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BASIS IN INVARIANT SUBSPACE
OF ANALYTICAL FUNCTIONS

O.A. KRIVOSHEEVA

Abstract. In this work we study the problem on representing the functions in an invari-
ant subspace of analytic functions on a convex domain in the complex plane. We obtain
a sufficient condition for the existence of a basis in the invariant subspace consisting of
linear combinations of eigenfunctions and associated functions of differentiation operator
in this subspace. The linear combinations are constructed by the system of exponential
monomials, whose exponents are partitioned into relatively small groups. We apply the
method employing the Leontiev interpolating function. At that, we provide a complete
description of the space of the coefficients of the series representing the functions in the
invariant subspace. We also find necessary conditions for representing functions in an ar-
bitrary invariant subspace admitting the spectral synthesis in an arbitrary convex domain.
We employ the method of constructing special series of exponential polynomials developed
by the author.
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exponentials
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1. INTRODUCTION

Let A = { )\, i }32, be a sequence of different complex numbers \;, and of their multiplicities
ni. We assume that || increases and |\;| — oo as k — oc.

Let W be a nontrivial closed subspace in the space H(D) of functions analytic in a convex
domain D C C with the topology of uniform convergence on compact sets in D invariant w.r.t.
the differentiation operator. Let A = { A, ng}2, be a multiple spectrum of this operator in W
and E(A) = {z" exp(Akz)};inn_:lo be the family of its eigenfunctions and adjoint functions in
Ww.

The work is devoted to the existence of the basis in an invariant subspace formed by linear
combinations of the functions in £(A).

The main problem in the theory of invariant subspaces is the problem on representing an
arbitrary function in W be means of the elements in the system £(A). Subject to the character
of such representation, the problems splits into several problems. The weakest version of the
representation leads one to one of the most complicated problems. This is the spectral synthesis,
that is, the approximation of an arbitrary function in W by linear combinations of the elements
in £(A). The criterion of the admissibility of the spectral synthesis for an arbitrary invariant
subspace in a convex domain was obtained by L.F. Krasichkov-Ternovskii in work [1]. In work
[2] this result was applied for solving the problem on the spectral synthesis in some particular
cases. For instance, it was proved that each space of solutions to a homogeneous convolution
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equation in a convex domain admits a spectral synthesis. Moreover, we establish that an
invariant subspace in an unbounded convex domain always admits the spectral synthesis.

We note that invariant subspaces W C H(D) admitting the spectral synthesis coincide with
subspaces W (A, D) being the closures in H(D) of the linear span of the system E(A).

If W admits the spectral synthesis, a natural desire is to “improve” the approximation. Of
course, the most desirable representation for each function g € W is as a “pure” series

oco,np—1

g(z) = Z dipn2" exp(Apz), z€ D, (1.1)

k=1,n=0

converging uniformly on compact sets in D. This problem is called the fundamental principle
problem.

By means of the Laplace transform, the fundamental principle problem is reduced to the
dual problem on multiple interpolation in the space of entire functions of exponential type.
The studies of both problems were made first independently and they have a rich story. The
main milestones were reflected in works [3] and [4]. In [4] the fundamental principle problem
was solved for invariant subspaces admitting the spectral synthesis as well as the interpolation
problem for an arbitrary convex domain D C C under the only restriction (mp(A) = 0):
niky/ | eyl = 0, 7 — oo for each subsequence {\g(;)} accumulating the direction, where the
support function Hp of the domain D is bounded, that is, Ax(j)/|Aej)| = § and Hp(§) < +00).
In work [5], the authors succeeded to remove this restriction in the case of a bounded domain.
Thus, there was found a criterion for the fundamental principle for an invariant subspace in a
bounded convex domain D. It consists of two conditions. The first concerns local distribution of
the spectral points and means certain “discreteness” (the concentration index satisfies Sy = 0;
this index is introduced in the next section). The second condition is responsible for the global
distribution of \.

If the condition Sy = 0 fails, it is impossible to represent all functions g € W as series (1.1).
This is why, in a natural way, there rises the problem on representing ¢ as series (1.1) with

brackets: )
g(z) = Z < Z Z djpn 2" exp(/\kz)> . (1.2)

m=1 \A\ €U, n=0
The monograph by A.F. Leontiev [6] was devoted to studying the mentioned problems. Here a
lot of results both by the author himself and its predecessors were presented.

The aim to improve representation (1.2) led us to the problem on a basis in an invariant
subspace, which can be formulated as follows. Under what conditions we can partition U =
{Un}°_, the sequence A into the groups U, and choose fixed linear combinations e, ;, j =
1, N,, of the elements £(A) in these groups so that the family of exponential polynomials
E(A,U) = {enm,;} becomes a basis in W. If such basis exists, a series of issues arises. How to
make the partition U and is it possible to describe all admissible partitions? How small the
diameter of the groups U,, can be? Finally, how to describe the space of the coefficients of
the series over the system E(A,U)? In the case of a bounded convex domain D, the answers
to these questions were obtained in works [7]-[11]. In particular, there was found the criterion
of the existence of the basis in the subspace W constructed by the partition U into relatively
small groups U,,, namely, into the groups whose diameters and the number of the points are
infinitesimal as m — oo in comparison with the absolute values of these points.

