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EQUIVALENCE OF NORMS OF ANALYTICAL FUNCTIONS
ON EXTERIOR OF CONVEX DOMAIN

N.F. ABUZYAROVA, K.P. ISAEV, R.S. YULMUKHAMETOV

Abstract. We study the spaces of functions holomorphic in the exterior of a bounded
domain D and vanishing at infinity. For each a > —% we introduce the integral weighted
normed space BS(G) with the weight d®(z), where d(z) denotes the distance from a point
2z to the boundary of G := C\ D. For a = —%, the space B§ is chosen to be the Smirnov
space. We prove that for a convex domain D, the norms in these spaces are equivalent to
other norms defined in terms of the derivatives. For instance, the norm in the Smirnov space
calculated as an integral with respect to the arc length over the boundary is equivalent to
some norm defined by an integral with respect to the Lebesgue plane measure. In particular
cases the proved results were obtained while studying the problem on describing the classes
of Cauchy transforms of the functionals on the Bergman space on D. The general results
may be applied in the study of Cauchy transforms of functionals on weighted Bergman
spaces.
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1. INTRODUCTION

Let D be a bounded simply-connected Jordan domain in the complex plane and G = C\ D.
By d(¢), ¢ € G, we denote the distance from a point ¢ to the boundary of D :

A(¢) = dist (¢,0D) = inf |C—2|, (€,

Let Ho(G) be the space of functions analytic in G and vanishing at infinity. For o > —3, by
Bg(G) we denote the space of the functions v € Hy(G) with a finite norm

2

o= | [ h@Fe©ate) |

where dv(() is the area differential. For @ = —3, the space B$(G) is identified with the Smirnov
space. Without loss of generality we assume that 0 € D and then the Smirnov space Ey(G)
can be defined as the completion of the space (see [1])

1\ |2
p(¢) is a polynomial : p(0) =0, / ‘p (Z) ds(¢) < o0 p,
oG
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where ds(() is the arc differential of the boundary. We introduce a natural number n and by
Bén’a)(G) we denote the space of the functions v € Hy(G) obeying 7™ € B$(G). In the space
B (@) we consider the norm |[7[ln.a = |7

The main result of the present work is the following theorem.

Theorem 1. Let D be a bounded convex domain containing the origin. If a > —%, then
there exists a constant C'(«) > 0 independent of the domain D such that

\/(a+1)(2a+1)
2

IYlna < IVllnt1a41 < Cl@) Ym0

For a = —%, there exists a constant C'(n) > 0 independent of the domain D such that

1
Sl < Wy < COIAL .
Thus, the spaces BS"™ "™ (G) and BS"™(G) coincide and the norms in these spaces are
equivalent.

In particular cases, the theorem was proved in works [2], [3].

Given non-negative functions f and g, the writing f(z) < g(z), * € X, stands for the
inequality f(z) < Cg(x), x € X, with some constant. The symbols > and < have corresponding
meanings.

2. PRroOOF OF THEOREM 1

Proposition 1. If the function

1(2) = Skl

k=0

(n,a)

belongs to the space By (G) and ky, = min{k : v, # 0}, then ky, +n > a.

Proof. Since d(z) < |z| and |y (2)| < |z|~"*1*%) as |z] = oo, then

[ s = [ poGreac)

—_— < Y (2)|*d*“dv(z) — 0, R — o0,

n P2tk >R

and hence, k, +n > «. O

Let us prove the right inequality in Theorem 1| for av > —%. We make use of Whitney type
continuation theorem (see [4]):

Theorem A. Let F be an arbitrary closed set in R"™. There exists a function 6(x) = é(x, F)
defined on R™ \ F' such that
1) the inequalities hold:

c10(x) < dist (z, F) < eod(x), z € R"\F,

where ¢y, ¢y are independent of the set F';
2) the function 6(x) is infinitely differentiable and on R™ \ F', the estimates hold:

' 9% §(z)
027

where Bg 1s independent of the set F'.

< Bg(dist (z, F))1A1
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Lemma 1. Let D be a bounded simply-connected Jordan domain. If o > —%, v e Bén’a)(G),
then
”’YHn—&—l a+1 \ ( )H’y”na’
where C(«) is independent of the domain D.

