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SIMPLE PARTIALLY INVARIANT SOLUTIONS

S.V. KHABIROV

Abstract. The continuous medium models of hydrodynamic type admit 11th dimensional
Lie algebra of Galilean group enlarged by uniform dilatation of all independent variables.
All subalgebras of this Lie algebra are listed up to inner automorphisms. We consider
invariant submodels for subalgebras of the small dimensions from 1 to 3. For 4-th di-
mensional subalgebras, the invariant solutions are the simple solutions depending on finite
numbers constants. We formulate a problem on finding partially invariant solutions of the
minimal rank. For all 48 types of 4th dimensional subalgebras we calculate the bases of
point invariants in terms of the variables convenient for further calculations. This allows
us to consider simplest partially invariant solutions of rank 1 defect 1. In addition, both
regular and irregular partially invariant submodels are obtained.

We consider three of the 4-th dimensional subalgebras producing regular partially invari-
ant solutions in the Cartesian, cylindrical and spherical coordinates, respectively. We obtain
a solution depending on an arbitrary function of two variables in Cartesian coordinates.
In the cylindrical coordinates, a submodel is reduced to a first order ordinary differential
equation. In the spherical coordinates, we generalize invariant solutions of spherical vortex
constructed by a rotation group.

We consider two of 4-th dimensional subalgebras producing irregular partially invariant
solutions. The arising overdetermined systems are reduced into an involution. The compat-
ibility conditions give a series of exact solutions depending on arbitrary functions, so-called
simple waves. We obtain solutions with a level surface of invariant functions in the form
of a moving plane with the constant normal but a varying velocity. For stationary motions
with a rotation, we obtain the series of exact solutions depending on arbitrary functions.

Keyworlds: system of hydrodynamic type, invariants of subalgeba, partial invariant so-
lution, simple solutions.

Mathematics Subjects Classifications: 35B35, 35B06

INTRODUCTION

Equations of continuous medium mechanics admit Galileo group enlarged by the dilatation.
The Lie algebra of this group is 11-dimensional. The group analysis of these equations is to
count all subalgebras up to internal automorphisms [1]. For subalgebras of small dimensions
from 1 to 3 one considers invariant submodels [2,3.4]. For 4-dimensional subalgebras, the
invariant solutions are defined by closed formulae with a bounded number of essential constants.
Such solutions are called simple [5]. Solutions of some invariant submodels are simple if the
subalgebra of the submodel is embedded into a 4-dimensional overalgebra [6]. Simple solutions
can be generalized by considering partially invariant solutions for 4-dimensional subalgebras of
the minimal defect [7]. For hydrodynamic type equations, the time ¢ and spatial variables &
are independent, « is the velocity, p is the pressure, p is the density. For subalgebras with one
invariant in the independent variables, only one function is of general form and we can consider a
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partially invariant submodel of rank 1 and defect 1. Other subalgebras are associated either with
simple invariant or generalized simple irregular partially invariant solutions of rank 1 and defect
1, which can be reduced to some invariant submodels. The problem is to consider all possible
simple partially invariant solutions. The first step is to find the invariants of 4-dimensional
subalgebras; there are 48 possible classes [2]. Then by a representation of a partially invariant
solution we obtain an overdetermined system of equations of a submodel and the compatibility
of this system is to be studied. The compatibility condition determine either a submodel or
simple exact solutions.

1. INVARIANTS OF 4-DIMENSIONAL SUBALGEBRAS

The model of continuous medium mechanics is symmetric with respect to the transformations
in the Galileo group enlarged by the dilatation. This group is associated with an 11-dimensional
Lie algebra Lq; with the basis of first order differentiation operators:

X1 =0,,X0=0,,X3=0,, X4 =10, + 0y,

X5 =10y + 0y, X = t0, + Oy, X7 = y0, — 20, + 00, — WOy,

Xg = 20, — 20, + w0, — u0y, X9 = £0; — Y0y + u0, — v0,,

Xi0 = Oy, X141 =10y + 20, + Y0y + 20;, (1.1)

where t is the time, x, y, z are Cartesian independent variables, u, v, w are the coordinates of
the velocity. Thermodynamical quantities, pressure p, density p, entropy S are related by the
state equation p = f(p, S) and are invariants of the algebra L;;. Up to internal automorphisms,
there are 48 classes of subalgebras of dimension 4 in L [1,2,4]. It is convenient to calculate
the invariants of the subalgebras in special coordinate systems; this provides compact writing
of the invariants and simple calculations of submodels. The conventional coordinate systems
(CS) are Cartesian coordinates (D), cylindrical coordinates (C') and spherical coordinates (5).
Sometimes it is convenient to choose additional change of variables arising in calculating the
invariants. The invariants are given in the table. In the first column we provide the number n.k
of a subalgebra, where n is the dimension of the subalgebra, k is the number of the subalgebra
of the given dimension. In the third column we write the coordinate system, in which the
invariants are calculated. The forth column provides the invariants and the fifth shows an
additional change of variables. In the second column we provide the basis of subalgebra, where
instead of the operators X; we write their subscripts 7. The constants a, b are invariants of the
group of automorphisms.

Let us provide some quantities employed in the table. For the Cartesian coordinate system
(D), the symbols i 7, k denote its orthonormal basis,

F=xi+yj+ 2k, @ =ui+vj + wk, v =qcostVp,w = gsinp. (1.2)
For the cylindrical system (C') we let y = rcosf¢, y = rsinfc,

r=uze,+re., r=0, 0<0c<2n,

€y = ;, e, = j’cos Oc + k sin Oc, €p, = —jsin Oc + k cos Oc,
U= U€m+V€T+W€QC, V:qCCOS190, W:qcsinﬁc, 19D:790+60,
u=U, v=VcosOc—Wsinlo, W =Vsinls+ W coslc. (1.3)

For the spherical coordinate system (), we introduce

xr=rgsinfgcosp, y=rgsinfgsing, z=rgcosbls, rs=>0, 0<b0c<7m, 0<p<2m,

S
Il

r5€rs, U=Ué,+ Veép, +Wey, €rs = 18infgcosp + jsinfgsinp + kcosbg,
€py = 1 cosbgcosp + jcosbgsing — ksinfg, €, = —isiny + jcos p,

u= (Usinfs 4+ V cosfs) cos o — Wsinp,v = (U sinfs + V cosfs) sin p + W cos ¢,
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w="UcosO,— Vsinfs, qz=Iu>?=U>"+V>+W? |Z|=rs, @ T=qsrscosts. (1.4)

The additional changes (AC) employed in the table are as follows:

v=yt '+ Gcos, w= 2zt + gsind, (1.5)
z+ty - t—y . =
ZW—FQCOSQ?, w:m—i-qsmﬁ. (16)

2.  SIMPLE REGULAR PARTIALLY INVARIANTS SOLUTIONS

In the Cartesian system of equations, the hydrodynamics equations are of form [1,2 4]

U + Uty + vy + wu, + p ' py =0, vy + vy + Vv, + wu, + p~'p, =0,
wy + uw, + vu, +ww, + p'p, =0, pr + upy +vpy + wp, + pluy + v, +w,) =0, (2.1)
Sy + uSy +vS, +wS, =0, p=f(p,S).

The subalgebra 4.48 has invariants (see table), in terms of which, we have the following
representation for a regular partially invariant solution of rank 1 defect 1:

u=u(t,x,y, z), v =(t), w = w(t), p=p(t), p = p(t). (2.2)
Substituting this representation into system (2.1), we obtain
v =0, w' =0, S'=0 = v=uy, w = wy, S =Sy,

0o "y —kx + U(y — vot, 2 — wot)
1—kt" 1—kt '

The constants k, vy, wy are inessential. They can be removed by the transformations admit-
ted by system (2.1), namely, by the Galilean translations (X5, Xg), a dilatation (X3;) and a
translation (Xj0). Then we get the solution

u=t"z+U(y,z2), p=pt ", p=flpot ", S),

with an arbitrary function U(y, 2).
In the cylindrical coordinates, the hydrodynamics equations read as (the subscript C' is
omitted)

DU + p~'p, =0, DV +p~lp, =r7'W?, DWw + p~'r7tpg = —r VW,
Dp+p(Up + Vi +7 "Wy +r"V)=0, DS=0, p=f(p,9),

Uy + Uty + vy + wou, =0, puy+p' =0 = p=

(2.3)

where D = 0, + U0, + VO, + r~'Wo,.

