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ORDER OF DIRICHLET SERIES WITH REGULAR
DISTRIBUTION OF EXPONENTS IN HALF-STRIPS

A.M. GAISIN, G.A. GAISINA

o0
Abstract. We study the Dirichlet series F/(s) = 3. ane® with positive and unboundedly
n=1

increasing exponents \,. We assume that the sequence of the exponents A = {\,} has a
finite density; we denote this density by b. We suppose that the sequence A is regularly
distributed. This is understood in the following sense: there exists a positive concave
function H in the convergence class such that

IA(t) — bt| < H(t) (t>0).

Here A(t) is the counting function of the sequence A. We show that if, in addition, the
growth of the function H is not very high, the orders of the function F' in the sense of
Ritt in any closed semi-strips, the width of each of which is not less than 27b, are equal.
Moreover, we do not impose additional restrictions for the nearness and concentration of
the points A,. The corresponding result for open semi-strips was previously obtained by
A.M. Gaisin and N.N. Aitkuzhina.

It is shown that if the width of one of the two semi-strips is less than 27b, then the Ritt
orders of the Dirichlet series in these semi-strips are not equal.
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INTRODUCTION

Let A ={A\,} (0 <\, T 00) be a sequence obeying the condition
— 1
m — = H < co. (0.1)

n—00 /\n

While studying entire functions defined by everywhere converging Dirichlet series
F(s) =) ane™ (s=0+it), (0.2)
n=1

J.F. Ritt introduced the notion of R-order. Let us provide the definition of this quantity.
Ritt order (R-order) of an entire function F' defined by series (0.2) is the quantity [1]
— InlnM
o= T M) M(o) = sup |F(o + it)].

o—400 o) |t|<OO
We consider a closed strip
S(a,tg) ={s=o0+it: |t —ty <a}
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and we denote
M(o) = max |F(o + it)].

[t—to|<a
The quantity
— In"In M,(o)

ps = lim ————~=  (a’ = max (q,0))
o—+00 g

is called R-order of a function F in the strip S(a,ty).
Let

where D(x) = %, A(z) = > 1; D is the upper density and D* is the averaged upper density
An<x

of the sequence A. We obviously have D* < D.
It was proved in [2] that if
h_m ()\n-i—l - )\n) =h> 0,

n—oo
then as a > wD*, the R-order p, of the function F' in the strip S(a,to) is equal to the R-
order pg in the entire plane. The most general result on coinciding R-orders in different strip
S; = S(a;,t;) (i = 1,2) was established by A.F. Leontiev in [3].
We are going to recall this result. Let F' be the sum of Dirichlet series (0.2) and S; and Sy
be open horizontal strip containing respectively D(a;) and D(ay), where D() is the shift of
the conjugate diagram D of the entire function

00 22 .
1) =TI (1-5) =otm)
n=1 n
by a vector a. Then the R-orders of the function F' in these strip coincide [3, Ch. II, Sect. 5,
Subsect. 3]. For closed strip such result was proved by G.S. Sadykhov in [4].
We note that in [5], for entire Dirichlet series (0.2) of both arbitrary and prescribed order
there was made an attempt to obtain the relation

In M(o) ~ In Mg(o) (0.3)
in the general case as 0 — oo outside some set £ C R, whereR, is the positive semi-axis

(0, 00). This relation follows a statement in [5]: if Y A1 < 0o as F has an arbitrary growth
n=1

orn = o(\,) asn — oo if F' is an entire function of a finite Ritt order, then for each horizontal
strip S1 C Se as 0 — oo outside some set I of a finite or zero density respectively we have

In M, (0) > In Ms, (0) > In {Ms, (o) — |o(1)]a(0)} + 0 (In M(0)) (0.4)

where pi(0) is the maximal term of the Dirichlet series.

