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FOURIER METHOD FOR FIRST ORDER
DIFFERENTIAL EQUATIONS WITH INVOLUTION
AND GROUPS OF OPERATORS

A.G. BASKAKOV, N.B. USKOVA

Abstract. In the paper we study a mixed problem for a first-order differential equation
with an involution. It is written by means of a differential operator with an involution
acting in the space functions square integrable on a finite interval. We construct a similarity
transform of this operator in an operator being an orthogonal direct sum of an operator
of finite rank and operators of rank 1. The method of our study is the method of similar
operators. Theorem on similarity serves as the basis for constructing groups of operators,
whose generator is the original operator. We write out asymptotic formulae for groups of
operators. The constructed group allows us to introduce the notion of a mild solution, and
also to describe the mild solutions to the considered problem.

This serves to justify the Fourier method. Almost periodicity of bounded mild solutions
is established. The proof of almost periodicity is based on the asymptotic representation
of the spectrum of a differential operator with an involution.
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1. INTRODUCTION AND MAIN RESULTS

We study the mixed problem for a hyperbolic equation with an involution:

(Ou(t,s)  Ou(t,s) —v(s)u(t,w — s),

ot 0s
u(t,0) = u(t,w), (1)
u(0,s) = p(s),

teJ, se(0,w],

where the symbol J denotes of the intervals (—oo, 00), (—o0, ], [a, (], [a, 00). Hereinafter we
assume that the considered interval contains zero.
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Together with homogeneous problem (/1) we consider the corresponding inhomogeneous prob-
lem

( Oult, s) B Ju(t, s) —u(s)u(t,w —s) + f(t,s),

ot 0Os
u(t,0) = ult, w), (2)
u(0,s) = @(s),

teJ, secl0,wl.

To formulate the problem, we introduce the following functional spaces. By Lo = L3[0, w]
we denote the Hilbert space of Lebesgue measurable square integrable functions (equivalence
classes) on [0,w] with values in €. The scalar product in L, is defined by the formula

@)= [ seEds. wyeLe
w Jo
and the norm is generated by this scalar product.

The space Lo is isometrically isomorphic to the Hilbert space Lo, = Lo, (R, C) of complex
w-periodic functions defined on the entire axis R and square integrable on [0,w]. In what
follows, each function € Ly will be identified with its w-periodic continuation on R.

By W, = W}[0,w] we denote the Sobolev space of absolutely continuous functions in L, with
derivatives in Ls; this space is equipped with the scalar product (z,y)yz = (z,y) + (2, '), z,
y e Wsy.

By symbol End H we denote the Banach algebra of bounded linear operators acting in an
abstract Hilbert space H with the norm

| X | = sup || Xz||, reH, X eEndH.

llzll<1

We introduce a two-sided ideal of Hilbert-Schmidt operators Go(#) in the algebra End H.
By || X||l2 we denote the norm of Hilbert-Schmidt operators X € Go(H), that is, || X2 =
(tr (X X*))/2. Here tr (X X*) is the trace of the operator X X* belonging to a two-sided ideal
GS1(H) of nuclear operators in EndH (see [1]) with the norm || X|; = tr (XX*) = > sp,

nez
where (s,,) is the sequence of s-numbers of an operator X. The formula (X,Y) = tr (XY™), X,

Y € Gy(H), defines a scalar product in Sy (H).

In the paper we assume that the potential v belongs to the space L. In what follows, by
the symbol C(J, Ls) we denote a linear space of functions u : J x [0,w] — C possessing the
following properties. For a fixed ¢ € J, the function s — u(t,s) belongs Ls. Moreover, the
function

w:J = Ly, u(t)(s)=u(t,s), teJ, sel0,uw],

is assumed to be continuous. If 7 is a finite interval, then the space C(J, Ly) is Banach. In this
case as the norm, the quantity ||u||.c = max ||u(¢)]|2 serves. The function w is called associated
te

with the function u and they will be identified.

The function f: J x [0,w] — C in inhomogeneous problem is assumed to belong to the
space C(J, Lg).

We mention a series of works [2]-[5], where mixed problem (1]) was considered with a smooth
potential v : [0,w] — C. In these works, the problem on justification of Fourier method for
homogeneous problem was studied by a resolvent method (by means of contour integra-
tion). There was also studied the asymptotics of eigenvalues and equiconvergence of spectral
resolutions for the L defined by problem . We shall define this operator a little bit later.
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Second order differential operators with involution were studied in papers [6]-[8]. In work
[8] there was given a complete bibliographic survey of results on equiconvergence of spectral
resolutions for first and second order operators with involution.

A qualitative analysis of solutions to boundary value problems for first and second order
equations with involutions was made in [9]—[13]. The basicity property of root functions were
considered in [I4]. The operator generated by a second order differential expression with an
involution at a derivative was studied in [15], [16].

The spectral properties of the operator L (the asymptotics of eigenvalues and estimates for
the rate of equiconvergence of spectral resolutions) for a system of differential equations with
involution were obtained by the method of similar operators in [I7]. In the present work, the
main approach is also the method of similar operators. We also mention papers [18-[22], in
which the method of similar operators was developed.

Operators with involution arise in the filtration theory, theory of prediction and in studying
subharmonic oscillations [23]-]26].

Problems and in Hilbert space Ly are written respectively as

u, = Lu, u(0) = ¢, (3)
u=Lu+f, u0)=e¢. (4)
The operator L : D(L) C Ly — Ly in equations , is defined by the formula
(L)) = Y ey - 9), s ol 5)
Its domain D(L) is defined by periodic boundary conditions
D(L) = {y € Wy : y(0) = y(w)}. (6)

Let us formulate definitions related to the notion of a solution to considered Cauchy problems
@, @-

Definition 1. ([27]) A classical solution to problem (3) is a continuously differentiable func-
tion v : J x [0,w] — C belonging to the space C(J,Ls) such that the associated function
u : J — L is continuously differentiable and for each t € J it satisfies the condition
u(t) € D(L) and equation ().

Definition 2. (27, § 3.1]) A function uw € C(J, Ly) is called a mild solution to problem
if fot u(s)ds € D(L) for eacht € J and

a(t>:<p+L/0ta(s)ds+/Otf(s)ds, ted.

where the Riemann integrals are considered for continuous functions defined on J with values
wn Hilbert space Ls.

The next definition follows naturally Definition [I}

Definition 3. A classical solution to problem , where p € W, is a function u : J X
[0,w] — C belonging to the space C(J, Ls) such that the associated function w : J — Lo is
continuously differentiable and solves problem .

Definition 4. A function u : J — Lo is called a mild solution to problem iof it s
a uniform limit on each bounded interval in J of classical solutions (u,), n > 1, obeying
u,(0) = ¢, € Wy, n > 1, where lim @, = .

n—oo

Definition 5. Problem 1s said to be uniformly well-defined if for each initial condition
@ € Ly there exists a unique mild solution x € C(J, La) obeying the condition T(0) = .
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A close definition of a well-defined problem for an abstract differential operator with a con-
stant operator coefficient was given in monograph [28, Ch. I, Sect. 3]. We observe that the
definition of a well-definite problem is equivalent to the fact the operator L is a generator
of a strongly continuous group of operators.

