ISSN 2304-0122  Ufa Mathematical Journal. Vol. 11. No 1 (2019). P. 7589

do0i:10.13108/2019-11-1-75 UDC 517.95

INVERSE PROBLEMS FOR A DEGENERATE MIXED
PARABOLIC-HYPERBOLIC EQUATION ON FINDING
TIME-DEPENDING FACTORS IN RIGHT HAND SIDES

S.N. SIDOROV

Abstract. We consider direct and inverse problems on determining time-dependent fac-
tors in the right hand sides for a mixed parabolic-hyperbolic equation with a degenerate
hyperbolic part in a rectangular area. As a preliminary, we study a direct initial boundary
problem for this equation. By the method of spectral analysis we establish the uniqueness
criterion for the solution and the solution is constructed as a sum over the system of the
eigenfunctions of the corresponding one-dimensional Sturm-Liouville spectral problem. In
justifying the convergence of the series, the problem of small denominators arises. Because
of this, we prove the estimates for the distance from the zero to the small denominators
with a corresponding asymptotics. These estimates allow us to justify the convergence of
the constructed series in the class of regular solutions of this equation. On the base of the
solution to the direct problem, we formulate and study three inverse problems on finding
time-dependent factors in the right hand side only by the parabolic or hyperbolic part of
the equation, and also as the factors in the both sides of the equation are unknown. Using
the formula of solution to the direct initial boundary problem, the solution of inverse prob-
lems is equivalently reduced to the solvability of loaded integral equations. By means of the
theory of integral equations, the corresponding theorems of uniqueness and the existence
of solutions of the stated inverse problems are proved. At that, the solutions of inverse
problems are constructed explicitly, as sums of orthogonal series.

Keywords: equation of mixed parabolic-hyperbolic type, initial boundary value problem,
inverse problems, uniqueness, existence, series, small denominators, integral equations.

Mathematics Subjects Classifications: 35M10 + 35R30

1. FORMULATION OF PROBLEM

We consider a mixed type equation
Lu = F(z,t) (1.1)
in a rectangular domain
D={(z,t)|0<z <, —a<t<pf}

where m > 0,1 > 0, a« > 0, § > 0 are given real numbers and b is a prescribed real number,

and
u = U + bu, ) A@)a(t), t>0,
Lu= {(—t)mum — uy — b(—t)"u, Flat) = {fg(x)gg(t), t <0,

We pose the following problems.
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Problem 1. Find a function u(x,t) satisfying the conditions

u(z,t) € C(D)NCHD)NCH(D)NCHD4)NC*(D_); (1.2)
Lu(z,t) = F(x,t), (x,t) € Dy UD_; (1.3)
u(0,t) = u(l,t) =0, —a<t<p; (1.4)
u(z, —a) =0, 0<x <, (1.5)
where F(x,t) is a given sufficiently smooth function, D, = DN {t >0}, D_ = DN {t < 0}.

Problem 2. Find functions u(z,t) and g,(t) satisfying conditions (1.2)-(1.5) and

9(t) € €10, 5T;
U(l’o,t):hl(t), O<£L‘0<l, Oétéﬁ,

where fi(x), i = 1,2, go(t), hi(t) are given functions, xq is a given point in the interval (0,1),
Dy =Dn{t>0}, D_=Dn{t<0}.
Problem 3. Find functions u(z,t) and g»(t) satisfying conditions (1.2)-(1.5) and

g2(t) € Cl—a, 0],
u(zwo, t) = ho(t), 0<my<l, —a <t <0,

where fi(x), 1 =1,2, ¢1(t), ha(t) are known functions.

Problem 4. Find functions u(x,t), gi1(t), g2(t), satisfying conditions —, where
fi(z), hi(t), i = 1,2, are given functions.

We note that in Problems 2-4 conditions and are additional for determining the
functions ¢ (¢) and go(t).