Proof. We choose a bounded simply-connected Jordan domain D’ with a smooth boundary
containing the set D. We apply Theorem A to the set D’. The obtained function 6(2) is

extended by zero on D’ and is denoted by & ( ). Then it follows from Theorem A that 5% ¢
C'(C) as a > —%. We observe that an analytic function f satisfies the formula | f'|* = 1 A|f]%,

where A = % + g—; is the Laplace operator. We choose a number R large enough so that
D' C B(0, R), and by G5 we denote the intersection G'N B(0, R) (G’ = C\ D’). By the Green’s
formula [8] applied to the functions |[y™*Y|? and §2(®+Y) in the domain G’; we have

/ R OPFE(Q) do(¢) = § / AR (Q)PFD(C) do(Q)

a, o
1 0 0 ~
=1 / (ajn”}/(n)(C)Pé?(aJrl)(C) - \v(n)(g)pajn&(aﬂ)(o) ds(C) 1)
aGh,

1 ~,
+3 [ OQPAR(Q dufc).
Gr

Since § € C! and § = 0 on G’, the integrand in the first integral in the right hand side of
vanishes on 0G":

[ GRS

&,
0 0 ~
}1 / (FmIv("’<<)|252("““)(0—|7(")(C)|2ﬁ8n52(“+”(0) ds(C) (2)

ICI=R

/ Q) PARHI(C) Q)

The relations

3}
(n) 2 o R—2(n+k7+1) (n) 2| = R—Q(n+k7)+3
7+ (Q)] g Ol ,
hold true on the circumference |(| = R and by Theorem A,
- o ~
5 2(a+1) — R2(a+1) 52(a+1) — R2a+1‘
(© |2

Hence, as R — oo, the first integral in the right hand side in tends to zero. Passing to the
limit, we obtain

/ Y QPF(G) du(¢ / QAR () du(0)

We apply the obtained formula to a sequence of domains D,, with the properties:

Dyi1 C Dy, (D =D.
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By the Lebesgue theorem, we can pass to the limit as m — oo:

[ QPR do(c) = § [ QAT (o).
G

G

Estimating now 5 and AJ by Theorem A, we complete the proof of the lemma. n

Let us prove the right inequality in Theorem [I| for convex domains.
We shall need the following simple properties of the function of the distance to convex
domains.

Proposition 2. If D is a bounded convexr domain in the plane, then the distance function
d(z) =inf{|z — (|, ¢ € D}, z ¢ D, possesses the properties:

1. The distance function d(¢) is convex, in particular, is subharmonic, and satisfies the
Lipschitz condition:

|d(¢1) — d(C)| < |C1—Co| forall (1,6 €.

2. The normal derivative of the distance function is identically equal to —1. If d(() is
differentiable at a point (o, then |grad d((p)| = 1.
3. If D is a convex polygon, then d(() is continuously differentiable in G.

Proof. 1. By B(z,r), r > 0, we denote a ball of radius r centered at a point z. Let (; € G and
3dy = dist (o, D). We consider a family of straight lines {l,} separating the domain D from
the ball B((p,dy) and let {P,} be the associated family of half-planes containing D. Then it is
obvious that for ( € B((p,dp) we have:

dist (¢,0D) = sup dist ((, P,).

Since dist (¢, P,) is a linear function, then d(¢{) = dist (¢,0D) is a convex function. Let
(1, G2 € G and zy € 0D be the point of attaining the distance d((y), that is, d((s) = |22 — (o]-
Then

d(C1) —d(¢2) = Zie%fD |z = G| = |22 — G| < 22— Cif — |22 — o < |G — Gl
Since (7 and (, are of equal rights, then
|d(C1) — d(G)] < |G — Gl

2. In view of Statement 1, the absolute values of the directional derivatives of d({) do not

exceed 1:
9 d(G)

ol
If 2y € 0D is a point of attaining the distance d((p), then the derivative of d(¢) in the direction
(Co — 20)/|¢o — 20| at the point (; is equal to 1. Since the modulus of the gradient is equal to
the maximal absolute value of the directional derivatives, then |grad d((y)| = 1.

3. The complement to a polygon is partitioned into half-strips, in which the distance is
achieved at one of the sides of the polygon, and into the angles with the vertices at one of the
vertices of the polygon. In these angles, the distance is attained at a corresponding side of the
polygon. It is obvious that the distance function is continuously differentiable in the interiors
of the strips and angles. It remains to check the continuous differentiability on the boundary
rays. By a translation and a rotation, we overlap one of these rays with a positive part of
the ordinate axis so that one of the sides of the polygon is located on the positive part of the
abscissa axis.