In this paper, using the theory of semi-groups of operators will play a key role in justification
of Fourier method for the equation with involution.

Theorem 1. Problem 18 uniformly well-defined. The differential operator L is a gener-
ator of some strongly continuous group of operators

T:R — End L,.
FEach classical solution u € C(J, Ls) to problem is defined by the formula
u(t,s) = (T(t)e)(s), sellw], teT, (7)

where ¢ € Wy and ¢(0) = p(w). Each mild solution is given by (1), where ¢ € Ly.

Owing to application of the method of similar operators, further Theorem [I| will be signifi-
cantly strengthened, see Theorems[6Hgl It should be noted that at least for a bounded function
v, Theorem [I| can be obtained on the base of general theorems on perturbed semi-groups
(groups) of operators (see [29], [30]).

Remark 1. [t follows from [27), Prop 3.1.16] that each mild solution u € C(J, Ls) to problem
(@ written as can be represented as

(t) = T(t — to)ii(to) — / T(t — ) f(r)dr, titoed, ®)

to

where T : R — End Ly is the group of operators in Theorem[1], whose generator is the operator
L.

In view of Remark I} the following definition of classical solution is equivalent to Definition [T}

Definition 6. A classical solution to problem (@ is a function u € C(J,Ls) satisfying
identity (8) (integral equation) such that u(t) € D(L) C Wy.

Thus, classical solution satisfies identity .
Theorem 2. Cauchy problem (@ has a unique mild solution x € C(J, Ly) such that the

associated function T can be represented as

z(t) =T(t)p +/0 T(t— T)fv(T) dr, teJ.

The statement of Theorem [ follows Theorem [I] and Definition [6l
Throughout the rest of the paper are regularly employed the following definition and prop-
erties of similar operators.

Definition 7. Two linear operators A; : D(A;) C H — H, i = 1,2, are called similar if
there exists a continuously invertible operator U € End H such that

AlUl‘ = UAQZ‘, T e D(AQ), UD(AQ) = D(A1>
The operator U is called the operator of transformation operator Ay into As.

Such operators possess a series of coinciding spectral properties. It is convenient to formulate
an appropriate statement as the following lemma.
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Lemma 1. Let A; : D(A;) CH — H, i = 1,2, be two similar operators and U € End H
is the operator of transformation operator Ay into operator As. Then the following statements
are true:

1)o(Ay) = 0(As), 04(A1) = 04(A2), 0.(A1) = 0.(A2), 0,.(A1) = 0,.(As), where o(A;), 04(A;),
oc(Ay), 0.(A;), i = 1,2, are the spectrum, the discrete spectrum. the continuous spectrum and
the residual spectrum of the operators A;, 1 = 1,2, respectively;

2) if the operator Ay admits the expansion Ay = Ay @ Agg, where Ag, = Ag|Hy, k= 1,2, is
the restriction of Ay on Hy with respect to thf direct sum H = Hq, @ Ha of subspaces Hy, Ha
invariant with respect to Ay, then subspaces Hy = U(Hg), k = 1,2, are invariant with respect
to the operator Ay and A1 = A1 @ A1, where Ay, = A1|’7qk, k=1,2, at that, H = 7:21 &5 7:22.
Moreover, if P is a projector corresponding to the expansion H = Hi ® Ho, that is, Hy = Im P
is the image of the projector P, Hy = Im (I — P) is the image of the additional projector I — P,
then the projector P € EndH corresponding to the expansion H = 7221 &) 7:22 is defined by the
formula

P=UPU"

3) if a is an eigenvector of the operator As associated with the eigenvalue Ao, then b= Ua is
an eigenvector of the operator A, associated with the same eigenvalue Aq.

4) if the operator Ay is a generator of a strongly continuous semi-group (group) of the oper-
ators Ty : J — End H (of class Cy), then the operator Ay is a generator a strongly continuous
semi-group (group) of operators

T\(t) =UL,U™", tel], T, :J— EndH,
where J coincides with one of the sets Ry, R.

Let H be an abstract Hilbert space represented as the direct sum of orthogonal non-zero
closed subspaces H,,, n € Z, that is,
H =P H.. (9)
nez

where H,; is orthogonal to H; as i # j, i, j € Z, and x = > Ty, T, € Hy, |l2]> = D2 ||zl
nez nez
Such representation of the space H gives rise the partition of the unity of the system of ortho-

projectors {P,, n € Z}. The projectors P,, n € Z, possess the following properties:
1) P:=Pn, ne
Z)Pinzoasi#j,i,jEZ;
3) the series Y P, unconditionally converges to x € H and ||z||*> = > [|P.z||?;
nez nez

3’) the identities Prz = 0, k € Z imply that the vector x is zero;
4) H=ImPy, v, = Prz, k € Z.
We observe that the properties 3) and 3’) are equivalent.

Definition 8. A linear operator A : D(A) C H — H is called an orthogonal direct sum of
bounded operators A, € EndH,,, n € Z, with respect to resolution (@ and it is written as

A=EP A, (10)
neZ
if
)M, C DA)={z e H: 3 [[Azpl* < 0o,z = Prx,k € Z} for alln € Z;
keZ
2) each subspace H,, n € Z, is invariant with respect to the operator A and A,, n € Z, is

the restriction of the operator A on H,, n € 7.

3) Ax = > Apxg, x € D(A), where xy, = Prx, k € Z.
kEZ
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We observe the inclusion of the spectra: o(A) C o(A), k € Z.
Without additional restrictions, the spectrum o(.A) does not necessarily coincide with the
union of the spectra o(Ag), k € Z, and even with the closure of the union.

Definition 9. The expansion of the Hilbert space H of form

H=EUH:, (11)

keZ

where U is the invertible operator in End H and H s the orthogonal direct sum of subspaces Hy,
k €, of form (@ 15 called quasi-orthogonal or U-orthogonal. If the operator U is represented
as U =1+W, where W € Sy(H), then the quasi-orthogonal expansion of the space H is called
Riesz expansion.

We observe that U-orthogonal expansion of the space H is called orthogonal if in H we
introduce an equivalent scalar product of form

(z,y) = (Ux,Uy), z,y€H.

Definition 10. We shall say that a linear closed operator A : D(A) C H — H is a quasi-
orthogonal (U-orthogonal) direct sum of bounded operators Ay, k € 7., with respect to the
quasi-orthogonal expansion of space H of form if A, = UALU™L, k € Z, for some invertible
operator U € End H. This is written as

A=P A

We return back to the operator L defined by formulae , @ We represent it as L = Ly—V/,
where Lo : D(Lg) = D(L) C Ly — L is the operator of differentiating Lo = % and

(Vy)(s) = v(s)y(w — s). (12)

The operator V' is well-defined thanks to the inclusion D(Ly) C D(V). In what follows,
the operator Lj serves as an unperturbed operator, while the operator V is regarded as a
perturbation.

