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ON GROWTH RATE OF COEFFICIENTS IN
BERNSTEIN POLYNOMIALS FOR THE STANDARD
MODULUS FUNCTION ON A SYMMETRIC INTERVAL

M.A. PETROSOVA, 1.V. TIKHONOV, V.B. SHERSTYUKOV

Abstract. The subject of the paper is closely related to one general direction in the
approximation theory, within which the growth rate of the coefficients of algebraic polyno-
mials is studied for uniform approximations of continuous functions. The classical Bern-
stein polynomials play an important role here. We study in detail a model example of
Bernstein polynomials for the standard modulus function on a symmetric interval. The
question under consideration is the growth rate of of the coefficients in these polynomials
with an explicit algebraic representation. It turns out that in the first fifteen polynomials
the growth of the coeflicients is almost not observed. For the next polynomials the situa-
tion changes, and coefficients of exponential growth appear. Our main attention is focused
on the behaviour of the maximal coefficient, for which exact exponential asymptotics and
corresponding two-sided estimates are established (see Theorem 2). As it follows from the
obtained result, the maximal coefficient has growth 27/2 /n?, where n is the index of the
Bernstein polynomial. It is shown that the coefficients equidistant from the maximal one
have a similar growth rate (for details, see Theorem 3). The group of the largest coefficients
is located in the central part of the Bernstein polynomials but at the ends the coefficients
are sufficiently small. The behavior of the sum of absolute values of all coefficients is also
considered. This sum admits an explicit expression that is not computable in the sense of
traditional combinatorial identities. On the base of a preliminary recurrence relation, we
succeeded to obtain the exact asymptotics for the sum of absolute values of all coefficients
and to give the corresponding two-sided estimates (see Theorem 4). The growth rate of the
sum is 2"/2 / n3/2. In the end of the paper, we compare this result with a general Roulier
estimate and new related problems are formulated.
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1. INTRODUCTION

There is one special direction in the approximation theory devoted to studying possible
growth rate of the coefficients in algebraic polynomials used in uniform approximations of
continuous functions on a given set [I]-[7]. Some results, see [3]-[6], were obtained by estimating
the coefficients in the corresponding Bernstein polynomials. As a rule, such estimates were
given independent of specific approximated functions and this is why they had quite “rought”
character. A choice of a specific example allows one to specify essentially the real growth rate
of the coefficients in Bernstein polynomials.
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For instance, in work [§], there was found an explicit algebraic expression for Bernstein
polynomials in the power of a variable x for the function f(z) = |22 — 1| considered on the
segment [0, 1]. It was shown that the maximal coefficient in this expression grows exponentially
approximately as 2°%/2, where n is the index of a Bernstein polynomial. A series of additional
facts on the coefficients of Bernstein polynomials on the standard segment [0, 1] was mentioned
in work [9].

It is curious that while extending the Bernstein construction on the symmetric segment
[—1,1], a nature of such results changes. Features of a symmetric segment in the theory of
Bernstein polynomials were found out rather recently, see [10], [IT]. In particular, in work [11]
there was found an explicit algebraic expression in powers of the variable z for Bernstein
polynomials for the standard modulus function f(z) = |z| on the symmetric segment [—1,1].
A final formula turned out to be simple and elegant. Here we employ the results of [11] to
estimate the growth rate in rising polynomials.

For general information on the theory of Bernstein polynomials we refer to textbooks [12]—
[16].

2. FORMULATION OF PROBLEM

Given a function f € C[—1, 1], the Bernstein polynomials on the symmetric segment [—1, 1]
are introduced by the rule:

Bn(f,x):Qin Zf(%—l) Crai+2)*A—z)"*  nel (1)

Here C* are binomial coefficients. Choosing the standard modulus function

f(l‘) = ’l"a VS [_171]7 (2)
formula becomes
1 <« |2k
B(z) = N —- 1‘ CrA4+z)*1—z)*  nel. (3)
k=0

Polynomials are denoted simply by B, (x) without mentioning the function f since in the
present work we consider no other generating functions except .
Inter alia, polynomials obey a special gluing rule meaning

Bgm+1 (27) = Bgm(fE), m € IN. (4)
Identity is a reflection of the general law of pairwise coincidence, which is true for Bernstein

polynomials on [—1, 1] for piecewise linear functions with rational abscissas of breakpoints, see
[10], [I1]. Due to (4) we consider only polynomials with even indices:

2m
1 k
Bom(w) = 750 > o 1‘ cy (I+x)"(1—2)™*  mel. (5)
k=0

Let us proceed to the algebraic writing in powers of the variable z.
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Opening brackets and collecting like terms, for the first polynomials we obtain

By(z) = % (1+2%),
By(x) = é (3+ 627 —2"),
Bs(w) = 75 (5+ 152" — 52" + "),
Bs(x) = 1;8 (35 + 1402% — 702 + 2825 — 52) ,
Buo(r) = 5= (63 + 31527 — 210" +1262° — d52° + 72'°) |