However, the expression in curly brackets in (0.4) is generally speaking negative. But then
the right estimate in (0.4) makes no sense despite the exponents of the series obey rather strict
restrictions, Fejér or Fabri conditions. Nevertheless, if the coefficients a,, of series (0.2) lie in
a fixed angle {s=re”: |6 <y < Z}, then |[F(0)] = M(c)cosy and under an appropriate
choice of the strip S relation (0.3) follows easily (0.4). We observe that this condition on a,, is
not essential, for more details see [7], [8], where stronger results were obtained. The Fejér and

LA similar result in terms of the coefficients in the Newton majorant was provided in [6] for Dirichlet series
converging only in the half-plane.
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Fabri conditions are also not essential{'| For instance, in [7] the series Z A1 was not assumed

to be convergent even if F' has an arbitrarily high growth rate. Only the ﬁnlteness of a so-called
W—density G(W') was assumed, where W is a convergence class and a condition of type

—Inh, <w(A\,) (n=1), weW,
where h,, = rkn#in |An — Ak| was supposed as well. Then, for instance, for each strip S(a,ty) with

a > nG(W) relation (0.3) outside a set E of a finite measure [7].

For entire Dirichlet series of finite Ritt order, in [8] there was even proved a criterion of
relation (0.3), namely, the sequence A should have a zero a-condensation and satisfy a weaker
growth condition than Farbi condition.

In paper [9] the aforementioned by result by A.F. Leontiev in [3] on coinciding Ritt orders
in open strips containing D was extended to the case, when the convergence domain of series
(0.2) is the half-plane Il = {s = o + it : 0 < 0}.

Assuming H = 0 in (0.1), as in [9], we denote by Dy(A) the class of all analytic functions
represented by Dirichlet series (0.2) converging only in the half-plane IIy. In the present work
we also consider a subclass of functions in Dy(A) having a finite order similar to the Ritt order
in the classical case. The technique and ideas of work [7], where series of arbitrary growth were
treated, turn out to be applicable also in the present case [9].

Let S(a,ty) ={s =0 +it: |t —to| < a, 0 <0} be a closed half-strip. The quantities

— InTInM(o) In* In M, (o)

pr= l = pe = Jim o1

are called Ritt orders of a function F' in the half-plane IIy and the half-plane S(a,ty) [10]. In
what follows, we call the quantities pr and p, simply by orders in the half-plane and half-strip.
It was shown in [8] that if
In \,
lim

n—oo A\,

then the order pg of each function F' € Dy(A) is

Inn =0,

— In)\,
pr = lim I;—hf“ |anl; (0.5)

n—oo n
the above conditions are also necessary [11].
Let the sequence A have a finite upper density D, h(y) be a growth indicatrix of the function
L(z). Then 7 = h(£%) < nD* [2]. It is obvious that 7 is the type of the function L.
If
1
L@ <@ @>0),  lim 20T

T—+00 €T

=0, (0.6)

then the order p, in the strip S(a,ty) as @ > 7 and the order pg of each function F' € Dy(A) in
the half-plane IIj satisfy the estimates [10]

ps < pr < ps + 4, (0.7)

!Usually one considers two independent problems:
1) the sequence of coefficients A = {a,} is arbitrary and obeys only a natural conditions, but subject to a
considered problem, conditions on A = {\,} are imposed;
2) the sequence of exponents A is arbitrary and obeys only a natural conditions but on A one again imposes
conditions motivated by a particular problem.

M.N. Sheremeta considered a combined problem imposing conditions on both A and A and these conditions
are very strict.
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where
1

L'(An)
In [10] there was also considered a case, when the width of the strip S(a, ty) is exactly 27. This
implies that if ¢ < oo, then the quantities p; and pg are finite or infinite simultaneously and
ps = pr as ¢ = 0. In the general case we have ps; # pgr [12]. However, it was established in [9]
that if the width of each half-strip S; = S(a;, t;), i = 1, 2, exceeds 27G(R), where G(R) is the
R-density, then the Ritt orders in these hafl-strips are equal.

As in work [4], a natural question arises: under which conditions each function F' in Dg(A)
in different half-strips of width not less than 27G(R) have the same order?

