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CONFORMAL INVARIANTS OF
HYPERBOLIC PLANAR DOMAINS

F.G. AVKHADIEV, R.G. NASIBULLIN, I.LK. SHAFIGULLIN

Abstract. We consider planar hyperbolic domains and conformally invariant functionals
defined as sharp constants for Hardy type inequalities. We study relationships between
these functionals and optimal constants in hyperbolic isoperimetric inequalities. The stud-
ied Hardy type inequalities involve weight functions depending on a hyperbolic radius of a
domain and are conformally invariant. We prove that the positivity of Hardy constants is
connected with existence of some hyperbolic isoperimetric inequalities of a special kind. We
also prove a comparison theorem for Hardy constants with different numerical parameters
and we study the relationships between the linear hyperbolic isoperimetric inequality in a
domain and Euclidean maximum modulus of this domain. In the proofs, an essential role is
played by characteristics of domains with uniformly perfect boundary. In addition, we gen-
eralize certain results from the papers J.L. Fernandez, J.M. Rodriguez, “The exponent of
convergence of Riemann surfaces, bass Riemann surfaces”, Ann. Acad. Sci. Fenn. Series A.
I Mathematica. 15, 165-183 (1990); V. Alvarez, D. Pestana, J.M. Rodriguez, “Isoperimet-
ric inequalities in Riemann surfaces of infinite type”, Revista Matematica Iberoamericana,
15:2, 353-425 (1999).
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1. INTRODUCTION

Let 2 be a hyperbolic domain, that is, it contains at least three boundary points on the
extended complex plane C. By C}(Q) we denote the family of continuously differentiable
functions u :  — R compactly supported in Q. If co € €2, then the smoothness of u(z) at the
infinity z = oo is understood as the smoothness of u(%) at the point z = 0.

At each point z = x 4 iy € 2 we define a hyperbolic radius by the formula

1
R(z,Q) BT
where \q is the coeflicient of the Poincaré metric of the domain 2 with the Gaussian curvature
k = —4, see, for instance, [1], [2].
According Ch. Pommerenke [3], we say that a hyperbolic domain Q C C has a uniformly
perfect boundary if M () < oo, where M () is the supremum of the moduli of two-connected
domain lying in the domain €2 and separating its boundary. We recall that the modulus of a
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two-connected domain ' is defined as follows. We take an annulus A defined by the inequality
r(A) < |z| < R(A) and conformally equivalent to the domain §2’. The number
1 R(A)
M(QY) = —log
() o r(A)
is called the modulus of the two-connected domain €. We say that a two-connected domain
(Y separates the boundary of the domain Q if Q' C Q and each component of the set C\ €
possesses points in 0f).
Apart of the maximal modulus M (£2), we shall need the following scalar characteristics of a
hyperbolic domain €2:

= | et ([ war)

where the upper bound is taken over all domains G enveloped by piecewise-smooth curves
such that G C Q We also mention that a hyperbolic area [, R7*(z,Q)dzdy and a hyperbolic
length [, R™'(2,)|dz| are dimensionless quantities. It is obvious that the condition h(£2) < oo
means that a linear hyperbolic isoperimetric inequality holds in the domain Q C C.

The present work is devoted to studying new conformally invariant quantities (functionals)
defined as sharp constants in variational inequalities of special form for the functions u € C3(Q)
in planar hyperbolic domains.

The main conformally invariant functional ¢, ,(2) of a domain we consider is defined as the
maximal among possible constants in the following Hardy type variational inequality

(// L;ulpixéy) > G (// |u’qudy) for all € C}(Q), 1)

where 1 < p < g < o0, 2z =2 + 1y, Vu is the gradient of the function u. Thus, the considered
functional ¢, ,(12) is defined by the formula

. |VulPdzdy v / |ul?dxdy 4
0) = f P ——a —_ ) 2
¢pa($Y) uecgl(rsll),u;_ﬁo (/ q R?77(2,Q) q R?(2,Q) (2)

The conformal invariance for the functional defined by formula can be easily confirmed.
Indeed, let F': 2 — )¢ be a univalent conformal mapping of a domain 2 on some other domain
O C C. We denote

(=F(z)=¢(4+in€Qe,Ui=uoF
where z =2 + iy € Q and v € C}(Q). Then U :=uo F~' € Cj(Q) and the formulae hold:

Aa(2)|dz| = Aq(2)]dC], Ao (2)dady = X, (2)d€dn,
9 Bu(2) _
|F'(2)[*dzdy = dédn, VU =2 (%C =2 g(;) F'(z) = (Vu)F'(2).