Thus, in the case of a bounded convex domain, the study of representation of the functions
in an invariant space can be regarded as complete. Concerning unbounded domains, here only
two particular cases were studied when D is a plane or a half-plane. The complete solution
of the representation problem for invariant subspaces of entire functions was obtained in work
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[12]. The invariant subspaces in the half-plane we mostly studied in the case of a simple positive
spectrum (see [6], [13]) and almost real spectrum [14].

We observe that in the most part of the works, see, for instance, [15], [16], the representation
problem in the both cases of a single or several variables is reduced to dual problems of special
interpolation in the spaces of entire functions of exponential type. The study of such problems
is a rather complicated process. At that, the duality of the representation problem and interpo-
lation problem was established in [4] only under an additional restriction for the multiplicities
of the points A\y: mp(A) = 0. And the issue whether the duality is true without this restriction
is still open. And if the duality is still true, it is completely unclear how to solve the corre-
sponding interpolation problem in this case. Because of this, in work [14], another method was
proposed for solving the representation problem allowing one to avoid solving the interpolation
problem. This method employs the Leontiev interpolating function, see [6], [17]. Thanks to
this, for the invariant subspaces with almost real spectrum, the representation problem was
solved successfully in the general case without additional restriction for the multiplicities of the
points in the spectrum.

The present work is devoted to studying necessary and sufficient conditions of the existence
of a basis in the invariant subspace constructed by relatively small groups of the points in the
spectrum.

In the second section we obtain sufficient conditions for the existence of a basis for an arbitrary
convex domain (see Theorem 2.2); the domain can be also unbounded. As in work [14], we apply
the method employing the Leontiev interpolating function. At that, we provide a complete
description of the space of the coefficients of the series representing the functions in the invariant
subspace.

In the third section we obtain necessary conditions of the existence of a basis for an arbitrary
convex domain and an arbitrary invariant subspace, see Theorem 3.1. We employ the method
of constructing special series of exponential polynomials developed in [18].

2.  SUFFICIENT CONDITIONS

First of all we recall some notions and mention some facts related to the Leontiev interpolating
function.

Let B(z,7), S(z,7) be an open ball and a circumference of radius r centered at the point z.
By n(z,7, A) we denote the number of the points A, counting their multiplicities ny located in

the closed ball B(z,r), while by n(A) we denote the upper density of the sequence A:

— A
a(A) = Tim (0, A)
r—+00 T

If M is a convex set in C, by the symbol Hy/(\) we denote the support function of the set M
(more precisely, of the complex conjugate set):

Hpy (M) = sup Re(Mw), X eC.

weM
The function H), is convex and positively homogeneous of order one, that is, t Hy (\) = Hp(tN),
t>0.
Let f be an entire function. We say that f has an exponential type if for some A, B > 0 the
inequality holds: In|f(\)| < A+ B|A|, A € C. The indicator of f is the funtion
— 1 tA
By = T BN o
t

t—00

It is convex and positively homogeneous of order one, that is, it coincides with the support
function of some compact set called the indicator diagram of f, see, for instance, [19, Ch. I,
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Sect. 5, Thm. 5.4]. The compact set L complex conjugate to the indicator diagram is called
the complex diagram of the function f. Thus,

hf()\):HL(A), AxeC.

Let D be a convex domain in C and H*(D) stands for the strongly dual space of H(D) called
the space of analytic functionals. Let A = { A\, nx}32; and E(A) = {2" exp(A\2) Z’;Tffn_:lo. By
W (A, D) we denote the closure of the linear span of the system £(A) in the space H(D).

Let fi(\) denote the Laplace transform of the functional u € H*(D): a(A\) = p(e**). The
function fi()\) is entire and has an exponential type. It is known, see, for instance, [20, Ch.
III, Sect. 12, Thm. 12.3] that the Laplace transform makes an algebraic and topological
isomorphism between H*(D) and Pp, where Pp is the inductive limit of Banach spaces

Po={feHO):|fl,= sup |f(A)] exp(—Hkg, (X)) < oo}

Here K(D) = {K,}22, is a sequence of convex compact sets exhausting D, that is, K, C
int Kyy1, s > 1, (int stands for the interior of a set) and D = U352, K),. The set Pp is formed by
the entire functions of exponential type f whose conjugare diagrams are located in the domain
D (that is, hy(X) < Hp(A), A # 0).

Assume that the system £(A) is incomplete in H(D). By the Hahn-Banach theorem, the
latter is equivalent to the existence of a non-zero functional p € H*(D) vanishing on the
functions in the system £(A), that is, to the existence of the function f € Pp (f = ji) vanishing
at the points A\, with the multiplicities at least ng. Since f has an exponential type, according
the well-known Lindel6f theorem, see, for instance, [21, Ch. I, Sect. 11, Thm. 15}, in this case
the upper density n(A) is finite.