The aim of the present work is to provide conditions for the sequences A, under which
Ps, = Ps,, Where pg, are the orders in arbitrary half-strips S;, ¢ = 1,2, the width of each is
not less than 27b. This is done in Theorem 1. As we shall see in the proof, the quantity ¢ in
Theorem 1 can be arbitrary but the theorem does not hold as a; < b < ay even if ¢ < oco; we
provide an example of such situation.

— 1
qg=¢q(L) = lim A In

n—oo N\,

< 00. (0.8)

1. PRELIMINARIES

In what follows we shall need some additional distribution densities of the sequence A. Let
A ={)\.} (0 <\, T o) be a sequence possessing a finite upper density, L be a class of positive
continuous unboundedly increasing on [0, co) functions. By K we denote a subclass of functions
h in L such that h(0) = 0, h(t) = o(t) as t — oo, @ 1 as t T oo; the derivative @ decays
monotonically as ¢ > ¢y. In particular, if h € K, then h(2t) < 2h(t), t > to.

The K-density of the sequence A is the quantity [12]

) = i T .

where w(t) = [t, t + h(t)) is a semi-interval, pa(w(t)) is number of points in A lying in the
semi-interval w(?).

Let Q = {w} be a family of semi-intervals of form w = [a, b). By |w| we denote the length of
w. Each sequence A = {\,}, 0 < \, 1 00, generates an integer-valued counting measure fix:

pp(w) = Z 1, weq.
AnEw

Let ur be a counting measure generated by the sequence I' = {u,}, 0 < p, T oo. Then
the inclusion A C T' means that pus(w) < pr(w) for each w € Q. In this case we say that the
measure ppr majorizes the measure fiy.

By D(K) we denote the infimum of the numbers b, (0 < b < 00), for which there exists the
measure pp majorizing gy such that for some function h € K we have

|M(t) — bt| < h(t) (t > 0). (1.2)
Here A = {\.}, T ={u.}, M(t) = > 1.

pn <t
Lemma 1 ([12]). The quantities D(K) and G(K) coincides: D(K) = G(K).
We consider also the following classes of functions:
Lo={he€L: h(z)lnz =o0(x)} as z— +o0

R={hek: h(:)j)lnhé):0<ljx>, z — +oo}.
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The literal reproducing of the proof of Lemma 1 shows that D(R) = G(R); here the quantities
D(R) and G(R) are defined as above with the only differences that h € R in (1.1) and (1.2).
It was shown in [12] that if a sequence A has a finite G(R)-density, there exists an even entire
function @) with a regular in some sense behavior on the real axis. All zeroes of this functions
are real and simple and A is a subset of its zero zero. Taking into consideration this essentially
important fact, it was shown in [9] that ps, = pg, for all half-strips S; = S(a;, t;), (1 = 1, 2),
having the widths greater than 2rG(R). The sequence A can be extended to the sequence M
of all positive zeroes of the function @) with the density b > G(R).

In the present work we assume that the sequence A has the density b and satisfies a condition
of type (1.2). Our aim is to find out, under which additional assumptions for the function h,
relation (1.2) implies the identity ps, = pg, for all closed half-strips S; and Sy of width at least
2mh.

We shall need the following theorem.

Lemma 2 ([13]). Let C(x) be a non-decaying function vanishing in the vicinity of zero.

Assume that
/ C(x)dx < 00,

2
0
and for a > 0 we let

o0

m(a) :/C(x)dx.

T2
0

Let p and q be two constants such that p > 2, 0 < g < p—2. Then for each a there exists an
even entire function F,(z), z = x + iy, satisfying the conditions:

|FL(2)] < epem(a)ly\—C(IZDLa(I’ y),

where

VBT 1

Lo V) = S @ )