Introducing ¢, ,(£2) by formula ([2) the domain 2 replaced by the domain €2 and the function
u replaced by the function U, we obtain:

Cp,qa(§2) = ¢p,4(S2¢)-

The basic results we use are well-known results by D. Sullivan [4], J.L. Fernandez [,
J.L. Ferndndez and J.M. Rodriguez [6] on the spectral theory of the Laplace-Beltrami operator
on Riemannian manifolds of a constant negative curvature. The cited papers were devoted to
studying a particular case of inequality corresponding to the case p = ¢ = 2, namely, the

inequality
2
Vul|?dzdy > ¢y (9 de Yu € C3 (9 3
[ rvupdzay > ex) [| s e ci) g
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-1
Q f Vul“dxd dd . 4
o uecggwfﬁ uf? y(// o y) (4)

It is obvious that c3(Q) = ¢3,(Q). It is known, [4], [5], that CQ(Q) = 1 for each simply-connected
or two-connected hyperbolic domain and also ¢3(Q2) € [0, 1] for each hyperbolic domain. There
exist domains, for which c3(2) = 0, that is, as p = ¢ = 2, there exist domains, for which
inequality is trivial. These statements are corollaries of well-known facts in the hyperbolic
geometry and the Elstrodt-Patterson-Sullivan formula [4]:

Q) ={las0<B<3; 468(1—p5) as 3 < <1},

where § = [(Q2) is the critical convergence exponent of the Poincaré-Dirichlet series for the
group of fundamental transformations of €.
In [B], Ferndandez proved that condition M () < oo implies the positivity of the quantity
c2(€2). The key result of paper [6] by Ferndndez and Rodgriquez are the estimates
1 3
SN 0 ) [P
TR}

F.G. Avkhadiev [7]-[9] studied the following generahzatlon of (3)):

|VU|p 1 O
) ——————dxdy > R2 dxdy, Yu € Cy(Q), (5)

where p € [1,00) is a fixed number and

!Vulp
p(Q) = uecl u;éo // dazdy R2 B Q ————dxdy. (6)

It was proved in [7]-[9] that the condition M (Q) < oo implies the positivity of the quantity ¢, (12)
for each p € [1,00) and the identity c,(§2) = 2P/p? was established for each simply-connected
or two-connected hyperbolic domain for each p € [1,00). Moreover, in [9], there were proved
the estimates for the constant ¢,({2) depending on the maximal Euclidean modulus My (€2) and
the exponent p € [1,00). We note that

Mo(2) < M(€2) < Mo(2) +1/2

where

for domains Q C C, see [2] for more details, and
Mo(2) < M(Q) < 2My(Q) + 1

for domains Q C C, co € Q, see [9], where M () is the maximal modulus introduced above.

In the present paper we obtain some new estimates for the constant ¢,(£2) and we generalize
them for ¢, ,(2) as 1 < p < ¢ < co. In particular, we show that for p € [1,2), the inequality
¢(2) > 0 holds if and only if the coefficient h(2) of the linear isoperimetric inequality for the
hyperbolic metric is positive. We also prove that if the quantity

= ([ ) (] )

is finite as % —1/2 < % < % < 1, this implies the positivity of the constant ¢, ,(€2). We note that
some results concerning ¢,(€2) and provided here with the full proofs, were announced before
in a short letter [10].

In the case oo ¢ €, several criterions for the complete perfectness of the boundary are known
in terms of the hyperbolic radius R(z,(2), its gradient VR(z,2) and the distance dist (z, 9S2)
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to the boundary of the domain Q, see [3], [9]. We shall estimate h(Q2) in terms of these
characteristics. For instance, we shall prove that

V3sup [VR(z,Q)| > 2¢/h(Q).
z€Q

We observe the following fact. The weighted functions considered in the present paper involve
the hyperbolic radius R(z,€2). There are many close works devoted to Hardy type inequalities,
in which the weight function involves the distance dist (z, 9€2) to the boundary of the domain, see
[TI]-[20]. It should be also stressed that the one-dimensional Hardy inequality are not related
with the geometry. They are regarded as some tool from the theory of functions employed in the
proofs of embedding theorems for functional spaces, cf. the monographs by S.L. Sobolev [21]
and V.G. Maz’ya [22]. In contrast to the one-dimensional case, the Hardy type inequality
on planar domains are a part of the geometric analysis since they are essentially related with
various geometric characteristics.