Assume that there exists an entire function of exponential type f € Pp vanishing at the
points A, with the multiplicities at least nj. Then in the space H*(D), there exists [17, Ch.
IV, Sect. 1, Subsect. 2] a system of functional biorthogonal to £(A) Z(A, D) = {Mk,n}ﬁ?ﬁn_:loi
pen(Zlexp(N;2)) = 1if j = k,1 = n and (2  exp();2)) = 0 otherwise. It is constructed by
means of the function f and is a part of a system Z(A, D) biorthogonal to £(A), where A is
the multiple zero set of f. Assume that series (1.2) converges uniformly on compact subsets
of the domain D. Then, employing the continuity and linearity of the functionals py ,, we
obtain di, = pk.(g), K = 1, n = 0,n, — 1. Thus, if there exists the aforementioned function
f, then the representation by the series (1.2) possesses the uniqueness property. At that, the
coefficients of the representation are calculated by means of the biorthogonal system of the
functionals.

Let D be a convex domain, g € H(D), o € C, and f be an entire function of exponential
type, whose conjugate diagram K contains the origin and its shift K(a) = K + « lies in D
(K () is the conjugate diagram f(A) exp(aA)). An interpolating function for g is called, see [6,
Ch. I, Sect. 2, Subsect. 1]:

£
wr(A @, 9) =eXp(—aA)2im/7(€) /9(£+a—77) exp(An)dn | dg,
Q 0
where 2 is a contour (a simple closed continuous rectifiable curve) enveloping the compact set
K and lying in the domain D — «, () is the function associated with f in the Borel sense,
see [19, Ch. I, Sect. 5]. We mention some properties of ws(\, o, g) and Z(A, D).
1. [6, Ch. I, Sect. 2, Thm. 1.2.5]. Let Q be a boundary of a convex neighbourhood of the
compact set K and Q(a) = Q + «a C D. For each € > 0 there exists A(¢) > 0 such that

(0 . 9)] < A(e) explls (V) + A = Re(a)) max [g(=)], A€ €. (2.1)
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2. Let g € W(A, D) and dg,, = pn(G), where pg,, € Z(A, D), k> 1, n =0,n; — 1. Then

1 wr(\ a, g e
o / % exp(Az)d\ = Z dpn2" exp(Mpz), k=1, (2.2)

S n=0
where S} is a circumference inside which there are no zeroes of f different from \;. Moreover,
if X' is a zero of the function f not being among Az, £ > 1, and S’ is circumference, inside

which X is located and there are no other zeroes of the function f, then

1 [wi(Na,g)

50 O exp(Az)dA = 0. (2.3)
&
Indeed, let g be the limit of the sequence
I np—1
B =SS d s exp(uz), 131,
k=1 n=0

converging uniformly on compact sets in D. Since § € W(A, D), such sequence exists provided
we suppose that some dﬁw vanish. By Theorem 1.2.4 in [6, Ch. I, Sect. 2|, we have:

nE—1
1 wr(A, o, ) B . L —
= o) exp(Az)d\ = ZO di, 2" exp(Ar2), k=11,
Sk n=
1 wi(A a, P) 1 /Cdf()\,Oé,P[)
— | — Az)d)\ = k>1 — | Az)d\ = 0.
27TZ_/ o) exp(Az) 0, >, 57 o) exp(Az) 0
k S’

Employing the continuity and the linearity of the functionals in the biorthogonal system, we
obtain (if £ > [, we suppose dﬁw =0):

dkn = Hin(G) = lliglo,uk,n(Pl) = lim Ay k=1,n=0,n;—1. (2.4)

It follows from estimate (2.1) wyr(\, o, ) — wy(A, o, ) as | — oo uniformly on each compact
set in the plane. Together with the above facts, this give us the required identities.

3. Let g € W(A,D) and di,, = pen(g), K = 1, n = 0,n, — 1. Assume that series (1.2)
converge uniformly on compact sets in D. Then g = g.

Indeed, if i/ € Z(A, D)\ Z(A, D), then 1/'(g) = /' (§) = i/ (P). In view of (2.4) and by the
uniqueness theorem [6, Ch. II, Sect. 1, Thm. 2.1.2], this implies the needed identity.

Let D be an unbounded convex domain. We let

J(D)={Ae€ C: Hp(\) = +o0}.

Since Hp is a convex and positively homogeneous function, the set C\ J(D) is a convex cone.
Therefore, only the following four cases are possible: C\ J(D) is a point or a ray or a straight
line or an angle of opening at most 7. If D = C, then J(D) = C\ {0}. In the case, when
D is the half-plane {z € C : Re(ze"?) < a}, the set J(D) the plane with the cut along the
ray {\ = te’* : t > 0}. If D is the strip {z € C : Re(2¢¥) < a,Re(ze!**™) < b}, then
J(D) are two half-plane with the common boundary straight line {\ = te** : ¢ € R}. In
other cases the domain D contains no straight lines. However, D always contains some ray
{z =20+ te"?,t > 0}. At that, the set J(D) is angle of an opening strictly leas than 27 and it
contains an open angle of the opening 7, which is the half-plane

{)\:te“/’:—go—g<w<—go+g,t>0}.
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We also note that thanks to the convexity, the function Hp is continuous outside the closure
of the set J(D).

