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DIFFERENCE SCHEMES FOR PARTIAL DIFFERENTIAL
EQUATIONS OF FRACTIONAL ORDER

A K. BAZZAEV, 1.D. TSOPANOV

Abstract. Nowadays, fractional differential equations arise while describing physical sys-
tems with such properties as power nonlocality, long-term memory and fractal property.
The order of the fractional derivative is determined by the dimension of the fractal. Frac-
tional mathematical calculus in the theory of fractals and physical systems with memory
and non-locality becomes as important as classical analysis in continuum mechanics.

In this paper we consider higher order difference schemes of approximation for differential
equations with fractional-order derivatives with respect to both spatial and time variables.
Using the maximum principle, we obtain apriori estimates and prove the stability and the
uniform convergence of difference schemes.
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INTRODUCTION

Integrals and derivatives of fractional order and fractional integro-differential equations are
widely used in modern studies in theoretical physics, mechanics and applied mathematics.
A fractional mathematical calculus is a powerful tool for describing physical systems with a
memory and nonlocality. Many processes in complex systems possess a nonlocality and a long-
term memory. Fractional integral and fractional differential operators allows us to describe
some of these characteristics. The employing of the fractional mathematical analysis can be
useful for obtaining dynamical models, in which integro-differential operators in time and spatial
variables describe a power long-term memory and a spatial nonlocality of complex media and
processes [1].

The presence of the fractional derivative in time in an equation is interpreted as a reflection of
a special property of the described process, a memory, or, for stochastic processes, a non-Markov
property. The fractional derivative in time usually reflects a self-similar inhomogeneity of a
structure or of a media, in which the process is going on. Such structures are called fractals. At
that, the order of the fractional derivative is determined by the dimension of the fractal. Simple
formulae relating the dimension of the fractal dy with the order of the fractional derivative were
obtained in work [2]. At present, partial differential equations with fractional derivatives in time
and spatial variables are treated as mathematical models of physical processes [3]-[6].

To describe the structure of disordered media and the processes in them, the fractal theory is
widely used, see [7]-[I1]. Examples of disordered media are porous solids. At that, the fractals
can be a porous space, the skeleton of a rock, the surface of the skeleton of a rock, etc. In the
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case the cracks and solid porous blocks are homogeneous mutually penetrating continuums, the
filtration of a homogeneous liquid is usually described by the Barenblatt-Zheltov model, see
[12]. If the space is a fractal with Hausdorff-Besicovitch dimension d; embedded into a solid
media of dimension d, d > dy, d = 2, 3, the motion of an impurity in the flow of a homogeneous
liquid is described by a fractional order differential equation, see [I3]. A fractional differential
equation arises also in studying physical processes of stochastic transfer, see [8].

Boundary value problems for fractional order differential equations arise also in studying of
many physical processes [I4]-[15], in studying filtration of a liquid in a very porous (fractal)
media [16].

A transfer described by operators with fractional derivatives at large distances from the
sources gives rise to another behavior of small concentrations in comparison with a classic dif-
fusion. These small concentrations or far tails of distributions at fractional derivative exhibit a
power decay that insists on reconsidering the present concepts on a security based on exponen-
tial decay rate, see [I7], [18]. As it was mentioned in [19], a fractional calculus in the fractal
theory and systems with memory becomes as important as a classical analysis in the continuum
mechanics.

There exist rather many evidences of the fact that a diffusion processes exhibit a nonlinear
growth of a mean-square deviation [20]. The violation are observed in many situations, in
particular, in motion of particles in plasma [21I], a turbulent diffusion of particles [22]. The
mathematical models of such processes are described by partial differential equations with
fractional derivatives in time and spatial variables [3]-[5]. In work [6], a numerical modelling
of an anomalous diffusion in a multi-dimensional domain is made by means of the approximate
factorization method. The Dirichlet initial-boundary value problem for a partial differential
equations with fractional derivatives in time and spatial variables, there was studied an implicit
scheme based on the approximate factorization method and the stability of the scheme was
proved for the considered class of the problems.