It is clear that HLQHL(R) = ”LaHL(i]R) =1.
In this lemma

_ (p—q—2)em(a) _ (p+q)em(a)
B = , Y=
2 2
and the function F,(z) is of the form:
e~ Cla=0) sin Bz sinyz
F.(z) = ,
(2) = —5—VBr R w(2)
where
Sin fb, 2
z) = n > 0),
o2 =T[5 o)
and
5 i < em(a)
n=1

is,

Q(z) = L(z) = ﬁ (1 - A—z> (2 =z +iy). (1.3)
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Let 7o be a function associated in the Borel sense with an entire function ). Then the
following lemma holds.
Lemma 3. The function Q satisfies condition (0.6) if and only if
lim §In"In|yo(t)| <0, &§=|Ret|
0—0+
The necessary condition was proven in [10], and the sufficient condition was established in
[12].
Lemma 4. Let a sequence A = {\,}, (0 < A\, T 00), satisfy the condition
[A(t) —bt| < H(t) (£20), (1.4)

where the function H belongs to the class K and moreover,

/H9ﬁ<m. (1.5)

t

Then the entire function Q) defined by formula (1.3) satisfy the estimates:
1) there exist A >0, B > 0 such that

In|Q(x)| < AH(]z])In™ +B (1.6)
In(|z)
on the real axis;
2) on the imaginary azis we have
. ™
In[Qy)| < wblyl + 2Nu(ly]) + S H(|y]). (1.7)

where

/@dt iF o>
Ng(r) = 7 ¢

0 Zf 0<r <.

Estimate (1.6) was proved in [14], while (1.7) follows immediately the representation

A(t)dt

inQ(iy)| = 207
0
In Lemma 2, we replace z by 72z and we let

™
2N —H if y>
Cipy = {2V HG T iy
0 if 0<y <\

Thanks to the term /y we obviously have: In C(y) < Iny; we write ¢;(y) < @2(y) if for some
¢ > 0, ¢ > 0 the estimates hold: c;¢1(y) < w2(y) < cap1(y). Since the function Ny also
satisfies condition (1.5), then the function C(y) satisfies the assumptions of Lemma 2. Then
combining Lemmata 2 and 4, we obtain the following statement.

Lemma 5. Let Q be the function (1.3), Qu(z) = F,(i2)Q(z), where F, is the function from
Lemma 2. Then for each a > 0, the function Q), satisfies the following estimates on the real
and imaginary ares:

1) 1Qu(@)] < exp [AH(|al) n* 2L + pem(a)|e] — C(Ja]) + B] La(z, 0);
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2) ‘Qa(zy)’ § Q(Z)\l)La(O, y)eﬂ'b‘w;

3) the function v, associated with the function @Q, in the Borel sense is continuous on the
straight lines Iy = {t: |Imt| = £+7b} and

sup |74 (f)] < Q(iAr).
| Tm t|=-£b

All parameters in estimates 1) — 3) are defined in Lemmata 2 and 4.

The estimate in Statement 3) is implied by inequality 2) and the identity ||L,|/Lir) = 1. The
continuity of 7, on the straight lines I is a well-known fact, see, for instance, [3, Ch. T, Sect.

7]).
2. MAIN RESULT

Let Ly, R be the classes of functions introduced above and G(R) be the R-density of the
sequence A. The following theorem holds true.

Theorem 1. Let A = {\,}, (0 <\, T 00), be a sequence obeying condition (1.4) and

o0

lim lna/NH(m)dQJ — 0. (1.8)

a— 00 ,jl’,‘2

Given half-strips S1 = S(aq, t1), So = S(ag, ts)
S(CZZ', tl):{S:O'—FZt ]t—tz\éaz, O'<0}, (7/21,2),

of widths at least 2mb, for each function F' € Dy(A) we have ps, = ps,. Here ps, and pg, are
R-orders of the function F in Sy and Ss, respectively.