Let A = { g, nx}72,. By the symbol U = {U,,}>_, we denote the partition of the sequence
{A\e}32, into the groups U,, m = 1,2,... We re-index the terms of A.

The points Ay in a group U, are denoted by A,,; and their multiplicities are denoted by n,, ;.
Here the first subscript m coincides with the index of the group, while the second subscript
ranges from 1 to M,,, where M,, is the number of the points A\ in the group U,,. Let N,, be
the number of the points A\, in a group U,,, m = 1,2, ..., counting their multiplicities, that is,

Zl 1 m,t-

By the symbol ©(A) we denote the set of all limits of all converging sequence of form
{1/ | Amal 321 The set ©(A) is closed and lies on the unit circumference centered at the
origin.

Lemma 2.1. Let D be a convex domain in C, A = {\g,ng} is partitioned into the groups
U = {Un}2_,, where Uy = { Ao}, the system E(A) is incomplete in H(D) and O(A)
does not intersect the boundary of the set J(D). We assume that for each convex compact set
Ko C D, each 6y > 0 and each subsequence {Up, }72, such that {\m, 1/|Am1|}i2, converges,
there exists a function f € Pp, a sequence of contours {7y}, and an index ly possessing the
following properties:

1) f vanishes at the points N\, k > 1, with a multiplicity at least ny;

2) for all l > ly, all points of the group U,,, are located inside the contour v, and there are
no points Ay, different from A, ., v =1, My, ;

3) hl‘f()\)’ 2 HKO()\); AE Yis l 2 lo,’

4) d(y) < 0o A1l U = lo, where d(v;) is the diameter of the contour ;;

5) p(71) < | Ay al?s 1 = lo, where p(v,) is the length of the contour ;.

Then each function g € W (A, D) is expanded into the series

Z (Z mZ Cmon? eXP(AmUZ)), zeD. (2.5)

v=1 n=0

At that, for each convexr compact set K C D

My, Mm,v— 1

Z Z Crmwn?" €XP(Amp?)

v=1 n=0

max

< +o00. (2.6)
ZGK

In particular, the series (w.fr.t. m) converges absolutely and uniformly on compact sets in the
domain D.

Proof. By the assumption, £(A) is incomplete in H(D). Then n(A) < 400 and there exists a
system of functionals in H*(D), (A, D) = {/Lk’n}zoz”ffn;lo, biorthogonal to E(A).
Let g € W(A, D). We consider the series

00 My, Mm,o—1
(55 et cep

m=1 \v=1 n=0
where Cpun = prn(9) if Ao = M. Let K be a convex compact set D. Assume that series

(2.6) diverges. Then there exists a sequence of embedded segments [¢1 j, ¢2 ], 7 = 1, with the
lengths tending to zero such that

M, nm,v_]-
Z max Z Z Crmwon?" €Xp(Amp2)| = 400, j =1, (2.7)
meQl) v=1 =0
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where ()(j) is the sequence of all subscripts m, for which the point A, ; is located in the angle
0; = {te"¥ : ¢ € [p1j,p2,],t = 0}. This implies that there exists a sequence {U,, }12, such
that

Mml Nmyv—1
glez}? z; z% Crpwn? €XP(Am, 02)| = 400, (2.8)

and for each j > 1 the inclusion A, 1 € ©;, I > (j) holds for some [(j). The latter means
that { A1/ | Am,.1]}52, tends to the number €', where ¢y is the common points of all segments
(1.5, 925, ], 7 = 1. We consider two cases.

1) Hp(e"¥) < 400 (e ¢ J(D)). Since K is a compact set in D, there exists 3 > 0 such
that

Hi(N) + 25|\ < Hp(N), XeC. (2.9)

By assumption, J(D) U {0} is a closed set. Therefore, the function Hp is continuous in the
neighbourhood of the point e*°. This is why there exists § € (0, 1) such that

|Hp(e"°) — Hp(\)| < %, A € B(e,6). (2.10)
Moreover, we can assume that for some compact set Ky C D the inequality holds:
A
Hy, (M) + 5| | > Hp(N\), )& B(e*,0). (2.11)
We choose 6y(0,0/2) such that
B
rilez}gc%leai{édz —pul < iz (2.12)

where A is the triangle defined as
A ={z:Re(zw;) < Hp(w))} N {z: Re(zws) < Hp(wy)} N {2 : Re(2e™°) > Hy, (")},

and wy, wy are the points of the intersection of the circumference S(e?°,§/2) with the unit
circumference centered at the origin.

By assumption, there exists a function f € Pp, a sequence of contours {v;};°, and an index
lo possessing properties 1)-4). By the symbol L we denote the conjugate diagram of function
f. By the definition of the space Pp, the compact set L is located in the domain D.