In work [23], a special semi-discrete scheme based on the Galerkin method was considered
as well as a completely discrete scheme based on the Crank-Nicolson method for the Dirich-
let initial-boundary value problem for a one-dimensional parabolic equations with fractional
Riemann-Liouville derivative of order v € (1,2) in a spatial variable:

uy — Diu = f, xeD=1(0,1), 0<t<T,
u(0,t) = u(l,t) =0, 0<t<T, u(z,0) = v, zeD.

There were obtained the estimates for the errors in norms of Ly(D) and Hz (D) for the semi-
discrete scheme and in the norm of Ls(D) for the completely discrete scheme. The variational
formulation of Petrov-Galerkin type for one-dimensional boundary value problems with a frac-
tional Riemann-Liouville derivative of order a € (2,2) was considered in work [24]. In work
[25], there was considered an equation with fractional in time derivative subject to the Dirichlet
condition:

Gu—Au=f xeQ  0<t<T, O0<a<l,
u|F:O, 0<t<T, QO+T =0, u(z,0) = v, x € Q.

Here a discrete analogue of the fractional derivative in time was obtained; the order of the
approximation was O(727%). The convergence of the constructed scheme was proven in the
norm of Ly(€2).

In works [26] and [27] there were considered locally-one-dimensional schemes (LOS) for a
fractional order diffusion equation in a p-dimensional parallelepiped with Dirichlet and Robin
conditions, while in [2§] the same was made for a fractional heat equation with a concentrated
heat capacity. In these works there was proved the convergence of LOS in the uniform metric

1

as 3 < a < 1. In work [29] there were constructed multi-dimensional difference schemes



DIFFERENCE SCHEMES FOR PARTIAL DIFFERENTIAL EQUATIONS. .. 21

for the fractional order diffusion equation and the convergence of the difference schemes was
proved for all a, 0 < o < 1. Work [30] was devoted to considering locally-one-dimensional
difference schemes for a fractional order diffusion equation with variable coefficients in domains
of a complicated shape. The stability and the uniform convergence of locally-one-dimensional
schemes were proved for the considered problem.

It was shown in [31] that the method of energy inequalities can be employed for obtaining
apriori estimates in numerical solving fractional order diffusion equation. In work [32], an
algorithm of extrapolation type was proposed for numerical solving fractional order differential
equations based on the fact that the sequence of approximated solutions possesses an asymptotic
expansion in the step size. Work [33] was devoted to studying existence, uniqueness and
stability of solutions to nonlinear differential equations of fractional order in time. In works
[34]-[35] there were considered fractional order heat equations with Robin boundary conditions.
Work [36] was devoted to a numerical method of second order sharpness for a fractional order
diffusion equation. A numerical algorithm proposed in this work, was based on the classical
Crank-Nicolson method. The convergence of the proposed method was proved. The maximum
principle for a diffusion equation with a fractional in time derivative was established in works
by Yu. Luchko [37]-[40]. The results of these works were employed in works [41], [42] to prove
the maximum principle for a multi-term fractional differential equation. In work [43] there were
constructed difference schemes for partial differential equations with fractional derivatives in
time and spatial variables in one- and multi-dimensional cases. In the multi-dimensional case,
for the considered problems there were constructed locally-one-dimensional schemes. By means
of the maximum principle, apriori estimates were obtained in the uniform metric that implied
the convergence of difference schemes.