One of the first studies of interface problem with a parabolic equation on one part of a domain
and a hyperbolic equation on the other part is work by I.M. Gel’fand [1]. He considered an
example a gas motion in a channel surrounded by a porous medium and at that, the gas motion
in a channel was described by a wave equation, while outside the channel the diffusion equation
was posed. Ya.S. Uflyand [2,3] considered a problem on propagation of electric oscillations in
compound lines, when the losses on a semi-infinite line were neglected and the rest of the line
was treated as a cable with no leaks. He reduced this problem a mixed parabolic-hyperbolic
type equation. This problem for a more general equation was considered in monograph by
T.D. Dzhuraev [4].

O.A. Ladyzhenskaya and L. Stupjalis [5,6] considered initial boundary value problems in a
multi-dimensional space with interface for parabolic-hyperbolic equations arising in studying
problem on motion of a conducting liquid in an electromagnetic field.

In works by N.Yu. Kapustin [7], the methods of functional analysis were employed for prov-
ing the unique solvability of an analogue of Tricomi problem in the space Lo for equation ({1.1])
as b =0,0<m < 1and F(z,t) = 0 in a mixed domain, whose parabolic part coincided
with D, while the hyperbolic part was a characteristic triangle with a base on the degen-
eration line. In a similar domain, E.I. Moiseev and N.Yu. Kapustin [8] studied problems for
parablic-hyperbolic equations and corresponding one-dimensional spectral problems by using
the methods of spectral analysis.

Earlier problems 1-4 we first posed and studied in works by K.B. Sabitov [9], [10] for equation
with m = 0. Initial boundary value problem — for homogeneous equation (|1.1))
with Fi(z,t) = 0, ¢ = 1,2, was studied in work [11-14], while the case Fj(z,t) # 0 was
considered in work [15]. In works [16-18] there were studied inverse problems on finding the
functions u(x,t) and f;(z) as g;(t) = 1.

Inverse problem arise in many fields of natural sciences: electrodynamics, acoustics, quantum
scattering theory, geophysics (in inverse problems of electrical exploration, seismicity, potential
theory), astronomy and other fields. This relates to the fact that the values of the parameters
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can be obtained from the observed data, while the properties of the medium are often unknown
in practice.

Various inverse problems for particular types of partial differential equations, that is, for
parabolic, hyperbolic and elliptic equations were studied quite well, see works [19-25] and
the references therein. For instance, in [22, 25], there were studied inverse problems for heat
equation in finding the time dependent right hand side; this was done by means of integral
equations method.

In works by A.L. Prilepko and his pupils [26-28] there were considered inverse problems
on determining the right hand side for particular types of partial differential equations. In
works by V.V. Solov’ev [29,30], inverse problems on determining the right hand side F(z,t) =
h(z,t)f(t) + g(z,t) were considered for a parabolic equation, where the unknown was the
function f(¢). Work [31] by A.B. Kostin was devoted for studying the inverse problem for a
parabolic equation on recovering a source, a right hand side F(z,t) = h(x,t)f(x), where the
unknown was the function f(z). A.I Kozhanov and R.R. Safiullova [32,33] studied inverse
problem on determining both a solution to a parabolic equation and an unknown external
source (right hand side).

In the present paper we first pose and study inverse Problems 2—4 on finding the factors in
the right hand side of a mixed parabolic-hyperbolic equation with a degenerating hyperbolic
part. The study is based on a solution to a direct initial boundary value Problem 1. As it
was mentioned above, in works [11-15], a solution of this problem was constructed as a sum
of orthogonal series and in justifying its convergence, the small denominators problem arisen.
Because of this, we establish estimates on separation of the denominators from zero with an
appropriate asymptotics and this allows us to justify the convergence of the series in the class
of regular solutions of equation . On the base of the formula for solution to this problem,
the resolving of inverse problems 2—4 is equivalently reduced to solvability of loaded integral
equations. Employing the theory of integral equations, we prove appropriate theorems on
existence and uniqueness of solutions to the posed problem and provide explicit formulae for
the solutions.