Bis(z) = 031 (231 + 13862 — 11552 + 9242° — 4952° + 15420 — 212'?)

and so forth. All polynomials By, (z) for even function involve only even powers of x, see
[10], and have the sturcture

Bop(x Z Aom ok T2 m € IN. (6)
Explicit expression showing exact form of formula @ is as follows:
Boy (1) = 272 C3 1+i ﬂCk x?k m e N (7)
am 2m —~ 2%k—1 " ’ ‘

Representation @ was found in work [II]. We are going to employ @ for studying the
coefficients of the polynomials By, ().
We briefly call the parameter n = 2m index. Comparing @ and , we obtain

om0 = 27" Cy m € N, (8)
Aok =27 Cpr (=DM 1B (k),  meN, k=1 ..,m, (9)
with positive numbers
Bn(k) = % C’“ m € N, k=1,...,m. (10)
The behavior of free coefficients is given by the known asymptotics
272 O~ L m — oo, (11)

Vrm'
meaning a “slow” vanishing as m — oo.

We focus our attention on main coefficients @D Given a fixed n = 2m, we want to find a
maximal (by the absolute value) coefficient among (9)) and to estimate it behavior as the index
n = 2m increases.

We introduce the main characteristics:

— —2m ym
fom = MAX |ag a5 = 27" Oy max Gn(k),  meN, (12)
with the numbers f3,,(k) in formula (10). Let us study the behavior of quantity (12).
For the first polynomials mentioned above we obviously have
1 3 15 35 _ 315 ~ 693
M2 = 5 Ha = 1 e = 16 Mg = 32’ Hio = 256’ Hi2 = 512’
and all these values are attained at the coefficient at 22

(13)
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The next polynomial

1
Bu(r) = 352 (429 + 30032* — 3003z" + 30032° — 21452° + 10012 — 273z + 33z™)

is special since the value
3003

~ 2048

is attained at three coefficients simultaneously: at 22, z* and °.

It could seem that the quantity us,, does not exhibit a tendency to a special growth since all
values ([13)), are located in a narrow range from 1/2 to 3/2. But the real picture becomes
more complicated: the main “strategic” tendency in the behavior of js,, becomes evident only
for sufficiently large incides n = 2m. It is quite problematic to find out such tendency basing on
an initial definition and not using explicit writing @ This is a principal difference of the
situation with the function f(z) = |z| on [—1, 1] from a similar example f(x) = |2z —1]| on [0, 1],
where a swift growth of the coefficients is evidently seen while opening the brackets already at
the first indices of Bernstein polynomials (see [§]). We proceed to precise formulations.

s (14)

3. MAIN STATEMENTS

We employ notations @D, , for quantities asy, ok, Bim(k), f2m, respectively. In order
to estimate fig,,, for each fixed m € IN we need to the find the maximal of numbers 3,,(k). Let

us find out the laws acting in a finite sequence (3,,,(k) with a fixed m > 2 ask=1,2, ..., m.
The initial case m = 1 is not of interest since the sequence obviously degenerates into the
only element (1) = 1.

Theorem 1. Let the quantity B3, (k) be defined by formula (L0). Subject to m > 2, one
should distinguish three cases.

1. For each fired m € {2, 3, 4, 5, 6}, the numbers p,,(k) form a finite strictly decreasing
sequence with the mazimal element (,,(1) = m.

2. Asm =17, the numbers [3;(k) form a special set

7 7 1
37 117 13’
where the first three elements coincide and then the elements strictly decay.

3. For each fized m > 8 a finite sequence B, (k) strictly increases to k = [(m—1)/2] and then
it strictly decreases, that is, the mazimal element of the sequence is exaclty B, ([(m —1)/2]).

7. 7, 1, 5, (15)

The mentioned features allows us to explain why the first Bernstein polynomials corre-
sponding to the values m from 1 to 7 are exceptional and growth of coefficients @D is almost
not observed. But as m > 8 the tendency changes. The main result is as follows.

Theorem 2. Let the quantity o, be defined by formula as the maximal absolute value
of the coefficients @D taken from polynomials (7). Then the asymptotic formula holds:

V2 om
Hom ~ L m — 00, (16)

and the estimate
2 2m 2 2m
\/—_ — < Mom < 1.2215 - £ —
T m T m

(17)

18 true for all natural m > 8.
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Making estimate ([17)) a little bit rougher, we can write a more demonstrable version:

m m

2 2
0.45 p—e3 < pom < 0.9 ot m € IN, m > 8. (18)

Relations (16)—(L8)) show that the maximal (by the absolute value) coefficient in polynomials
grows with at most exponential rate but this rate is essentially small than in the analogous
example on the standard segment [0,1] (cf. [8], [9], [I5]). We proceed to the proof of the
formulated results.