For the reader’s convenience, in the next section we provide known results, which will be
employed essentially in our proofs.

2. AUXILIARY STATEMENTS AND DEFINITIONS

In the proofs, the approach by V.M. Miklyukov and M.K. Vuorinen [23] plays an essential
role; this approach is related with an isoperimetric profile of a domain.

Let Q be a hyperbolic domain on the extended plane and let o, 3 :  — (0,00) be some
continuous functions. We consider fixed parameters p and ¢ satisfying the condition 1 < p <
g < 00. On the set of the domains G C €2 such that the boundary dG consists of piece-wise
smooth curves and G C , we define a weighted area

V(@) = / / a(=)idudy

AG) = [ 8(e)a(z) v az).

and a weighted length

An isoperimetric profile of a planar domain €2 is the best possible (maximal) function
0:10,V(Q)) = [0,00),  6(0) =0,

obeying the condition
0(V(G)) < AG)

for each admissible domain G, i.e., for each domain with a piece-wise smooth boundary such
that G C Q.

Let us provide the formulation of the main statement in paper [23] by V.M. Miklyukov and
M.K. Vuorinen [23] in a generality we need. It should be noted that in paper [23], more special
conditions for the functions a and (§ are assumed which are not employed in the proof but
simplify the description of various applications.

_ Theorem A. Let 1 < p < q < oo and let € be a hyperbolic domain on the extended plane
C. If for the domain ) there exists an isoperimetric profile satisfying the relation

p—1

L V(Q) Y P
B:= sup 71 / O(t) »-1dt < 00,
re(0,V(£2)) r
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then for each function u € CJ(Q), the followmg inequality

/ la(2)u(z)|?dzdy | < // 2)|Vu(z)|)Pdxdy

holds true, where z = x + 1y and X is a positive constant satisfying the estimates:

p—1

1 q P
B <A< By .
A q(m—n)

We shall also need the following three theorems by Fernandez and Rodriguez.

Theorem B. (J.L. Ferndndez, J.M. Rodriguez [6]) Let Q be a hyperbolic domain. The
inequality h(§2) < oo is true if and only if c2(2) > 0, moreover,
1 3
<)< ——
anayy =AY S @)

The next theorem is devoted to the domain with uniformly perfect boundary.

Theorem C. (J.L. Fernandez, J.M. Rodriguez [6]) Let Q C C be a hyperbolic domain such
that M () < co. Let A C Q be a domain consisting of finitely many or countably many points
such that

inf  dg(z,w) >0,
zeA,weA\{z}

where do(z,w) is the hyperbolic distance between the points z,w € Q. Then

As it was pointed out in paper [24], as the set A in this theorem, we can choose an arbitrary
set A C  consisting of finitely many points.

Theorem D. (J.L. Ferndndez, J.M. Rodriguez [6]) Let 2 be a planar domain, oo € Q such
that co(2) > 0 and I is a set of isolated points in OS2. Then the points I are uniformly separated.

In [24], Alvarez, Pestana and Rodriguez obtained statements generalizing corresponding re-
sults by Ferndndez and Rodriguez from [6]. We note that they extended the results from [6] to
the case of hyperbolic Riemannian surfaces and some of these results are new even for planar
domains. Let us provide one of these statements.

Theorem E. (V. Alvarez, D. Pestana, J.M. Rodriguez, [24]). Let Q2 be a hyperbolic domain,
I be a closed countable subset of Q and R = Q\ I. The inequality h(R) < oo holds if and only
if h(Q) < 0o and for some fixed number ro > 0, at each point t € I there ezist simply-connected
and mutually disjoint hyperbolic balls Bq(t,m0) of radius ro centered at t. The estimate holds:

Q 2
n(R) < 8 AR
tanh (%0) 70 log —a“ v

uh(3)

Before we formulate the next results by F.G. Avkhadiev from [9], we introduce some nota-
tions. The maximal Euclidean modulus is introduced by the identity

My(£2) := sup % log f((j)),

where the supremum is taken over all annuli A such that A separates the boundary €2,
A={z€C:r(A) <|z— 2| <RA)}CQ and 2z € S
We let My(2) = 0, if the set of all such annuli is an empty set.
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The following statement holds.