Let us describe the spectral property of the unperturbed operator Ly. The spectrum o (L)
of the operator L is represented as

o(Lo) = Urezor,

where o = { A}, A = i%’:k , k € 7., are the isolated eigenvalues. The corresponding eigenvectors

are the functions ex(s) = e s € [0,w], k € Z, forming an orthonormalized basis in the
spaces Ly with respect to the introduced scalar product. The corresponding spectral projector
Pn = P(on, Lo), n € Z, (Riesz projector) is defined by the formula

1 w .2 .o - 27T
(Poz)(s) = ;( / g;(T)e—u’“TdT> 5 = ()", x € Ly, s € [0,w]. (13)
0

Here Z(n), n € 7Z, is the Fourier coefficient of a periodic function « € Ly defined by the formula

1 w ;2T
z(n) = —/ x(T)e_lzTT dr.
0

w

We observe that an unperturbed operator Ly = d% is an orthogonal sum of the operators
27k

(Lo)k = Lo|Hi = 2% [1,, where I, stands for the identity operator in the one-dimensional space

Hy = Im Py, that is, Lo = @rez(Lo)k. At that, all operators (Lg)g, k € Z, have rank one 1 and
are represented as (Lo)x = \pl, k € Z.
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Let Py = > P;, k = 0. Then the operator Lg is also an orthogonal direct sum of the
1| <k
operators

2mj .
Lo = (Lo @ (@(Lo)j) = (Lo)y ® (@ ZTJJJ->, ke, jel,
lj|>k li|>k

where (LO)(k) is the restriction of the operator Ly = d% on the subspace H) = Im Py, with
respect of the representation of the space Lo as

M:HW@(Q}m) (14)

li|>k

We note that (L)) = € 22 1; with respect to the orthogonal expansion H) = @ H;.

w
i<k 1<k

The next theorem is a base of all results and estimates in the paper.

Theorem 3. There exists a number k € Z, = NU{0} such that the operator L = Ly —V is
similar to the operator Ly — Vi, where the operator Vi belongs to the space So(H), the identity

LU = U(Ly — V)

holds true and the subspaces Hxy = Im Py and H; = ImP;, |j| > k, are invariant with respect
to the operators Vi, Ly. Moreover, the operator L is an U-orthogonal direct sum of form

L=U(Lo— (Vo) ® @ Vo U ™!
i[>k
with respect to the Riesz expansion (U-orthogonal expansion) of the space H = UHuy® @ UH,;.
li|>k
The invertible operator of transformation U in End Lo is represented as U = I + W, where
W e Gy(H).

A specific form of the operators U and V{ will be written out in Sections 3, 4, 5.

Theorem 4. The spectrum of the operator L can be represented as

o) =00 (U ),

71>k

where the set o) contains at most 2k + 1 eigenvalues, the sets ¢;, |j| > k, consist of a single
point and o; = {Xj}, Xj =2 — by, and Y |bj|* < oco.
j|>k
The associated eigenvectors e, form a gam’ basis in the space Lo (in particular, Riesz basis)
and the estimate holds:
[en — enll = bin, [n| >m,
where > b3, < 00.

[n|>m

In work [5], there were given more specified formulae for the eigenvalues and eigenvectors of
the operator L in the case of a smooth on the segment [0, 1] potential v such that v(0) = v(1).

In paper [17] there were obtained the estimates for the weighted means of the eigenvalues in
the sets ,,, [n| > m, and the estimates for the deviations dist ({222, 5;).

We note that the properties of differential operators with involution discussed in the present
work differs significantly from the spectral properties of differential operators [31], [32].

The next theorem is formulated under the assumptions of Theorems [3| and 4] in terms of

notations introduced in Theorem [l
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Let 73(@ = P(owy, L), k>0, P, = P(Xn, L), |n] > m, be the spectral projectors constructed
by the spectral sets o) and 7}, |j| > k, respectively.

Theorem 5. The limiting relation

gggolrﬁw > Pi=Puw— >, Pill=0

|7]|=k+1 |7l=k+1

holds true.
The next theorem strengthens essentially the result of Theorem [I]

Theorem 6. The differential operator L is a generator of a strongly continuous group of
operators
T:R — End L.

The group T : R — End Ly s similar to the group T : R — End Lo, which admits an
orthogonal expansion of form

—k—1 )
T(t) = @ (LUt gy (Bt @ bt e R, (15)
Jj=—00 j=k+1

with respect to the expansion of the space Lo of form for some integer k > 0, and T(t) =
UT(t)U’l, t € R. Moreover, the operator of transformation U € End Lo of the group T into
the group T can be represented as U = I + W, where W € Gy(H). The operator By belongs
to End Mg,y and Y- |bj|* < .

71>k

Thus, the group of operators T'(t), t € R, admits an U-orthogonal expansion with respect to
an U-orthogonal expansion of the space Ly of form . The number £ in Theorem @ will be
found later in Section 4, see Theorem [16]

Let ¢ = U 'y and the function 1 is expanded into the Fourier series

Y(s) =Y dn)e =, s e 0wl

nez
It is obvious that P;ip = J(j)ej, jEeZ.

Definition 11. The representation of the group of operators (mild solutions) of form

—k—1 00
Tty =UTHU o= Y S0P+ UPwt Py + Y S0Py (16)

is called the Fourier series of the mild solution u(t,s) = (T'(t)p)(s), t € R, s € [0,w], ¢ € Lo,
to problem .

Representation ({15 of Theorem |§| implies immediately the next theorem.

Theorem 7. The group T can be represented as

f(t) = eB(k)tP(k) + Z e(i%fbj)tpj.

|7|=k+1

We consider sequences of the numbers 3, = ||[P,W||2, oy = sup |b;|, | € Z. They possess the
lil=t
properties llim a; = 0 and () is a square integrable sequence.
—00

The representation of solution as implies the following theorem.
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Theorem 8. For each function ¢ € Lo the estimates hold:
275 g .
IT(t)p = U Py = 3, TP

k<[I<N

[un

1

<c( 3 e%ﬂ"ww+ﬂ;||w||2>)2<cecw+wl( T <|$<j>\2+ﬂ;uw||2>)2, LeR.

li|I=N+1 li|=N+1
for N > k and some constant C > 0.

The presence of the group of operators T allows us to well define the operator % — L in a series

of functional spaces. B the symbol C, = C,(J, Ly) we denote a Banach space of continuous
bounded on J functions with values in Ly and the norm ||z||., = sup ||z(t)||2, x € Cp. It follows
teJ

from Theorem {| that o(L) NiR is at most countable set having no finite accumulation points.
This is [33] implies immediately the next theorem.

Theorem 9. Fach mild bounded solution w € Cy of problem 18 a Bohr almost periodic
function (see [34] ).