4. PROOF OF THEOREM 1
For a fixed natural m > 2 we consider the numbers

P(1), Bm(2), o Bm(m), (19)

taken from formula ((10). We need to characterise the growth and decay of the elements in
finite sequence . In order to do this, we define the relations:

_ Bm(kE+1)
We need to compare numbers with one. We write in an expanded form:
Cptt 2k—1 _ (2k—1)(m—k)  —2k*+(2m+Dk—m

@ (k) k=1,...,m—1. (20)

an(k) = 3277 Ck— k+1)(k+1) 2k% + 3k + 1
and we consider the differences
—2k*+ (2m + 1)k —m 4k* —2(m — Dk +m+1
am(k) =1 = 2k2 + 3k + 1 = 2k2 + 3k + 1 '
We introduce an auxiliary quadratic function
B (t) = 4% —2(m — 1)t +m + 1, teR. (21)

The above formula imply obviously the following result.

Lemma 1. Foreachk € {1, ..., m—1}, the relation g, (k) < 1 is equivalent to the relation
hm(k) > 0; the relation g, (k) > 1 is equivalent to the relation h,(k) < 0; and finally, the
relation ¢, (k) = 1 is equivalent to the identity h,,(k) = 0.

To apply Lemma 1, we study quadratic function ; by D,, we denote its discriminant.
Since D,,,/4 = m? — 6m — 3, then D,, < 0 as

me{2, 3, 4,5, 6} (22)

and D,, > 0 for other m > 7. First we consider m in set . Since for such m the values
of function are strictly positive, then h,,(k) > 0 for all k = 1, ..., m — 1. Hence, by
Lemma 1, we conclude that

Bm(k+1)
Gm(k) = ————— < 1, k=1,...,m—1.
B ="5m
Therefore, for each m in (22)), sequence of numbers (19) strictly decreases and

max B (k) = Bn(1) = CL =m, me{2, 3, 4,5, 6}

1<k<m

This proves first statement of Theorem 1.
The case m = 7 is special. Function becomes

he(t) =417 — 12t + 8 = 4(t — 1)(t — 2).
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It is clear that h7(1) = h7(2) = 0 and hy(k) > 0 as k = 3, 4, 5, 6. Respectively,

_ B(2) _ B(3) 2t then _ B+ 1)
w =gy =t a@) =g ="t buthen arlh)="50 <1

as k=3,4,5, 6. As a result we get sequence with three maximal elements:
Br(1) = B7(2) = B7(3) > B7(4) > B(5) > B:(6) > B2(7).

Exact values are given in formula . This proves second statement of Theorem 1.
We proceed to the main case m > 8. Here D,,/4 = m? — 6m — 3 > 0 and function (21))
possesses two different roots:

m—1—+vm?—6m—3 =y - m—14+vVm?—6m—3
4 9 2 = 2m — 4 )
at that, t; <t and t; +to = (m — 1)/2. We observe that
{hm(§)—1—(m—1)+m+1—3>o,

tl = th =

hp(1)=4—-2(m—1)+m+1=7-—m <0.

Therefore, the root t; satisfies the bounds % < t; < 1. But then

m—3 m—1 m— 2
— < thy=——t < 23
2 ? 2 ' 2 (23)
We define an integer quantity:
m—1
im = | ——— | . 24
in= "5 (21)
Employing estimate , we are going to establish the following fact.
Lemma 2. For each natural m > 8 the relation holds:
—14++vm?—6m-—3
1<ty =ty = Z‘ o (25)

that is, the root ty is localized in the interval (ju, — 1, jm) with j,, given by (24)).

Proof. We employ an elementary inequality

m— 2 <= {m—l] < m—17
2 2 2
which holds for each natural (and even integer) m. This yields:
1< m—l_l _ m—3 - m— 2 <
2 2 2

Comparing with estimate being valid for all natural m > 8, we arrive at . The proof
is complete. O]
We also observe that for each m > 8, quantity j,, is located in the segment
m—1

3K Jm = [T} <m—5.

Taking into consideration localization (25 of root to and the fact that % < t; < 1, we obtain
the values:

m(1) <0, hn(2) <0, ..., hup(n—1)<0,

h
hon(jm) >0, hp(Jm +1) >0, ..., hyp(m—1)>0.
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Then, employing Lemma 1, we infer that

_ Bulk+1) B -
am(k) = a0 > 1, k=1, ..., jm—1,
and bk +1)
m(K + . B
Qm<k):6m—(k><l, k=jm, ..., m—1

This implies immediately that as m > 8, finite sequence first strictly increases to the
element (3,,(j,,) and then strictly decreases. A mentioned element 3, (j,,) with j,, given by
is the sought maximal element of sequence . This yields the third statement of Theorem 1.
The proof of the theorem is complete.

