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SOLVABILITY OF CAUCHY PROBLEM FOR A SYSTEM OF
FIRST ORDER QUASILINEAR EQUATIONS WITH
RIGHT-HAND SIDES f; = aqu(t, x) + ba(t)v(t, x), fo= gov(t,x)

M.V. DONTSOVA

Abstract. We consider a Cauchy problem for a system of two first order quasilinear
differential equations with right-hand sides f1 = aqu(t, z) + bo(t)v(t, z), fo = gav(t, x). We
study the solvability of the Cauchy problem on the base of an additional argument method.
We obtain the sufficient conditions for the existence and uniqueness of a local solution to
the Cauchy problem in terms of the original coordinates coordinates for a system of two first
order quasilinear differential equations with right-hand sides f1 = asu(t,x) + ba(t)v(t, ),
f2 = go2v(t, ), under which the solution has the same smoothness in x as the initial functions
in the Cauchy problem does. A theorem on the local existence and uniqueness of a solution
to the Cauchy problem is formulated and proved.

The theorem on the local existence and uniqueness of a solution to the Cauchy problem
for a system of two first order quasilinear differential equations with right-hand sides f; =
asu(t,z) + ba(t)v(t,x), fa = gov(t,x) is proved by the additional argument method. We
obtain the sufficient conditions of the existence and uniqueness of a nonlocal solution to the
Cauchy problem in terms of the initial coordinates for a system of two first order quasilinear
differential equations with right-hand sides f1 = agu(t,z) + ba(t)v(t, z), fo = gov(t,x). A
theorem on the nonlocal existence and uniqueness of the solution of the Cauchy problem
is formulated and proved. The proof of the nonlocal solvability of the Cauchy problem for
a system of two quasilinear first order partial differential equations with right-hand sides
f1 = agu(t,x) + ba(t)v(t,x), fo = gov(t,z) is based on global estimates.

Keywords: first order partial differential equations, Cauchy problem, additional argument
method, global estimates.
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1. INTRODUCTION

In work [I], by means of an additional argument method, there were found the conditions of
nonlocal solvability of the Cauchy problem for the system of form:

Oyu(t, x) + (au(t,z) + bv(t, x))0yu(t,x) = 0,

{@v(t, z) + (cu(t,x) + gu(t,z))0v(t,x) =0, (1)

where u(t, z), v(t, x) are unknown functions, a, ¢, b, g are known positive constants, (¢,z) € Qr,

where
Qr ={(t,2)|0<t< T,z € (—00,+0), T > 0}
subject to the initial conditions:

U(O, l’) = 901(1')7 U(O,(E) = 902<$)’ (2)
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and @1 (), wo(x) are given functions.
In work [2], again by means of the additional argument method there were established the
conditions for nonlocal solvability of the Cauchy problem for the system of the form:

(3)

{&u(t, z) + (aqu(t, ) + biv(t, x))0pu(t, z) = agu(t, x) + bav(t, x),
ow(t, z) + (crult, ) + gro(t, x))0xv(t, ) = gov(t, x),

where u(t, z), v(t, z) are unknown functions, aq, ¢1, g1, b;, i = 1,2, are given positive constants,
as, g are given constants, (¢,z) € Qp, subject to initial conditions .
We consider the system of form:

{atu(t, x) + (a1 (t)ult, z) + by (t)v(t, x)) O ult, x) =agu(t, ) + ba(t)v(t, x), 0

Ow(t,x) + (cr(t)u(t, z) + g1 (t)v(t, x))0Lv(t, ) =gov(t, x),

where u(t, z), v(t,z) are unknown functions, as, go are given constants, a;(t), by (t), ba(t), c1(t),
g1(t) are given functions. We suppose that a;(t) > 0, by(t) > 0, ba(t) > 0, ¢1(¢) > 0, g1(¢) > 0,
t € 0,77.

Various methods were employed for studying systems of first order quasilinear equations. In
[3], the solvability of a system of first order quasilinear equations was analysed on the base of
a classical method of characteristics.

In the framework of the classical method of characteristics, the study is reduced to a nonlinear
system of integral equations involving a superposition of unknown functions. Once the solution
is found in terms of characteristic variables, to find a solution to the original problem, one has
to pass from the characteristic variables to (¢,z). In many cases, the latter problem turns out
to be so complicated that it is not solved and instead, the possibility of the inverse variables
transform is introduced as a condition [3].