Let zy be a point of the compact set L satisfying the identity

Re(zpe™°) = Hp(e"°);

there are the only such point or a segment in the boundary of the compact set L. Statement 3
of the lemma implies that

Re(z0e"°) = Hp(e"°) > Hp, (). (2.13)
Since zg € L C D, then
RG(Z[)wl) < HD(wl), Re(Zowg) < HD(UJQ).

Thus, the point zy belongs to the triangle A.

Consider the function fy(A\) = exp(—=zpA). Its conjugate diagram is the compact set L — z
containing the origin. We let a« = z3. The shift of the compact set L — zy by the vector «
coincides with L and lies in the domain D. Employing the residues, identities (2.2), (2.3) and
Statements 1), 2) of the lemma, we have

Moy mmy,0—1
1 wr, (A, o, g) L
— [T a0 dA =3 Y cmnz" exDnz)s 1 Do, 2.14

M
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Moreover, by inequality (2.1) we have

oo 0)] <A explg, () + 22— Re(x)) ma o )
=Aexp(HL(A) — Re(z)) + m — Re(a))), MeC,

where €2 is the boundary of a convex neighbourhood of the compact set L and this neigh-
bourhood is located inside D. In view of Statements 3) and 5) of the lemma, as [ > I, we
obtain

1 W (A, @, g)

= Az)d\
omi]  poy o
Yl
< P PAexp (m (HLM) ~ Re(z0)) — Hiy (V) (2.15)
ey

+ Re(zo\) + — 6’ | + Re((z — a)A)))
= bl A explmax(Ho(3) — Hig, (O B+ Rel(e - e, K

According Statements 2) and 4) of the lemma, the contour ~; lies in the ball B(Ap, .1, 90| Am,.1]),
[ > lp. Since te sequence { A, 1/|A\m,1|}72, converges to ¥ and dy < ¢, there exists an index
Iy > lp such that inclusions hold v, € B(Am, 1, 00| Am,1|) € B([Amp11€7°, 00| Amy 1), { = 1. B
inequality (2.10), the positive homogeneity of the support function and the inclusion L C D
we obtain

A A
HL(A)—HKO()\)<HD()\)—HD(>\)+%:%, )\G’}/l, l}ll
Therefore, by (2.15) and (2.14) we have (o = zp):
Mml nml,vfl ﬂl |
Z Z Cop w2 €XP(Amy 02)| < 00| Amy 1| A exp (r)r\leax < + Re((z — )A)))
v=1 n=0 n

5‘)\ml,1| 5’£|
3 + 3

S(So\)\mlyl\AeXp( max <

)\ml,l"rfe’Yl

+Re((z = 20)Am1) + Re((z — ZO)S))

for all z € K and [ > [;. We choose an index {; > [; such that
A1 A < exp(BAm, 1|/7), 12 1La. (2.16)

According Statement 4) of the lemma, || < dg|Am,.1], where A\, 1+& € v, | = I Hence, taking
into consideration the previous inequality, the belonging zy € A, (2.12) and the inequalities
dp < 0/2 < 1/2, we obtain

’ml Nmy,v—

max E E Cry o2 €XP( A, 02)
zeK

v=1 n=0

zeEK

Ay 1| (146
< e (exp (20D e — ) + Zitmal + Sl )

28| Am
< exp (% + Hyg (A1) — Re(20Am, 1) + gIAmM!) ) [ > 1s.
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Since the sequence { A, 1/|Am, 1|12, converges to e“?°, thanks to the continuity and the positive
homogeneity of the support function of a compact set, we find an index [3 > [l such that

B Anll Anll 5
Hi (A1) — A1) + 5 At | = A | | H )= - 7
1(< hl) I{G(ZO hl) + 7| u1| | bll K |Anu,1| Re ZO|An”71| + 7

<< ])\ml,ll(HK(ewo) — Re(zoei“"o) + g), 1> 1.

By the previous inequality and (2.13), (2.11), (2.9) this yields

Aﬂnlnmhvfl

max E E Cry 2" €XP(Am, 02)| <exp
2K v :
v=1 n=0

5 /\mz i 7
(M T D |(Fie (€9) — Re(z06™#0))

6

56 Am ) )
<exp (L T Dol (i () — HK()(eW)))

Pl (Ho(e) — 29 — Ho(en) + 5 )
::eXp(__ﬂlAnuJ’%

where | > [3. Since A has a finite upper density, the series ) exp(—f|Am, 1|) converges. This
contradicts (2.8). Thus, in the considered case (2.6) holds. Therefore, series (2.5) converges
absolutely and uniformly on compact sets in the domain D. Since ¢ pn = fn(9) if Apw = Ar,
according property 3 given before the lemma, identity (2.5) holds.

2) Hp(e*¥*) = +o00 (e’ € J(D)). By assumption, 0 ¢ 9.J(D). Then there exists § € (0, 1)
such that

Hp(A\) = +o0, X € B(e",6). (2.17)

Let dy € (0,0/2) N (0,2/5) and Ky = K. By assumption, there exist a function f € Pp,
a sequence of contours {7;}72; and an index [y possessing properties 1)-4). By the symbol L
we denote the conjugate diagram of the function f. By the definition of the space Pp, the
compact set L lies in the domain D. Let 2y € L. Consider the function fo(\) = exp(—zpA). Its
conjugate diagram is the compact set L — zy containing the origin.

