9)-(6.12), we obtain:

(Ao, amg| <eallag,, v %yl + =2 (A6, ux
+M€1’52<a:2 +|lzFyl )
22 (Il y ) + 2% 5] 013
— Myl|a %y )8 - MiAG,, 17 el
(o)

~m m \ = m (o) -
+ (fEN - $N>?JN%NGN?/@,N — T 57001Y, 0 Y0,

<5y,xm§] :<(5y,y_:vm> + 0.5haynd YN

(28, (#™998)e,7) + 0.5ha "
< 0,10 (X" VYz)as U RyNO YN (6.14)
= <Agtj+ajm7yf’ gﬂf‘] —I— EWIYNQNAgtj+UyE,N
— TNYNYNAG, YzN — ZP2rNINAG, L UN — T A, (MYz0)-
We transform the terms in the right hand side in (6.14):
—(A&Wf’"vy@%] =— (Aé‘tm vymyi”)} - (A&Haﬂ’ﬂmvyf,A&Wyj}
co o o (6.15)
< - B} 0tj+(,||952.y ” COHAOtﬁszy:EHo»
2
— 5 Baa N O,y = BTy O,y — B (A5, ) (6.16)

By (6.15) and (6.16) we obtain:
Co A o a I —m m\ - «
Fyalld - coll G, 7% uallg + (2% — 23 )i A, (vwan)

(dy.279) <= 325, Iz

(6.17)

m = o jng /82 m (e} ~ m o 2
- mO.SyOAOthr(, (M1Yz0) — %E‘TNAOthrU (yN)2 — P2 (AOthr(,yN) )

(@,075) =(v275) + 05haipne® = (w,07) + iy
e (QO, [L‘my(U)> + <Q07 xmAgtj+Uy> —+ Iﬁﬂgﬂ]\f
(6.18)

<aillag,, w5yl + M5 (% )13

+ ey + Mok ol + afifiaiiv.
Bearing in mind (6.8)—(6.18), by (6.7) we obtain:

n o m m _m (g = o m 2
(5’ Otj+o(x 2 y) :| + MlOAOt jto ” 2 “0 + M3Hx 2 y;(i )”g + <%’ (AOthra(x 2 y)) ]
=2 2 62 TMAY 2
+ coll A6, 7 5 el + FNAG, . (o) + Ba (A5, uw)
2
2

il (25,

2yllo +e2( AY L yn (6.19)

+ (f]mv — IE]T\H/) <9UNGN?J9(; N+ A, (’YN%,N))@N

— Zg5Y0 (%oalyg(f,ro +AG, L (1Yz0) ) + Ms(e1)ll2% 0§ + 2R iaiin

+ Mu(en,en) ([l ¥y + 2% 5)R).

<€ ||A0t]+(,
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The third, fourth and sixth term in the right hand in the above identity we get

<xN - ‘TN> (”NGN?JI N+A0t]+g (YNYz, N))?JN — o540 (”0011% ot AOtﬁa (MY, 0))
0.5h
< 0t;4, Y0 + 0. 5hd0y0 )

+aN YN =2'5Y0 (ﬁl —
+ (o = %) (fi2 = By = B, uw ) + i
m o)~ mo o~ « O5h m o ot
=g 53/(() )Ml + f"o.sﬂlAOtH(,@/O Txo.s)y(() : 0tj 40 Y0
050 . [ na 2 0.25h3 m
- m—H%b( Otj+ayo> Tl Lo, 590 doyo
Yo+ TNYN fiz + TR f2AG,, YN
(6.20)

0.25h? N
Tt 15”0 5d0?/0 Aot jto
Agtj-‘rayN

- <$N - I%)Bl(?ﬁvf - <IN - xN) BlyN

- 2
- (J;N - IN>yN)62 (()XtﬁcyN - <fﬂN1 $N>52< Ot]+gyN>

2
<€3 (AOt N Z/O) t €4 (Agtj+ayN> + M3* (/M + N2)
13+ (adun)? + 2541

+ 2557 ([l %y
- ﬁx&%m% - (i% - xﬁ) %Ag%(y]v
g (860) — (7%~ o) Ba(A, o)
In view of above identities, for
by (6.19) we find:
(2.6, %0?) + Mo, 750l + Mol + (2. (85, 0% )

+ collAG, TSI EE ﬁm&A&HU%

+ ( 2R+ (2 %)%) G, (v’
+ 2(21'—?1)%?5 (Agtj+cyo)2 (6.21)
+ ( R+ (o m%)%) (8,.0v)

i3+ i)
)] 95(?.5?/0) )

<Mualle® |3 + Mis
+ M (o %) + 25 1R + (
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Now we transform the first, fourth, seventh and ninth terms in the left hand side in (6.21)