In work [4], by means of the additional argument method there were found local solvability
conditions of Cauchy problem in terms of original coordinates for a system of two quasilinear
equations, under which the solution possesses a lower smoothness than the initial functions
©1(x), po(x), the boundaries of the solvability interval were given.

In the present work, we study system on {2 subject to initial condition and we
establish sufficient conditions of existence and uniqueness of local solution to this Cauchy
problem in original coordinates ensuring the same smoothness in x for the solution as of initial
functions. We also provide sufficient conditions for existence and uniqueness of nonlocal Cauchy
problem in original coordinates; namely, for a given finite segment ¢ € [0,7]. The results are
formulated as corresponding theorems on local and nonlocal unique solvability of the Cauchy
problem.

According the additional argument method, for problem , we write an extended char-
acteristic system [2], [5]-[9]:

DT _ oo ) + el (5,62, ®
D) sy (o, ) + gn (Yo, (s £.2), ©
Al WD) o, ma(s,t,2) + Bals)ols (s £.0), )
ot _ o) ®)
m(ttz) =z, mpttr)=u1 )

U(Oanl(oat>$)) = (,01(771(0,75,1‘)), U(0>772(0>t’x)) = 902(772(07t7$))' (10)



SOLVABILITY OF CAUCHY PROBLEM FOR A SYSTEM. ..

We introduce new unknown functions:
wi(s,t,z) = u(s,m(s,t,x)), wa(s,t,z) = v(s,m(s,t,x)),
ws(s,t,z) =v(s,m(s,t,)), wa(s,t,x) = u(s,ne(s,t,x)).

Then the characteristic system becomes

d t
%’@ = ay(s)wi (s, t,z) + bi(s)ws(s, t, z),
dno(s,t,x
% = c1(s)wy(s, t,x) + g1(s)wa(s, t, ),
d t
W = aywy (s, t, ) 4 by(s)ws(s, t, ),
S
d t
W = gows(s,t, ),
wS(S,t,l') :w2<875?n1)7 w4<87t,x> :w1<87 87772),
nl(tft;fﬁ) = x) "’]2<t7 t’m) — l‘,

w1(07t7x) = 901(771(07 t,I)), w2(07t7 x) = ()02(772<07t7x>)'
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(14)
(15)
(16)
(17)

The unknown functions 7;, w;, ¢« = 1,2, j = 1,4, depend not only on ¢ and z, but also on
an additional argument s. Integrating equations f with respect to the argument s
and taking into consideration conditions 7, we obtain an equivalent system of integral

equations:
¢

m(s,t,x) =z — / (a1(T)wy + by (T)ws)dr,

w1(57t7 x) = 901(771(07ta 33)) + / (a2wl + b2<7—)w3)d7—7

0
s

wa(s,t.2) = ealml0,t,2)) + [ guadr
0

ws(s,t,z) = ws(s,s,m),

wy(s,t,x) = wi(s,s,n).

We substitute , into — and we obtain the following system:

t s

wi (s, t,x) = 1(x — /(al(T)wl + by (T)ws)dr) + / (agwy (T, t, x) + ba(T)ws (7, t, x))dT,

0 0
t s

wa(s,t,x) = (T — /(01(7)w4(7,t, x) 4+ g1 (T)wo(T, t, x))dT) + /ggwg(T, t,x)dr,

0 0
t

wy(s, 1, 7) = wa(s, 5, — / (ax(7)ws + by (r)ws)dr),

S

(18)

(21)

(22)
(23)
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t

wy(s, t,x) = wi(s,s,x — /(01(7)w4 + g1(7)ws)dr). (27)

S

In what follows, we shall write that constants Ky, K;, K5, ...are determined by initial data
if these constants are determined via known characteristics of the problem, the norms and
extrema of known functions by means of closed algebraic, differential or integral expressions,
that is, in the framework of the original problem, they can expressed as a certain number.

The following lemma holds true.

Lemma 1. Assume that the functions wq(s,t, ), we(s,t,z) satisfy system of integral equa-
tions f, are continuously differentiable and bounded together with its first derivatives.
Then the functions u(t,z) = wq(t,t,x), v(t,x) = wy(t,t,z) solve problem , on Qr,,
Ty < T, where Ty s a constant determined by initial data.