Hereinafter till the end of the section we assume that J coincides either with R, or with R.

Definition 12 ([35], [36]). A function zo € C, is called slowly varying at infinity if
lim H.Z'()(t + S) — 330(8)“2 =0.
|s| =00

Definition 13 ([35], [36]). A uniformly continuous function x € Cy is called almost periodic
at infinity if for each € > 0 there exists a generalized trigonometric polynomial of form ,(t) =

S>ap(t)eMt t € J, where xp, 1 < k < n, are slowly varying at infinity functions and Ay,

k=1
1 < k < n, are real numbers such that
n

sup ||z(t) — Zxk(t)e”""tH <e.

teg 1

By Cy = Co(J,Ly) we denote the space of functions vanishing at infinity, that is,
|l‘im |z(t)|]2 = 0, x € Cy. Theorem 6.3 in [35] implies immediately the following theorem.
t|—o00

Theorem 10. Let uw € Cy be a mild solution to inhomogeneous problem (@ and f € Cp.
Then u : J — Lo is almost periodic at infinity.

2. METHOD OF SIMILAR OPERATORS

We observe that the method of similar operator is usually employed in the spectral analysis
of various classes of differential (see [37] — [40]) and difference (see [41], [42]) operators. While
presenting the method, we shall base on works [21], [22].

Let A : D(A) C H — H be a linear closed operator with a dense domain acting in a
complex (abstract) Hilbert space H. We introduce a linear space £4(H) of operators acting
in ‘H and relatively bounded with respect to the operator A : D(A) C H — H. We shall say
that an operator B : D(B) C H — H is relatively bounded with respect to the operator A if
D(B) D D(A) and the quantity ||B||a = inf{C > 0 : ||Bz| < C(||z| + ||Ax]||),x € D(A)} is
finite. This quantity is chosen to be the norm of the operator B € £4(H) in £4(H). Thus,
£4(H) is a Banach space.

We consider a perturbed abstract operator A — B : D(A) C H — H, where B € £4(H), and
the spectral properties of a linear closed operator A are known.
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We define a transformer (that is, a linear operator in spaces of operators; a terminology due
to M.G. Krein) ad4 : D(ad4) C End’H — End H by the formula
adaX = AX — XA, X € D(ady),
with domain D(ad,) formed by operators X € End H possessing the properties:
1) XD(A) C D(A);
2) the operator ad, X : D(A) — H admits a bounded extension Y on H and we let ad, X =Y
(such extension is unique).

The most important notion of the method of similar operator is the notion of an admissible
triple.

Definition 14 ([21], [22]). Let M be a linear subspace in L4(H) and J : M — M, T":
M — EndH be transformers. A triple (M, J,T") is called an admissible triple for the operator
A, and M s called a space of admissible perturbations if

1) M is a Banach space with its norm || - ||« continuously embedded into £a(H), that is, there
exists a constant C' > 0 such that || X |4 < C|| X ||« for each X € M;

2) J and T are bounded linear operator and J is a projector;

3) (IX)D(A) C D(A) and the identities

(adpTX)z = (X —JX)z, xz€ DA, XeM,
hold and I'X € EndH s the unique solution to the equation
adaY =AY —YA=X - JX,
satisfying the condition JY = 0;
4) XTY, (TX)Y e M for all X,Y € M and there exists a constant v > 0 such that
[ < v, max{|XTY L., [(TX)Y .} < v XYl

5) J(CX)JY) =0 forall X, Y € M;
6) for all X € M and e > 0 there exists a number \. € p(A) such that || X (A=X.1)7|» < €.

Let is fox an admissible triple (M, J,I") for an unperturbed operator A.

Theorem 11 ([21], [22]). Let (M, J,T") be an admissible triple for the operator A : D(A) C
H — H and B be some operator in M. If

Al By < 1, (17)

the operator A — B is similar to the operator A — JX,, where X, € M solves the nonlinear
equation

X =BI'X - (I'X)(JB)— (I'X)J(BI'X) + B =®(X). (18)
A solution X, can be found by the method of simple iterations letting Xo = 0, X; = B, ....
The similarity transformation of the operator A — B into the operator A — J X, is made by the
wvertible operator I +T'X, € EndH. The mapping ® : M — M is contracting in the ball
{X e M:||X =Bl < 3[|Bll.}

Lemma [I] and Theorem [I1] imply the following theorem; in its formulation we employ the
notations of Theorem [I1]

Theorem 12 ([22]). Let (M, J,T") be an admissible triple for the operator A : D(A) C H —
H, the operator B € M satisfies condition and the operator A — JX, is a generator of a
strongly continuous group of operators T :R — EndH. Then the operator A— B is a generator
of a group of operators T : R — End H, defined by identities:

T(t)=(I+TX)T)(I+TX,)™", t>0,
where X, s a solution to equation (@
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Quite often it is difficult to construct the space of admissible perturbations containing a
considered perturbation. In this case one can make a preliminary similarity transformation of
the considered operator, whose perturbation belongs to the space of admissible perturbations
M in some admissible triple (M, J,T'"). Such transformation is possible under the assumptions
of the next proposition.

Assumption 1 ([22]). Given an operator C € £4(H), there exist operators I'C, JC €
La(H) satisfying the conditions:

1)TC € EndH and ||I'C|| < 1;

2) (TC)D(A) C D(A);

3) CTC, (T'C)JC € M;

4) ATCYx — (I'C)Ax = Cx — (JC)z, x € D(A);

5) for each € > 0 there exists a number \. € p(A) such that ||[C(A —N.1)7|| <e.

Theorem 13 ([22]). Under the assumptons of Proposition[l], the operator A — C'is similar
to the operator A— JC — Cy, where Cy = (I +TC)"(CTC — (I'C)JC), and the identity holds:

(A= C)YI+TC) = (I +TC)(A - JC - Cy).

Let an unperturbed operator A : D(A) C H — H be a skew-adjoint operator and its
spectrum o(A) admits the representation of form

o(A) = A
keZ
where Ay, k € Z, are compact mutually disjoint sets. Let Py, k € Z, be the Riesz projector
constructed by the spectral set Ay, k € Z. Then the system of projectors { Py, k € Z} and
system of subspaces H,, = Im P,, n € Z, satisty the properties provided after Lemma
Let us fix an admissible triple (M, J,T") for the operator A, in which the transformer J :
M — M is well-defined by means of the formula

JX:}jaxm,XfAA
keZ

Thus, each of the operators JX, X € M, is an orthogonal direct sum of the operators X; =
P X |Hy, Xy € EndHy, k € Z. Moreover, and this is very important, the operator A — JX
possesses the same property and

A= JX = P(A - Xp), (19)

where Ay = A|H} is the restriction of the operator A on Hy.