< L
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Let (o = iyo, yo > 0. To the left of (y, the distance is d({) = |(|, while to the right, the
distance is d(¢) = Im (. If ( = x + iy, to the left of , we have

odist (¢,D)  z odist (¢,.D) _y

Ox e dy el
and to the right we obtain
odist (¢, D) ddist (¢, D)
— 2 =, — =1
ox dy
Thus, we glue the first partial derivatives on the positive ordinate semi-axis. O

Lemma 2. Let D be a bounded convexr domain containing the origin. If o > —%, then

\/(a—l— 1)(2a+1)
2

H/VHn,oc < ||'7||n+1,a+1~

Proof. We choose an open convex polygon D' D> D. We let G/ = C \E’ and the function

dist (¢, D'), ¢ € G', is continued by zero on D'. We obtain a convex, in particular, subharmonic,
in C function; this function is denoted by ().

We choose a radial smooth nonnegative mollifier «(¢) vanishing as || > 1 and satisfying the
condition

[a v -
C
If a function u(¢) is continuous in the domain €2 and

o (28w ol
ug<<>—526/ (£57) wae)

for £ > 0, then as ¢ — 0, the functions u.({) converges to u(¢) uniformly on compact sets in
and moreover, if u(¢) is subharmonic in €2, then wu.({) is also subharmonic in the domain

Q. ={CeQ:dist ((,Q) > e}

The properties of smooth regularizations were described in [5].
We take ¢ < dist (0D', D) and define the regularization d.(¢). The functions 0.(¢) are
subharmonic, non-negative and J.(¢) = 0 in the domain

D.={¢e D" :dist (¢,0D") > e}.

It is obvious that D. C D’ is a convex polygon with the sides parallel to the sides of D’
and separated from the corresponding sides of D’ by the distance . Under the condition &£ <
dist(0D’, D), the domain D’ contains D and therefore, the function v € Hy(G) is holomorphic

on 5/6 =C\ D!, In the same Way, as in the proof of Lemma , we apply the Green’s formula

to the functions [y™|?, § 2+ in the domain G N B(0, R) and then we let R to tend to oo.
The integral over G is equal to zero due to the function 6.(¢). We get:

[ pse ) g / Q) PAE () du(o)
]

By the properties of regularizations, the function 55 is subharmonic and this is why
ASZOTD (2) =2(a + 1)(2a + 1)62¥|grad 6.(2) > + 2(a + 1)52* L Aj. ()
>2(a+ 1)(2a + 1)62%|grad 6.(¢)]?.
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Therefore,

/ P (282D (¢) (¢ » ATV E D) / AOQOPgrad b @) (3)
J

4
Ge

Since 2= = (9%) | then |gradd.(z)|* tends uniformly to |grad d(z)|* as e — 0. Passing to the

limit in relation (3)), we obtain:

[ R @pse @ due) > 2EMEED. Famiopsolsrad s av(o)

G/

By Statement 2 in Proposition [2| we have |grad dist(¢, D')| = 1 and hence,

[ r@pse Q) ane) > 2EUEED Faenoyps(c)augo)
G ¢

Now we choose a sequence of convex polygons contracting to D: D, D D. For each of them
we write the obtained inequality and pass to the limit as n — oo. O

The results of Lemmata 1| and [2| prove Theorem [1| for o > —%. Let us prove Theorem (1 for
1

O{:—i.

Lemma 3. Ify € Ey(G), then

1
5Nz < 112 < AD) Iz wD),
where A(D) is a constant depending on the domain D.

Proof. By the definition, the subspace Ho(G) of Ey(G) consisting of the functions analytic
in G and vanishing at infinity is everywhere dense. This is why it is sufficient to prove the
lemma for the functions v in Hy(G). We again choose a polygon D’ D D and by §(¢) we
denote the distance function dist (¢, D) on G = €\ D' continued by zero on D'. We choose
e < %dist (OD', D) and as in the proof of Lemma , we introduce the regularization J.(¢). By
GG, denote the complement to the set

D.={¢e D :dist(¢,0D") > 2¢}.