2. DIRECT INITIAL BOUNDARY VALUE PROBLEM
According [15], a solution of direct problem (1.2))—(1.5)) is given by the series

2 — ) mk
u(zx,t) = \/;ZTk(t) SN fu, pk = (2.1)
k=1

where
Zkia))e_’\%t + fix jgl(s)e_ki(t_s) ds, t>0,
Ak<a)Ak(—t) — wk(—t), t < 0,
A(—t) = v () L (pr(=0)") + g (WYL ((—1)"),

3¢
2\ 2 1 1 2\ "2
— ) _ 1 EY=——TI(—— —_ ,
) (pk) 7 21‘1( ) 2q ( Qq) (pk)
!
2 ] .
fik = \/;/fl(x) sin uprdr, i=1,2,
0

wr(=t) = f1k91<0)72iq(k)\/__t‘]i (Pr(—=1)7) = foWir(—1),
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0
% —8)d 2.
() = 5 _/g W (s, —t) ds, (2.3)
t

W(s, =t) = J L (pe(=)") J_ L (r(=5)") = J_ L (1)) T 1 (r(=5)*),
and J%(z) and J_%(z) are the Bessel function of first kind, I'(+) is the Gamma function,
Ak m+ 2 ~ ot
N = b+ g == =22 =Ml -
k= 0+ H, Pe =" q 5 k= Akl gl (1)

under the assumption that
Ax(a) = Xy (Va3 (wag) + 71 (VAT () #0. (2.4)

for all k£ € IN.

In what follows we suppose that b = p* > 0, p > 0, since if b < 0, then starting with some
index ko, for all k > ko, we have b + 2 > 0, that is, the sign of b makes no influence on the
obtained results.

It was shown in works [14, 15] that Ag(«) has countably many zeroes. This set coincides with
the zero set of a linear combination of the Bessel functions J1 (/\kaql) and J_1 (Akaql) Since
Aj(a) is involved into the denominators of the coefficients of series ), the sm;ll denominator
problem arises [34, 14, 15]. This is why to justify the convergence of series , we need to
show the existence of numbers a, [, m and b, under which the expression Ak(a) is separated
from the zero.

Lemma 2.1. If oy = p/t is an arbitrary fractional number, where p and t are coprime
natural numbers and § # 3ng1 as r = 1,t — 1, then there exist positive constants kg € IN and

Co such that for all k > ko and fixed p = 0 the estimate
1 1
—1-) > _ 4+ 1 _
|k Ap(a)| =2 Cy >0, = 5 2 (2.5)

holds true.

The proof was given in work [15].
On the base of this lemma, we establish the following statement.

Theorem 2.1. Let the assumptions of Lemma 2.1 hold, ¢,(t) € C[0, 3], ¢2(t) € C[—«,0],

filz) € C°0,1], £i(0) = fi(l) = f7(0) = f'()) =0, i = 1,2. If Ag(a) # 0 as k = 1, ko,
then there exists the unique solution of problem f determined by series with
coefficients given by formula .

The proof is similar to work [15].

3. INVERSE PROBLEM 2

On the base of the formula for solution of direct problem studied in Section 2, we consider
Inverse Problem 2. Supposing that function ({2.1]) satisfies condition ((1.7)), we get

t
2 o
\fi,; Zk(a) e+ fux / gi(s)e ) ds | sinjure = ha(t), 0<t< B,
- 0

k()

s flwl \/_J (pko‘q) a2t kaWk —\2t
@ e M sin g — Z 6 sIn (o
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t
2 — ) '
+ \/;kz; Jik /91(8)6’\k(t5) ds sin pxg = hi(t).
- 0

In the latter term we interchange the integration and summation that is possible by the uniform
convergence of series (2.1)) on D [15]. Then for the function g;(¢) we obtain a loaded first kind
Volterra equation:

t

/gl(s)Kl(s,t) ds = hi(t), 0<t<p, (3.1)

0
with the kernel

2 oo

Biot) =4 22 e s, (3.2)
and the right hand side
Here

Hi(t) = gi f”“e_m L (R)Vad ; (pra)sin g (3.4)
1 / ~ Ak(oz) Pk HeZo, .