Lemma 1 is a base in the additional argument method. Lemma 1 can be proved in the same
way as in works [2], [4], [5], [7]-[9].

2. EXISTENCE OF LOCAL SOLUTIUON

To prove the existence of solution to problem , (2) in the class of bounded functions, we
shall employ the system of integral equations —.
We denote

Iy ={(s,t,2)|0 < s <t < T, x € (—00,+00), T >0},
7l:O72}7

(@)

%

li=1,

C, = max{sup
R

l= maX{Sup a1 (t>> sup bl (t>7 sup b2(t)7 sup Cl(t>7 sup gl(t)7 |a2|7 |g2|}7
[0,17] (0,7 [0,T7 [0, [0,T]

1UIl = sup [U(s, ¢, 2)[, [If]| = sup|f(t )]
I'r Qr

The symbol C122(Qy) stand for the space of functions differentiable in the variable ¢, twice
differentiable in the variable x, possessing mixed second derivatives and bounded together with
its derivatives on Q7. Let C%(R) be the space of the functions on R continuous and bounded
with its derivatives up to the second order. By C([0,7]) we denote the space of the functions
defined and continuous on the segment [0, 7.

We introduce conditions playing a key role in the proof of nonlocal solvability of Cauchy

problem , :
al(t) > 07 bl(t) > 07 bZ(t> > Oa Cl(t) > 07 gl(t) > 07 te [OaT]a

28
O(r) =0, ¢h(x)>0, z€R. (28)

The next theorem provides conditions for the existence of local solution to Cauchy problem
@), (2), under which the solution u(t,z) = wi(t,t,z), v(t,x) = wa(t,t,z) possesses the same
smoothness in x as the initial functions ¢ (x), ps(z).

Theorem 1. Let (), 02(x) € CHR), ai(t), bi(t), ba(t), c1(t), g1(t) € C([0,T]) and con-

ditions be satisfied. Then for each 0 <t < Tg_, where Ty = min(%;cw %OZ), Cauchy problem
@, has the unique solution u(t,z),v(t,z) € CY“**(Qr,), which is determined by system of

integral equations —.

The proof of the theorem is split into two lemmata.
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Lemma 2. Let ¢(1),p2(z) € C*R), ay(t),bi(t),ba(t),c1(t), g1(t) € C([0,T)) and condi-
tions . hold. Then system of integral equations (24)—(27) possesses the unique solution
w; € CYYY Ty, where j = 1,4,

1 1 R
25C,17 101

Ty = min(

Proof. The proof of the lemma follows the lines of [4] and this is why we mention only the
milestones. The main difficulty is that system f involves the superposition of unknown
functions. To overcome this problem, we employ a “two-level” algorithm of successive approx-
imations.

The zero approximation for a solution to system of integral equations f is introduced
by the identities:

wig(s,t,x) = p1(), wy (s, t, ) = pa(x), wso(s,t,r) = (), wao (s, t, ) = p1(x).

The first and next approximations for system of equations (24 . . are introduced by means
of the recurrent sequence of equations (n =1,2,...) :

S

Win(s,t, 1) = / wm+h@%%dﬁ)+/k@wm+bﬂﬂw%ﬂﬂ (29)
Wan(s, 1, 2) / (7,1, 2) + g1 (7w (7,1, 7)) dr) + / gownn(r,t, 2)dr,  (30)
W (5,1, ) = tan1)(5, 8, — /t (an(F)win + by (7)wgn)dr), (31)
Win (5,1, 2) = wrn1)(5, 5, — /t (cr(F)wan + g1 (7)wn)dr). (32)

S

For system of equations 7, the zero approximation is defined by the identities
W, = wi-1), j = 1,4