As some final and at the same time a groundwork for future, let us provide an explicit
expression for main characteristics . In view of the third statement of Theorem 1, we
conclude that

fom = 272" C max B(k) = 272" CF, B ([(m —1)/2]), m > 8.

1<k<m

Taking into consideration representations and , we write a final expression:

1 , m—1
=272 O Cim in = | —— |, > 8. 26

Exactly formula will play a central role in the following proof of Theorem 2.

5. PROOF OF THEOREM 2

Here we deal with indices n = 2m > 16 assuming that m > 8. First let us prove asymptotic
formula (16]). We shall study separately two cases fitting them with standard asymptotics of
form ([L1]).

Let m = 2p. Then j,, = [(m —1)/2] = p — 1. According (26)), we obtain:

- 1 _ 1 _ (2p)!
— 9~ (2P p—1 _ 9—4p (2P
i Yop—3 " T 2p-3 P p—1l(p+ 1) (27)
p —4p ~2p P
= 27O - O e NN, > 4.
20 =3)(p+1) v b g
This is why
11 2% 1 27 2 2% . (28)
~ —— . g _— = — —’ OO’
Har ™ op Vomp Jab | 2v2r PP T (2p)? Y
and this gives formula (16)) as m = 2p.
Let m = 2p + 1. Then j,, = [(m —1)/2] = p. According (26]), we have
4y 1 1 dp— (2p+ 1)!
_ 4p—2 ~2p+1 _ 4p—2 ~2p+1
e =2 O gy e T o1 T ey
2p+1 —4p—2 ~2p+1
= D S O eNN > 4.
(2]9 - 1)(]? + 1) 4p+2 2p> p ) p
This is why
1 1 22p 2 2%l
£ —_— p — 00, (30)

M o T ap ) v w2+ 1)
and this gives formula asm = 2p+ 1.
Thus, asymptotics is proven. While proving main non-asymptotic estimate , it is
again convenient to separate two cases.
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Let m = 2p. We define the sequence
™ L
¢ = N 27 (2p)° pap,  pEN, p =4 (31)

Formula ensures that 5151’ — 1 as p — oo. Let us show that this sequence tends to one
monotonically from below. Employing the last expression in 7 we write explicitly:

n_ T 59 2 p o—dp o o _ T g—6p+2 P’ (4p)!
& =BT G e BT e @ie
We have the relation:
& 27 (p+ 1) (4p + 4)! 2p=3)(p+1)(2p) (P>
eV 2p=1)(p+2) 2p+2)! ((p+ 1)))? 2-6p+2 p3 (4p)!
(2p—3)(p+1)2(dp+1)(4p+3) _ 32p° + 48p* — 42p® — 109p? — 60p — 9
- 16p3 (2p — 1)(p + 2) B 32p° + 48p* — 32p°

For each p > 4, the numerator of the obtained fractlon is less than its denominator. Hence,
the above fractlon is less than one and sequence ([31)) strictly decreases to its limit. But then

1< 5(1) 54 for each p > 4. Here
3 | .0. .
1) T o—6pt2 P (4p)! T 7-9-11-13
& =—F2277 = 7 T2 129215,
! V2 2p—=3)(p+1) @p)PH? [—y V2 214

As one can check easily, the scalar gap in the latter estimate is rather small and does not
exceed 107°. As a result, we arrive at the relation:

1< ¢V =

Lo (oppy, < 12215, peN,  p>4 (32)

V2
Formula implies needed estimate for all even m = 2p > 8.

Assume now that m = 2p + 1. We proceed in the same way as above. We introduce the
sequence

s JT, YOO
& = ok 2+ 1) papra,  pEN,  p>4 (33)

Formula (30 ensures that 51(3) — 1 as p — oo. Let us show that now this sequence tends to
one monotonically from above. Employing the final expression in , we write explicitly:

@ — T o9-2-1(9, 1 1)2 . 2p+1 9—4p-2 2p+1 1,
A T R
_ T o9—6p-3 2p+1 (4p +2)!

V2 2p—1)(p+1) 2p)!(p")?*

We define the fraction:
&2 27609 (2p 4 3) (4p + 6)! (2p— 1) (p+1) (2p)! (p))?

T @) +2) 2+ ((p+ 1)) 273 (2p +1) (4p + 2)!
128p° + 576p* + 856p® + 348p? — 198p — 135
~ 128p° + 576pt + 928p® + 688p2 + 240p + 32
For each p > 4, the numerator is less than the denominator. This means that this fraction is

less than one and sequence (33|) strictly increases to its limit. But then 1 < fp < ffl ) for each
p = 4. Here
@ T o ep3 2p+1 (4p +2)! T 3%.11-13-15-17

&7 = 7 2 2p—1)(p+1) o) ()2 |, RG] 5% < 1.18.
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As a result, we arrive at the relation:
s
V2
Since 1.18 < 1.2215, needed estimate follows for all odd m =2p+1 > 9. This proves

estimate for all m > 8.
We also note that

\/; 045015815 ... . 1.2215- ? — 0.54986819 ... .

l<&P= — 22 2+ 1) e <118, peN, p>4 (34)

This is why, making a little bit rougher, we obtain close estimate (18). The proof of
Theorem 2 is complete.