Theorem F. (F.G. Avkhadiev [9]) Let 1 < p < co. If Q C C is a domain with a uniformly
perfect boundary containing at least three components, then for each real-valued function u €
C}(Q2) the inequality holds:

/ |Vul|Pdzdy / |u|pdxdy
R2P(x + iy, Q) pp,up R2(z + iy, Q
0

where
(%) .
TMo(2) + 12 if oo ¢ Q,
uls2) = ' (%)
2rMo(Q) + 7+ —22 if oo € Q.
472

Here T is the Fuler gamma function.

3. MAIN RESULTS

First we prove the comparison theorem for the constants ¢, (£2) for different . Close results
on Hardy inequalities of another type were presented in our papers [8] and [17].

Theorem 1. Let 1 < p <r < oo and let Q C C be a hyperbolic domain. Then

0)l»
o (Q) = M. (7)
7»’["
Proof. As p = r, relation becomes an identity. This is why we consider only the case p < r.
Let u € C}(2),uZ0and 1 < p <r < oo. We define a new function ¢ : @ — R by the

identity o(2) = |u(2)|"/?, z = x + iy € Q. It is obvious that ¢ € Cy(2). We have
Vip(z) = (r/p)|ulz)]"?~ (sign u(2)) Vu().

Since £ —1> 0 and u € C3(9), the function ¢ is continuously differentiable at the points

z € Q, where u(z) # 0. If u(z)) = 0 at some point z, € 2, then it is clear that V(zp) = 0
and lim,_,., Vio(z) = 0 thanks to the relations £ —1 > 0 and since u € C3(€). Hence, we get:

— Juff € CH(Q).
Applymg inequality (5| . to the function ¢, we obtain:

ul""P|\VulP
// ‘RL - ’z Q| dxdy > // R(2 dasdy, u € Ca(9).

Let us estimate from above the integral in the left hand 81de of this inequality. Letting
[Vul?
f2 = R2$7p7

T T _ulP
pl_,r_pa pQ—Z—), f1—R272$,

and applying the Holder inequality

pi fraclps
/ 1 fadady < ( / ffldxdy> 1 ( / f§’2dxdy) .
Q Q Q

As a result, we arrive at the inequality

" (f MWMylfl/|vwmw ﬁﬁwm/ jufdady
w \ Lo B2 9) o2 0)) T o By

Since u € CL(Q) and u # 0, this inequality is equivalent to the following one:

|Vl dady p%mmﬂ/|wmw )
> . for all 0), .
(/Qm4@xn " o R gy orall we G, w0
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This implies inequality since in view of definition @, as r = p, the constant ¢,.(2) is the
maximal possible in the inequality

|Vul dwdy |u["dzdy 1
//R2’"ZQ L R0 for all we Cy(Q).

The proof is complete. O

The next two statements generalize Theorem B by Fernandez and Rodriguez. We obtain
estimates for conformally invariant quantities ¢,(2) and ¢, ,(£2) under some restrictions for the
parameters p and ¢. We recall that the quantities ¢,(£2) and ¢, ,(€2) are comparable with the
constant c»(€2) under the condition p = ¢ = 2. In particular, as p = 2, the next theorem
coincides with Theorem B by Fernandez and Rodriguez.

Theorem 2. Let Q) C C be a hyperbolic domain with the coefficient in the linear isoperimetric
iequality defined by the identity:

(©) = sup / /G Rz(z,Q)dajdy( § Rl(z,Q)|dz|)_1,

where the supremum is taken over all domains G compactly embedded in the domain €2 and
enveloped by piece-wise smooth curves.

The following statements hold true.

1) If h(2) < oo, then the constant c,(2) is a positive number for each p € [1,00) and the
estimate holds: ¢,(2) > W.

2) For each p € [1,2], the constant c,(S2) is positive if and only h(2) < co. The estimates
holds:

1 12%
i) SP) < s Q)

Proof. We begin with proving the first statement of the theorem. Assume that p € (1, 00) and
h(€2) < oo. By the definition of the conformally invariant constant h(f2), for each domain G
compactly embedded into 2 and enveloped by piece-wise smooth curves we have

// Rdxdy H oG % ®)

Then we apply Theorem A by V.M. Miklyukov and M.K. Vuorinen letting ¢ = p € (1, 00),
a(z) =R #(2,9), B(z) = R+ (z,Q).