In work [44] there was proposed a discrete analogue of the fractional Caputo derivative dSu,
a € (0,1), and it was also shown that functions u(t) € C?[0,t] satisfy the identity

o A
Otj+1u - AOthu + O(T)7

L1 [
- a) / e

is a fractional Caputo derivative of order «, 0 < v < 1, @ = Ju/0k, Ag‘thu is a discrete

where

analogue of the fractional Caputo derivative of order a, a € (0, 1),

J
Ny = gy 22 (57— =
Later, in work [45], the following lemma was proved.
Lemma 1. Ifu(t) € C3[0,T], then
oty = AGy,, u+ O (72_0‘) , a € (0,1). (1)

The present work is devoted to considering difference schemes of higher approximation order
for fractional order differential equations.

1. FRACTIONAL ORDER DIFFUSION EQUATION WITH
FRACTIONAL DERIVATIVE IN LOWER ORDER TERMS

In work [28], implicit schemes and locally-one-dimensional schemes were considered for frac-
tional order diffusion equation subject to Robin condition in a multi-dimensional domain. By
means of the maximum principle, stability and uniform convergence of LOS were proved for



22 A.K. BAZZAEV, I.D. TSOPANOV

% < a < 1, where o was the order of the fractional derivative in time. In work [46], locally-
one-dimensional schemes were constructed for the diffusion equation with fractional derivative
in spatial variables in lower order terms. The stability and uniform convergence of LOS were
proved for % <a<l.

1.1. Formulation of problem. In a rectangle Qr = {0 < x < ¢,0 <t < T} we consider a
Robin initial-boundary value problem for a fractional order diffusion equation with a fractional
derivative 0, u in the spatial variable z of order v, 0 < v < 1, in the lower order terms:

0 0
ogu = p (k(m,t)a—z> + r(z, )05 u — gz, )u+ f(z,t), (x,t) € Qr, (2)
k(z, t)% = A_(z,t)u — p_(z,t), x =0, 0<t<T, 3
—k:(x,t)g—z:)ur(x,t)u—mr(x,t), x=1{, 0<t<T,

u(z,0) = ug(z), = € G,
where 0 < cg < k<, 7 <0, |r| <e,¢>0, A = A >0,

t

1 u(w,n)

o u = / ———dn, 0<a<l,
o Ll —a) ) (t=m)"

xT

8 . 1 u’({,t)
aoxu_l“(l—ﬁ)o/(x—é)ﬁdg’ 0<B<1,

are the Caputo fractional derivatives of orders a and f3; the latter is in the variable x, and
U = 0u/0t, u' = Ou/dx, cy, c1, ¢y are positive constants, Qp ={0 <z <, 0<t < T},

(4)

1.2. Difference scheme. In a closed domain @ we introduce a uniform grid. A spatial
grid is chosen to be uniform with the step h = ¢/N:

wp={x;=ih:i=0,1,...,N, h=/{/N}.

By wy, we denote the set of all interior nodes of the grid w;,. On the segment 0 < t < T we
choose the uniform grid

w;:{O,thrl:(j—i-l)T, ]:0,1,,j0—1}
By w! we denote the set of the nodes of the grid @/, for which ¢ > 0.
Similar to [47], for equation ([2]), we are going to obtain a monotone scheme of second order

of approximation in A, for which the maximum principle should hold for all 7 and h. In order
to do this, we consider equation with a perturbed operator

[—xd (k(x,t)%) +r(x, t)a—“ — q(z, t)u,

ox ox Ox
namely,
dgu = Lu+ f =0, (5)
where » = ﬁ, R = %}L'TI is a difference Reynolds number.

For a fixed t =t = tip1, we approximate the operator L by the difference operator

Au = » (auz), + bra D, + b~ auz — du,
where

a=Alk(z +ih,?)], d=Flgz+ih1)], o™V =a(z+in¥), b5 =F[F(z+ih7)],
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= - rt=0.5(r+1r]) >0, r~=05(r—|r]) <0
A and F are pattern functionals employed for calculating the coefficients a, d and ¢ and ensuring
the second order of the approximation. For instance, we can let b* =

With differential problem —, we associate an implicit difference scheme:

AG Ly =A@ y(2,0) = ug(a), (6)
( i
Ty 1-8 1-8
Ay = (ayz), + = T o — X ) Yps —dYy, T € wp,
(ee). + 5y 2 (i — i) b
Ay=< _  aYy,0— Ay
Ay = ’ =0
Y 05h =0
aMyz N + Ay
ATy =- e +0.5hry Ay, LY, z =1
P, MRS Wh,
h_
®={ o5 70
iy
it — ¢
050 CT 0
where
0.5h2 5 0.5h25 —
) — M 4 =77 aV) — ) o A =)\ +05hd®
a a‘’ + I‘(Z—ﬁ)ro’ a a F(2—/6’)TN7 + ,
A = Ay +0.5hdD, 7i_ = p_ + 0.5hf;, H. = piy + 0.5hfn,
J s+1 S
o —« —« s s Yy -y
5:0
N-1

1 — Ys—
B _—E: 1-8 -8\, _Ys —Ysm1
AOzN,ly - F(2 - B) — (xN s+1 N—s> Yz,s) Yz,s = h .

As the solution and the data of problem (2] . 1S smooth enough, by Lemma |1 ' difference
scheme @ has the approximation order O(h?~* )

1.3. Stability and uniform convergence of difference scheme. The following theorem
holds.

Theorem 1. Difference scheme (@ 15 stable with respect to the initial data and the right
hand side and the solution of problem @ satisfies the apriori estimate

(17, ) + (@ ) + T2 =) Y 7ole" e, (7)

§'=0

1
j+1
Iy lle < lly’lle + 17 max_

which implies the convergence of scheme (@ in the uniform metric with the rate O(h?>=?47272).

Proof. We rewrite difference problem @ as follows:

Agtj+1yi - (ay;‘f'l) T TzAOw ly]+1 dlyg+1 + ()OJ—H 1= 17 s 7N - 17 (8)
—(1) . )\ _
a o a ym,O -Yo - o
Al =~ 57 osn 20 )
aMyz N + Ay iy

Al = = 0.5h +0,5hrn Ay Y+ g
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y(x,0) = up(z), T € Wy (11)

We obtain apriori estimate for problem f by means of the maximum principle proved
in [48] for a grid equation of general form:

AP)= Y B(P.Qu(Q)+F(P),

QEIl'(P)
where

A(P) >0, B(P,Q) > 0,
D(P)=A(P) = Y B(P,Q)y(Q) >0, (12)

QEI'(P)

P, @ are the nodes of the grid wy,, II'(P) is a vicinity of a node P not containing the node P
itself.

By P(xz,t'), © € wp, t € w. we denote a note of (p + 1)-dimensional grid Q = wy, X w,, and
by S we denote the boundary of € consisting of the nodes P(x,0) as x € @, and the nodes
P(x,tj11) astjg €w.and x € vy, 7 =0,1,..., jo.

We represent the solution of problem — as the sum

y=y+v,

where 7/ is the solution of homogeneous equations with inhomogeneous boundary conditions

and homogeneous initial conditions :

A&H@——@%H) AL =g, =1, N -1, (13)
« a'' Z/x 0 —yo e
A% _ ) =0 14
0.1 40 05h  Tosn T (14)
_(N) *7 N Ox —
a s aVYz N+ A yn .y
§(,0) = 0, (16)

and g is the solution of inhomogeneous equations with homogeneous boundary conditions
and inhomogeneous initial conditions :

Agthrlgi - (ayiJrl) T TlAOm zyj+1 dzngrl dzyz]Jrl + SOJJrl i=1,...,N—1, (17)

I T R
AOtj+1y0 = 6.5h , x =0, (18)
a o a™M s N + AN .
Afe, UN = — 0o +0. 5h7”NAoa:N v, x =2/, (19)
y(@,0) = uo(z). (20)
We write problem — in the canonical form: at a point P(x;,t;11), i=1,...,N —1:
I 1 n Qiy1 + @i r; 1 L, *g+1 _ Gip i a; ri(2 —2'77) 1
L2 —a)re h2 T'(2—f)h? p2 7L Rz T(2 - B)hs [T

