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THIRD DOUBLE-LAYER POTENTIAL FOR A GENERALIZED
BI-AXIALLY SYMMETRIC HELMHOLTZ EQUATION

T.G. ERGASHEV

Abstract. The double-layer potential plays an important role in solving boundary value
problems for elliptic equations, and in studying this potential, the properties of the fun-
damental solutions of the given equation are used. At present, all fundamental solutions
to the generalized bi-axially symmetric Helmholtz equation are known but nevertheless,
only for the first of them the potential theory was constructed. In this paper we study the
double layer potential corresponding to the third fundamental solution. By using properties
of Appell hypergeometric functions of two variables, we prove limiting theorems and derive
integral equations involving the density of double-layer potentials in their kernels.
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1. INTRODUCTION

Numerous applications of potential theory can be found in fluid mechanics, elastodynamics,
electromagnetics and acoustics. By means of this theory one succeeds to reduce boundary value
problems to solving integral equations.

The double layer potential plays an important role in solving boundary value problems for
elliptic equations since the separation of variables and the Green’s function allows one to obtain
explicit solutions only for simplest domains. On one hand, the reducing of boundary value
problems by means of double layer potential to integral equations is convenient for theoretical
studies on solvability and uniqueness of solutions to boundary value problems. On the other
hand, this gives an opportunity for an effective numerical solving of boundary value problems
for domains of complicated shapes [1,2].

Applying the methods of complex analysis based on analytic functions, Hilbert [3] first con-
structed an integral representation for solutions of the following bi-axially symmetric Helmholtz
equations

2x 2
Héﬂ(u) = Ugy + Uyy + ?ux + ?Buy — N =0, (Hﬁﬁﬁ)

where «, § and A are constants and 0 < 2a, 2 < 1.
Fundamental solutions of equation (H}, ;) were found in work [4]. As A = 0, all four funda-

mental solutions ¢;(,y; o, %), ¢ = 1,4 of the equation HY, 5(u) = 0 can be expressed by means
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of the Appell hypergeometric function of second kind of two variables F; (a, by, bo; ¢, co;x,y)

defined by the formula [5,6,7]

(@D (01)m (B2)n
Fs (a, by, bo; ; = Tyt
2 (aa 1,02;C1,C2; T, y) m;() (Cl)m(Cg)nm!n! x
where (a), is the Pochhammer symbol, (a)y = 1, (a), = ala+ 1)(a+2)...(a +n — 1),
n=12....
Work [8] belongs to this direction of the studies. In this work there were constructed funda-
mental solutions of B-elliptic equations with lower order terms of form

Y

2
Ugy + Uyy + 200U, + ?ﬁuy —Nu=0.

In works [9] and [10], the potential theory was exposed for the simplest degenerating elliptic
equation Hgﬁ(u) = 0as a = 0 and § = 0, respectively. In [11] the theory of double layer

potential was constructed for equation (H, éﬁ) as A = 0 in the domain
QCcR, ={(z,y) : x>0,y >0}

only for the first fundamental solution ¢, (z, y; zo, yo)-
In the present work we study the double layer potential corresponding to the third funda-
mental solution

—« -1 _ _
gs(, 4 20, y0) = ks (r2) T YT R (14 o - Bra,1 - Bi20,2 - 26;6,m),  (1.1)

where
_ 220 ()P (1= BT (1 +a — B)

ko = 1.2
’ A I'(2a)0(2 — 28) ’ (1.2)
r? T — X ? Y—"%Yo ? r2 _ p2 r2 2
7’% =\|lx+ 20 +1Y—% ) § = D) 17 n= 2 2. (13)
2 r r
) T — Xo Y+ Yo

It is straightforward to check that the function ¢s(x,y; zo, yo) possesses the following prop-
erties:

dq3(x, y; o, yo)

o —0, (1.4)

g3(, y; To, Yo)

y=0
2. GREEN’S FORMULA

We consider the identity

2*y*P [uHY 5(v) — vHY 4(u)] = o (2% (v,u — vug)] + ay [2**y? (vyu — vuy)] .
Integrating both sides of this identity over a domain €2 located in the first quarter (z > 0,y > 0)
and employing the Ostrogradsky formula, we get