The subalgebra 4.7 has invariants (see table), which give a representation for a regular par-
tially invariant solution U = U(t,Z) of rank 1 defect 1, where p, p, ¢, ¥ are functions of the
invariant variable s = re=%%. We substitute the representation into (2.2):

Uy + UU, + q(cos WU, +r~sindlUy) =0, (gcosd) q(cos? — asind) + p~'p’ = s7'¢*sin® ¥,
(gsin®)'q(cos — asind) — ap 'p' = —s1¢*sin ¥ cos V,
p o' q(cost — asin®) 4+ Upe® + (q(cos? — asin®d)) + s *qcos) = 0,
S'q(cosd —asind) =0, p= f(p,S).
If ¢ = 0, we obtain the solution
V=W=0, p=p, U=U(r0), p=p(s)

with two arbitrary function. The state equation determines the entropy.
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Table of invariants of 4-dimensional subalgebras
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no. | Basis CS Invariants (p, p are common) AS
4.1 7,8,9,11 S 7“52571, qs, Vs
4.2 7,8,9,10 S rs, 4s, 195
4.3 |1,a4+7,10,b4+11 C U—abc—blnr, qc, V¢
4.4 |5,6,a4+7,b4+11 D u—at g, ad —at ' + bln|t| (1.5)
4.5 |1,4,711 C Tt_l, qc, Vo
4.6 |2,3,a4+7,04+11 D u—xt ', q, alp —xt 1 + bInt]
4.7 11,4,10,74all C rexp(—ale), qc, Ve
4.8 12,3,10,7+all C qgc, U, O¢c + 0o — a'ln |l’|
4.9 |2,3,7,10 C x, qc, U
4.10 | 2,3,1+7, 10 C qc, U, 9 + 00 — x
4.11 | 2,3,a1+7,4+10 C g, U—t, =272 —a(¥c + 0c)
4.12 ] 1,4,10,11 D yz v, w
4.13 | 2,3,10,a5+11 D u, v —aln|z|, w
414 (2,3,10,11 D w, v, w
4.15 | 4,5,6,7+all D g, u—at™ ad — In|t] (1.5)
416 4,5,6,7 D g u—zt " (1.5)
4.17 | al+4,3+5,2-6,b1+7 D t, g, u—(t+a) ' (x — b)) (1.6)
4.18 | al44,5,6,b147,a* +b* =1 | D t, g, u—(t+a)(x — b)) (1.5)
4.19 | 1,5,6,b44+7+all D q, u—"b9, a — In|t| (1.5)
4.20 | 1,3+5,2-6,a4+7 D t, q, u— av (1.6)
4.21 | 2,3,4, T+all C qc, U —xt™1, a(¥c + 0c) — Int]|
4221234147 c t, g0, U —at "+ 1 (o + 00)
4.23 1 1,2,3,b44+7+all C qc, U —ba TInlt], a(dc + bc) — In [¢]
424 1,2,3,0447 C t, gc, U — a(Uc + 0c)
4.25 1,2,3,a4+7+10 C qc, U— at, 190 + 90 -1
4.26 | 4,5,6,11 D uw—at Lo —yt ! w— 2!
42711, a4+5,6,b4+11 D u—ayt T —bInlt|, v —ytt w—2t7"
4.28 | 1,5,6,a4+11 D u—aln|t],v—yt™ 1 w— 2"
42911, 4,6,ab+11 D ytl—aln|t], v —yt™1, w— 27!
4.30 | 2,3,a4+6,b4+c5+11 D u—xt ' v—chnl|t], aw — 2t~ + bIn [¢]
4.31 | 2,3,4,a5+11 D u—xt L v—alnlt], w
4.3212,3,4,11 D u—at v, w
4.33 ] 1,2,3,a4+11 D u—alnl|t|, v, w
4.3411,2,3,11 D u, U, w
4.3512,3,a1+5,4+b6+10 D u—t,av—x+ 272 w— bt
4.36 | 2,3,a14+5,64+10 D u, av —x, w—t
4.37 | 2,3,145,10 D U, V— T, W
4.38 | 2,3,5,10 D T, u, W
4.39 1 1,2,3,4+10 D u—t, v, w
4401 1,2,3,10 D w, v, w
4.41 | 1,a2+b3+4,c3+5, D t, (v+ (bt —ac)u+cy —t2)(t* + cd) 1,
d2+6,a*> + b* 4+ (c+d)? =1 w+ ((at + bd)u + az — ty)(t* + cd) !
4.42 1 1,4,3+5,2-6 D [to—( +ty) @+ HLw+@y—t)E+1)7 T
44311456 D to—yt L w— 2ttt
4.44 | 2)14a3,345,6 D t,u, v+axr —z+tw
1450231156 D fu, 0 —a
4.46 | 2,3,5,6 D t, T, u
4.47 | 1+a3,2,5,6 D t,u, w+ (ax — 2)t71
448 11,2,34 D t, v, w
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If cotd = a, then a = 0, 9 = 7/2, p/ = pr='¢*, U = U(rf — tq,r), where q(r), p(r) are
arbitrary functions.
Let us consider the case ¢ # 0, cot ¥ # a; in this case S = Sy is constant. Equations (2.3)
imply the Bernoulli integral
V24 W2+ 2i(p) = B?,
where 1 = f p~tdp is the enthalpy, and a closed system of the equations of the submodel:
s(aV+W) +W =0, G'(V —aW) =G(G +as W), (2.4)
where G = p~1p/(V —aW)+(V —aW)' + s~ V. The function U is determined by the identities
U=—-Gze 4+ U(t,r,0), U +VU. +7" WUy =UGe .
As a =0, system (2.4) is reduced to a single equation
plp(B* = C?s™% = 2i — f,) = sp(B* — C*s™% — 2i) — C?s7%,
In spherical coordinates system, hydrodynamics equations read as (we omit the symbol S):
DU +p'p, = r HV2 4+ W?), DV + (rp) tpg = 1 (=UV +W?cot ),
DW + (rpsin@)~'p, = —r'W(U + V cot §),
Dp+p(Up + 7'V + (rsin) "W, + 7'V + 2r 71U + 1~ cot V) = 0,
DS=0,  p=[f(p9),
where D = 0; + UO, + r 'V + (rsinf)'Wa,. The subalgebra 4.2 has invariants (see table)
determining the representation of a regular partially invariant solution of rank 1 defect 1:
U=gqcost¥, H=gqsind, V =HcosA, W =Hsin)\, X=\{17),