By (2.17) and what was said before the lemma on the set J(D), there exists ¢y such that
the angle

D={A=te": gy —7/2 <t < o +7/2,t >0}

lies in J(D) and contains the closure of the ball B(e"#°,24y). We consider the compact sets
L(t) = L +te®° t > 0. For each z € L and t > 0 we have

Re ((z + te™*)A) = Re(zA) + t Re(e"°\) < Re(zA) < H () < Hp(A), A ¢ T uU{0},
Re ((z + te™°)N) < +o0 = Hp(\), A €T,

Therefore, Hy)(A) < Hp(X), A # 0, that is, L(t) C D, t > 0.
Let 8 > 0. Since the closure of the ball B(e%°,2d,) lies inside I', there exists ¢y > 0 such
that the inequality

toRe(e™ ) > Hp(\) — Re(z0)) + 28|\, A € B(e',26) (2.18)
holds.
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We let a = zy + toe™?. Then relations (2.14) and (2.15) hold. By these relations, (2.16) and
the choice of the compact set K, we obtain

M"Ll Nmy,v -1

Z Z thvmznexp()\ml,vz)

v=1 n=0

< PP esp (e (200 = i 00+ 22 4+ el - ) )

gexp(rj\ng)l((HL()\) Hie(n) + 22 |+Re(( a))\))), >0,

Since the sequence { Ay, 1/|Am,1]}2, converges to ewo, by (2.18) and the positive homogeneity
of the support function there exists [” > I’ such that

toRe(e™\) > Hp(\) — Re(zo\) + 28|\, A€y, (=17,

By the previous inequality, Statements 2), 4) of the lemma and the inequality §y < 2/5 this
implies

My Mny,v—1

n
max E E Crpwon? €XP(Am, 02)
zeK

v=1 n=0

< exp max (Hp(A) — Hg(N) + B|A|/3 + Hx (M) —Re(oz/\)))

(
< exp < )+ BIA/3 — Re((z0 + toewO)A))>
<o

max(Hr(A) + B|A[/3 — Re(z0A) — H(A) + Re(20)) — 25|/\|))

A A A

As in the first case, this contradicts (2.8). Thus, (2.5) and (2.6) are true. The proof is complete

]

Let A = {\g, nx} be partitioned into the groups U = {U,,}°_,, where U, = {/\mv}Mm We
say that U,,, m > 1, are groups of relatively small diameter if

Ami — A
lim max [Amg = ] = 0.
m—00 1<GI<Mm | A 1]
We note that the numbers ), ; can be replaced by other representatives A, ; of the groups U,
This is implied immediately by the relation

. A — A\
A ]| < lim max —| J m71‘
m 1| m—00 1<j< Mm |)\m,1|

+ lim [Am.1|

We also say that the groups U, are relatively small if they are groups of relatively small
diameter and the identity holds:

lim max
m—o0 1<j< M, |)\

= 1.

li N =0
1m ———- = U.

Following work [8], by the system E(A) = {z exp()\kz)};i?f‘ﬁ;lo we construct the system of

the functions E(A,U) = {em;(2)}20N 17i—1- Let v, be a contour enveloping the points of the
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group U, and
wn(X) = [J = Ana)™, m > 1.

We let

1 [ exp(z0) (wm(C) — wm(N))
P (/\ Z) 27m/ (C - A)wm(C) wom=1

TYm
This formula defines the known interpolation polynomial of the degree at mots N,, — 1 such
that at the points A, ; its value and the values of its derivatives up to the order n,,; —1 coincide
with that of the function exp(z\):

PO\, f) = 2" expAmaz), 1=1,2,..., My, n=0,1,..., 10 — 1.
We expand P, (A, z) in powers of (A — A, 1). We have:

Npp—1

Z pm] )\ /\ml) .

We let e, j(2) = pm,;(2), m > 1, j = 1, N,,,. Thus, the function e,, ;(2) coincides with (j — 1)th
derivative of the polynomial P, (), z) at the point A, 1. According the Cauchy integral formula,
we have

My, Tm,i— 1
m j—1)! P (A, 2)dA R
em] § § Cm]lnz eXp )‘mlz) ( 271"&) / ﬁv m = ]-7 J = 1aNm

‘)\7)\77“1 |:1

We consider the series over the system (A, U):

= Z icm’jem’j(z). (2.19)

m=1 j=1

00,Nm
m=1,j=1"
Let D be a convex domain, K (D) = {K,}32, be a sequence of convex compact sets exhausting

D and A be partitions into the groups U = {U,,}_,, where U, = {\,..},25. For each
s=1,2,... we introduce the Banach space of complex sequences

Qs(D, A U) = {e = {emg by« lelly = sup (Jem sl exp(Hr, (Am1))) < oo}
m7j

The sequence of its coefficients is denoted by ¢ = {¢; ;

By Q(D, A,U) we denote the projective limit of the spaces Qs(D, A, U).