// >y [uHY 4(v) — vH 5(u)] dedy = /wzayzﬁu (vedy — vydz) — 2**y*Pv (updy — uydz)
Q s
(2.1)
where S = 0f) is the boundary of the domain 2.
Green’s formula (2.1) is obtained under the following assumptions: the functions u(x,y),
v(x,y) and its first partial derivatives are continuous in the closed domain €, second order
partial derivatives are continuous inside 2 and the integrals over {2 involving Hgﬁ(u) and
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Hp 5(v) are well-defined. If HY 5(u) and HY 4(v) are not continuous up to S, then these are
improper integrals obtained as limits over each sequence of domains €2, located inside €2 as
they tend to €2 so that each internal point of € is also internal for domains €2,, starting with
some index n.

If u(z,y) and v(z,y) solve the equation HY 5(u) = 0, by formula (2.1) we have

ov du
2, 203 2 —
/x Yy (uan van) ds = 0. (2.2)
5
Here 0 dy o dxr o
g _wWwI9 _ 29I (2.3)
on 0sdxr 0s0dy
is the operator of differentiation along the outward normal n to the curve S and
d d
d_g; = cos(n, x), d—i = —cos(n,y) (2.4)

are direction cosines for this normal.
Letting v = 1 in formula (2.1) and replacing u by u?, we obtain

// 2o 2’3 u —i—u]da:dy—/ 2eq 28 g ds,

S

where u(x,y) is a solution of the equation HJ 5(u) = 0. Letting v = 1 in formula (2.2), we
obtain

ou
2a, 28 o
T —ds =10 2.5
[ s =o, (2.5
s
that is, the integral of the normal derivative of a solution to the equation HY 5(u) = 0 with the
weight 22%y?? over the boundary of the domain vanishes.

3. DOUBLE LAYER POTENTIAL w® (x, yo)

Let 2 be a domain enveloped by the segments (0, a) and (0, b) in the axes x and y, respectively,
and by a curve I' with end-points A(a,0) and B(0,b) located in the first quarter x > 0,y > 0
in the plane R?. A parametric equation for the curve I' is z = z(s) and y = y(s), s € [0,1],
where s is the arc length measured from the point B. For the curve I" we assume that

1) the functions z = z(s) and y = y(s) possess continuous derivatives 2’'(s) and 3/(s) on the
segment [0, ] not vanishing simultaneously; the second derivatives x”(s) and y”(s) satisfy the
Holder condition with an exponent €, 0 < & < 1, on [0,[], where [ is the length of the curve T’

2) in the vicinities of the points A(a,0) and B(0,b) on the curve I' the conditions hold:

dx dy
ds ds

where C' = const. The coordinates of points in the curve I' are denoted by (x,y).
We consider the integral

C 1+5()7 O 1+e()’ (3'1)

l

0qs(x,y; xo,
w® (z0, o) = /x%‘y%’p (s) as( gn 0 yo)ds, (3.2)

0
where p3(s) is a continuous function in the segment [0, ], and g¢3(z, y; xo, yo) is a fundamental
solution of the equation HY 5(u) = 0 defined by formula (1.1).
Integral (3.2) is called third double layer potential with a density ps(s). It is obvious that
w® (19,90) is a regular solution to the equation Hp 5(u) = 0 in each domain located in the
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first quarter having common points neither with I' no with the axes = and y. As in the case
of logarithmic potential, one can show the existence of the double layer potential (3.2) at the
points of the curve I' for a bounded density ps(s).

Lemma 1. The following formulae hold:

J(wo,y0) =1 if (wo,%0) € Q,
w (zo,40) = { (w0, 90) — 3 if (wo0,p0) €T, (3.3)
7 (o, Yo) if  (20,10) ¢ €,

where Q == QUT;

J(wo,90) = (1 = 28)ksyy /xza (= w0)? +42) "
’ (3.4)

—4xxg
Fll1+a-—70, a2 dx.
( 0 (x — 0)* + ?Jg)

Here

F(a,b;c;2) = Z (C(Li;:]i?kzk
k=0

is the Gauss hypergeometric function.