Theorem 14. Under the assumptions of Theorem [13, the operator A — B, where B € M,
is similar to the operator A — JX,, X, € M, being an orthogonal direct sum of the operators
(@, where X = X,, with respect to the orthogonal expansion of the space H of form (@,
where H; = Im P;, i € Z. The operator A — B is an quasi-orthogonal direct sum of bounded
operators with respect to the quasi-orthogonal expansion of the space H of form (@, where U
18 an operator of transformation of the operator A — B into the operator A — JX,.

We denote the operator A — JX, by Ag. For operators Ay of form the following theorem
holds.

Lemma 2. An operator Aqy of form @ 15 a generator of some strongly continuous group
Ty : R — End H, if and only if the condition

Sup sup ||eA°v”tHEndHn = C(b) < o0, (20)
[t|<bneZ
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holds, where b > 1. If condition (@) holds, the operator Ty(t), t € R, are represented as an
orthogonal direct sum

To(t) = @Petr!, teR,
nez
with respect to the expansion of the space H of form (@

Proof. 1f condition holds, the formula
To(t)x = ZeAO’"tPn:C, teR,
nez
defines a bounded operator that is due to the Parseval identity and the estimate
ITo()z]* =) lleo Pzl < C*(0) Y | Puzl® = C*()l|2]®, =€ H, [t <b.
nez neZ

It is straightforward to check that the operators Ty(t) € EndH, ¢t € R, form a group of
operators. Since this group is strongly continuous on a dense subset of vectors represented as

r= >, Pyx, m € 7Z,, it is strongly continuous on the entire space H.
[n|<m
The inverse statement is obvious. The proof is complete. O

Thus, the construction of the group of operators for the initial operator is reduced to con-
structing a group of operators for the operator being an orthogonal direct sum of operators
with respect to expansion by using Lemma .

3. FIRST TRANSFORMATION OF SIMILARITY

In what follows as the space of admissible perturbations M in the method of similar operators,
the space &y(Ly) will serve, while as a system of projectos P = (P,,), n € Z, we choose a system
of spectral projectors of an unperturbed operator Ly (see formula ((13)).

Hereinafter the symbol H stands for a Hilbert space Ls.

In what follows we employ the matrices of the operators of two forms: operator and scalar
ones. To each operator X € End#H we associate an operator matrix X ~ (X;;), where X;; =
PiXP; € EndH, i,j € Z, and the projectors P;, 1 € Z, are defined by formula .

The scalar matrix X ~ (z;;) consists of the entries x;;, 7,7 € Z, defined by the formula
z;; = (Xej, e;), and as a basis e;, 1 € Z, we choose normalized eigenvectors of the unperturbed
operator L.

In what follows we employ the following properties of the ideal Gy(H) (see [1]):

1) The operator X € EndH is a Hilbert-Schmidt operator if and only if its matrix xy, =
(XGn, gr), n,k € Z, is a Hilbert-Schmidt matrix for some orthonormalized basis {gx, k € Z}
and [ X[3= 3 |zwl”

kneZ
2) The product XY of the operators X,Y € Go(H) is a nuclear operator and || XY|; <
[ X |2 [[Y[]2-
3) Let {Q,,n = 0} be the system of orthoprojectors in End H forming the partition of the
unity. Then [| X3 = 30 [|QuXQunlf3.

n,m=0
4) Let the operator X : D(X) C H — H belongs the space £4(#H) and hence, it has a

domain D(X) dense in H. If the quantity . [(Xe,,ex)|* is finite for some orthonormalized
n,k€Z

basis {ex, k € Z} with the property ex € D(X), k € Z, then the operator X has the unique
extension on H. This extension is a Hilbert-Schmidt operator and it is denoted by the same
symbol X.
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The notion of an operator matrix is naturally extended to the operators relatively bounded
with respect to the operator Lg, not necessarily bounded.

To each operator X : D(A) C Ly — Lo, X € £1,,(#H), we associate an operator matrix (X;;),
i,7 € Z, formed by bounded operator X;; = P,XP; € EndH, i,j € Z.

We also note that in the considered case (dimIm P; =1 for all j € Z):

Xz‘jx = (Pz‘XPj)x = (Xij, ei)ei = (Xeia ej)<x>@j)6i = (xij)f(j)eu 1,7 € 7.

The operator V' defined by formula is relatively bounded with respect the operator L
and it has the matrix (V4,) with respect the partition of the unity (P, k € Z), whose elements
are defined by the formulae

- 27 1 v 27 s s
(Vinz)(s) = (Vey, en)?f(n)ez%ls = —/ U(T)e_’%l(w_ﬂ dr - /x\(n)ez%ls =o(l + n)’x\(n)e’%ls.
w Jo

Thus, the operator matrix of the operator V' is of the form

v(=2) v(=1) ©(0) ©(1)
V v(=1) ©(0) v(1) v(2)
u(0) o(1) w(2) o(3)
o) 9(2) 03) v4)

In what follows by P, we denote the projector P,y = > P;. We introduce operators

jij<m
IV, 'V, m >0, by the formulae

JV =JV=> PVP,

i€Z
IV = Pay)VPimy + > PiVP:, m >0,

[Z|>m

w ~ =~ kap

I'v=r = 5 n; n — ]7
oV = o 2.V v Z k—j
neZ\{0} k—j=n

I,,Vv=TV— 'P(m)(FV)'P(m).

The matrices of the operators JV and I'V with respect the partition of the unity (P, k € Z)
are of the form

oo 0(=2) 0
JV ~ | L. 0 v(0) :
0 0 (2
0=ty -ka) ke
v~ Y ?J(A—l) AO —v(1) —5/3)(2)
27 %E(O) UA(l) AO —0(3)
s0(1)  20(2)  ©(3) 0

The definition of the operators J,,V and I',,V, m > 0, imply immediately that they belong to
G2(H). They are well-defined, that is, the series defining these operators converge in So(H).
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For the preliminary similarity transformation we shall also the operators 7, = VIV,
m > 0. The entries of the operator matrix of the operator Z = VI'V are defined by the
formula

W Z v(i + k)o(k+7)
i L J—k
k#j

Lemma 3. The operators J,,V, T,V and VT',,V, m > 0, are the operators in Sy(H).

Zyi = , i,jEZ.

Proof. Tt remains to show that Z € &9(H). This is implied by an integral representation of the
operator Z = VI'V of form

(Zy)(s) = L /:wf(s _ 7—)@\(2&} _28 — T)v(s)y(T) dr (21)

2w 2

given in [I7], [21]. Here the function f is defined as f(s) = i(s - %) O

Let Lo ([0, w], C) be a Banach space of (classes of) functions with values in C and essentially
bounded on [0,w]; the norm is ||z||o = vrai sup |[|z(s)].
s€[0,w]

Lemma 4. The operators I',,V, m € Z, possess the properties:

1) (I',,V)D(Lgy) C D(Ly);

2) Lo(Ty,V)e — (V) Lox = (V — J,V)x, © € D(Ly);

3) For each & > 0 there exists a number \. € p(Lo) such that |V (Lo — A1) 7 ]2 < €.