It follows from the definition of the isoperimetric profile of the domain €2 that the profile satisfies
the inequality

for each t € (0, I,), where I, = sup, V(G). This is why
p—1

I » N\ L e T
p= s o ([T ) " <n s o ([Ca) T =neo- 0

re(0,1,) r€(0,00)

The above identity has been obtained by means of straightforward calculations.
By Theorem A with ¢ = p € (1,00), we have the inequality:

[Vul? _p |uf? 1
R2 p z Q —dx dy 2 A o mdwdy, for all w c OO (Q), (9)
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where the constant A satisfies the inequality

p—1

A< Bpr (%) < ph(9). (10)

Now we observe that the constant ¢,(§2) is defined as the maximal constant in inequality @
Therefore,

() = AP
This estimate and lead us to the inequalities
1
() =2 ——= > 0.
= Gy

This proves the first statement of the theorem for each p € (1, 00).

It remains to consider the case p = 1. We choose a function u € C}(€2). For each p € (1, 00),
this function satisfies inequality @[) with a constant A obeying estimate . Since the integrals
in inequalities (9) depend continuously on the parameter p € (1,00) for a fixed function u €
C3(€), we can pass to the limit as p — 1. It is clear that by passing to the limit as p — 1 in
@ and , we arrive at the estimate

1
in view of the definition of ¢;(€2) as a maximal constant in the corresponding inequality.
Let us prove the second statement. Assume that p € [1,2]. If h(Q2) < oo, the positivity of
¢,(2) and the lower bound for this quantity follow the first statement of the theorem.
Assume that ¢,(€2) > 0 for a fixed p € [1,2]. As p = 2, the inequality h(€2) < oo and the
upper bound

were proved by Ferndndez and Rodriguez, see Theorem B. Suppose that p € [1,2) and ¢,(2) >
0. Applying estimate @ of Theorem (1| as r = 2, we have:

2

P* [cp ()]
4

Applying this estimate and Theorem B, we get that h(2) < oo and

Pl < (402(29))15 s (héf)p)

The proof is complete. O

CQ(Q) 2 > 0.

We provide several corollaries of Theorem [2| and the aforementioned theorems by Fernandez,
Rodriguez and Avkhadiev.

Corollary 1. Let Q C C be a domain with a uniformly perfect boundary. Then the following

estimate holds true:
VA < 2v/3u(9),

where
()
TMy(92) + 2 as oo & Q)
2nMo(Q) + ™+ —25 as o0 € Q,

where I' is the Euler gamma function.
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Proof. By Avkhadiev theorem F, for a hyperbolic domain with a uniformly perfect boundary
we obtain

1
c, () = )
(%) pPi(€2)
As p € [1,2), by Theorem [2] we have

(SIS

12 1
<p2h<ﬂ>> > 6l > Gray

Vi) < VI2p(),

and this completes the proof. O]

Therefore,

In the next statement, the symbol dg(z,w) denotes the hyperbolic distance between the
points z,w € €.

Corollary 2. Let Q C C be a hyperbolic domain such that M () < oo, that is, the boundary
of the domain ) is a uniformly perfect set. Let A C 2 be a set consisting of finitely many or
countably many points and R = Q\ A. If A is a countable set, we assume that

inf  do(z,w) > 0.
zeA,weA\{z}

Then c,(R) >0 as 1 < p < 0.
Proof. 1t follows from Fernandez-Rodriguez theorem [6] that co(R) > 0. Hence, by Theorem B,
the isoperimetric constant satisfies h(R) < oo. Applying now Theorem , we get

1
R) > 0,
W) Ry~

for each 1 < p < oo and this completes the proof. O

Corollary 3. Let p € [1,2) and Q C C be a hyperbolic domain oo € Q. By I we denote the
set of isolated points in the boundary 0. Assume that c,(§2) > 0. Then the points of in the
set I are uniformly separated in the hyperbolic metric of the domain G = QU I.