Proof. Case 1. Assume that the point (z¢,yo) is located inside Q2. We cut out a circle of a
small radius p centered at (zo, yo) from the domain €2 and by 2, we denote the remaining part
of the domain €, while C, stands for the circumference of the cut circle. In the domain 2,
the function gs(x,y; o, %o) is a regular solution of the equation HY 5(u) = 0. Employing the
formula for the derivative of the Appell hypergeometric function [12]

"t Fy(a; by, by cr, co; 1, @) msn (01)m (D2)n
(03 b1, b; 1, ¢ y):() 40 (01)n (B2) Fyla+m+n;by+m, by +n;cy +m,co+n;x,y),

dx™oy" (c1)m(c2)n
(3.5)

we obtain

Igs(x, y; To, B2 1o 1o
613( ayx 0 ?/0) _ —2(1+a—5)k3(r2) +8 2y1 25yé 2'8P($,y;xo,yo), (3.6)

where

P(z,y;x0,90) = (x — o) Fa(1 + o — f;o,1 — ;20,2 — 23;€, 1)
+ o224+ a—B1+a,1—5;142a,2—25;¢,n)

+ (2 — o) wiﬂwnta—ﬁ;lﬂx,l—B;1+2a,2—26;§,n) (37)
4y amnba(2 b a - a2 - 62,3 - 26im)|

Applying then a known relation [5]

b b
C—leQ(a 100+ Lbgier + 1,60, y) + C—QyFQ (a+13b1,bo+ L1, 00+ 132, y)
1 2

= Fy(a+ 1;b1,bo; 1, c0;2,y) — Fy (a5 01, b9; ¢4, €52, y)
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to the square brackets in (3.7), we get:

Jq3 (:L',ag/;:vo,yo) — 21 +a— Bk (T2)7a+,6’72y1—26y(1)—2ﬂ
Py (24 a—Bil+a,l— B 1+ 20,2 — 28;€,n) (3:8)
+ (2 —20)Fa 2+ a = Bra,1 = B;20,2 = 26:,m) |
In the same way we find:

dgs (2, kB -
q3 (x,ayy, 20, Z/O) _ 2<1 +o— 6)k3 (T2) +5 2y1—26yé 2B

JyoFe (24 a — Bia,2 — B; 20,3 — 2B;£,1)

Ty - 0P 2+ 0 - fia,l— B;20,2 — 25;6.1)] (3.9
(1= 2 ()
'F2(1+05_530571 —B,QOZ,Q—2575,?7)
Employing (3.8) and (3.9), by (1.1), (2.3) and (2.4) we find:
dqs (x,y; xo, —atB—2 _ _
BVT0I0) (11 o= B(r?) T o), (310

on

where
Q (2, y;x0,90) = — 1’y (2 +a— Ba,1 - ;20,2 — 25577) 4 [lnr}
—2yy0F2(2+04—ﬁ;1+a,1—ﬁ;1+2a,2—2ﬁ;£,n)2—j
+2x0ng(2+a—B;0z,2—B;Za,3—2ﬁ;§,n)%
+(1—2ﬁ)T2FQ(1+Oé—5;Oé,1—,3;204,2—25;5,77)Z—x

We integrate the normal derivative %qg (z,y; 20, Yo) with the weight 22¢y?# over the boundary
of the domain Q, and by (2.5) we get

a

dqs (z,y; o, Yo)
2a 28
/x [y on

0

l
dl,+/x2ay2ﬁlu ( )a(ki(m y?'r07y0>d8
=0 on

—lim [ =
p—0
Cp

b
2ay258Q3 (37 97950 yo /x2ay26 3q3 I yyxo»yo)
on
0

Then in view of (3.2) and (1.4) we have

a

w® (20, 50) = lim [ 2%y 0gs (x, Y5 %0, Yo) ;- /x2a 2 g3 (x, y320.90) || (3.11)
p—0 on dy =0
Cy 0
Substituting (3.10) into (3.11), we find:
w§3) (Io, yo) = k3yé—2,3 })IL% {(1 + o — ﬁ) [—Jl - 2y0J2 + 2$0J3] + J4} + J5, (312)