Proof. Let A. € p(Ly). We consider a sequence o projectors Q) = >, P;, n > 0. For each
lj|<n

vector y € H the identities hold:
QyLo(TmV) (Lo — A1) 7'y = Quy (T V) Lo (Lo — AI) " 'y+
+ Q) (V = JnV) (Lo = AI) 'y = Quuy Ly,
where the operator £ can be represented as
Ly = (Lo V)Lo(Lo = AD) 'y + (V = T V) (Lo — AT) My,

The mentioned identities can be checked on the basis vectors. Since the operator £ is an
operator in End H, the sequence of the operators in the right hand side converges to the
operator £ in the norm of the space End H. The closedness of the operator Ly implies that
I',Vx € D(Ly) as x € D(Lp) and the identity

(CoV)Lo(Lo — AI) ™t = Lo(Tp V) (Lo — Ad) ™+ (V — T V) (Lo — AT) ™

holds. Thus, properties 1) and 2) hold true.

It remains to check property 3). Let Y = V(Lo — A.I)~', A\. € p(A). In this representation
of the operator Y we consider it as a produce of two operators (Lo — A\.I)™! € EndH, Vy, :
Loo(]0,w],C) = Lo, (Veor)(s) = (Vz)(s), s € [0,w], x € Loo([0,w], C). It is clear that ||V|e =
|v]|z,- It remains to prove that |[(Lo — A1) Y| < &/]|v]|1, for a number A, of form A, = k for
sufficiently large k € IN and a given € > 0. For each function z € H the representation

Z(l)et*s's

(Lo— kD) 'z =) o

leZ w

holds. This is why

1

- 1 2 ellz]|2
(Lo — k) ‘2|, < <§ —) z][2 <
’ k2 4 (222 IV,

leZ
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for sufficiently large k.
Therefore, we have proved the property ||(Lo — kI)™'z|s < &/||v||,. Thus,

IV (Lo = k)| < ol 2all(Zo — RI) 7 < e.
The proof is complete. O

In the proof the next theorem, being a main result of this section, we shall make use of the
following lemma.

Lemma 5. The identity holds: T, V]ls = lim [TV — Py (CV) Pyl = 0.
m—r0o0

lim
m—o0
Proof. Since the operator I'V is the Hilbert-Schmidt operator, the statement of the lemma
follows immediately the definition of the orthoprojectors P, m = 0. [

The obtained statements of the sequence of the operators J,,V, I',,V, m > 0, and Theorem [13]
implies the following theorem.

Theorem 15. There exists a number m € Zy such that |, V|2 < 1, that is, the operator
I +T1,,V is invertible and the operator Ly — V is similar to the operator Ly — V', where

V=J,V+{+T,V) ' (VI,V = (DnV)JnV) € Ga(H,P), (22)

and the identity holds:

(Lo = V)I+T,V)=I+T,V)(Lo— V).
The operator V can be represented as
V=JnV+ VL,V — V),V +C=JV+VLV — (CV)JV 4 Cy, (23)
where C, C1 € &1(H).
Proof. It remains to prove formula . The representation

(I + V) Y (VTWV — (DV)JnV) =(I + ToV) YT V)(VT,V
— (L V) V) + VT,V — (T V) IV
and the fact that a product of two operators in Gy(H) is an operator in &;(H) yield the first

part of identity . Since the operators VI',,V—-VI'V, J,V—JV T, V—IV are of finite rank,
they belong to &;(H) and the second part of formula holds. The proof is complete. [

4. CONSTRUCTION OF TRANSFORMERS J;, AND I'y, k > 0, IN Gy(H)

It follows from Theorem [15] that the studied differential operator with involution is similar
to the operator Lo — V, where the operator V' defined by formula belongs to 61(7-[).

Below, see Section 5, we shall apply the method of similar operator to the operator Ly — V, cf.
Theorem 3l At that we shall employ essentially the sequences of transformers

Jk,Fk : 62(7‘[) — 62(7‘[), k > 0.
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For each operator X € Gy(H) we define these transformers by the following formulae:

JX =JXg=> PuXPu,

nez (24)
Jip X ZZ}%k))(f%k)+-:£: ?Z)(iy, k>1,
i[>k
w =~ =~ 1
PX =DpX = — > X, where X, = - Z Xy,
nez p—j=n (25)

[vX =X — Pgy(TX)Pyy, k> 1.

Here X,; = P,XP;, p,j € Z, are matrix entries of the operator X.
The transformers Ji, I'y € End (S2(H)), £ > 0, are well-defined and all written series
converge in Sy(H).
Definition 15. The operator X, = Y X,;, k € Z is called a kth diagonal of the operator
ﬁﬁii
matriz of the operator X € Gy(H).

Remark 2. An nth diagonal X,, of an operator X € Go(H) satisfy the formulae

IXallz = > 11Xl

1,J€EZ
i—Jj=n

at that,

X115 = > 11Xl

neZ

In papers [17], [21] there was employed another approach used for determining the trans-
formers J and I' acting End H; that approach was based on the representation theory. To
describe this approach, we mention that the differentiation operator Ly = % is a generator of
an w-periodic group S : R — End Ly, (S(t)z)(s) = z(s+1t), t, s € R, x € Ly,. This group
can be represented as

S(t)r = Z e’ P,
ne”Z
To each operator X € EndH we associate an w-periodic strongly continuous operator-valued
function

t— St)XS(—t): R — End H.
At that, there arises a isometric representation of period w:
S:R — End(EndH), S(t)=S(t)XS(—t), teR.
Given a function S : R — End (End H), we consider its Fourier series
§(t)x ~ Zanei%Tnt, reH, teR,
nez

where the operators X,, read as
1 [“ 2mn
Xpx = —/ S(t)XS(—t)e_ZZTt dt, zeH, neZ.
wJo
The series Y X, is called the Fourier series of the operator X € EndH with respect to the

nez
group of the operators S and the operators X,,, n € Z are called the Fourier coefficients of this
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operator (see [43], [44]). Tt is important to note that X, is the nth diagonal of the operator
X € &5(H) in the sense of definition [15]

Remark 3. The group of isometries S can be considered with respect to the subspace Gqo(H)
wmwvariant for this group. In this case the Fourier coefficients X,,, n € 7, are also operators
belonging to So(H).

We note that according works [17] and [21I], the transformers J and I' can be defined by the
formulae

1 w
(JX)x = Xoz = 5/ S(M)XS(—7)xdr, ze€H,
0
1 w
= ;/ f(r)S(r)XS(—7)xdr, x€H, (26)
0

where f: R — C is an w-periodic function f(s) = i(s — %), s € [0,w], with the Fourier series
of form f(s) ~ ) 5%-e P25

n#0
It is important to observe that the definition of the transformers J and I' by integral repre-
sentation coincide with the definition on matrix entries by and .
The definition of the transformer I'" : M — M by implies the following lemma.

Lemma 6. The operator T'V belongs to So(H) and is an integral operator of form
1 2w e .
(TV)a(s) = %/0 F(E D) o( ey dr, aels
At that, (I'V)z € Loo([0,w], H), © € Ls.