Proof. By the assumption, ¢,(2) > 0 as p € [1,2). Applying inequality , we obtain that
c2(2) > 0. Now the statement follows Theorem D by Fernandez and Rodriguez. ]

The next statement is a corollary of Theorem [2|and the above formulated theorem by Alvarez,
Pestana and Rodriguez in [24].

Corollary 4. Let p € [1,2) and Q C C be a hyperbolic domain, oo € Q, I be a closed
countable subset of Q and R = Q\ I. Then the following statements hold:

L. If c,(R) > 0, then h(2) < 00, ¢,(2) > 0, and for some number ro > 0, at each pointt € I
there exist simply-connected and mutually disjoint hyperbolic circles Bo(t,ro) of radius ro
centered at t;

2. If ¢,(2) > 0 and for some fized number ro > 0 at each point t € I there exist simply-
connected and mutually disjoint hyperbolic circles Bq(t,ro) of radius ro centered at t, then
h(R) < oo and c,(R) > 0. Moreover, the estimate holds:

{/cp(§2) 2pm

tanh? (%0) * ro log tanhro

tanh( %0 )

—-p

cp(R) >
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Proof. Let ¢,(R) > 0. Applying Theorem [2| with p € [1,2), we get h(R) < oo. Then we

employ Theorem E by Alvarez-Pestana-Rodriguez to obtain that h(£2) < co and at each point

t € I there exist simply-connected and mutually disjoint hyperbolic circles Bq(t, 7o) of radius

ro centered at ¢. It remains to apply Theorem [2| once again to obtain inequality ¢,(€2) > 0.
Let ¢,(£2) > 0. Then by Theorem [2| we have the inequality h(€2) < oo and the estimate

Ph() = [e,(Q)]7. (11)

Since at each point ¢t € [ there exist simply-connected and mutually disjoint hyperbolic circles
Bq(t,rg) of radius ry centered at t, by Theorem E we obtain that h(R) < oo and moreover,
the relations hold:

h(2) 21

h(R) < T + anhrg (12)
tanh? (IO) ro log —t;nh}(l%g )
1
R)>——>0. 13
CP( ) h(R)ppp ( )
Combining inequalities ((11)), (12]) and (13), we obtain the needed statement. H

Remark. According Theorem [3, if p € [1,2] and ¢,(Q) > 0, then the coefficient h(Q) is
finite. The following question remains open: whether the positivity of the constant c,(Q) for
somep € (2,00) ensures the finiteness of the coefficient h(2) ¢ This problem can be reformulated
as follows: whether there exists a hyperbolic domain Q C C such that c3(Q2) = 0 but the constant
cp(2) is positive for some p € (2,00).

The next theorem generalize the first statement of Theorem 2]

Theorem 3. Assume that Q0 C C is a hyperbolic domain, numbers p € [1,00) and q € [1,00)
are fixed and satisfy the inequalities % — % < % < %, while the quantity h, () is defined by the

identity:
11
5—1—74-1 ) -1
hyq(2) = sup (z,Q)dzdy ) R (z,Q)|dz| )
G

where the supremum is taken over all domains G compactly embedded into the domain ) and
enveloped by piece-wise smooth curves.
If hy (2) < 00, then the constant c, 4(S2) is positive and the estimates hold:
1_1_4 ( 1) p—1 1
qr 1 pP\q — P
Cpa()) = < ) as  p>1, 14Q)>———— as p=1
pq hpa(€2) \a(p—1) ! q%hl (Q)
7q
Proof. We apply the same method as in the proof of the first statement in the previous theorem.
We define continuous functions a : © — (0,00) and 5 : © — (0,00) by the identities a(z) =
2 2
R (2,Q) and 8(z) = R 7" (2,Q), where z = 2 + iy € Q.
_ Let G be a domain enveloped by a piece-wise smooth curve and satisfying the condition
G C Q. Employing Miklyukov-Vuorinen definitions for the chosen functions o and 3, we
obtain the following formulae for the weighted area of the domain

dxdy
‘1 =
&= [[oerian= [] s

and the weighted length of the boundary

— Na(2)P~DP| 15| = |dz|
l@() (2) V07| g /aGR(Z,Q).
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By the assumptions of the theorem, for each admissible domain we have the inequality
VA(G) < hyo(QA(G),

where h,, ,(£2) < 0o and f := % - }D + 1 € [1/2,1]. On the other hand, the isoperimetric profile