The meaning of estimate (17)) is clear: it confirms that asymptotics expresses rather
precise the behavior of quantity pus,, for all natural m > 8. By the proof of Theorem 2 one
can see easily that the first value 4 is very close to the upper bound in and as the index
n = 2m increases, the numbers s, go closer to the lower bound coinciding asymptotically as
m — 00. There are certain nuances in this motion.

While analyzing the proof of Theorem 2, there can arise the idea not to split the proof
of estimate into two cases but in view of established asymptotics , to introduce one
resulting sequence

s
m = —= 2"""m? Lo, m e NN, m > 8. 35

Then
Yop = ££1)7 Vop+1 = fz(;2)7 p = 47 (36)

with subsequences 51(91), 51(32) in formulae , , respectively. It is clear that ~,, — 1 as
m — oo. But this tending to one is no longer monotone! Indeed, it is straightforward to check

that first all seems to be ok:
Y12 < Y11 < Y10 < Y9 < V8,

but then 713 > 712, and moreover, yg,11 > 79, for all p > 6. It even turns out that v;9 > 16 and
so forth. Speaking shortly, although each of two subsequences decreases monotonically,
Vop = &9) tends to the limit essentially faster than vy, = &(,2).

It follows from the said above if we base the proof of estimate on sequence , this will
require special clarifications. Such details are unlikely to be reasonable. We restrict ourselves
by a simple statement: main asymptotic formula contains certain subtleties related to the
parity of m > 8.

Nevertheless, formulae — describe well the growth of the maximal coefficient in stud-
ied Bernstein polynomials . The growth of such rate turns out to be exponential of order
2™ = 22 The neighbouring or equidistant coefficients are of course smaller, but for large
indices n = 2m they grow with the same asymptotic rate as in formula . Let us rigorously
establish this.

6. BEHAVIOR OF OTHER COEFFICIENTS

We deal with the coefficients agy, o in formula @[) taken for m > 8. We still employ nota-
tion letting j,, = [(m — 1)/2]. We fix a constant value r € Z \ {0}, positive or negative.

Similar to the quantity 1o, = |a2m 2j,,| corresponding to the maximal (by the absolute value)
coefficients g, 25,,, we introduce the characteristics

Hom.2r = |Q2m.2jm+2r ] m € N, m = my(r), (37)
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well-defined for sufficiently large m depending on the choice of r € Z\ {0}. Characteristics
provides absolute values of the coefficients distant from ag,y, 2;,, exactly by r powers in formal
writing of polynomials @

Taking into consideration the structure of formula @, we have the restrictions

1< g +1r<m.
By this, we elementary find the values

max (2r —2,8), r >0,
m = mo(r) =

38
max (3 —2r, 8), r <0, (38)

appropriate for defining .
In view of the form of coefficients @D and recalling third statement of Theorem 1, we observe

that
m > Moma > Momd > ...
M2 Hom,2 = H2m.4 (39)
Hom > Wom,—2 > Uom,—4 > - .. .

Despite strict inequalities , asymptotic behavior of all quantities jig,, 2, is same as m — 00.

Theorem 3. Suppose that for a fived r € Z \ {0}, the quantity piom o, is defined by for-
mula with restriction . Then

Hom2r ™~ — —5 m — 00, (40)

and this is the same asymptotics as in .

Proof. Since result coincides with , to obtain the needed relation, it is sufficient to show
that pom o / tom — 1 as m — oco. Employing basic formulae @, , we write representations

1 )
—2m Ym
Hom = ’a2m,2jm‘ =2 2m " o - 7]nma
2im — 1

. 1 jm+7’
M g F2r —1 ™

Hom.2r = |Q2m 2jm+2r] = 2

Hence,

Pomar  2jm —1 Ot 2 — 1 Jm! (M = jim)!
fom 2w +2r =1 Gl 2 +2r =1 (1) (m— g — 1)V
If m — oo, then j,, = [(m —1)/2] = 00 and m — j,, = m — [(m — 1)/2] — oo. Therefore,

2jm -1 jm! 1 (m_jm)! - \T
—_— ~ 1, T ™Y o .—'N(m_]m)
2Jm +2r — 1 (Jm +1)! Jr (m — Jm —1)!

for each fixed r € Z \ {0}. But then

Hom,2r ~ <m_]m
Hom ]m

We observe that j,, = [(m —1)/2] = (m — 2+ 7,)/2, where 7, = 0 if m is even and 7,,, = 1 if
m is odd. This is why

)T, m — 00. (41)

MZdm _MEZTTm (42)

JIm m-—2-+T1,
Combining and , we conclude that pomor/pom — 1 as m — oo. As it has been
mentioned, this implies needed result . The proof is complete. O
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Asymptotics means that for sufficiently large indices n = 2m, algebraic writing @ of
the studied Bernstein polynomials involves a group of coefficients of approximately same order
with huge absolute values. These coefficients are located in the central part of polynomials
close to agm 2j,., where j,, = [(m —1)/2]. Farther from the center, the character of the behavior
of the coefficients changes substantially and at the edges of polynomials @ completely different
laws act.