5. SECOND SIMILARITY TRANSFORMATION

In order to prove Theorem [3, we shall need another space of admissible perturbations M C
Sy(H). To describe it, for each non-zero operator X € Gy(H) we introduce a two-sided
sequence of real numbers of form

awmzwwﬁmm{(lemw)a(wamﬁf}mez. (27)

|k|=n |k|=n
kEZ, kEZ,
The sequence (o, (X)), n € Z, possesses the following properties:
1) an(X) = a_n(X), n € Z;
lim «,(X)=0,n € Z;

|n]—o0
2(X) < 1 for each n € Z;
an(X) > an1(X), 1> 0;
an(X) # 0 for each n € Z if Py, X Py # X for each m € Zy;
the quantity

2)
3) a
)
5)
6)

I XPnll3 + [P0 X113
2 (o (X))

nez
is finite.

As a perturbation of the operator Lo, the operator V in Sa(H) defined by formula
in Theorem . 5| will serve. Without loss of generahty we can assume that F, VP(n # 0 for
all n € Z,. Otherwise the operator Lo — V is an orthogonal sum of operators of finite rank
(Lo — )\7{( , for some n > 0 and of the operator Lg|y ), where HO =T —H,
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Thus, in what follows we consider the operator Ly — V.
For each operator X € G5(H) we consider a self-adjoint compact operator Fy defined by the

formula
Fx =Y an(X)P,.
nez
We observe that Fy € End# is a function of a self-adjoint operator Lg of form Fyx = fx(Lo),
where fx : 0(Lo) = Ry, fx(Mn) = an(X), n € Z, and || Fx|leo = rr?gz}(|a”(X>| =1.
To simplify the writing, we redenote the operator Fj; by F'.
We introduce the set of the operators M in &,(H) admitting the representation of form

X=XF X=FX,,

where X, X, € Go(H). We let || X || m = max{|| X2, || X+]]2}. It is obvious that || X |2 < || X ||,
X eM.
The property Ker ' = 0 (cf. Property 5 of the sequence a,,(X)) allows us to conclude that
the introduced set of the operators M is a Banach space.
It is obvious that for each operator X in Go(H) the representation holds:
1 1
X = (Y XPu) By = By (D —=PuX).
Zan(X) P ) Fx X Zan(X)P
nez nez
This is why the perturbation V is in the space Sy(H).

Since M C G3(H), the transformers Ji, and T'y, k > 0, are defined also for the operators in
M. Moreover, the subspace M is invariant with respect to J, and I'y, k > 0, and

Je(XoF) = (LX) F, Ju(FX,)=F(JX,),
TW(XF) = (TWX))F, TW(FX,) = F(T:X,),
where X,, X; € Go(H).

To estimate the norms ||I'y (X F)||2 and ||Tx(FX)]||2, X € &3(H), we consider two sequences
(a), n € N, and (&), n € N, defined by the formulae

o — | - w
O/n:%‘lgy}fﬁ’ n:%(206n+04;1>, n € IN.
ljl<n

The sequences («/,) and (a,) belong to the space ¢o(N) of converging to zero sequences.
The next lemma is an analogue of Lemma 3 in [21].

Lemma 7. For all k € Z and each operator X € So(H) the estimates hold:
max{||Ue (X F)|z, [T (FX)]l2} < g || X2
Proof. Let P*) =T — Py, k € Z4, be the additional to Py projector. Then

IFPP oo = 1) anPuP® oo < s
nez
The definition of the transformer I';, implies the estimate

ITk(XE)|l2 = [ITk(XEP®) + T (PP X FPgy)2 < %%+1HX|!2 + T (PP X EPa) 2.
We represent the operator [y(P® X FP;,) as
TL(PPXFPy) = Th(PPFXPyy) + TP (XF — FX)Py).
At that, the latter operator has an operator matrix (P; ZP;), i,j € Z, k > 0, where
Ziwy = T(PW(XF — FX)Pyy),
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formed by the entries of form

fFd) = Q)
Ai — A

where |i| > k + 1, |j] < k, and P;Z()P; = 0 otherwise. Thus,

PXP; = — 1" Yp xp,

20y P; = .
P (k)P] 27_‘_ i— 37

w w |O[‘ _ O[‘|
[P XFP < — Xlo+ — LB 1|
[1T%( )2 27T04k+1|| |2 + o X T
i<k

1112

w ~
= %(O‘k—&-l + gy )1 X2 = g || X2

In the same way the norm I'y(FX), X € Gy(H), is estimated. The proof is complete. ]

Lemma 8. A triple (M, Ji, Ty is admissible for the unperturbed operator Lq for each k = 0
and the constant v = 7y in Definition |14 obeys the estimate

e L Qpg1, Kk EZ.

Proof. We have established above that the introduced space of admissible perturbations M is
a Banach space. It follows from the embedding M C G5(H) that M is embedded into £, (H)
since each bounded operator is relatively bounded with respect to the unperturbed operator
L. This is why Property 1) in Definition [14] holds true.

Properties 2) and 5) follow the construction of transformers Ji, I'y, & > 0, and Lemma .

Properties 3) and 6) are checked in the same way as similar properties were established in
Lemma 4l

We proceed to proof of property 4). Let X = X;F € M, Y = VF € M, where X,
Y, € S3(H). Then XT'Y = Z;F, where Z; = X,I'y(FY;). It follows from Lemma that

1212 < [ Xal2][Yell2 < Qepa [ X[ aa 1Y (e
Let X = FX,, Y =FY,, X,,Y, € 6y(H). Then XT'\Y = FZ,, where Z, = X, I't(FY,), and
again it follows from Lemma [5] that
1Z|l2 < s | Xr 2| Yo ll2 < Qe [| X aa][Y | a-
A similar estimate holds for the norm of the operator (I'y, X)Y . The proof is complete. n
Theorem 16. Let an integer k = m be such that the condition
A1 [V < 1

1s satisfied. Then the operator Lo — V is similar to the operator Lo — Jp, X, = Lo — Vy, where
the operator X, € M is a solution to nonlinear operator equation @ i Theorem with

transformers J = J,, and I' = T'}, defined by formulae , and B = V. Moreover, the
operator Vy is an orthogonal direct sum

Vo = Vag © EP Ve
|t| >k
with respect to the representation of the space Lo of the form
H="HwoPH,
[i]| >k

where Hyy = Im Py, H; = Im P, |i| > k, and the projectors Py, P, |i| > k, are the
spectral projectors of the unperturbed operator Ly defined by formulae . The operator of
transformation the operator Ly — ‘7, Ve Ga(H) into Ly — Vy is the operator I + 'y, X, where
XeMCcC 62(7‘[) and ', X € 62(7‘[)
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Theorem follows Theorems , 14 Lemmata , and the property lim ap = 0, which
k—o0
ensures Condition of Theorem [11]

6. Proor orF THEOREMS [3, [ [f]

Theorems [15] and [16] imply Theorem [3| given in Section 1. We stress the operator U in
Theorem B is of the form

U =Upp = (T +T0V)(I +T4X.) = I + Wi, (28)

where the operator W, = I';,V + Iy X, + (I, V) (I'p X)) belongs to &y (H).
We proceed to estimating the eigenvalues and the eigenprojectors. The next theorem follows
Theorem [16 and Lemma, [I1

Theorem 17. The spectrum of the operator L coincides with the spectrum of the operator

Lo — Vo = Lo — Py X. Py — €P PiX.P;.
7>k

Moreover, the identity holds:

o(L) = o (L) U (| o(L) = o(Loo) U {2 4y 1] > k).
>h “
where Ly 1s the restriction of the operator Lo — PuyX.Pyy on Hyy = Im Py and L; is the
restrz'ctzon of the operator Ly — P; X, P; and Im P}, |j| > k, whzle 37*31: |7] > k, are the diagonal
entries of the matriz of the opemtor X,.