0:00,V(2)) — [0,00), 6(0) =0,
of the domain €2 is the maximal function obeying the inequality
o(V(G)) < A(G)
on the set of all admissible domains G. Therefore,
0(t) = t7 /1y ().
Suppose that
p € (1,00), I, = supV(G),

and apply Miklyukov-Vuorinen theorem. Since
Bp

for each positive number r we have

p—1 r

(o) -60-)" )

The Miklyukov-Vuorinen characteristics B admits the estimate

p—1

1 Ip » P

B < sup 7“‘1( G(t)_z’—ldt>
r€(0,1p) r

p=1 p—=1

00 » p 1 P
Sl s ([ Fat) T =) (H2) 7
r€(0,00) r D

Therefore, by Theorem A, the following inequality holds:

» 1 p 7
(=) ([ o) s i
(z

The constant in the latter inequality obeys the relation

p—1 p—1
1 q o 11y (glp—1)\ 7

As B <q - 1) < Mg @) (p(q - 1)) ' 15)

Since the constant ¢, ,(€2) is introduced as the maximal in inequality (14), then c,4(€2) > A~%
Due to estimate , we obtain the desired inequality for ¢, ,(2) in the case p > 1.

The case p = 1 can be proved by passing to the limit as in hte proof of the first statement in

the previous theorem since in inequalities and we can pass to the limit as p — 1 for

a fixed function u € C}(Q). The proof is complete. O

We provide one more corollary of Theorem [3[ on the case p = 1.

Corollary 5. Assume that Q C C is a hyperbolic domain. If 1 < ¢ < 2 and hy () < oo,
then

h (Q)cﬁ// Vil gy > // N )" for all ue CHQ)
o R0 7 o B2, 9) .
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Apart of the coefficient A(€2) and the Euclidean maximal modulus M,(f2), in what follows
we shall need some other scalar characteristics of hyperbolic domains, namely, a(2), v(€2) and
C(92); we shall give their definitions below.

These characteristics are mutually related. It is known (see, for instance, [2], [3], [7]-[9]) that
a hyperbolic domain €2 C C possesses a uniformly perfect boundary if and only if

My(Q) <00 <= a(Q) > 0 <= 7(Q) < o0 <= C(2) >0,

where
. dist (z,00)
0) :=inf ————~ ) = Q
_ < 0
c(Q) = inf{cap({\z 2ol . AAICALY 120 € 00,0<r< oo}.

The symbol cap FE stands for the logarithmic capacity of a domain E, see, for instance, [3].

Theorem 4. Let Q2 C C be a domain with a uniformly perfect boundary. Then

1 () V37(Q) V3
VR(Q) < \/§<log o) T o ) V(D) < — VR(Q) < 2@

Here I' is the Euler gamma function.

Proof. In our notations, for C(2), the inequality holds:

1 1 4log 2
Mo(9) < — log —— < 2M¢() ,
o) < g los gy < 2@+
see [3], [7] for more details. Employing this relation and Corollary [1} we get:
1

1 1 (%)
Q) <2 —log —— a7 .
vV h() \/5(2 og @) t )
If Q C Cis a domain with a uniformly perfect boundary, then
7(2) :=sup |[VR(z, Q)| < o0
2€Q

and for each real-valued function f € C}(2) the inequality holds [9, Cor. 4.1]:

/ / Vf !”dwdy / / |f \”d:vdy
R2=P(x + iy, p”v” R2(x + 1y, Q

Employing Theorem [2]and the definition of the constant ¢,(€2) as maximal in the corresponding

inequality, we obtain:
2
12 2 4p
— ] =c,(Q) > .
() > %@ 5wy

Thus,
Q
\/gz( ) S /R,
Combining this inequality with Osgood inequality [2 Ch. 3], [9],
2
Q) < ——,
V(9) )

we obtain the latter of the needed inequalities:

V3
2 > Vh(Q).

This completes the proof. O
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4. EXAMPLES

It is assumed in Theorem [3| that the parameters p € [1,00) ans ¢ € [1,00) are fixed and
satisfy the inequalities:

11 1 1
——-< - < -
p 2 q p
Hence, we obtain:
1 1 1
sl e L],
q p 2

Such choice of the restrictions for the parameters p and ¢ is due to the fact that for a given
domain, the inequality h,,(£2) < oo can hold not for all values of the parameters obeying the
condition 1 < p < ¢ < 0.