where p, p, q, ¥, U, H are functions of one variable r. We substitute this representation into
(2.5) to obtain:

(2.5)

UU'+p ' =B, UGHY =0,  US'=0, p=f(p.5),  (26)
rH (A 4+ UN,.) + cos Mg + SI,L)\/\SO +sin Acot f = 0,
sin 6 (27)
—sin A\ + C982Ag0 + cotfcos A+ rUH *(In(pUr?)" = 0.
sin

If U =0, H#0, system (2.7) is incompatible. If U # 0, H = 0, we obtain a generalized radial
motion defined by the integrals

S=2S, pUrt=cC, U*+ Z/p_ldp =B% A=\t-— /U‘ldr),
where Sy, C, B are constants, A(s) is an arbitrary function. As U # 0, H # 0, the integrals
S=2S, Hr=H, U*+ /pldp + Hyr 2 = B? (2.8)

hold. The compatibility condition of system (2.7)
r*UH ' = h? +1, h=r*UH;"(In(pUr?)) (2.9)

defines the submodel. The behavior of integral curves was studied in [8].
In new variables I =t — [ U~'dr, htann, n' = Hyr—>U~!, overdetermined system (2.7) is in
involution and becomes
Ag + cos A\, = tannsin A,

Ay + Apsin Asin 6 4 tann cos Asin € + tann cos Asin 6 + cos ¢ = 0. (2.10)

The integrals of the characteristic system of the first equations are
¢, D=cosnsin), E =#—arcsin(sinn(l —D?)~V/?), I.
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The latter integral can be represented in other forms
sinf cosncos A — cosfsinn =1 — D?sinE = K,
cosfcosncos A+ sinfsinn =1 — D2cos E = K.