1=\ #j+1 i 1-5 1=BY xj+1
2_ hz< zs+1+2xzs_xisl>yg+_m(xi — T, l)y(])

T2 -y T T@ = a)r 2= \Thimee o PR oy :
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at a point P(zo,tj41), j = 1,2,...:
1 a<1> X_ = at) i 22l
I'(

2—a)re 05K 05k 05m20 T TR =)
1 22 1 7
tl « 2t1-_a o 1— *s+1 tl—a . tl—a *() — .
+ I'2-—a)r Zszo ( jost1 T s ) Yoo INOES O./)T( 1 )00+ 0.5h"

at a point P(zn,tj+1), 7 =1,2,...
{ 11 a<N> A ] g _ [@Y) ) 05hrn (210 = 1) i
F2-a)r

Tosn Tosn|N T omn T T TR |V
1
(2 21&)* - 11—« 11—« 1—a\ *s 1 11—« 11—«
+ T(2— a)ro yg\f T(2—a)r t] a2 T2t 0 tj—s) Yn + T(2— a)T(tH-l t; )i
s=1

1-8 1 (Y 1-8 1-8\ »j+1
2 -— th( zs+1+2xzs_xi—s—1)yg+ m(xjv — Ty 1)% :

s=

Hence, A(P) >0, B(P,Q) > 0, D(P) > 0, and thanks for the maximum principle, for small h,
the solution g to problem — satisfies the estimate:

» 1 _ _

17 le < 37 max (|7 (2, )] + [ (z, 1)) - (21)
0<t’'<y

We proceed to estimating the function y. We rewrite equation (17)) as

1

l—agi _ Agitl 4 i+l 29
To—a) B=M7 =+ (22)
where
1
~74+1 41 11—« 1—a)\ °s
Pt =it — mz (o —622) v
s=0
We reduce equation to the canonical form:
1 I ap+a T 1 1 Qitl o1 a;  ri(2-2"F) 1
- . d. J+ q+ e T\ = T J+
[r(z o e r2—_ B 1 R Ve N CR) N
i—2
T2 - A)h A L r(2 o= A B)h (a7 el )+ @
s=1
where
) 2 _ 21 a)
(I)]—l-l — ( ]+1

—j j 1 1 —a —a\ °J— — @ —a o5 05—
SOJHZSO]Her;(t% — ) g - TFQ—Oé Sy — ) (-
s=0

Let us check the assumptions of Theorem 4 in [48, Ch. V, App., Sect. 2, Egs. (25)—(27)]. At a

point P/*' = P(x;,t;,1) we have
1 1 a1 +a T 1
A P~]+1 _ - i+1 (. 7 - d
(£ {F(2—a)7’°‘ h? r'2 ﬂ)h5+

G+1 o it ] a; T1<2 — QI_B) )
et @)= {53t (- T )
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T 1-8 1-8 1-8 ) . . ) Ty ( 1-8 kﬁ)_
R 2w, 7 —a =1....1—-2—— (2.7 —a.
F(z _6)h ( xl—S-‘rl + Li_s Ti_s1)y S ; 3 0 ; F(?—B)h Z,; x,_1);
; ; ; 1+T'(2 — a)7%d;
D/(PPYy = A(PPT) — B(P'™ Q) = L>0
(PP = AP = Y BIRTQ) = s >0
QEI[[’(PiH'l)
forall Q e M", Q € T,
1
B(P; =—— >0 23
Qem//
1 1
TR B(P; = <1, 24
Qe
where
]]I/(P(futﬁrl)) = ]]I;'+1 + I[[;'/’