We observe that by condition ¢ < idist (D', D), the inclusion holds: D, D D. This is why
v € Hy(G.). Moreover, 6.(¢) = 0 in D.. By the definition, D, is a polygon with the sides
parallel to sides of D’ separated from the corresponding sides by the distance 2¢.

We apply the Green’s formula to the function [7/|* = 3A|y|* and 4. in the domain G.. On
the boundary G, the function §. and % vanish. This is why we obtain

/w IRAGLES /w )86, de(0)

As e — 0, the functions d.(¢) tend to 6(¢) uniformly on compact sets. The functions Ad.(¢) con-
verge weakly to the generalized function Ad(¢) being a non-negative Borel measure associated
with a subharmonic function J,.

Let z1,..., z; be the vertices of the polygon D" and 6,, s = 1,2, ..., k—1, are the directions of
the outward normals to the segments [z, z511], O is the direction of the outward to D’ normal
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to segment [z, z1]. By I, I, we denote the rays
Iy = {2z, + te, t > 0}, s=1,2,...,k,
I = {zg 4+t t >0}, 5s=23,... k,
= {2z +te ¢t > 0}.
We denote by V; the acute closed angle between the rays [, [ with the vertex at the point z,
s =1,2,... k. By P, we denote the half-strips in the exterior of D’ bounded by the rays [, [},
and the segments (25, 2541]; here we identify k + 1 and 1. Then
’C - Zs‘ as < € ‘/Sa
dist (¢, D) = i
Re (¢ — z5)e”™ as (€ P,

It is also easy to calculate the derivatives. If ( = x + iy, 2z, = x5 + 1y, then
T — Ty

a .. , ]

a—dlst (¢, D) =< [¢— 2]

& cos O as (€ P,

P Y—UYs

5 dist (¢, D) = ¢ — 2

y sin 6, as (€ P

as ¢ €V,

as (e Vi,

These formulae show that the first partial derivatives are continuous, the second partial deriva-
tives are well-defined on G’ and
1
— if eV, Zs,
Adist (¢, D) = { ¢ — 2 ¢ <7 (4)
0 as ( € Ps.

Together with the formulae for the first partial derivatives this implies that the support of the
associated measure AJ(() is located in the union of the boundary of D" and of the closed angles
V,. At that, since the derivatives of the function ¢ along the outward normal to the boundary
D’ have the unit jump,

Ad(z) = Adist (z, D') + ds(z),

and

/|7’(C)|2dist (¢, D) dv(¢ /Iv )[PAdist (¢, D) dv(¢ /Iv O ds(¢).  (5)
G/ aGl
In particular,

/|7 O)|*dist (¢, D) dv(¢ /\7 O)?ds(¢)

8G’

Thus, we have proved the left inequality in Lemma |3| for the polygon D’. For the domain D,
the needed inequality can be obtained by means of a sequence of polygons contracting to D.

In order to prove the right inequality in Lemma |3 let us estimate the first integral in the
right hand side in (5)).

We choose the straight line Ly = {2, + te’?s, t € (—o0;00)} separating the domain D from
the angle V; and let ), be the half-plane bounded by this line and containing the angle V. By
Lemma 2 in work [6] we have:

[ e

it < C(D) / (O ds(©).
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Hence, the function v belongs to the Hardy space in the half-plane Q). By Carleson theorem [7],
the inequality

2 dt

/h (2o + te) > dt < / Iv(2] + te'??)

holds for 6 € [0,;0,.1], Where B is an absolute constant. Two latter inequalities imply that

/ (e + te?)P dt < B-C(D) / Q) ds (<)
0 oD

By formula this implies:
s+1 [ee]

/IV(Q)PAdiSt (¢, D") dv(¢ / /|7 2g + te)|2Adist (z, + te’, D')t dtdf

S

05+1 [ee]

/ /|7 zg + te™)|? dtdo

05

<B-C(D)(011 /w Q) ds(¢)

Again by formula and in view of the identity
k

S " (0es1 — 05) = 2,

s=1

where 6., is identified with 6; + 27, we obtain:

/ Q)P Adist (¢, D) do(C) < 2B - C(D) / (O ds(0).
G’ oD

We substitute this estimate into (b)) and passing to the limit along the sequence of convex
polygons, we obtain the right inequality in Lemma |3| with the constant

mB-C(D) 1
o[ T
(D) 5 T3
The proofs of Lemma [3| and Theorem [I| are complete. O
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