We define an operator B acting on the space Q(D, A, U) with values in W (A, D) by the rule:
a sequence ¢ = {¢y,;} € Q(D,A,U) is mapped into the sum g¢(z) of series (2.19) if it converges
in the topology of the space H(D).

For a convex domain D we let

D(O(A)) ={z € C:Re(z\) < Hp(N\),X € O(A)}.
The set D(O(A)) is obviously a compact set and contains D. At that, the identity
Hp(A) = Hpem)(A): A€ O(A)
holds. As one can see easily, this implies that the spaces Q(D,A,U) and Q(D(O(A)),A,U)

coincide.
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Theorem 2.2. Suppose that under assumption of Lemma 2.1 the groups U,,, m > 1, are
relatively small. Then each function g € W(A, D) is expanded into series (2.19), whose sum is
analytic in the domain D(O(A)), that is, g is analytically continued into the domain D(O(A)).
At that, for each index s there exist indices p', p and numbers A'; A > 0 independent of the
function g € W (A, D) such that

oo Np
!/
D2 > maxlenens (2)] < Al < Amaxlo(2) (2.20)
m=1 j=
where ¢ = {ch}f:’:]\{f;:l, llelly is the morm in the space Qy(D(©(A)),A,U) and K, K, €

K(D(O(A))). In particular, series (2.19) converges absolutely and uniformly on the compact
sets in the domain D(O(A)). Moreover, the operator

B:Q(DO(A)),A\,U) — W(A,D) (2.21)
18 an isomorphism of linear topological spaces.

Proof. By assumption, the sequence A is partitioned into relatively small groups U = {U,, }>_,.
Then according Theorem 3 in work [9], the system of the functions £(A, U) is an almost expo-
nential sequence in the domain D with exponents \,,; in the sense of the definition in work [7].
Moreover, by Theorem 5 in work [9], system E(A, U) possess the Kéthe group property. This
means that for each compact set K C D there exists a compact set K’ C D and a number
A" > 0 satisfying the condition: for each m > 1 and each function h,, of form

N
hin(2) =)t jem () (2.22)
j=1
the identity
N
Z |G| sUD |€m ;i (2)] < A” sup |hp(2)] (2.23)
j=1 z€EK zeK’

holds.
Given g € W(A, D), by Lemma 2.1 this function is expanded into series (2.5) and (2.6) holds.
We let

My, nm,u_l
hon(2) = Z Z Cmon?" €XP(Amp2).
v=1 n=0
Then by the definition of e, ;(z), the function h,,(2) is of form (2.22). Therefore, according
(2.23) and (2.6), for each compact set K C D, the series converges

oo Nm

mZ:l ; max [y j(2) (2.24)
This means that series (2.19) converges absolutely and uniformly on compact sets in the domain
D. By Lemma 2.1, some subsequence of its partial sums converges to the function g. This is
why identity (2.19) holds.

Since series (2.24) converges for each K C D, by Theorem 3.1 in work [22] being an
analogue of Abel theorem for the series of exponential polynomials, for each compact set
K, € K(D(©(A))) there exist an index p’ and a number A" > 0 independent of the func-
tion g € W (A, D) such that

oo Nm

7> maxen e ()] < Allely. (2:25)

m=1 j=1



70 0O.A. KRIVOSHEEVA

where ¢ = {cmﬁj}fno’zj\lf”';zl and |||,y is the norm in the space @, (D(©(A)),A,U). This implies
that the function g is continued analytically into the domain D(©(A)) and is represented there
by series (2.19), which converges absolutely and uniformly on compact sets in the domain
D(©(A)). This means that the spaces W (A, D) and W(A, D(©(A))) coincide and operator
(2.21) is a surjection.

By Lemma 2.3 in work [22], operator (2.21) is defined on the entire space Q(D(©(A)), A, U).
If the system £(A) is incomplete in H (D), as it was mentioned above, the representation by
series (1.2) possesses the uniqueness property. Therefore, operator (2.21) is injective. Thus,
B is an isomorphism of linear spaces. By (2.25), the operator B is continuous. As one can
see easily, the spaces Q(D(O(A)), A, U) and W (A, D) are Fréchet spaces. Then by the Banach
theorem on the inverse operator for the Fréchet spaces, the operator B is an isomorphism of
topological spaces and the inequality

/
r <
Allellyy < Amax]g(=)]

holds, where K, € K(D(O(A))) and the index p and the number A > 0 are independent of the
function g. The latter estimate and (2.25) lead us to (2.20). The proof is complete. O

Remark. In Theorem 2.2, both with representing the functions in W (A, D), a continuation
of these functions is made to a wider convexr domain. The problem on such continuation of the
functions in the invariant spaces has a rich story. The most general results on this problem
both for the case of one and several variables were obtained in works [23]-[25]. These works
provide also a historical survey on the continuation problem.