where

Jp = /q;Qay(rQ)_a+6_lF2 24+a—pFa,1—06;2a,2—25;€,1) —68 [lnrﬂ ds,
n
Cp
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—adf— d
Jy = /any(TQ) o 2F2 24+a—-01+a,1—06;1420,2—206;¢,1) f;s)ds,
s
Cp
—adB— d
Jy = / oy (r2) "R (24 0 - B2 - 20,8 - 26:6.m)
s
o
20 (,.2\ —a+B-1 dl’(S)
s
CP
Js = /x20¢ [yzﬁ dgs (‘Tay;x07y0):| dr.
dy y=0
0
Passing to the polar coordinates
T = Ty + pcosy, Yy =1yo+ psinp (3.13)
in the integral J;, we obtain
21
—a+f-1

Jy = /(:co + pcos ) (yo + psin)(p?) F(2+a—Ba,1—3;20,2 — 26;€,n) dep.

' (3.14)

Let us study the integrand in (3.14). Applying successively the known formulae [13]

= (@);(b1);(b2),

(Cl)-(CQ)-'i! nyZF (a + 7’-7 bl + 7’7 C1 + Z? x) F (a + 7’-7 b? + 7’7 Co + 27 y)
i=0 i i

Fy (a; bl,bQ;ChCQ;iU,?/) =

and
F(a,bje,x)=(1—2)"F (c— a,b;c, Ll) , (3.15)
T —
we obtain
(1—2)™" = (@)b)i(ba); (2 N[y
F .b b . . — 7 [ 1
plost b o) =y 2 et \T-z) (T
x

-F(cl—a,bl—l—i;cl—i-z';

> (3.16)

r—1

'F(Cg—a,b2+i;62+i; Y ) )
y—1
Employing now formula (3.16), we write out the hypergeometric Appell function
FQ(Q‘}‘O{—B;O(,l _/872(172_26’5777) as
Fy(2+a—fia,1—B;20,2 —28:€,1m) =(p?) 7" (o* + 4a? + dagpcos o)

. o (3.17)
- (p* 4 45 + dyopsin )" Pr,

where

o i@ +a—=p)(@),(1=8),( 4ad+4zopcos o \'( 4 +4dyopsing '
e (200),(2 — 25),4! p? + 4 + dxopcos ¢ ) \ p? + 4y3 + dyopsin ¢

=0

- F

4x2 + 4
a+f—2,a+ 1420+ i To + 2r0p COS >

p? + 413 + 4dxgp cos p
4ys + dyopsin o
p? + dyg + dyopsin ¢ )

-F(—a—ﬁ,1—5+z’;2—2ﬁ+i;
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Employing the known formula for F'(a,b;c; 1) [14]
L)l (c—a—0)

F(a,b;c;1) = —-1,-2,... —a—b q
we obtain
, ['(2a)[(2 — 25)
lim Py = . 3.19
p0 N T T2 a— A0 — B)l(a) (3.19)
Thus, by (3.14), (3.17) and (3.19), we finally get
—(1+a— Bksp  lim J; = —1. (3.20)
p—0
Since
limplnp =0, (3.21)
p—0
we have
lim .J, = hm Jy = hrn Jy=0. (3.22)
p—0

Finally, we proceed to the integral J;, Wthh in accordance with formula (3.9) can be reduced
o (3.4), that is,

J5 = j(xo, Yo)- (3.23)
Now, by (3.20)—(3.23), it follows from (3.12) that at the point (zg,y) € €2, the identity holds:

g ) (0, y0) = j(wo, yo) — 1.