For instance, the behavior of free coefficients of form ag,, o = 272" C is expressed by
asymptotics , which can be completed by the estimate

1 1 1 1
1—— <27?mom < (1 — : c IN. 43
( 8m> VTm am < 8m+1> /Tm " (43)

Two-sided estimate (43]) is quite precise and is true for all natural m with no exceptions. One
of possible proofs of (43) is given in [I7]; for further remarks see [15].
Since

1 1 1
1- =1-—+-——  meN,
8m+1 8m  8m (8m+1)

inequalities imply immediately a known formula

1 1 1
2—2m m — 1_ - 44
2m W( 8m+0(m?))7 m = %0, (44)

specifying . A finer approximation is of the form

gomem — 1 (1—i+ SRR, R +O(i)) (45)
e mm 8m  128m? = 1024m3  32768m* ms ) )
For interesting details of such expansions we refer to [I8]. We note that a universal non-
asymptotic estimate should be proved independently and it does not follow asymptotic
formulae , . In any case, the behavior of free coefficients has been found out with
a high accuracy.
For the next coefficients as,, » at the powers x?, basic formulae @, give expression:

Aom,2 = g—2m cy -m, m € N.

Taking into consideration (43)), we conclude that

1 ! m < < 1 ! m N
8m T F2m.2 8m +1 7w’ m '

with the asymptotics

m
Aom,2 ™~ ;, m — Q.

Here we observe a slow power growth as m — oo.
Finally, according @D, , for the higher coefficients in @ we have the representation:

(-1

:272m A
meom—1"

A2m,2m m € IN.

This is why
1

|a2m,2m| ~ W7
that is, the numbers ag, 2., tend to zero by a power law.
In view of explicit expression , it is easy to see that the highest coefficient agy, 2 is
minimal (by the absolute value) in the polynomial By, (x) for each fixed m > 2 (as m = 1, the
polynomial By(z) contains two same coefficients as g = ag2 = 1/2).

m — 00,
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Moreover, as m — 0o, the coefficients
m
R e ) m € NN, m > 2,
tend to zero. All other coefficients, except agm. 0, G2m 2m—2, G2m 2m, tend to infinity in the sense
that

_0—2m
A2m,2m—2 = 2

Tom = _min |a2m ok| = 00, m — o0.
1<k<m ’

Namely, 7om = |a2m.om—a| as m > 3 and thls implies

1 /m
Mom ~ 54/ —, m — 0.
4\«

This follows easily explicit expressions @D, in view of main asymptotics .

Thus, for sufficiently large indices Bs,(z), almost all coefficients in the studied Bernstein
polynomials except three coefficients turn out to be sufficiently large and the central coefficients
are not just large but exponentially large (by the absolute value).

Now it is natural to pose a question on the behavior of the entire sum

ng = Z |a2m’2k|, m € IN. (46)
k=0

This problem is interesting from the point of view of a general theory, see [3].

7. ASYMPTOTICS FOR THE SUM OF ALL COEFFICIENTS

Employing representations (g} @D for the coefficients agy, o, we write sum (46| as

where

_ S 1 k

am_1+;%_10m, m e N. (48)
A character of the technical factor 272™ C¥" is clarified by asymptotics and two-sided
estimates . To study the behavior of quantity Ss,,, we need to estimate the growth of
combinatorial sum as m — oo as accurate as possible. Several first values are
10 26 278 766 4366 ~ 12890
30 BT Ty P T3 YT 9310 77T a9
A general compact representation for sum seems not to exist. For instance, fundamental
handbook [19] provides similar formula (4.2.3.20), but the answer is expressed in terms of some
implicit integral. Special computer programs express in terms of the Gauss hypergeometric
function. This is why, the following statement is interesting from practical point of view.

0'1:2, 09 =

Lemma 3. Quantity satisfies the recurrent formula:

2 m
Jm+1—2m+1<(m+1)am+2 —1), m € NN. (49)
Proof. According , we have
o 1 1
- :1 k 71 k k—1
Tmi1 +22k Crnen +22k—1(0 O )t g

m

1 1
k _
’”+2m+1_0m+22k+1

:O'm
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We employ the identity

Om+1 = Om + Ty m e ]N7
where
" 1 " 2%k +1+4+2m — 2k
EZ Cn =3 1Z +2/j7711 o
Pt m + o +
1 m " om—k 1 e k
= ck 4+ 2 Cck ck.

m—1 m—1 m m m
m—k k+1 1
2 Ck:2 k—l—l _ Ck Ck
1™ w1’ > Ont D 5= Cn
k=0 k= k=1 k=1 k=1
= 2™ —1+0m—1—2m+0 - 2.