In the proof of Theorem 1 we shall make use one more statement, namely, the estimate for
the quantity m(p) = —In|Q(re'?)| as ¢ — 0, where @ is Weierstrass product (1.3), whose
sequence of zeroes A = {\,} (0 < A\, T o0) has a positive density b and for some function
H € R we have

A(H) —bt| < H(t),  At)=) L (2.1)

An<t

Lemma 6 ([14]). Under condition (2.1), the entire function Q) satisfies the following esti-

mate: there exists p > 0 such that as r = p, for all ¢, 0 < |p| < § we have
: r 8t H?(r)
In |Q(re*)| — wb| sinp|r| < 6H(r)In + — + 3\ T (2.2)
| | 7 Tl
3. PROOF OF THEOREM 1
We have
and the averaged function Ny satisfies condition (1.8). Then an entire function

Q(z) = ﬁ (1 - i-%) (z =z +iy) (3.2)

n=1
of exponential type b possesses the following properties [14]:

19Q0\) =0, Q(\)#0 (n>1);
2. m|Q2)] < g(w) (x>0), g€ Ly
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MOI‘GOVGI‘, o1 some sequence of circumferences

Tn

K,={\: |\ =r.}, — 1, n — oo,
Tnt1
the estimates hold true [3, Ch. I, Sect. 3, Subsect. 1]:
In|Q(z)| = =Vo(r),  r=|z[=m, (3.3)

where 0 < Vy(r) = o(r) as r — oo. Without loss of generality we assume that n = o(r,)
as n — oo. In order to see this, for instance, we can exclude some points from the sequence
{r,} keeping in each semi-interval [n? (n + 1)?) at most one term of the initial sequence. At
that, we choose r; so that 0 < r; < min(1, ;). Taking this into consideration, by I, we
denote a closed contour formed by the arcs of the circumferences K, = {\ : || = r,},
Kny1 = {X: |A| = rpp1} and by the segments in the rays {\: arg\ = +¢,, 0 < ¢, < T}h
we shall choose ¢, later.
The following representation holds:

_ . wQ(M? Q, F) ohs PR
Fls) =Y /—Q(u) du)|. s=o+itell, (3.4)

n=1
n

where F' is the sum of the Dirichlet series (0.2) in the class Dy(A), @ is entire function (3.2),

and
t

wolp, a, F)=ce o L Yo(t) /F(t—l—a—n)e“"dn dt (3.5)

271
C 0

is the Leontiev interpolating function, see, for instance, [3, Ch. I, Sect. 2, Subsect. 13]. In the
definition of the function wq(u, @, F), by C' we denote a closed Jordan contour enveloping the
conjugate diagram of the entire function @), ¢ is the function associated with () in the Borel
sense, and «, g are complex parameters. If for instance, the contour C' is star-shaped with
respect to the origin, one usually lets ap = 0. In this case 1 in the internal integral in (3.5)
ranges in the segment [0, ¢]. Then ¢ — 7 also ranges in the same segment and (t —7) € G, where
G is the closure of the domain G bounded by the contour C. Then (t+a —1n) € G, G, is the
shift of G by a vector a. In view of this reason, the parameter « in (3.5) is chosen so that the
function F' is regular in G, [3].

We proceed to proving the identity ps, = ps,. Let aq, as be arbitrary numbers, a; > 7b,
as > b, and S; = S(aq, t1) and Sy = S(aq, t2) be half-strips. We let

Tn+1

H(ry,)
a = sup , c = |ti]| + |t2] + a1 + ao, Pn = €0

nxl Tn Tn

(n>1).
Since H € R, then ¢, | 0 as n — oo. We choose number ¢y so that 0 < ¢, < 7 (n > 1).

Taking into consideration the identity [15, Ch. IV, Sect. 2, Subsect. 2]

WQ(MvaaF) _ wQa(ﬂa&vF)
Q1) Qa(p)

where (), is the function from Lemma 6, and introducing a simplified notation w, instead of
wq,, for each s = o + it € Il we get:

_ Z /Wa /L,Oé)F) us dﬂ , (36)

n=1
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where
t
1
wa(:ua a, F) = e_a'uQ_Z- /’ya(t) /F(t +a— n)elm d77 dta (37)
T
C 0

Ya = 7a(t) is the function associated with the entire function @), in the Borel sense, C' is
a closed convex contour enveloping the conjugate diagram D, of the function Q,, a is an
arbitrary complex parameter chosen so that C, C Ily, C, is the shift of C' by the vector a.