\/>Zf2ke o () sin pgxo. (3.5)

Lemma 3.1. If the functions f;(x), i = 1,2, obey the assumptions of Theorem 2.1, then
series and and their derivatives in t converge uniformly on a closed set
0<s< t < ﬁ

Proof. As 0 < s <t < 3, series (3.2)) and its derivative in ¢ are majorized respectively by the
series

M, Z ‘f1k| and M, ZkQ‘flk‘-
k=1 k=1

Hereinafter M; are positive constants.
Thanks to Lemma 2.1, Lemma 2.5 in [15] and asymptotic estimate [35]

J(z) = \/gcos (z — gy — Z> +0(:z7%), 2= oo, (3.6)

we can estimate the expressions in the sum in (3.4) and (3.5)) for large k:

‘flke_/\itH”YQ—{;(k)’\/a’Ji(pk@q)\ _ M| fug k=1
Ay ()] R IESYSA

‘f%e_/\itHWk(a” < M| for| k=12
|Ag(a)] T kA

< M4k_2|f1k‘|7

< Mgk ™2 fox-

For the expressions in the sum in the derivatives Hi(t) and Hj(t), we obtain the following
estimates:

22
| feAie ™% ly 2 (R) Ve | ] (pra?)| < Milfu [ fiAre 4| Wi(a)|
|Ay(a)] ’ | A(a)

< M| fax |-
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This implies that on the closed set 0 < s < ¢ < f3, series (3.2)), (3.4) and (3.5) and their first

derivatives are majorized respectively by the series

o o0
My |ful, Mg Y K| fosl- (3.7)

k=1 k=1
Then under the made assumptions series (3.7)) converge. This is why series (3.2)), (3.4)), (3.5)) and
the series obtained by termwise differentiation in ¢ converge uniformly an 0 < s <t < 5. 0O

Differentiating equation (3.1) in ¢, we have
t

0Ky (s,t ~,
Kot 010+ [ on() 20 s <) 39
0
Letting s =t in , we get
+oo
t) = Z fig sin pxg = fi(xo). (3.9)
k=1

The right hand in identity (3.9) is the expansion of the function fi(z) into the series
1' we get the in-

{\/gsin ukx}k at the point z = xzo. If fi(xg) # 0, then by equation

=

tegral equation
t ~

8K1(8, t)

g1(t) — )\/gl(s)T ds = Fr(20) (3.10)
where ’ .
A= _fl (550)'

Equation (3.10) is an integral second kind Volterra equation with a continuous kernel and a
continuous right hand side. As it is known, see, for instance, [37], such equation possesses the
unique solution in the class C[0, 8] for each ¢;(0). Let us find this constant involved in the
right hand side of equation (3.10)). In order to do this, we let ¢ = 0 in equation (3.10) and we
obtain

f1(20)g1(0) = 1(0) — g1(0) H71(0) + Hy(0).
This implies
hi1(0) + H5(0)
fi(wo) + H1(0)

91(0) = (3.11)

under the condition

oo fipAdy )\/_J (PkOéq) .
fi(xo) + H1(0 folk sin pupo — f Ar(a) Sin Lo

iy (K )\/&]i( ra?)
\/>Z 1k[ Ll Ak(a;q ’ ]Sinﬂkﬂio (3.12)

S fur 2 (Va1 (pra?)
r Aw(e)
For instance, let ¢ = 1 and p = 0. Then condition (3.12)) becomes

\/72 J1ik cos Ay . 40
sin pu,x
Ak Sin A\ + cos A\ Histo ’

sin pgxg # 0.
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and this holds as oy = «/l = p € IN.

Equation (3.8)) with ¢;(0) defined by formula is a classical second kind Volterra equa-
tion, whose solution is constructed easily by the successive approximations method.

Thus, we have proved the following theorem.

Theorem 3.1. Suppose that the assumptions of Lemma 2.1 hold true, the functions f;(x),
i = 1,2, and g5(t) satisfy the assumptions of Theorem 2.1, hi(t) € C*0,8], fi(xo) # 0. If
condition is satisfied, then integral equation (3.8) has a unique solution g1(t) € C|0, ]
and Problem 2 also has a unique solution. If condition fails, integral equation (@ and
Problem 2 has solution unique to a term, whose factor is an unknown number g,(0).