Theorem [17] implies immediately Theorem [ In Theorem [ it is taken into consideration
that for each bounded operator, its spectral radius does not exceeds the norm and the sequence
(4j5), 1| > k, is square summable since X, € Gy(H). All statements on the eigenvectors
follow Lemma (1| and the representation of the invertible operator of transformation as
U =1+ X, where T'y,, X, € Go(H).

Proof of Theorem [4. The arguing is made under the assumptions of Theorem[3] We fix numbers
k, m € Z, such that the assumptions of Theorems [15] hold. Let P, = P({A\.}, Lo),

)\n = {i2;rn}7 n e ZJ 7D(m) = z Pna P(m) = Ukm’])(m)U];nll, Pn = UkanUk?ni ACCOI'diIlg

In|<m

Lemma |1}, the projectors ﬁ(m) and 75” are the spectral projectors of the operator L. By the
symbols P(2) and P(2) we respectively denote the following projectors:
=Y "Pu, PO =D _Pu=) UmPulsr, Q=27\{-m,...,m}.
neqQ neQ) neQ)

We note that P(£2) is a spectral projector constructed by the spectral set {\,,n € Q} of the
operator L.
For each X € G4(H) we define a quantity

a(Q, X) =maxa,(X), QCZ,

nes)

where the sequence «,,, n € Z, is defined by formula .
Let X € M, that is, X = X;Fx = FxX,, where X;, X, € G3(H). We estimate the norm

IP@X ]z = [P@Fx Xl = [ (D an(X)P0) X|| < (@ X)X

In the same way we obtain the estimate for the operator XP(Q2). Therefore,
max{[|P(Q) X ||z, [XP(Q)2} < | X[ ma(€, X).
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We proceed to estimating the quantities ||P(Q), X |2, [|[TnXP(2)||2:

2 PP () XP; |3 w2 2 W2 4 2
= < (— , < (— ,
IP@EaXIE = 3 5?2 < (o) DIPXIE < (5;) o' X)IXB
zEQ;ggZ 1€Q
1#£]

Thus,
w
IPETm X2 < (@ X)X,

In the same way and by the same quantity we estimate ||, XP(Q)||>. We note that the
definition of the sequence o and the constructing of the space of admissible perturbations M
imply the identities ||FP(Q)|| = ||P(Q)F|| = a(2, B). This is why a(Q2, X) < || X|[|ma(Q2, B).

Also the definition of the sequence «,,, n € Z, imply the following properties:

1) If X =) X, where X; € G(H), when this series converges absolutely and

>1
1X (200 (X) <D (| X020 (X0).
>1
DI X =X, X;, X; € Gy(H), 1< j <1, then
l
1X |20 (X) < (0 (X1) + -+ + (X)) [ 11X ]l2-

j=1

We proceed to estimating the norm of the difference P(€) — P(Q), where Q C Z \
{=m,...,m}. We recall that the operator U in Theorem 3| making the similarity transfor-
mation can be represented as Uy = I + Wi, where Wi = TV 4+ Tp X, + (T, V) (T Xs).
Lemma [I] implies the identity

PQ) — P(Q) = (W P(Q) — PO W) (I + W)~
Then
IPE)Wokll2 <[P (T V) l2 + P (TR X)[2 + [[P(Q) (T V(T X5 ) |2
<[PE)TV) |2 + [POQ)TXL)][2 + [[PE)TV )X,
<O (a(Q,TV) + (9, X,)) < Co(a(Q,TV) + (9, V).

We note that the constants €} and C5 are independent of (2. By a similar quantity we can
estimate the norm ||W,,xP(€2)||2.

The operator (I + W,,.)~" can be represented as (I + W)™t = T+ S (=1)/W7  this is
i=1
why
_ Wk |2
T+ W)t =1 /22
107+ W) 1 < Ll
As a result we obtain
IP(Q) = P> < Cs(a(Q,TV) + 0*(2,V)), (29)

where the constant C5 is independent of €.
We observe that there two partitions of the unity in the space H

IZZP¢+P(k), [:Zﬁi+ﬁ(k)-
li|>k li|>k

The statement of Theorem [5| follows immediately estimate (29)) if as Q2 we consider the set
Q={n€Z,|n| > N}, where N is a sufficiently large natural number, and Property 2) of the
sequence {a,, }. O
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Corollary 1. The operator L is a spectral operator of scalar type (see [45] ).

7. PRroor oF THEOREMS [I], [6] [§]

We employ Theorem [3] and its more detailed version, Theorem [I6] in order to construct a
group of the operators T' : R — End Ly, whose generator is the studied operator with the
involution L : Wi C Ly — Lo. It follows from Theorem , Theorem , and Lemma |2| that
the group of the operators T'(t), t € R, is an U = U,,-orthogonal direct sum

—k—1 [e'¢)
T(t) = U( P Lt g eXeomt (B e“%”*ﬁ”)U*l, t€R, (30)
j=—00 J=k+1

with respect to the U-orthogonal expansion

—k—1

Ly=H= €D UH;® Ut o ( é UH;).

j=—c0 j=k+1

We note that the numbers m, k € Z., are defined in Theorems [15] and [I6] respectively. At
that, the operator U, can be represented as , that is, Uy, = [+ Wk, where W, € Go(H).

Thus, we have constructed a group 7' : R — End Ly, whose generator is the operator L =
Ly — V. The statement of Theorem [I] on representation of classical and mild solutions to
problem (1] follows the general theory of semi-groups of the operators (see [29], [30], [45]). The
proved representation implies the statement of Theorem |§|, where b; = x;;, |j| > m+1,
By = X,. We note that Theorems , imply the property | ‘Z b < oc.

jlzm+1

In order to prove Theorem , we employ representation of the group T and the Parseval
identity. The made estimates are in fact given in the formulation of Theorem [§]

In conclusion we mention that the results of the present work were partially announced in
[46] and [47]. The study in [48] follows the lines of the present work.
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