Finally we obtain

2
2m +1 2m +1
The proof is complete. n

Om41 = O + Ty = Oy + 2" +2" 40, —2) = ((m+1)am+2m—1>.

By means of recurrent formula we establish the following result.

Lemma 4. Quantity satisfies the estimate

2m 2m
<Oy < —, m € N, m > 5, (50)
m— « m—f

as o« = 2 and B = 3. The value o = 2 is asymptotically sharp: for each o > 2, the lower
bound in fails for all indices m > myq starting from a corresponding my = mo(a) € N. On
the contrary, the value of B can be lessened moving it arbitrarily close to o = 2 by choosing
sufficiently large numbers m = my with a corresponding my; = mqy () € IN.

Proof. Let us prove the upper bound. As = 3, it casts into the form:

Om < m e N, m = b. (51)

We check the indices m = 5, 6, 7 independently. Straightforward calculations give true inequal-
ities:
766

05 = oz =121587... < ot =16,
4366 () 64
=22~ 18.9004 . .. — — =21.3333...
767 931 =% T ’
12890 +)
= 2 = 30.0466. .. = 32.
01 = 5y =30.0466... <or” =3

In what follows we argue by induction.
Assume that estimate (51)) is true for some m > 7. Then according (49)), we have

9 9
= o, 2m—1>< ( 1o, 2m>
R 2m+1<(m+ ) o+ g (m+ Dot
9 om om+l 41
< 1 om | — 1
2m+1((m+ i ) 2m+1<m—3+ )
2m+1 (2m _ 2) < 2m+1 B (+)

:(2m—|—1)(m—3) Sm—g Imi
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since
o 2m — 2 B m—"7 >0
m—-2  (2m+1)(m-3)  (m-2)2Cm+1)(m-3) ~
as m > 7. Thus, estimate is true for all m > 5.
Strictly saying, estimate is true also for m = 4, but this case is not included in general
formula since as m = 4 the corresponding lower bound is not guaranteed.

Let us prove the lower bound. As o = 2, it becomes
2m

O'm>m_250'7(n_), m € NN, m > 5. (52)
Since 766 32
(=)
=— =12.1587... > = — = 10.6666. ..
E 7 3 ’

for m = 5 estimate (52) is satisfied. Further we argue by induction. Assume that estimate ((52))
is true for some m > 5. According , we have

. 2 2m . 2
U’"+1:2m+1<(m+1)0m+2 _1>>2m+1 ((m+1)m—2 2 )_Qm—{—l
_ ! <m+1 1)_ 2 _ 2™'(em-1) 2 N gm+l _ )
2m+1 \'m —2 om+1 (2m+1)(m—2) 2m+1 "~ m-1_ ™
since

omtl (9m — 1) 2mtl 3. gmHl 2
CGmt)(m—2 m-1_ @Em+tDm-2)m-1)  2m+1
thanks to the obvious relation 3 - 2™ > (m — 2)(m — 1) being true for all m € IN. Thus,
assertion (52) is established and estimate (50) with o = 2 and 8 = 3 is completely proven.
Let us study the accuracy of the values « = 2 and § = 3 in estimate . Employing the
elementary transformation

1 1 ym 1
==+ —,  m>7>0,
m-—-y m m-—7ym
we write in the following equivalent form
2m 2m 2m 2m
o am 2T Pm 2 L eN, ms, (53)
m  m—a m? m  m— 3 m?
with values a = 2 and g = 3. We denote temporarily
2m 2m
Ty = Oy — —, Ym = —5> m € IN. (54)
m m
Then is reduced to the form
am__Im _ BMm N w5, (55)
m—-«a  Yn m—p
where a = 2, § = 3. It is clear that
lim 7 a, lim _pm_ =p
m—oo M — (¢ m—oo 1M, —
Let us show the existence of the limit
lim ~™ = 2. (56)

This implies immediately that the value o = 2 in formula is asymptotically sharp, while
the value 8 = 3 can be lessen in the interval 2 < 5 < 3 moving S arbitrarily close to a = 2 by
choosing sufficiently large indices m > my; = m4(3).
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We prove existence of limit for quotient of sequence by applying usual Stolz-Cesaro
theorem [20]. In view of definition and recurrent formula we have

om+1 o™ 9m 42 gmtl _9  gmtl om
Tl = m = Ot o O = T T Y T Tl
1 3m +1 m 2
Tl T A nemtD) T 2mal
At that,
om+l gm g2 _om o1
Ym+1 — Ym = = -2

(m+12 m®  m?(m+1)>?
Sequence y,, strictly increases to +00 as m > 3. The assumptions of the Stolz-Cesaro theorem
are satisfied. For the quotient of the difference we have