Let us specify the choice of the parameter o and the contour C. Let v, € (0,1), v, = 272
and a = —o(1 — 7,) +it;, 0 = Re s < 0. As the estimate in Lemma show, D, is contained in
the rectangle

{z=2+iy: o] < ha(0) <pem(a).lyl < ha(E5) =7},

2
where h,(¢) is the growth indicatrix of the function Q),. As C, we take the boundary of
the rectangle P = {z : |Re z| < 2pem(a), |Im z| < a1}, where a; = wb. Taking into

consideration that m(a) is a continuous function, m(a) | 0 as a — oo, we choose the parameter
a > 0 as the root to the equation
2pem(a) = yol. (3.8)
Hence, for z € P we obtain: |Re z| < 71]o|. For the convenience we assume that v|o| < 1.
Our aim is to estimate |F'(s)| in the half-strip Sy by the maximum of the absolute value of the
function F' in the half-strip S; by employing some representation of form (3.7). The problem
is that Vy ¢ Lo in estimate (3.3). In order to overcome this difficulty, we first prove a lemma.

Lemma 7. Let s=o+it € Sy, p €'y, n € C, v, be an arbitrary but fired number in (0,1).
Then

‘e—u(a—s—n)‘ < A(,YQ)6—v2(1+72)rn|0|+acH(7"n) (n>1), (3.9)
a, ¢ are above introduced numbers and H € R.
Proof. Letting n = ny + 112, we have
a—s5—n=—70—m —i(—ty +t+n).
If p =re” = puy +ips, R=Re [—u(a — s —n)], then
R = p1y20 + pum — po(—t1 +t +n2).
This implies that
R < —rylolcosp +rylo|cosp +rlsingle, 1, <r <y, 0< o] <o, < %

Hence,
R < —rpye|o|(1 4 2v,) cos @, + conrni1, n = 1.
Since 7,11 < ar, (n > 1), ¢, | 0 as n — oo, then
R < = +12)ralo] + acH(rn)
as n = ng(72) and this proves estimate (3.9). O
We return back to proving Theorem 1. For s € Sy, u € '), we are going to estimate the

expression
S
wa(p, v, F)et

Qa(p)

Since ;|| < 1, then

Bs| < 2\ |, —p(a—s) % )
|wa ;@ F)et| < (14 aq)le | max || max |v,(t)| max |F(u)]
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Since the maximum max |e"| is attained on the contour C', by applying Lemma 7 we get:
ne

Jwalpp, ct, F)e| < Bng)e 2 Hmirmlebrectie] max [y (1)] max [F(u)]. (3.10)
€ ucCq

Here B(v2) = (14 ai)A(y2), p € T, (n > 1), 72 € (0, 1).
Taking into consideration relation (3.8), by estimate 1) in Lemma 5 we obtain that

x>0

max 1Va(t)] < eBexp {max (AH(x) Int -2 ﬁ]ap&)] :
T

S
| Ret|=71]o|
Since H € R, this implies easily (cf., for instance, [12]) that

lim |Ret|In™ In |y, ()] <0
i | Re ]I In fra (1)

on the vertical parts of the contour C'; we observe that for the function v associated with @
in the Borel sense, the latter relation is implied by Lemma 3. Therefore, for each ; y3 > 0, as
lo| < eo = eo(73), on the vertical parts of the contour C' we get the estimate

172 (t)] < exp exp[ysyy el ™, |Re t| =0l (3.11)
Since |7,()| < Q(i\;) on the horizontal parts of the contour, letting 73 = ~5 and taking into
consideration (3.11) and 7; = 273, we obtain

max [7,(t)] < expexplzlo] ], o <& =ei(n). (3.12)
Thus, it follows from (3.10), (3.12) for s € Sy and p € I',, that

(i 0, F)et| < Cla) exp exp pZlo] e 200mmlob st max |F(w), (3.13)
ue «
where y|o] < 1, (n > 1).
Since for each v > 0
sinvz

vz

as |arg z| < 7§, then for such z

|F,(iz)| > ge_o(“), C(a—0)=Cla).