The first and next approximations are introduced by the relations:

t S
whit(stia) = oilo = [ @mol, + (b )r) + [ (@, + bl (33
0 0
t s
whi (s t2) = alo — [ @ty (nt0) + u(rul (b)) + [ gaud ()i (30
0 0
t
w1 (s.t.2) = w55, = [ (@ulr)ud, +b(r)ul)an), (3
t
wfj:[l(s, t,x) = Win-1)(s, 5,2 — /(cl (T)wffn + 0 (T)w’;n)dT). (36)
As in [2], [], we establish that for all 0 < ¢t < T3, where T; = min(zoc 7, 37), the successive

approximations (33| converge to a continuous and bounded solutlon of system (|29 . .
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and this solution possesses continuous bounded derivatives d,w;,, j = 1,4. The estimates hold:

ijn“ 20@7 J= 17_47 ||azw1n|| X 40@7
[02wanl| < 4C, 1Oz wsn|l < 6C,,  [|0zwan]| < 6C,.
Again as in [2], [4] we establish that for all 0 < ¢t < Ty, where Ty = min(%c 7, 67), successive

approximations (29 converge to a continuous bonded solution of system (24 . , and
this solution has contmuous bounded derivatives d,w;, j = 1,4. The estimates hold true

sl < 20@7 i=14 ol <
[0w2]| < 4C,, [0z ws]| < 6 C 10z wa]| < 6C%

In the same way as above we prove that w;, j = 1,4 have continuous bounded derivatives with
respect to the time ¢ on I'y,. The uniqueness of the solution is proved as in paper [4]. O]

Lemma 3. Let p1(z), p2(z) € C%(R), ai(t), bu(t), ba(t), er(t), g1(t) € C([0,T]) and condi-
tions hold. Then the solutions {w;}, j = 1,4 of the system of equations f have
Pw;  w;
0x2’ Oxot’
Proof. We prove this lemma by the scheme proposed in [2] and we provide only the milestones.
We twice differentiate successive approximations (32) in x and we denote Wi = Wingx,
j = 1,4. As a result, we get the system of equatlons

continuous bounded derivatives j=1,4 on 'y, where Ty, = min(# L)

25C,1 101

t S
ot ==, [ @t + bilr)ddr + [ (et + balr)u)dr
0 0
| 2 (37

I / (01 () 1ms + by (P)wns)dr |
0
t S

W / (e (P + gy (P )dr + / g dr

0 0
t ) (38)

. / (1 (P i + g1 (FYwmma)dr |

0
t 2

wy =wh~ Lof1- /(al(T)wlm + b1 (T)wspe )dT
’ (39)

t

~ s [ (@x(ref + by ()8,
S ) )

w4 —(.U? . 1— /(01(7)w4na¢ +gl(7—)w2nx)d7
. (40)

t

w1 / ()] + g1(7))dr.

s
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Under conditions (2§), in view of the above estimates ||w;,|| < 2C,, j = 1,4, we obtain
t

41C
/ (@ () wrn + by (PYwsn)dr| < H(lJwnall + [lwsnl) < 40C, < Ce
251C,

< 0.16,

s
t

AIC
/(01(7)w4n + g1(T)w2n)d7| < H([|wan| + lwanll) < 481C, < o=
251C,

< 0.16.

s

We fix a point 2y € R and we consider the set
Quy = {z|zo — 0.16 < 2 < 9+ 0.16}.
As in paper [2], under conditions , for all 1, x5 € R, the inequalities hold:
M (8,8, 1) = M1p (8,8, 22) | < |21 — 2o, (41)
[72n (5,8, 1) = M2n (8,8, 02) | < |21 — 22, (42)

where
t

(5, 6.2) = 7 — / (01 () win (T £, 7) + by () (7 £, 7)),

s
t

Non(S,t, ) = x — /(01(7)w4n(7‘, t,x) + g1(7)waon (7, t, z))dT.
S
In a closed bounded set €1,,,, continuous second derivatives of the functions ¢;, i = 1,2, are
uniformly continuous. As in paper [2], we prove that under conditions , we have a uniform
continuity of the functions w{, wj in x € {1, which implies the equicontinuity of the functions
wy, wy in z at an arbitrary point xy € R. The equicontinuity of the functions w}, wj in x is

employed for proving the convergence of successive approximations wj, j = 1,4.
We consider the system of equations

t s
& = — G (m(0,t,2) / (@ (1) + by () dr + / (a2} + bo(r)R)dr
0 0
n 2
+ cp’ll 1= /(al(T)wlz + by (T)ws)dT |

0
t s

% == h0m0.4,0)) [(e(nf + oitryanir + [ pasin

0 0
t 2

+h- | 1— /(cl (T)way + g1 (T)way)dr |
0

t 2 t

oy =it 1 - /(al(f)wlx + b1 (T)wse)dT | — war(s, s,m(s,t, 7)) /(al(T)(D? + by (T)03)dr,
t 2 t

oy :d)?_l 11— /(01(7)w4$ + g1(T)wae )dT | — wia(s, s,ma(s,t, x)) /(01(7)@2 + g1(7)@03)dr.