Now we are going to show that condition fi(xy) # 0 is essential for the unique solvability of
Problem 2. Indeed, there exists a function fi(x) = sin p,,® = sinmmz, where m is some fixed
natural number and Tz = x/l such that f;(z¢) = sinmmzy = 0. For such function, arbitrary
g1(t) € C[0, 5] and hy(t) = 0, there exists a nonzero solution to Problem 2

Ui (2, 1) = T (T) Sin p 2, (3.13)
where
( t
wlm(a)e)\mt_‘_/g (8)6 A2, (t—s) ds, t>0,
A (a)
Tlm(t) = 0
wlm(Oé)
A (=) — wim(—1), t <0,
\Am(Oé) ( ) w1 ( ) <

wWin(=t) = g1(0)7L (M)V =T 1 (P (—1)7) = for Win(—1).

2q

Indeed, function (3.13)) satisfies conditions (|1.2)—(1.7) with h;(f) = 0. The belonging to the
class (1.2)) is because thanks to the asymptotic formula [35]

1 Z\"
JV(Z) ~ m (5) as z — 0,

and Lemma 2.1 we have

tggr}ro Uy (2, 1) :(Zl:((z)) sin fl,x = tg(r)r_lo Ui (2, 1)
= lim “im(@) —t) — wim(—1) | sin p,,x
_tLO—D {Am(a) Am( t) lm( t)} Mm
_sm,umx hm 2 ((z)) [ \/_71 (s)J ( m (—1)1)+

V= (M) ()| -
—sin e lim [gl<> 5 MV 3 (Do) = foaWin(—1)

— : wlm( ) 2 i| o OJlm(O{) .

= sin p,, tl}(r]r_lo [Am(a) (ALt + 1)+ g1(0)t — for, Wi (—2t)| = A (a) Sin fim .
Thanks to the differentiability of the asymptotic estimate for the Bessel function, it is easy to
show that the normal derivatives at the type changing line:

lim Quym(z, 1)
t—040 ot

| Wlm(a) 2 aum('r7 t)
- [ A () Ao, + g1(0)] sin p,x = tl}gno —
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Conditions (1.4]) and (1.5)) are also satisfied since

Ui (2, —) = [Zl:((z)) Ap(a) — wlm(a)] sin iz = 0,

Uy (20, 1) = T (t) sin g o = 0.
It follows from the construction of function (3.13)) that on the set D_ U D, the function solves
equation ([1.1)).
Let us find out for which points zy in (0, 1) the identity

k
—, k,m e N, k <m,
m

holds. We see that as Ty is irrational, the condition fi(x) # 0 fails.

sintmxy = 0 — To =

4. PROBLEM 3

Here we consider Problem 3 on finding a factor in the time-dependent right hand side in
equation ([1.1). Similar to Section 3, letting x = ¢ in formula (2.1) and supposing that a
function satisfies condition , we obtain:

\/7 Z —t) sin pgpro — wi(— t)] sin g

\/7 ol flkgl ()\/_J (pkoéq) JaWi(a)
Ak( )

Aj(—1) sin pxxo

- \/;Z [flkgl( )y i(k)\/—_tJ%q (pe(—1)?) — fngk(—t)] sin ppzo = ha(t)

or
0 0
/g2<s)K2(s,t) ds—/gg(s)Kg(s,t) ds = (t), —a<t<0. (@1)
t —o
Here
2 o
= \/;2(] 0 E Z sV st W (s, —t) sin g, —a<t<s<0, (4.2)

[\

Z AJ;(/’;) Ap(—t)vV—sa W (s, a)sin pzo, (4.3)

\/; 2q sin —

h (t) - gl(O)Hg t), —a<t< 0, (44)

L(]{ \/&]1 ( aq)
\/72 fik {72 (oj; - Ag(—t) — Vi(k)\/__t‘]%q (pe(—t)?) | sin pgxo.  (4.5)

Lemma 4.1. Let the functions fi(x), i = 1,2, satisfy the assumptions of Theorem 2.1, then
series , and and their derivatives in t up to the second order converge uniformly
on the set —a <t <s<0.