I is the set of nodes Q = Q(&,t) € ]]I;P(m]_)),
II7 is the set of nodes Q = Q(&,t;) € Wip(, ;.-
Due to Theorem 4 in [48, Ch. V, App.] and we obtain the estimate:
2 _ 217(1

e < ) L2 — )7 |e. 25
15 lo < 15 pg =gy lille + T2 = )" [E* o (25)
Let us estimate ||@’™!||¢, where
—7+1 +1 11—« 11—« 11—« os+1 11—« 1—a\ 20
o =) —l—mz (_tj—s+1+2tj—s —tj_s_l)y ++m (tj+1 —t; )y .
s=0
(26)
By we obtain the estimate
] ] 21—a -
—J+1 < J+1 s °s
B+ e < 167 e + —a s o 1l (27)
Therefore, for y the estimate holds:
J
157 e < 13°lle + T2 =a) Y & [le- (28)
/=0
Thus, estimates and imply the final estimate (7). O

1.4. Fractional order diffusion equation with convection. While increasing the ap-
proximation order of Robin boundary condition up to O(h*#? + 727%) we have obtained a
difference scheme with a nonlocal in the spatial variable x boundary condition, which is not
the case in problem if in problem f equation is replaced by

Igu = % (k‘(m,t)%) + r(x,t)% —q(z,t)u+ f(x,t), 0<x <Y, (29)
where
0<c <k(x,t) < e, 0 <q(z,t) < cs, r(0,t) > 0,
r(¢,t) <0, Ir(z,t)| < ¢, Ar = A" >0,

Cy, €1 are positive constants.

A difference scheme for problem , , reads as
AG oy =M y(2,0) = ug(a), (30)

0tj41



DIFFERENCE SCHEMES FOR PARTIAL DIFFERENTIAL EQUATIONS. .. 27

where
(_/N\y = x(ayz), + b+a(+1)yx +b ayz —dy, x € wy, ©, T € wp,
aWVy,o0— A i
—_ —_0Yzo -Yo _ =0
Ny= oM v="45 r=0 e={g5 TV
Ny X [
aMyzN + A yn It .y
A+ _ — 2 — g ) x Y
(&Y 0.5h ’ eh 0.5h
aV = a + 0.5k, a™) = o™ —0.5hry, A=A+ 0.5hd?,
Xy = Ay + 0.5hd™), f_ = pu_+0.5hf0, T, = py + 0.5hfy.

As the solution and data of problem , , are smooth enough, difference scheme
has the approximation order O(h? 4 727%).

2. FRACTIONAL ORDER HEAT EQUATION WITH A CONCENTRATED HEAT CAPACITY

When a concentrated heat capacity is located on the boundary of a domain, for a heat
equation the following boundary condition can be imposed at x = 0:
ou ou
co— = k—, co = const > 0.
0ot ox 0
Such conditions arise in the case, when we consider a solid with a high heat capacity [49] and
solve a problem on temperature stabilization in a bounded media under the presence of a heater
treated as a concentrated heat capacity [50].

Similar problems arise also while controlling a salt regime of soil, when a disintegration of
the upper layer is achieved by the water drain from an area flooded for some period [51]. If a
water layer of a fixed h is present on the area, on the upper boundary we should impose the
condition

W0 _ poc
ot ox
where ¢ is a salt concentration in the soil solution, D is the diffusion coefficient [51].
Before we proceed to formulation of the problem, let us provide an example [2§8], in which a
fractional derivative arises on the boundary without using the fractal conception.