S S
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Under conditions , on I'r, we have w — w;, j = 1,4, and the estimates hold:
||w1|| 205, leaof < 20@7 losl < 3C,  fl@all < 3C.

Then we establish that under conditions (|2 , on I'z,, the successive approximations w7 converge
to the functions @;, j = 1,4, as n — oo.

We obtain that under conditions , Wingz — Wjge = Wj, Where the functlons 2 . i =14,
are continuous and bounded on I'y,. Then we establish that under conditions J) there exist

2
aqgt,j—lllonFTQ. [

continuous and bounded derivatives

3. EXISTENCE OF NONLOCAL SOLUTION

There holds the following theorem on sufficient conditions ensuring the existence and unique-
ness of the solution to the Cauchy problem in the original coordinates for a given finite segment
t € 0,77

Theorem 2. Let ¢1(z), pa(x) € C2(R), ai(t),bi(t),ba(t), c1(t),g1(t) € C([0,T]) and con-
ditions hold. Then for each T" > 0, Cauchy problem , has the unique solution
u(t,z),v(t,r) € CY?2(Qgr), which is determined by the system of integral equations (24)—(27).

Proof. We differentiate the system of equations (4)) in x and denoting p(t, z) = u,(t, z), ¢(t,z) =
v.(t, ), we obtain the system of equations:

Oip + (ay(t)u(t, ) + by (t)v(t, 2))0up = —a1(t)p* — by (t)pg + asp + by(t)q,
Ohq + (cr(Hult, ) + g1 (H)v(t, 2))0zq = —g1(t)g* — c1(t)pg + 924, (43)
p(0,2) = ¢i(z), q(0,2) = @y(x).

We add two equations to the system of equations f:

dyi(s,t,x
- (dS ) =l (S>712 - bl (8)7172(87 oF 771) + 271 + b2<8)72(87 S, 771)7
(44)
dyo(s,t, x
D) gy (99 — (95} -+ e
subject to the conditions v1(0,¢,x) = ¢ (m), 12(0,t,2) = @h(n2).
We rewrite system of equations as follows:
( s
n(s,tx) =e1(m) + / [—a1(T)7] + (ba2(7) = bi(T)y1)2(T, 7, ) + agm]dr,
: (45)

s

Ya(s,t, ) =@5(n2) + / [—g1(7)73 — 1 () (7, 7, )72 + go2)dr.
\ 0

The existence of a continuous solution to system (45) on I'z,, where Tp = min(5:57, 167),
©

under conditions , is proved by the method of successive approximations. We define these
approximations:

( S

W =h(m) + / [~ax(7)(3)" + (ba(7) = bu(T)7i)y5 (7, 7 m) + axnildr,
< ", (46)

1 = ey(m) + / [~ () (1) = el (7.7 ) + g ldr,
\ 0
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and also ) = ¢} (m), 79 = ¢h(n2). Under conditions (28], on 'z, the estimates hold: |y/"*!| <
20,.

As in paper [2], we establish that for all 0 < ¢ < T, where T, = min( , the inequality

s, )
25C,17 101

7t = ||+ [t = | < 0.52( ] =AY + (] =),

holds true. This inequality implies that the successive approximations {7/}, i = 1,2, converge
to a continuous solution of system (45]) on Iz, under conditions . The solution satisfies the
estimates:
| < 2C,, 1=1,2.
We differentiate successive approximations with respect to x:

(Vi =@ (m)ma

S

+ [ (02 =201 (7)0" = ba (7)) + (b2(7) = 02(7)V1) 72, (7 75 1) e )
0/( v ") N mn ) .

s

Vot = (n2) 20 + / [(92 = 201(7)vg — (7)) V2 — 1 (T)Va V1 (T, 75 m2) Mo d,

\ 0

where
t

Ma(s, t,x) =1— /(al(T)wlx + by (T)wsy )dr,
¢

ol to) = 1= [(ei(rwe + g1 (rJunc)dr

S

Under conditions (28)), on 'y, the estimates
il <1, [ AR <50,  i=12,
hold.