Tyl — T m(m A1) (m(m+1) o-m +3m+1_2m(m+1).2_m)

Yt — Ym M2 —2m—1\ 2m+1 T om+1 2m+1

We note that m - 270, — 1 as m — oo according proven estimate (50)). This is why
lim u:1-<—-1+— —0) = 2.
m—0o0 ym-l—l — UYm 2 2

Hence, by the Stolz-Cesaro theorem, we obtain limit . Comparing (56| with inequality ,
we establish all needed statements on asymptotic sharpness of the value o = 2 and on lessening
the value § = 3. These statements are extended immediately to equivalent formula . The
proof is complete. O]

The obtained result imply the following corollary.

Lemma 5. Quantity satisfies the asymptotics
2m

Om ~ —, m — o0, (57)
m
more precisely,
2m 2 1
am:—<1+——|—o<—>), m — oo. (58)
m m m

Proof. Asymptotics follows estimate . Specified formula is equivalent to found
limit in view of notations introduced in . The proof is complete. n

Now we are in position to find out the behavior of sum formed by the coefficients of the
studied Bernstein polynomials. For the sake of convenience, we give several first values:

5 13 139 383 2183 6445
SQ ) 84 47 SG ] ) SS 64 ) 10 1287 12 512 ) 14 1024

As the index n = 2m increases, the growth of the sequence S, becomes more visible, but a
real growth rate is clarified just by the following statement.

Theorem 4. Suppose that the sums Ss,, are defined by formula with coefficients , @D
of Bernstein polynomials . Then the sequence S, satisfies the asymptotics:

1 2m

o i

m — 00, (59)

more precisely,

Som= =2 (142 4oL - (60)
m=—= — —+o(— )|, m — oo.
2 /T m3/2 8m m
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Moreover, the estimate holds:
] 1 2m
8m ) /mm (m —2)

valid for all natural m > 5.

1 2m

_8m+1> T (m = 3) (61)

< Som, < (1

Proof. Thanks to , let us employ the representation Sy, = 272" C" 7, with the factors o,
in formula . Taking into consideration asymptotics and , we obtain needed rela-
tion . More gentle formula is found by multiplying and . In the same way,
taking into consideration previous estimates and (the latter is used with the values
a =2 and = 3), we establish two-sided estimate for all natural m > 5. We also note
that as m = 4, estimate fails since for the lower bound we obtain

1 2m 31 139
l—-—— ) — = —— =2.186234... > Sy = — = 2.171875
( 8m) Vam(m—=2)| _, 87 T 64 ’
which contradicts (61]). The proof is complete. n

It is interesting to compare the established facts with one general result by J.A. Roulier. In
his work [3], there was obtained an universal estimate for the sum of the coefficients of the
Bernstein polynomials on a segment [a, b] with the condition a < 0 < 1 < b. For the symmetric
segment [—1, 1], the Roulier result gives the following.

Let f € C[—1,1] be a function with the Bernstein polynomials B, (f,z) written by for-
mula . We write in the algebraic form:

Bu(f.x) =Y ani(f)af,  neN, (62)
k=0
and we denote
Su(£) =Y lans(f)l,  neN. (63)
k=0
Then, according Theorem 1 in [3], the estimate holds:
Su(f) <2*|IfIl,  neN, (64)
where || - || is the usual supremum norm on [—1, 1].

We observe that for the function f(z) = |z| on [—1, 1], estimate turns out to be rather
rough. Indeed, in this case, taking into consideration gluing rule and passing from general

formulae , to particular ones @, , we obtain:
32m+1(f) = SQm(f) = SQma m € IN.
Therefore, as n = 2m, by formula we have
1 2m 22 22
Su(f) = Sam ~ = V2 n = 2m — oo,

ﬁ m3/2 VT ¥

and as n =2m + 1, we get

1 2m 2 2n/2
7 W~ R
The asymptotics for even and odd indices is formally different but in any case

Su(f)=o0 (2”/2) ) n — 0o, (65)

Sn(f) = Som ~ n=2m+1— co.

with the exponent function 2*/? and not 2" as in (64)). The comparison is rather clear.
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In view of the said above, a natural problem arises: by choosing a break point p/q € (—1,1),
find an example of a simple rational modulus

f(l’):|C]ZL’—p|, $€[—1,1],

for which the coefficients in Bernstein polynomials in writing have the maximal growth
as n — oo. Whether there exists such example with substantial exceeding of growth is
still unclear. The situations likely differs from that on the standard segment [0, 1], cf. [9].

It could be quite interesting to show the sharpness of Roulier estimate on [—1,1] or to
obtain another universal estimate for quantity applicable for all functions f € C[-1,1],
strengthening result and being extremely sharp on the class C[—1,1].

Remark on proofreading: recently there was a substantial advantage in this problem, see
[23].
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