for each fixed a > 0.
On arcs of the circumferences K, and K, ;1 in the contour I',,, estimate (3.3) holds. Therefore,
in view of the previous estimate, on the same arcs we have

—In|Q.(z)] < V(r), V(r)=o(r) as r— oc. (3.14)

Let 7, be the part of the contour I',, without the arcs C,,, C,, 11, (n > 2), where C,, stands
for the common part of the contours I',, and I';, 11 (n > 1). We assume that 7, = I'1 \ C, where
Cr={z:]z| =r, |argz| < p1}. In view (3.13), (3.14) we see that for each fixed s € Sy we
have
we (1, v, F)ets

Qa(1)

wa(p, cv, F)ers
I, = / Wallh & 7)€ 10
Qa(p)

< e’”“"’”n, W E Yn, N =ny.

Hence, for each fixed s € S,

n
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as n — o0o. And since

- wa(p, v, F)ers < wa(p, v, F)ers
I et B ¥ o R

k=1 k=1 Vi

instead of (3.6), the following representation is satisfied in half-strip Ss:

B - wa(p, ey F)et*
Fs) =Y / A | (3.15)

n=1
/Y’IL

We first estimate |Q(u)| on 7, from below uniformly in ¢, v,11 < |¢| < @,. In order to do
this, we employ Lemma 7, according to which, there exists p > 0 such that

r 8_7TH2(7“)
H) Tl

—In |Q(re”)] < 6H(r)In + 3\1b

as r = p, where
Tn+1

Tn <7 < Ty, —1 as n—00, Thy<ar,, n=1l, @, <ol < en,

n

b is the density of the sequence A = {\,}, a; = wb. Since

H H(r,
H(T)TOO, <T) T’TOO, Pn = €0 (T )7
Tn
as n = ny, for p = re’? € ~, we have:
r r
1) 6H(r)In < 12H(ry) In —"—,
H{(r) ()
H? 1
2 S < )
| 7 €o
Thus, in view of the above lower bound for |F,(iz)| in the angle {z: |arg 2| < T}, we have:
Tn 167 2me
—1 a <12H(rp)In ——+ —H(r,) + C(a) +1 > 3.16
01Qu)] € 12H ) I g+ S H ) 4 C) e (2w (30

on the contour 7,. Since H € R, the function H (r )111 -7 belongs to Lg. Therefore, by (3.13),
(3.16) we finally have

walp, o, F)ers " _
@it & F) sl < D(33)eC@ expexp 201 )
Qa(p) (3.17)

wexp [=7a(1 4 92)ralo |+ w(ry)] max [F(u)],

where w is a some function in Lo, 7|0 < 1, p € v, (n = 1).
Now we can estimate M, (o) by M;, (o) from above. By (3.15) and (3.17) we obtain:
M, (0) = max |F(o+it)|

|t t2|\a2
! (3.18)
<D(72)e” exp exp [13]o] '] max |F(u \Z!%\exp — Yaralo]],

where w € Lo, |v,| is the length of ~,.
We consider the Dirichlet series

= i be®, (3.19)
n=1
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where v, = Yoy (n 2 1), by = || exp [w(22)], and n = o(v;,) as n — oo according the choice

of r,. It is obvious that series (3.19) converges absolutely in Ily, and since w € Ly, the order

of the function ® in the half-plane Il is zero (see [10] and (0.5)):
— Iny,
p(®) = Tm —21In* |b,| = 0.

n—oo Uy

Since according condition (1.8) we have m(a)lna — 0 as a — oo, and InC'(a) < Ina, then in
view of identity (3.8) we conclude that |o|InC/(a(|o])) — 0 as o 1 0; it is also obvious that
a(|o]) T oco. In view of the above fact, by (3.18) we obtain

M, (o) < max |F(u)| expexp [2v3|o| ], 0 < |o| < ea(y2)- (3.20)
We choose 72 € (0, 3). Since o = |o|(1 — 72) + it1, then

1
|Imu—t;| <ay, |o|(1=7%—7)<Reu<|o|(l—v+m), Mm=272<7v as 0<72<§

if u € C,. Therefore, if in the half-strip S; the function F' has an order equal to ps,, then by
(3.20) we finally have
M, (o) < expexp [273 o] expexp [(ps, +72)(1 =22 —7) o™, 0<|o| <ea(n).
This yields
My, (o) < expexp [(ps, +372)(1 =72 — ) o™, 0 < o] < ea(r2).