We consider the system of equations:

(w1 290/1/(771)771z
"‘/ ((a2 — 2a1 (7)1 — bi(7)y2)war + (b2(T) — b1 (T) 1) waa (T, T, 771)7hz>d77
0 (48)
W2 280/2/(772)772x + / <(92 - 291(7)72 — (1 (T)’Yl)wzz —C (T)Wzl(ﬂ T, 772)727721)617-
\ 0

We prove the existence of a continuous solution to system by means of the method of
successive approximations:
(w3 =0 (1)1
+ /[(a2 = 2a1(7) 11 — bi(7)72)wdy + (b2(7) = b1 (7)1 wio (T, 7, M1 ) 1),
0 (49)

S

Wgzﬂ :%0/2/(772)7729: + /[(92 —2g1(7)y2 — c1(T)1)why — 1 (T)wyy (7, 7, M2) Yamoe AT

\ 0
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Under conditions , on 'y, the estimates
|wsi™| < 5Cy,  i=1,2,

hold true.
It follows from that

ot | < | [ @z = 200(r)m - bi(r)hy — wtir
0

S

n / (ba(7) — bu(r) 1) (Whars o) — s (ro o) adr |

o =] | 02— 20 - ety - ot
0

S

+| [ alrra@h(rrm) - o8 ) adr].
0
By the properties of integrals, absolute value, supremum of the functions, we arrive at the
following inequalities:

S

gt —ath| <t [+ 2l + ety - g ar

0
s

+l/(1 + |71|) : |w§2(7—a T, 771) - wggl(ﬂ T, 771)| ' |n1w|d7_’

0
s

ot —aty| <t [+ 2l + Ity -ty
0

y / Il - 6 (7,7, 1) — 637 (s 7y 12)] - [

Since

|7i| <20, 1=1,2, ITha| <1
we have

lwii — why || < (61EC, + 1t)||why — why || + (2UCy, + 1t) Jwh, — wis |-

Since

1vil < 2C,, 1=1,2, 7)22| < 1
we get

g™ — wipl| < (61tC, + 1t)|Jwyy — wiy | + 20 Cy [Jwiy — wir .

We sum up two latter inequalities to obtain
me + [Jwhs ™t — why || < (8ItC, + 1t) ||why — wii M| + (81C, + 21t) |why — wiy M.
For all 0 < t < Ty with Ty = min(5z5—

n+1 n+1

[

the inequality holds:

. N " 8IC l ne
llwi™ = wiy || 4 [lwhs™ — why || < (2550[ + 10l> w5 — w3yl
®

25C 17 lOl)
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(oot 20 gy — s
25C,1 ' 101) "2 b

leogit = bl + lly” = wpl] <0420y — | + 0.520fy — el

Jwii — win || + llwss™ — wiy]l <0.52([|lwg; — wii | + lws, — wis Hl)-

Hence, under conditions (28)), successive approximations {w;}, i = 1,2, converge to a continu-
ous solution of system (48) on I'z,. It follows from (A7), that

S

|7t — war ]| < /(@2 —2ay (7)1 — bu(7) (T, T,m1)) (V1 — wor)dT

0

s

n / (ba(r) — by (P)30) (s (s 7o 1) — (7 70 el + [T,
0

HV"H - w22” S /(92 —201(7)2 — ar(T)n (7,7, m2)) (73, — waz)dT
0

s

T / (—er(P)2) (s (7 7o 12) — oo (7 7, ) el |+ [T
0

where
S

o = / [(—~2a1(T)7fs — by (i) (4 — 1) — by (P) (08 — )] dr,

0
s

o = / [(=201(T) 75 — 1 (T)em2a) (3 — 72) — (7)Y, (0 — )] dr-
0
By the properties of integrals, absolute value and supremum of function we obtain the following
inequalities:
R =] <1 [ (@2l + ) b = sl dr

0
s

+1 /(1 +[nl) - e (T 7m) — waa (T, 7,m)| - [MaldT + o],

0
s

B | < / (142 + 1) 12 — waal dr
0

y / ol - 1Y (7, 7 1) — st (7 7 1) - Il + [

Since
|71| < 20(,07 |72’ < 2C¢, ’n1x| < 17 |772:r’ < 1
we have
71" = war|| < (6UC, + 1t) |7y — warll + (2UC, + 1) |73, — waall + [o%i ],
[93:5" = was| < (616Cy + Ut) |75, — waal| + 204C, |47, — wan| + o4
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We sum up to latter inequalities and obtain:

H,Yn—i-l — w21H + H’YTLH - sz” <(8lt0¢ + lt)“’)/lla: - w21”
+ (8ItC, + 20t) |17y, — waal| + |ohy | + |of] -

For all 0 <t < 15, where T, = min( the inequality holds true:

25C 17 10[>

n+1 n+1

— war || + (|72
— wa || + |75,

Vi
V1

Employing the uniform convergences 7' = 71, 75 = 72, we choose n = N so that |0}, |+ |0} | <
e. Then

n+1

— woal| < 0.42[|77, — war|| + 0.52||vs, — waal| + [o5;] + o],

— waal| < 0.52(||7y — wan |l + 178 — wazll) + [o3y | + |og |-

n+1 n+1

[V — warll + [[72e = waall < 0.52([|77, — warll + |75, — wael|) + €. (50)

We denote Siy = ||71x - w21H + ||72x - w22H
By means of the induction, we are going to prove the inequality:

A — o[+ 257 — | < (0527 Sux + (14 0524+ 4 (052 e, (51)

where p = 1,2, ... It follows from (50 . ) that for N + 1, the inequality

N+1

H’Y - UJ21H + H’YNH — W22H < 0.525 N +¢€
holds as well as
7™ = wn || + [l2e ™ — wna| < 0.52([[3e "™ —wa| + [z
nyN“—wng—i-H”yN”—wQQH < 0.52(0.52515 +¢) +e.

Hence, for N + 2 we get:
[71e? = war|| + ||nae™? — wae|| < (0.52)%S1y + (1 + 0.52)e.
Suppose that for N +p, p =1,2,..., the inequality holds:

< (0.52)PSyn + (1 4+0.52 + - - - + (0.52)P7 Ve,

N+p N+4p
H%x —W21H+‘72x — W2

Then for N +p+ 1, p=1,2,... we infer that

71e P — wan || + [ yae P — waa| < 0-52(’ TP — way VP — wyl|) + €,

d

e P = wnll 27 = w|| < 0.52((0.52) Six + (140524 -+ (0.52)71)e) + e,

71 N+p+1 — wa || + ’YQA;JFPH — waal| < (0'52)p+151N + (140524 +(0.52)")e,

Therefore, inequality is true, where p = 1,2, ... and this implies that

b -] < 02850 e
H7N+p - wng + H%]\fp — wggH < (0.52)"S1y + ﬁz—:
Therefore,
‘ AP o || + H’yé\;fp — wya|| — 0 as N — 00, p— oo.

Hence, lim v;," = wy;, © = 1,2. We obtain that the solution to system possesses a contin-
n—oo

%
ox

uous derivative in z: v, = = wy;. The estimates hold:

[7izll < 5C, 1=1,2.
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In the same way as in paper [I], we prove that the solution of system (45) possesses a
continuous derivative in t. We first differentiate system of equations with respect to ¢:

(’Ylt(S, t» 33) :90/1/(771)771t
n / (a2 — 2a1 () — bu(7)re(m, 7)) yae + (ba(7) = ba(7)90)y2eiine] d

52
Yar (5,1, ) =04 (02) 12 (52)
+ / [(92 —2g1 (T)’Yz - (7)71(7, T, 772))7% - 01(7)7271:(;77%] dr,
\ 0
where
t
me(s,t,x) = —aq (t)wy — by (t)ws — /(al(T)wlt + by (T)ws )dr,
t
Not(s,t,x) = —c1(t)wy — g1(t)we — /(01(7)w4t + g1(7)wayy)dr.
We differentiate system of equations with respect to ¢:
dvyi(s,t, x
DELL) 0y — 20, (50— ), 5 m) e+ (a(s) = b (5)m e
(53)
dryor(s,t, x
% = (92 — 2g1(8) 72 — c1(s)71 (5, 5,m2) ) v2r — c1(8) V12Vt

subject to the conditions: 714(0, ¢, x) = @] (m1)1e, Y2:(0, ¢, ) = ph(n2)ne. Therefore,

S

e =0 () exp / (a2 — 201 () — () a7 m0))dr)

0
s s

+ / (b2(7) = b1 (7) V1) V2211 GXP(/ (az = 2a1 (V)11 — bi(V)y2(v, v,m))dv)drT,

0 T
s

Yot 290/2’(772)772t exp(/ (92 = 291(7)v2 — 1 (7)) (7, 7, m2) )dT)

0
s s

- /01(7)727195% GXP(/ (92 — 201 (V) 72 — cr(V)n (v, v, m2))dv)dr.