We represent the general solution of the first equation in system (2.10) as K = G(¢, I, D).
Then the second equation in system (2.10) casts into the form

G,—GpV1—K2—G2=0. (2.11)

This implies that K is the integral of the characteristic equation of second equation in system
(2.10). The general solution of (2.11) reads as

K = G(I, ¢ + arcsin ﬁ)’

where m(K, I) is an arbitrary function. If Gp = 0, then G, = 0.
We write the general solution of system (2.6), (2.7) in an implicit form:

cosnsin A = V1 — K?sin(m(K,I) — ¢),
K =cosnsinflcos A\ —cosfsinn, [=t— / Uldr, n' =Hypr2U™!,
or K = G(I) with an arbitrary function G(I).

3. SIMPLE IRREGULAR PARTIALLY INVARIANT SOLUTIONS

Subalgebras 4.40 and 4.34 define an irregular partially invariant solution of rank 1 defect 1
called a simple wave in gas dynamics [4]. The level sets of invariant functions are planes.

Let us consider an self-similar simple wave on sublagebra 4.26. The invariants determine the
representation of solution

ﬁ:t_lf‘l'ﬁl(a)a p:p(a/)a p:p(a)7 a:a(tvf)'
Equations (2.1) cast into the form
@y (Da+t7'% - Va) +td + p 'p'Va =0,
P (Da+t71% - Va) + p(@) - Va+ 3t =0, (3.1)
S'(Da+17'%-Ya) =0, p=f(p,9),
where D = 0, + u; - V. If S" #£ 0, then p’ # 0,
Va = —t%] = @xdi=0 = @ =08a)d; = t%(t‘lf—l— AR
The compatibility leads us to the condition § = 0, @; = uy is a constant invariant velocity.
Then for the enthalpy and velocity we obtain the formulae
1= /p_ldp = —t_lﬁg : .f—{— ’L_L% In |t’ + io, U= t_l.f—f— ’Jo. (32)

At that, the entropy and enthalpy are arbitrary functions of the parameter a.. The level set of
invariant functions is a plane with the normal vector %y moving in the direction of the normal
with variable velocity and acceleration.

In isentropical motion S = Sy, system (3.1) consists of two equations

ay = =3p(tp) " = (il + t ' F + plp')il}) - Ve,
p(p) i (3t + i) - Va) =t +plp W Va
We calculate the scalar product of the second equation with @} and we get

ay - Va(a; —p'p'p™?) =t (pp~ - @y — 3ay).
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As u? # p'p'p~2, we obtain
Va=t"4 = AxA=0 = A=Am ()", ma)=t"4 -7,

o= —t 'Bpp T+ (il +t T F+pp M) - A) = 3p+(pr) =0, (3.2)

where k = Ag -y, 42 # p'p'p 2,

1T P —/ p/ 11?16/1_3
A = —]7“1 + 1 u/12 — p/p/p—2 (34)
We can assume m’ = 1. The level set is a plane with the normal ffo. The compatibility
conditions cast info the form
A A AV
A(——=+—(uw+=)-A)=0. 3.3
p P 3p r (33)
If A =0, then (3.3) implies the solution of system (3.1):
a = ta p= pOt_ga a’l = ﬂOt_la p= f(SO7 pOt_l)' (36)
As Ay # 0, we calculate the scalar product of (3.4) with Ay:
(W +3)a? = p~p' (W' p™ 'K + - ).
Then identities (3.4) become:
(ity - @y = 3p~ ") (P'p " Ao+ i0)pp " — @ (K +3)) = 0.
If we vanish the first factor, then by (3.4), (3.3) we obtain the solution
- > 3
1_1:1 = —A()AEZOC, o = t_lAO : f, p = /)00(27 P = Po -+ 4—13020[4. (37)
0
By vanishing the second factor, we obtain the solution:
/ !/ 3 / 5 R
% S : , Ag% = —k(kr +1), @ = Ay*Aok + By exp(—//@lda). (3.8)
It remains to consider the case W2 = p/p'p~2. Tt is convenient to introduce the enthalpy