This means that the order py, in the half-strip Sy satisfies the estimate

Psy + 372
L=y —m'
Since v, € (0, %) is arbitrary, then ps, < ps, if ay > 7b, a; = 7b, and of course, as a; > 7b. In

the same way we prove the inverse inequality. Thus, ps, = ps, for all half-strips S(ay,t;) and
S(ag, t9) if a; > b, ag > wb.

1
Mm=2%, 0<p<s

Pss < 5

Remark 1. In the proven theorem G(R) < oo although this statement makes sense also in
the case G(R) = oo; we just need to consider the half-strips of form S(oco,ty) coinciding with
the half-strip 11y and then again ps, = ps,. But Theorem 1 is not reduced to the simple case
ps = pr, where pg is the order of the function F' in the half-plane 11y calculated by formulae
(0.5) via the coefficients, and ps is the order in the half-strip S(a,ty), a > wb, see [9], [10].

Remark 2. Under assumptions of Theorem 1 as b = 0, the identity ps, = ps, holds for all
half-strips S(ay,t1), S(as, ta), a1 > 0, ay > 0 are arbitrary. However we note that an analogue
of Theorem 1 for horizontal rays is not true [16].

It turns out that as only one of the half-strips has a width less than 27b, the theorem is no
longer true as well even if we assume that ¢ < co.

Let us adduce an appropriate example. Let A = {\,}, (0 < A, T 00), be an arbitrary
sequence with a finite density b satisfying assumptions of Theorem 1.

We let

k=1
where the numbers b, with & > N are determined by the identities

L =A, A>0,
bP(bk)
k
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and at that, the numbers by, (k < N), are arbitrary, 0 < by < by < ... < by, p(r) =1— hﬁ%,
r > € this is obviously a specified order. An entire function ¢ has a minimal type at order 1

and
(72 = )l < ()] < (A +)fapled

on the real axis [15] as |z| = ro(g), € > 0 is arbitrary.
We consider the Dirichlet series

> A

Vi) =2 T

For this series the convergence domain is the half-plane Ily; since ¢ < oo, the condensation
index of the sequence A is equal to 0. It is easy to confirm that the integral

1 i ess
1) = 5 / 5 (3.22)

—001

(s =0 +1it). (3.21)

converges uniformly inside the strip
S={z:|Imz| < b}

and defines an analytic in S function I(s) bounded in each strip {s = o + it : |t| < a < 7b},
a> 0.

In an usual way one can show that by means of the integral (3.22), the sum of series (3.21)
is analytically continued in the strip S through the interval (—nbi, wbi), see, for instance, [3]
and [17, Thm. 2.1.4]. But then the Dirichlet series

e YR
F(s) = ;Q'()\Z)e/\

also converges in the half-plane Iy and is continued analytically over all curves along with
the function ® can be continued [15, Thm. 2.4.1]. Therefore, the function F' is bounded in
the half-strip S1 = S(a1,0), (0 < ay < wb), and this is why ps, = 0. Its Ritt order pg is
obviously equal to wA + ¢. Since under the assumptions of Theorem 1, the function () satisfies
conditions (0.6), as it follows from (0.7), for each half-strip Sy = S(ag, ) (ag > 7b) we have
Psy =2 PR —q =TA > 0.

On the other hand, as it has been shown in Theorem 1, pg, = py, where p; is the order in
the half-strip S(b,to) and hence, p, > 0.

Theorem 2. Let a sequence A satisfies assumptions of Theorem 1. Then for each function
F € Dy(A), its orders ps, and ps, in the half-strips S(ay,t1) and S(ag,ts) are equal if and only
if the width of each strip is not less than 27b.
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