0 T
Therefore, there exits functions 4, v9; satisfying system . Then we differentiate with
respect to t successive approximations and under conditions , on I'p, we prove the
convergence vy, — Y1, V4 — Yor. Hence, we establish that
_Mm _ 9
Vit ot Y2t ot
Thus, we have proved the existence of a differentiable solution to problem . Therefore,
n(ttz) =p(t,x) =0u, 1t tz)=q(t r)=0.
As in paper [2], we establish estimates:
[oll < Cpexp(lga| ), lull < Cpexp(laz|T) (1 + Tlexp(|g2|T)). (54)
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By we have
(s, t,x) =gy (m) exp —/(a1(7)71 + b1 (T)2(7, 7, m) — az)dr
0

S S

+/b2(7)72(7777 1) exp —/<a1(7)71+b1(7)’72(% v,m) — az)dv | dr, (55)

0 T

S

salos ) =ghtm)ex | — [ (@1 + s (o) — g
\ 0
Since ¢h(z) > 0, z € R, it follows from (57]) that 72 > 0 on I'z. And due to

Pi(x) =0, xz€R,  by(t)>0, 7% =0 on T,
it follows from that 73 > 0 on I'7. Since
P

71 2 07 ’}/2 0 on FTa
al(t) > 07 b1<t> > 07 bQ(t) > 07 Cl(t) > 07 gl(t) > Oa te [OaT]a

by we get that on 'y the estimates hold:

2l < Cpexp(|g2T), [l < Cpexp(laz|T)(1 + Tlexp(|g2|T)).
Hence,
[0:0]] < Cpexp(|g2|T),  [[Ozull < Cpexp(lag|T)(1 + Tlexp(|g2|T))- (56)
As in [I], we confirm that for all ¢ and = the estimates

e
| QU’ Ell Ch(T 012021) =+ Egl C—HSh(T 012021>, (57)

|C
| 2U| E21 Ch(T 012021) + E11 C—mSh(T 012021), (58)

12

hold, where Fy;, Es, C1a, Cs; are constants determined by initial data.

The obtained global estimates , 1} allow us to continue the solution to each
prescribed segment [0, T]. We choose u(Tp,z), v(Tp,x) as the initial data and employing
Theorem 1, we continue the solution to some segment [Ty, T1]. Then we take u(7Ty, x), v(T1, )
and employing Theorem 1, we continue the solution to the segment [77, T5]. In finitely many
steps the solution can be continued to each prescribed segment [0, 7).

The uniqueness of solution to Cauchy problem , can be proved by applying estimates
similar to those employed in proving the convergence of successive approximations. O]

Example. We consider the Cauchy problem for the system

Owu(t,x) + ((t + Du(t, x) + (2t + Dv(t, x))0u(t, z) = —3u(t, z) + (2t + 3)v(t, x), "
{8tv(t, )+ ((t+2u(t,z) + (2t + 4)v(t, x))0v(t, x) = —2v(t, ), (59)
where u(t, x), v(t,x) are unknown functions, (t,z) € Qr, subject to the initial conditions:
1
u(0,2) = @1(x) =1+ barctan z, v(0,x) = @o(z) = =i (60)
Since ¢1(x), pa(z) € C*(R), a1(t), bi(t), ba(t), cr(t), 1 (t) € C([0,T)),
al(t):t—|—1>0, bl(t):2t+].>0, bg(t):2t+3>07 Cl<t>:t+2>0,
5 e’
— 244 T (z) = (2) = ——
gl(t) t+4> 07 te [07 ]7 gOl(l') 1 i 1.2 > 07 902(1') (61 i 2)2 > 07 T Ra
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then by Theorem 2, Cauchy problem , possesses the unique solution u(t,x),v(t, x) €
01’2’2<QT).
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