Case 2. Assume that point (xg, o) coincides with some point My on the curve I'. We take
a circumference of a small radius p centered at the point (zg, o). This circumference cut out
a part I', of the curve I'. The remaining part of the curve is denoted by I' — I',. We denote by
C;) a part of the circumference C, located inside the domain 2 and we consider the domain €2,
enveloped by the curves I' — '), (), and by the segments [0, a] and [0,b] on the axes z and y,
respectively. Then we have

l

0 : o )
wgg) (w0, 100) = /anyw a3 (x,ay;lxo, yO)ds = ,lji_rf(l] / x2y?8 45 (CL‘,ayT,ll‘m bo) ds. (3.24)
0 I'-Ty,

Since the point (zg,yo) lies outside this domain, the function gs (z,y;zo,v0) is a regular
solution of the equation Hp 5(u) = 0 in this domain and by (2.5), the identity holds:

/ 2020088 (Ly;xo,yo)ds_/xza 2308 @ im0 )|
on dy

y=0

b
+/x2a 25 043 (2, Y3 20, Yo) dy (3.25)
0

Yy
Ox o0

+ [ 2 s o) .
Cp

Substituting (3.25) into (3.24) and taking into consideration (3.23) and (1.4), we obtain

50q3 (,y; %0, Yo)

ds.
on §

wgs) (l'oayo) j Zo, Yo —|—hm/ 2a 2
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Introducing once again polar coordinates (3.13) centered at the point (z¢, o) in the integral

/wmyw {3 (z,y; 20, 90) } ds
Cp

and passing to the limit as p — 0, we get

hm/ 20 25— — {43 (2,520, 90)} ds = —

Thus,
(3) : 1
wy™ (%o, Yo) = J(Zo, Yo) — 9
Case 3. Finally, suppose that the point (xg,7o) is located outside the domain{2. Then
g3 (x,y; o, yo) is a regular solution to the equation Hgﬁ(u) = 0 inside the domain €2 possessing
continuous derivatives up to the contour I' and by (2.5)

a

!
dgs (,y; w0, :
w§3) (0, Yo) E/ 2 26 {Q3 (z,9;70,90)} ds = /an [925 % g s yo)} dx = j(o,Yo)-
0 0 Y v=0
O]
Lemma 2. The following formulae hold true:
](O:yo) -1 Zf Yo S <Oab)>
‘ I
w?(0,90) = 05 0.0) =5 & w=0 or yw="b
](073/0) Zf b < Yo,
where X
1—28( a2 \2™ 1 1 3 a?
(0 = ksF | = — ;= s |- 3.26
j(?yO) 1+26¥(?/8+a2) 3 <2+B72+a72+a7y8+a2) ( )

Proof. First we study the function j(xg,yo) defined by formula (3.4) at zy = 0:

a

30, 0) = (1= 28)ksyy w/xm (2 +93) " de
0
Employing the known formula [14]

r v 1 )\ )\+2 —CL2
A—1 2 2 21//\
/:c (® +b*)" da )\b F( VT ) (ab >0, > 0),
0
we get:

1 3 —a?
j(07y0) (1 _ 2ﬁ)k CLl+25 —1- 2BF ( - B+1, 5 + «; 5 + o y—62L> . (327)
0

Using formula (3.15), we get the function j(0,yo) introduced by formula (3.26). Taking into
consideration known formula (3.18) for F'(a,b;c;1) and the value k3 in formula (1.2), identity
(3.26) implies immediately that j(0,0) = 1.

Suppose that the point (xg, o) is located on the axis y and first we assume that yo € (0,0).
We draw the straight line x = h for a sufficiently small h > 0 and consider the domain €2,
being a part of the domain Q2 located to the right of the line x = h. Applying formula (2.5), we
obtain

w%g) (0, yo) = J@' + J7, (328)



THIRD DOUBLE-LAYER POTENTIAL ... 119

where

Jo = hm/ 2 258(]3 xay,O 2 0) dr, Jr = hm/ 28, 20043 xay’o +%0) dx.

Y y=0 € z=h

Here y, is the ordlnate of the intersection of the curve I' Wlth the line x = h.
It is easy to observe that

Jo = (0,50). (3.29)
Now we consider the second term in (3.28), which (3.8) casts into the form
o= =21 = a = Bksyy s, (3:30)

where

TR (24+a=-B1- 8228 )

Jg = hHQa/Z/ 5 2+a—_ dy
) [(y = y0)” + 1?]