Let us show that h,,(€2) = oo for each simply-connected hyperbolic domain € under the
condition 3 ¢ [%, 1]. By the conformal invariance h,,(2), it is sufficient to consider the case,
when 2 is some circle.

Example 1 Let Q =D = {z € C: |z| < 1}. We consider the circles

D, ={z€C:|z| <r}
of a radius r € (0,1). Since
R<Z>D> =1- ’2‘27
the hyperbolic area V' (ID,.) of the circle D, and the hyperbolic length A(ID,.) of the circumference
|z| = r are found explicitly. We have:

V(D,) = 4mr?(1 — )71

and
A(D,) = 4nr(1 —r*)~h
Therefore,
V(D)
T 4 B—1,28—1 1— 2 17,3.
b = =)
If 3 ¢ [, 1], then the considered quotient
V(D)
1
AD,) 0<r<1)

is unbounded from above either in the vicinity of the point » = 0 or in the vicinity of the point
r = 1. Thus,
VA(D,)

sup = 00

re(0,1) A(]Dr)

under the assumption § ¢ [3, 1].

If Q@ C C is a domain with a uniformly perfect boundary, then ¢,(€2) > 0 for each p € [1, 00).
As it was mentioned above, for p = 2 this fact was proved first by Ferndndez [5], while the
general case is due to Avkhadiev [7]-[9]. If the boundary of the domain is not uniformly perfect,
the issue on positivity of the constant ¢,(€2) becomes complicated. Namely, there exist domains
Q and €, whose boundaries are not uniformly perfect, possessing the properties: ¢,(€2) > 0
and ¢,(§2;) = 0. Appropriate examples of the domains 2 and §2; were given in [6]. For the
completeness, we describe shortly these examples.

Example 2. Let
1 o0
Q():ID\ {1—27} 5

n=1
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where D = {z € C : |z] < 1} [6]. It is known that in the unit circle the hyperbolic distance
dn(2m, zn) between points z,,, z, € D is determined by the formula

dp(zm, z2n) = =1 t=|—|.
p(Zm, 2n) = 5108 75 1— Zn2m
This is why the distance dp(z,, z,) between the points z,, = 1— 5 and z, = 1 —5; asn > m+1

is given by the formula

1 —2z,2m + 20 — Zm

1
d msy ~“n ==1
p(2m; 2n) 20g1—znzm Zn + Zm
1, 1-(1-)1—5)— 545 1. 201
=1 — = s log ————.
2 1—(1——)(1——)+2—n—2—m 2 2m+l — ]
Therefore, we have
1
inf dp(2m, 2n) = =log2 > 0.
nE]N,TrlLlellN,n;ém ]D(Z Z> 2 08

Thanks to Corollary 2 we can state that for each p € [1,00), the constant ¢,(£)) is a positive
number.

This example is interesting, while comparing it with the next example also considered in
paper [6].

Example 3. Let

-0V {5}
where D= {2z € C: |z| < 1}.

The hyperbolic distance dp(zy,, z,) between the points z,, =
is calculated explicitly by the formula:

1

Q—mandzn:Lasm n+1

277.

do(onsn) — Log LT B mn Ly 220 -2 1 <
Zm, 2n) = = 1O =—lo , n<m.
D 2 B L — 2t 2 B ymrn _omfon4q

As in the previous case, we have

1
inf d > —log?2 .
nE]N,TrILIEIIN,nim ]D(Zm7zn) - 2 0g <> 0
There is also a difference in comparison with the previous case; this is related with the point
0 € A. Since the distance between the points 0 and z, is given by the formula

1 14 2,

-1
2 Ogl—zn

d]D (07 Zn) -

we shall obviously have dp (0, z,) — 0 as n — oo, i.e., the point 0 € D is an accumulation point
of the sequence. Therefore,

o

1
inf d =0, A={0}Uq—
zEA,'LluIéA\{z} a(z,w) ’ {0} {2”}n1

In contrast to the previous case, we can not apply Corollary [2to obtain inequality ¢,(£21) > 0.
On the contrary, as it was shown in paper [6], the identity c2(€2;) = 0 holds. Employing

Theorem [I], we obtain that ¢,(€) = 0 for all p € [1,2).
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