On the half-strip x > 0, 0 < t < T, we consider the problem

ur = (kug) g, (31)
krug (0, 1) = Br(H)u(0,) — (), (32)
u(z,0) =0, lu(z,t)| < M, 0<x < oo, 0<t<T, (33
klu x g L1,
k(x) - {kQ, x> 7.
At a discontinuity point of k(x), the temperature and the heat flow should be continuous:
du
(U] gz, = u(z1 +0,t) —u(x; —0,8) =0, [k%} = 0. (34)

The solution u = u™ of problem f in ; > 0, t > 0 is of the form:

(x — 1)?

ut(x,t) = —\/;ﬂ /t \/Vt(i)r exp (—m> dr, v(t) = kout (z1,1).
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As x = x; we get:

t
1 +
/ kout (zq + O,T)dT‘

ut(z; +0,t) = —
vk Vit —
2TC . T
Due to this implies
kyu, T
u (r1—0,t) = — \/]{:Q_W/ - t—T )dT, (35)

where u™(x,t) is a solution of problem (31] — in the domain 0 < =z < z1, 0 < t < T.
Resolving Abel integral equation , we obtain

k? xl)
— kg (71— 0,7) = /= dt/ T (36)

Thus, while calculating the temperature field in the domain 0 < x < x1, t > 0, we can take
into consideration the influence of a semi-infinite domain x > x7, t > 0 by imposing non-local
condition at £ = x; with a fractional derivative of order oo = %

We proceed to considering the difference scheme for a fractional order differential equation in
the case, when on the boundary a fractional order condition with a concentrated heat capacity
is imposed:
ou
oz’

where 05w is the Caputo fractional derivative of order o, 0 < av < 1.

coObu =k co = const > 0,

2.1. Formulation of problem. In the rectangle Q7 = {0 < x < ¢,0 <t < T} we consider
the initial-boundary value problem

0 Ju
O = g (M52 ) + S@0), () < @r. (37
ou
k(x, t)a— = x_Opu+ p_(x,t)u — p_(z,t), r =0,
x
(38)
0
—k(x,t) 6Z = 2. 05u + By (x, t)u — py (2, 1), r =1/
u(#,0) = uo(x), (39)
where
0<co<k<a, Bia = By >0, »y = const > 0,
and
t
1 uw(z,n) . Ou
aa - d = —
=T —a) / t—net T e
0
is the Caputo fractional derivative of order o, 0 < o < 1.
2.2. Difference scheme. We choose an uniform spatial grid with the step h = %, Wy =

{z" =ih:i=0,1,...,N}. On the segment [0,T] we choose an uniform grid
w;—:{ovtj:j,ra j:O717"-ajO}7
w’ is the set of the nodes of the grid @/ obeying ¢ > 0.
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Employing discrete analogue (|1) of a regularized Caputo fractional derivative of order «,
0 < a < 1, we approximate equation by the implicit scheme. Then we obtain the difference
equation:

1 o .
I'2-a) Z (e =47 v =My 7, T € W, (40)
s=0

where

s+1 s

s_ Y Y

Ay = (ayz)z, y; = ——.
-

We also need to compete equation by boundary and initial conditions; this will be done

later.

Let us write a difference analogue for boundary conditions (38)):

al! )y;'gl = Agt +1y(])+1 + ﬁ,(.%,t)yé—H - M*(mat% r =0, 41
—aMygt — o AQ J+1 At — " _y (41)
Yz N = 74201, % + 5+($a )?Jo ,u+($, ), T =L

Conditions have approximation order O(h). We increase the approximation order up to
O(h? + 727) on solutions of equation (37). Since

K2 = aMyftt — 0, 5h< ot — fj“) O,
0
then
aVudt! — 0.5h (A& ¥ f””)o =AYy ug+ Bud™ = p_ + O(h?) + O(hr>™®).  (42)