S’lﬂ

Proof. By Lemma 2.1 and asymptotic estimate (i3.6]), we estimates the expressions in the sum
in (4.2)), (4.3) and (4.5). The expression W (s, —t) in (2.3 and its derivatives in ¢ up to the

second order are estimated as follows:
VS (6, =01 <[Vl (e - (=) + )|+ VAt (1))
<My k™ 173 4 Mok~ 373 < Mygk™,

L
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VSEW (s, =0 <] V=) 5T (1)) g (o —5))

VTSR k(") (el =5)") (4.7)
SMuak'™37% 4 Mysk!™272 < M.
Since W/'(s, —t) = —\2(—t)™W (s, —t), thanks to estimate (4.6) we get
\[VstW (s, —t)]};| < Myrk. (4.8)

Similar to [15], we estimate the expression Ag(t) in (2.2)) and its derivatives up to the second
order:

A=) <A (B)V=ET . (s~

‘71 k)vV—tJ_a L (pe(=t)7)

: (4.9)
<Mghk®™ TR ]\/119]%’25175 < Mook ™,
AL <Ny (R)V=tT Ly (pr(—1)* )‘ + A7 (R)V =ty (pr(—t)) (4.10)
KMo kP 207% 4+ Mook 2072 < Mgk,
Since AY(—t) = —A2(—t)"Ay(—t), by estimate we obtain
| AL (=) < Moyk®™, (4.11)

In view of obtained estimates (4.6)—(4.11)), for expression in the sum (4.3) we obtain the
following estimates

f2k kl—i-/\ 1

Ak< )Ak(—t)\/ —SQ W(S,Oé) M25|f2k’ k1+)‘ S M26|f2k‘k7 (412)
f2k , k2+>\ 1

Ao )A L=V =saW(s,a)| < M| for| ——— T S < Mos| for | (4.13)
f2k k3+>\ 1

Ak(a) Alkl(—t)\/ —SQ W(S, Oé) M29|f2k| lir)\ NS M30|f2k|k’ (414)

In the same way, estimating the expression in the sum in (4.5)), we obtain

v (F)Vad (prat)
el | (a) A=)+ il |y (BV=ET . (01(=8))
k . (4.15)
M31|f1k| RES: B M| fulk ™ < M| fre 7,
v (R)VaTy (pra?) 1
el | o A0+ b g (B0 (1))
kl-&-)\ (4.16)
<M34‘f1k’ JRES: A Mas| fre B < Migg| ful K,
72 (VAT (pra?)
el | Ems SO RAVNECORIONE 2D
k1+,\ (4.17)
.
<M37| furl K3+ Mas| fu| K> < M| fun] K.

k1+A
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This yields that on the closed set —a < t < s < 0, series (4.2), (4.3) and (4.5) and their

derivatives in up to the second order are majorized respectively by the series

My > K" ful, Ma > Kl farl- (4.18)
k=1 k=1
Under the made assumptions, series (4.18)) converge. Then series (4.2)), (4.3), (4.5 and the series
obtained by twise termwise differentiation in ¢ converge uniformly on —a <t < s < 0. O
We differentiate equation (4.1)) in ¢ and we obtain:
0 0
0K>5(s,t 0K3(s,t ~

L B B e (NN CRT)

t —«

By identity we see (4.2) that

Ks(s, t)‘ =0 since Wi(s,—t)| =0.
s=t s=t
Then differentiating equation (4.19) once again, we get
0 0
0K, (s, t 0Ky (s, t 0?Ks(s,t ~
e R e e e e U0
s=t
t —«

By (4.2)) we calculate

OKy(s,t) /2
ot _f2q51n
3 e[ AT (=)0 (pe(=5))

_\ﬁ
[ 2qsin = 59 o7

= ()T k()T (pr(—5)) | sim

Employing the identity [35]

ngk\/_ \/_W(s —t)] sin pug o

29 k=1

T To(2) + T () () = — simwr,

w4

\/>Z forsin ppro = — fa(o). (4.21)