52
bearing in mind the inequality x%_, 5 > a7
» o m ﬁZ Zm BZ x @ 3 ?
(57 AOtH(,(iU 2y) ] ( Ty + ( N) 5 )A(th+,, (yN)2 + <§7 (AOtj+,, (z2 y)) }
7 o Bs 2
* ( o+ @ -2 | (26,.,0v)
% 0 o m 0.5h . < % (A% (2%
_(5’ 0t 0 (22 y)2> + TmNAOtH“ ()’ (2 ( 0ty )
05h /o B2 B
+ TxN<A0tj+ayN> + ( - oy + (TN — 2y 5) 0540 (yn)?
552 m Bs
+ ( Ty + (T — ) (AOt]+UyN>
x . 2
(386 ( (26,.,0"))
(6.22)
i %52_,”
2 Otﬁ-a yN
%ﬁg_m 0. 5h
+ ( 2 0t7+UyN
M17 « —m «
M17 « o 2 h—m a 2
+ b (17 (AOtHJ (22 y)) ) + AN (AOtj+03/N)
1/ o o om 0.5h . ..
> (L5, (@Fy)?) + = aias, , (w)?
1 W m AN 05k o 2
+ 1 (17 (A(th+g (22 y)> ) + 2 N (AOtHgyN)
> G, N0l + s lAG, aF ol
where
1 as m=0 or m2>1,
Myz=41 1222
= €(0,1), h<hy= :
2 (0.1), 0 m(l —m)
By (6.22) and (6.21) we obtain:
AG. M%)l + 175 57N + 185+ % 0113 + 145, 7% sl 3 623
<Maslla % y )2 + Mo (Ilo¥ ollf + 3 + 3
where )
lo% 913 = ¥ y)l3 + 1% a3 + (w0 )
Reproducing the arguing in (3.18)-(3.27), by (6.23) we find the sought apriori estimate
m m s m - -
o=y} < M(Hx 2y )11 + r(1—ia) nax. <||if 2 oll5 + A7 + xé)) : (6.24)
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where M is a positive constant independent of h and 7.

Theorem 4. Assume that conditions (1.4), (4.5) hold. Then there exits 1y, hy such that as
T < 70, h < hy, the solution of difference problem (6.1)-(6.4) satisfies apriori estimate (6.24).

Apriori estimate (6.24) imply the uniqueness of the solution of problem (6.1)-(6.4) and its
stability with respect to the initial data and the right hand side.

Let u(z,t) be the solution of problem (4.1)—(4.4), y(z;,t;) = y] be the solution of difference
problem (6.1)-(6.4). To estimate the exactness of dlfference scheme (6.1)—(6.4), we consider
the difference 2/ = y/ — u], where u} = u(2;,t;). Then substituting y = z + u into (6.1)-(6.4),
we obtain the problem for the functlon z:

A\ _ m j (o) _|_ 1 A2 ( m . ) + b~ m (o)
K01, 5% o m Li—050" 2z _xm 0tj 1o \Li—0.57i%%,i)x e Ti— 05%25“

| (6.25)
+ i <Z‘m al Z(U~)> Z Bl A+ V) (x,t) € wy
xlm 1+0.5"+1%x,0 — )T
0.5h -
0012 + G, <%zm> == <A0t 7+ 0.5hd)z )> e (6.26)
—senanzl) — A2 v = 5127 + 0.5k dj p P 6.27
NAN a:N Otj+o \ IN?Z,N 12y + 0. 5 + oA ot 1o PN T V2, (6.27)
s=0
2(,0) =0,  x €y, (6.28)

where [|2V[|2 = O(h* + 72), i1 = O(h* + 72), 7 = O(h* + 72) are the errors of approximation
differential problem (4.1)—(4.4) by difference scheme (6.1)—(6.4) in the class of solutions u =
u(x,t) of problem (4.1)—(4.4), see [25].
Applying apriori estimate (6.24) for solution of problem (6.25)—(6.28), we obtain the inequal-
ity
2% 2712 < M max (Hx%\lﬂ/ﬂg—%uf—l—z/g), (6.29)

0<y'<y

where M is a positive constant independent of A and 7. This implies the apriori estimate

||xzj+1]|1 < Momax (||x\11 ||0 + Vl + V2> (6.30)

\\

where M is a positive constant independent of h and 7. Apriori estimate (6.30) implies the
convergence of the solution of difference problem (5.1)—(5.4) to the solution of differential prob-
lem (1.1), (1.2), (4.1), (1.4) in the sense of the norm ||zz7]|2 on each fiber so that there exist
To, ho such that as 7 < 79, h < hg, the apriori estimate holds:

Hx(yj“ _ u”l)]h < M(hQ + 7_2)'
Corollary 2. The obtained results hold true also in the case, when equation (4.1) is of the
form:
10 /[, ou . 0 ou
=y (ke 050 )+ o (705

l

—l—r(x,t)g—u—/ q(z, t)u(z, t)de + f(z,t), 0<a<l, 0<t<T,

z 0

if we assume the inequality |q| < co
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