Neglecting in the above identity the terms of order O(h?) and O(h7?~*) and replacing u by ¥,
we obtain:

j+1 j+1 —
N Dyl — By}

A = [ =0 = _ = p_ + 0.5hf,.
Otj+1y %_+05h +/"L ) x ) [’[’ %_+05h7 /J[’— /"L —I— fO
In the same way, as © = ¢, we get:
a(N) it 41 _
Yan T 0+yn T - _ 1i
0t; 4. Y %++O.5h + s, z={, e = 06 [y = pit + 0.5hfn
Thus, the difference analogue of problem f reads as
A,y =My T y(@,0) = uo(2), (43)
where
(Ay = (ayz)x T € wh,
J+1 ©, T € wy,
- A_y— ya:O 6 ?JO? [[‘:07 B ~ _O
Ay = s +0.5h ® = q i, z =0,
Attt = _a(N)yE,N + Bryn - Mg s r=1{
\ T + O5h ’ ’
o= R — 4 0BRf fa= T E =t 05k,
»%_ 4 0.5h - %, +0.5h + ’
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2.3. Stability and uniform convergence of difference scheme. The following theorem
holds true.

Theorem 2. Difference scheme (43) is stable with respect to the initial data and right hand
side and the solution of problem satisfies the estimate

A 1, i Lo
Iy e < l1y°lle + I 5 (I (z, )] + [ (2, )]) + T2 =) > 71 e (44)
X * ]/:O

which implies the convergence of scheme in the uniform metric with the rate O(h? +7%7%).

Proof. We again employ the maximum principle for the solution of a general grid equation. We
reduce difference equation and boundary conditions to the canonical form:

b w6, 22200
(2 —a)7> h? ’ p2 T 2l (2 — ) e

1 1 -« —« —a —a —«
+ - ) [ (t}ﬂ - tgl' ) ?/zo + (_tgl‘ﬂ + thl‘ - tjl'q) yzl

T2 -«
oo (2 )y T
45
NS U SR N (RN RPN B L
I'2—a)r™  (0.5h+ 2 )h  05h+x_|7° (0.5h + 3¢ )b (2 —a)re??

]_ ]_ 11— 11—« 0 11—« 11—« 11—« 1

1

Fo (2T =) | AL

This implies

B_
D(P(z,tj41)) =0,  D(P(0,141)) = 0Bh T o
In the same way, as © = £, we get
By
D(P((,t; =—\
(P tin)) = G
To estimate the solution of problem (43]), we again represent the solution y as the sum
y=19+y,
where ¢ is the solution of the problem as i_ =i, = 0, and g solves the problem as uy(z) = 0,
¢(x,t) = 0. By Theorem 3 in [48], for ¢ we obtain the estimate:
; 1
*j+1 — —
157 e < max 2 (1A (@, )] + [ (@, O)]) (46)
Since D(P(z,t;+1)) = 0, to estimate y, we rewrite equation as
1 L a4+ i G, G, (2—217%)
2 —a)r h? ] k pz Yir1 T eV + T(2— O./)To‘yl + ©(Pjy1),

where

. 1 1 —a —a\ o e - AWy
O(P) =/ + ;m [ (t}+1 — t; ) y? + (—t}+1 + Qt; — t}fl) ?J} +...
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+ (=t 2 =) gl

7

Let us check the assumptions of Theorem 4 in [48]:

1
D'(P)= ———>0 P = P(z,t; A(P) >0 B((P >0
( ) F(Z—a)TO‘ ) (IL‘, J+1)7 ( ) ) (( )7@)
for all Q) € ]]1;-/, Qe Il', and
S B(P.Q) = 22270 LS g =2-2<1
Y T@-—a)yre T 7 D/(P) e N
QG]]I;-/ QeIlI”
By Theorem 4 in [48], for y the estimate holds:
J
17 le < 13l + T2 —a) Y- 70le” lle- (47)
§'=0
Estimates and imply final estimate . O

Remark 1. ] 'f instead of implicit scheme we consider a more general difference equation with
weights Aoy’ ™ + (1 —0)y?) in the right hand side (@), then a condition for the step T arises:

(2 —2'7)n?

< ; 0<o<l,
TS 9ar2— )1 -0) ’
which as v — 1, becomes the known condition
h2
0<o <l

S5
T 2¢1(1 — o)

Similar restrictions for the step T arise in other problems considered in the paper.
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