If we suppse f2(xg) # 0, then by and (| - we obtain a second kind Fredholm integral

equation

we find
8K2 S t

go(t) — A / 6o()H (5, ) dt = pi(t), (1.22)
where
2
a[?t(QSt)u _a<5<t7
H(s.t) — 42
<S7 ) 82K3(8 t) 82K2(s t) ( 3)
oz oz tss<h,
A= e = 2
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The kernel H (s, t) of integral equation defined by formula is continuous on a closed
square —a < s, ¢t < 0. If hy(t) € C?*[—a, 0], then the right hand side u(t) is also continuous
on [—a,0]. Therefore, equation is a second kind Fredholm integral equation with a
continuous kernel and continuous right hand side, to which the Fredholm theorems can be
applied. This means the Fredholm property of Problem 2. Let us select cases, when equation
has the unique solution [36]. By the successive approximation methods we can prove the
unique solvability of this equation in the class of continuous on [—a, 0] function as

1
N < e M= _max [H(st)|
It also follows from the Fredholm theory that if A is not a characteristic number of the kernel
H (s, t), then integral equation (4.22)) has the unique continuous on [—«, 0] solution.
Thus, we have proved the following theorem.

Theorem 4.1. Let the assumptions of Lemma 2.1 be satisfied, the functions f;(x), i = 1,2,
and g1(t) satisfy the assumptions of Theorem 2.1, ho(t) € C*[—a, 0], fa(xo) # 0. Then under
one of the following conditions: a) |f2(xo)| > Ma; b) the number f, '(x0) is not a characteristic
number of the kernel H(s,t), there exists a unique solution to Problem 3. At that, the function
92(t) is introduced as the solution of integral equation ({{.23), and then the function u(z,t) is
determined by formula .

We also note that the condition fy(xg) # 0 is essential for the unique solvability of Problem 3.
Indeed, there exists a function fo(z) = sin u,x = sin 7nz, where n is some fixed natural number,
T = x/l, such that fo(zg) = sinmnzy = 0. Then for such function, all ¢g»(t) € C[—a,0] and
ha(t) = 0 we can construct a non-zero solution to Problem 3:

Uop (2, 1) = Toy,(t) sin pp, (4.24)
where
( t
(@) ity p / (s)e R0 ds, >0,
An(a)
Tln(t) = 0
wapn (@)
\ An(oz)An(_t) — wan(—t), t <0,

won(=t) = fing1(0)7 2 (M)V=tT 1 (pu(—1)") = War(—1).

Similar to function (3.13)), we prove that function (4.24]) satisfies the conditions of Problem 3
for ho(t) = 0 and arbitrary function go(t) € C[—«, 0].

5. PROBLEM 4

Supposing that function (2.1)) satisfies conditions (1.7) and (1.9)), we obtain the system of
integral equations with loaded terms:

/gl( VK (5, ) d /92 VR (5,8) ds = hy () — g1 (0)H(t) = T (). (5.1)

/ 02(5) Kol ) it — / 02(8) K (5,1) ds = ha(t) — g1(0)Hs(t) = (L), (5.2)
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where K (s,t), Hi(t), Ks(s,t), K3(s,t) and H3(t) are introduced by formulae (3.2)), (3.4)), (4.2)),

(3) and (13)

> 2 7 S f2k6_’\2
Ki(s,t) =1/~ V=saW 5.3
1(s, 1) [ 25 2 ; Ar(a) sa W (s, a)sin pgxo. (5.3)

Following Sections 3 and 4, we differentiate equation ({5.1]) once, and twice equation ([5.2)).
As a result we have

@it~ [0 s~ [ g a5 o), (5.4
000+ [0 s [ 4 =T )

Letting ¢ = 0 in identities (5.4]) and (5.5)), we obtain

0

) m) = [ ()LD ds=150) - 0 0 0), (5:6)
F 0K(s, ) ) )
~0a0)faloo) — [ gﬂs)T =10 = g O 0). 57