We are going to transform Jg. Employing formula (3.15), we obtain:

T - — — 3:2—92B3: — 4o __
J8:h1+2a/yF< [0 571 ﬁ72 2ﬁ1 (y+y0)2+h2>/8d$
1+« 1—
Dol =) 02 () + 2
We make the change of the variable replacing y by y = yo + ht:
7 4 +ht)
F(—a—ﬁ, 52_23,%>
Js(h,yo0) = / (yo + ht) — (2yo+ht)2+h2 ”
(1 + )" (2yo + ht)* + hz]

: (3.31)

where

L= Yo, _ ¥ Y
1 h ) 2 h .
Taking into consideration that
4 ht
limF(—a_@l_ﬁ;Q_QB’ Yo (Yo + ht)
h—0

(2yo + ht)* + h2

)ZF(—Q—BJ—B;2—2B;1)

I'2-28)I'(1+«)
T24+a-8)T(1-7)

and .
/ dt  7m(20)
(1+2)*"  22-1al?(a)’

by (3.29)-(3.31) we find

3 .
wg ) (0,90) = 7(0,90) — 1.
The other three cases as yp = 0, yo = b and yg > b can be treated in the same way as the
first case. O

Lemma 3. For all points (z,y) and (zo,y0) € R% obeying x # xo and y # yo, the inequality
holds:
D(a)T(1 = §) 42~ Fy! 20y~

m(1+a—F) (r})*(r3)"”

2 2
Fla,1-0814+a—4; (1——2) (1——2)1,
1 2

where o and (B are real numbers and 0 < 2a, 28 < 1, while v, r1 and ry are expressions defined

lgs (z, y; 20, Yo)| <

(3.32)
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Proof. 1t follows from (3.16) that

gs (, 95 20, o) =ksy' e 2 (r2) " (r2)"

S R

i=

2 (3.33)
F<a —1,04+i;2a+i;1—ﬁ)
1 72
F<1—04—ﬁ 1-06+42—-264+141— 2 >7
2
Then in view of the inequalities
3 o (2a),I'(20)0'(1 - f)
F(ata-tario-tarin-5) < e EEE
and
) o (2—28),I(2—28)(«a)
P(1-a-miogrie-wei- ) < R
by (3.33) we arrive at inequality (3.32). O
By the known formula [6]
oy LlatD) 1 _
F(a,b;a+b;2) = F(a)F(b)F(a’b’l’l 2)In (1 — 2)
F(a+b) =T(a+5)T(b+7) . . . ;

(—m<arg (1—2)<m, a,b#0,—1,-2,...), it follows from (3.32) that [4] the function
g3 (x,y; 20, Yo) has a logarithmic singularity at r = 0.

Lemma 4. If the curve I satisfies the aforementioned conditions, then

a .
/x2ay25 q3 (1797 xOvyO) d < Cl; (334)
on
T
where C is a constant.
Proof. Inequality (3.34) follows conditions (3.1) and formula (3.10). O

Formulae (3.3) show that as ps(s) = 1, the double layer potential has a discontinuity as the
point (x,y) passes through the curve I'. For an arbitrary continuous density us3(s) the following
theorem holds.

Theorem 1. The double layer potential w® (x¢,yo) has limits as the point (xo,yo) tends
to a point (x(s),y(s)) at the curve I' from inside or outside. We denote limit of the values

wgg)(xo,yo) from inside by w®(s), while the limit from outside is ws )( ), and the formulae

hold: z

wgg)(t) = ——[,Lg +/,u3 ) K3 (s,t)ds
0
and
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where p
Ks(s,t) = [I(S)]Qa[y(&’)]w% {as[x (s),y (s);20(t), yo(t)]} -
Proof. The theorem follows Lemmata 1-4. m
The function l
//,Lg K3 S t dt
is continuous as 0 < s < [ that is implied by the proof of Theorem 1. By Theorem 1 and the

continuity of the functlons wi(s) and p3(s) as 0 < s < I, we conclude that the double layer
potential w® (xg, 1) is a continuous function inside the domain € up to the curve I'. In the
same way, w' (29, o) is continuous outside the domain D up to the curve I'.

In conclusion we observe that the results obtained in the present paper play important role
while solving boundary value problems for the equation H& s(u) = 0. At that, a solution of the
problem is sought as third double layer potential (3.2) with an unknown density pus(s) and to
find this density, one can employ the known theorem of Fredholm equations of second kind.
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