i = [ p~'dp and to replace the parameter a by the density p(a). System of equations (3.1)

becomes
piis, =i, U =6i, -, =3ip,
pitr, (3t~ + iy, - Vp) =t iy +1i,Vp, (3.4)
pe + (Uy + puii, + tilf) -Vp = —3t71p.
The change of variables
X =tz t3p = R(t, X)
reduces system (3.9) to a simple form
R, + (Riuy)r- VR =0, irRVR + 1) = Ru1g(3 + tir - VR),
Riijp =ip, ] =6i, - ip=3ig.

(3.5)

The compatibility conditions of a vector equation in (3.10) is the vanishing of a triple product:
(U1rR, U1R, U1) = 0,
which is equivalent to the system of equations
ipr = aiiyg + by, Riip =igr, ;= 6i, (3.6)

where
iRR(i — 3RZR) + (ZR — Rill’)iR 1irRr + 371R71i3
ir(2i — 3RiR) "7 2(2i — 3Rip)
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We substitute the general solution of the first equation in system (3.10)

=

R=o(I), I=X—t(Ri)r
into the second vector equation
iRVgD - RﬁlR(ﬁlR . VQO) = (3Rﬁ13 - ﬁl)(l + tV(p . (ﬁlR)RR).

Here t is a free variable, the sought function ¢ is independent of this variable. Thus, we can
vanish the coefficient at ¢ and to obtain the compatibility condition of system (3.10)

VQD . (ﬁlR)RR =0 = VR (ﬁlR)RR =0.
The scalar product of the vector equation in (3.10) with @; gives one more equation:
3Rb(2i — 3RiR) . 2+ Ra
=0, VR = — )
WGBRbF Ra+2) @ o
We substitute these expressions into (3.10) and we arrive at a compatible system of identities:
Ry = B(Rb) (24 Ra— R?) = N(R),  VR=i3'(—t + Ri1r(3 + B)) = fipe" ",

where 71 is a constant vector. The general solution of each equation is of the form

/N(R)—ldR =t+ f(2), /e_k(R)dr =il - X +ml(t).

ﬁlR'VR:

Since these identities determine the same solution, we have
fX)=1iy-X, m(t)=t, N=eW

Thus, we have obtained the solution:
/ek(R)dR =t 47ty - X

with an arbitrary function i(p) and the invariant velocity obeying (3.11).
Let us consider a stationary simple wave on subalgebra 4.10. The invariants provide the
representation of the solution in the cylindrical coordinates:

U=Ul®), qc=qleo), de=x—-0+3a), p=pla), p=pla), a=ai).
System (2.2) becomes:
UDao+ p'pa, =0, ¢Da+ p'p'0.a =0, q(¥'Da+U) + p~'p'd,a = 0,
p'Da+ p(U'a, + ¢'0.a0 + g 0500) = 0, S'Da =0,
where
D=0,+U0d, + q0,, Dp = cos V0, + 1L sin 0y, —sin V0, + rt cos Vady.

0s =
Let " # 0, p’ =0. Then Da =0, qU = 0. As U = 0, by (3.12) we get an overdetermined
system

(3.7)

a; +qo.a0 =0, ¢0.a+q¥d,a=0. (3.13)
We substitute the general solution of the first equation in system (3.13)
gt + rcosVc + p(x,a, 1), [ =rsinde
into the second equation in system (3.13)
¢ =qVer = o=dq@)" I+ )
Thus, the general solution of (3.13) reads as
qt = rcosVc + ¢ (q¥) trsind. + ¥(r, ), V.=z—0+9(a). (3.14)

As ¢ =0, system (3.12)
o +Uay =0, Uo,=0
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has a solution
U=U, «a=alz—"Udt,r0)
or
a=a(r,d) for U #0.
As S"#0, p' # 0, system (3.12) is incompatible.
Let " =0,U #0,7 = p~'p’ # 0. Then it follows from (3.12) that

ay = A(Oé) — qQUU/ﬂ/i/—l(U/Z + q/2 + q219/2 o pflp/i/)—l7 ap = —k(O&)A,
k(o) =U+ U+ qd), D.oo = qU LA, Osa = q'U' A — qUi' L.