Thanks to formulae (5.3)), (4.3), (3.4) and , we calculate

0_2%;(;’” - —)\i(—t)ng(s,t){t:O =0,
f )\kflk q \/_J (pkoﬂ) sin pixo,
1), = —Ai(— )’"Hé’( Mo =0

By equation ((5.6)) we find

0(0) = (fuleo) + () hi(0)+/92<s)aKg—(:’t)

—

t=0

under the condition fi(xo)+ Hj(0) # 0 and we substitute this in the right hand side in equation

(5.5). Then if fo(zq) # 0, by (5.5) we obtain the integral equation
0

ga(t) =\ [ ga(s) s, 0) e = ), (5.8)
where
2 17 7
0 Ig,t(;,t) - ];l:(t]){/(o) 8Kla(ts,t) | Ca<s<t
~ X
H(s,t) = R =0 (5.9)
P Ky(s,t) HY(t) OK,(s,t) D?Ky(s,t) c<0
ot? filzo) + H{(0) Ot |, o2 T T T
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R DN (OO N )
M he T R i) ) fale)

Equation is a second kind Fredholm integral equation with a continuous kernel and con-
tinuous right hand side, to which we can apply the Fredholm theory [36].

Once we find the function go(s) by equation (5.8), we can find the function g;(s) by as
a solution of a second kind Volterra integral equation with a continuous kernel and continuous
right hand side under the condition f;(z) # 0 and (3.12).

Thus, we arrive at the following statement.

Theorem 5.1. Let the assumptions of Lemma 2.1 hold, the functions fi(z), i = 1,2, satisfy
the assumptions of Theorem 2.1, hy(t) € C[0, 8], ha(t) € C*[—a,0], fi(xo) # 0, fa(zg) # 0,
inequality hold as well as one of the following conditions: a) |fa(xo)| > Ma, where

M = H<1ai<<0\fl(s,t)|; b) the number fy'(xo) is not a characteristic number of the kernel

[:T(s, t). Then system of integral equations and has the unique solution g;(t) € C[0, 5]
and go(t) € C|—a, 0], and then the function u(z,t) is found by formula (2.1)). If condition
fails, system of integral equations and has a solution up to a term, whose factor is
an unknown number g1(0) and the same is true for Problem 4.

Let us show that conditions fi(zg) # 0 or fao(xg) # 0 are essential for the unique solvability
of Problem 4.

Let fi(zo) = 0, and fa(xg) # 0. Then there exists a function fi(z) = sinp,z = sinTnz,
where m is some fixed natural number, * = z/l, such that f,(z9) = sinmmzy = 0. For the
function fi(x) = sin pu,x and arbitrary ¢,(t) € C[0, f], g2(t) € C[—«, 0], there exists a non-zero
solution of Problem 4 as h;(t) = 0, hy(t) = 0, which is determined by formula (3.13]).

Let fo(zo) = 0, and fi(zg) # 0. Then there exists a function fo(x) = sinp,xr = sinmnz,
where n is some fixed natural number, such that fs(x¢) = sinmnzy = 0. Then for the function
fo(z) = sinp,x and all g;(t) € CI0,0], g2(t) € C[—a,0], there exits a non-zero solution of
Problem 4 as hy(t) = 0, ho(t) = 0, which is determined by formula (4.24)).

Let fi(x) = fo(z) = sin p,,x, where m is some fixed natural number be such that fi(z¢) =
fa(o) = sin pug = 0. Then for the functions fi(x) = fo(x) = sin p,,z and arbitrary g;(¢) €
C10, 5], g2(t) € C[—a, 0] there exists a non-zero solution of Problem 4 as hy(t) =0, ho(t) = 0:

s (,8) = T (1) S0t i 40
where
t
f:((Z))e‘A%W / gi(s)e "0 ds,  t>0,
Tam(t) = 0
\ OX:((Z))Am(—t) — wam (—1), <0,

(=) = 91(0) 1 MWV 1 (p(—1)7) = Wi (=)
Similar to Section 3 we can show that function (5.10)) satisfies conditions ([1.2)—(1.9).
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