The compatibility condition leads us to the identity Ak’ = 0. The case A = 0 gives rise to a
contradiction. As k = kg, where kg is constant, the Bernoulli integral holds:

U? + ¢* + 2i = 2koU + By
If ¥ = 0, there are no solutions. As ¥ # 0, system (3.15) casts into the form:
a=as,r,0), s = x — kot, as = Aa), Yo =5 — 0+ 9+ kot,
JU A = 0.a, q(~Ui"  + 90U A) = 0,0
By differentiating in ¢ we get

(3.8)

koasOé == O, ]{708006 = 0.
As kg # 0, we obtain the solution

q:qO#O, i/:U/<k0—U), p(ko—U):pU, k’o/Uldﬁ—ﬂ:l'—kot (39)
As ko = 0, we obtain the relations:
Vo =x—0+9(a), a; =0, /Alda:x—l—go(r,ﬁ),

qU ™ =0y, qATH (U7 9 AUY) = Ogep.
Differentiating (3.17) in x, we get the compatibility equations:

(3.10)

JU ' =apsino(a), qA Ut =9 AU™) =agcoso(a), o+9 = —/A_ldOf =—x— .

Equations (3.17) are rewritten as
—agcos g = sinfp, + 1 cos Oy, —apsin p = cos O, — ' sin Oyy.
In the Cartesian coordinates y = rcosf, z = rsinf, the equations become
Py = —agsing, @, = —agCos .

The compatibility condition is ag = 0. Hence, ¢ =0, ¢ = 0, U”? = p~1p'i, and the solution
/pﬁ’U’U_lp’_ldoz =ux,
is reduced to the invariant one on sublagebra 3.33 [4].
The case U’ # 0, p’ =0, S’ = 0 is reduced to a one-dimensional plane isobaric wave
p=py, S=S, V=W=0, z—tU=FU,r/0). (3.11)
The case of constant S = Sy, U = Uy, p = po gives the solution
qot + U(x,z + ) =rcos(x + 9 — 0),

where ¢ = qq is a constant, ¢ (x, ) is an arbitrary function. In the case S = Sy, p = po, ¢ # 0,
U = 0 we have an overdetermined system

a; +qo.a =0, ¢ 0.+ q¥ 0,0 = 0.
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The general solution of the latter equation is of the form

r(¢' sinde + q¥ cosV¢c) = p(t, x, a). (3.19)
The first equation determines the function ¢

o= = o=t +Y(z, ).
We obtain the solution in the explicit form U = 0,

r(q' sin(x — 0+ 9) + q cos(x — 0 +09)) = @t + ¥(x, ), (3.20)

where g(a), J(«) are arbitrary functions, py = f(po, So). This is a solutions with two arbitrary
functions ¢(«) and ¢ (x,9). The case S = Sy, U = Uy, p’ # 0 leads us to a contradiction and

the absence of solution.

Thus, on subalgebra 4.10 we obtain a series of simple waves given by formulae (3.14), (3.16),
(3.18), (3.20).

4. CONCLUSION

Simple solutions on 4-dimensional subalgebras are regular and irregular partially invariant
solutions of rank 1 defect 1. To classify them, we have calculated the bases of point invariants for
all 48 classes of subalgebras in the optimal system of non-similar subagebras of 11-dimensional
Lie algebra admitted by the equations of continuous medium mechanics. For a hydrodynamics
model we have found new simple waves for three subalgebras with regular partially invariant
solutions and for two-subalgebras with irregular partially invariant solutions.
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