The partition U = {U,,}5°_; of a sequence A is called trivial if each group U, of the only
point A, 1, m > 1. In this case the functions of the system £(A, U) are easily calculated. We
have

emj(2) = 2 Yexp(An12), j=1,..., Np(=nm1), m=>1.
In this case, the relative smallness of the groups is equivalent to the identity

o(A) = lm ny,1/|Ama| = lim ng/[Ag] = 0.
m—00 k—o0

Thus, in a particular case, by Theorem 2.2 we obtain the solution for the fundamental principle
problem.

Corollary 2.3. Suppose that under the assumptions of Lemma 2.1 the partition U is trivial
and o(A) = 0. Then each function g € W(A, D) is expanded into series (1.1), whose sum is
analytic in the domain D(©(A)), that is, g is analytically continued in the domain D(O(A)).
At that, for each index s there exist indices p', p and numbers A’, A > 0 independent of
g € W(A, D) such that

oo,ng—1
3 maxldea” exp(0)] < Al < Amaxo(a)
=1l,n=

where d = {dkm}zozﬂf,’“n;lo, \d|ly is the norm in the space Qy(D(O(A)),A,U) and K,, K, €
K(D(O(A))). In particular, series (1.1) converges absolutely and uniformly on compact sets
in the domain D(©(A)). Moreover, the operator B : Q(D(O(A)),A,U) — W(A,D) is an

isomorphism of linear topological spaces.

Now we consider the case, when the functions f € Pp whose existence is needed in Lemma 2.1
are constructed in advance. Here we need one known characteristics of the sequence A =
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D, 322 Let U = {Un YL, Up = {Ama 7 be a partition of A into the groups. Following
work [4], we let

)\—>\k "tk z_>\m,v e
wowor= T Gag) = I Geet)

Ak€B(w,6|w|) m.v€B(w,6|w|)

In the case when the ball B(w,d|w|) contains none of \g, we let gp(A,w,d) = 1. The ab-
solute value of gy(A,w,d) can be interpreted as a measure of accumulation of the points
A € B(w,d0|w|) at A\. The quantity In |gx (A, w,d)|/|w| is similar by the meaning to the loga-
rithm of the geometric mean (arithmetic mean of the logarithms) of the normed distances from
the points Ay, € B(w, d|w|) to the point A.

We introduce also the functions (see [10]): we let

" - )\k’v Nk,v
qA,U(’Z76): H 35’)\]{ | ) m>1

)‘k,UEB()‘m,lvép‘m,l ka;’ém

If the ball B(An1,0[Ap,1]) contains no points Ay, k # m, then ¢{';(z,0). We note that in

distinction of ga(z,w, d), the function qugjz’é) depends on the partition U of the sequence A. If
6 € (0, 1), then the absolute value of each factor ¢§;; is estimated from above by 2(3(1 —¢§))~"
in the ball B(Ap,.1,0|Am.1|). This is why for § € (0,1/3) it does not exceed one. Therefore,

|QXAL,U(Z751>’ 2 ’qu(z762)‘7 z € B()\m,b(SQ‘)\m,lD? (226)
if 0 < 51 < (52 < 1/3 We let

o (Amw, 0
Sy (U) = lim lim gk (Am, 0)]

min
620 00 Am,v€B(Am,1,0|Am,1]) |)\m,v|

This definition is well-defined since according (2.26) the limit in ¢ exists. We also note that
the inequality Sy(U) < 0 is true. It is implied by the non-positiveness of In |gy';;(Am.v, )| as
Ami € B(Am.1,0|Am.1|) and 0 € (0,1/3). If the groups U,,, m > 1, are relatively small, for each
d > 0, beginning with some index m(¢), all points of the group Uy, lie in the ball B(\,1, 0| Am.1])-
This is why as m > m(J), the minimum of quantity in the definition of Sy(U) can be taken not
over the points A, , in the ball B(A,,1,9|Ap1]) but over all v = 1,..., M,,. In the case of the
trivial partition U, the quantity Sx(U) coincides with the quantity Sx introduced in work [4].

Corollary 2.4. Let A = { A\, ni} be partitioned into relatively small groups U = {U,, }2_,,
where Uy = {Amatn and a(A) < oco. Assume that Sy(U) > —oo. Then each function
g € W(A,C) is expanded into series (2.19) over the system E(A,U). At that, for each index s
there exist indices p', p and numbers A'; A > 0 independent of g € W (A, C)) such that

oo Nm
Zl ) g [emsems(2)| < Alelly < Amax|g(z)],
m=1 j=

where ¢ = {cm’j}fno’:]\{tr;zl, lelly is the norm in the space Qy(C,A,U) and K, K, € K(C).
In particular, series (2.19) converges absolutely and uniformly on compact sets in the plane.
Moreover, the operator B : Q(C,A,U) — W(A,C) is an isomorphism of linear topological

spaces.

Proof. Let us show that all assumptions of Theorem 2.2 are satisfied. Since the groups U, are
relatively small, it is sufficient to check the assumptions of Lemma 2.1 for the domain D = C.
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By assumption, the upper density of the sequence A is finite. Then by the aforementioned

Lindel6f theorem, the function
0 )\2 nk
(%)
k

k=1
is entire and has an exponential type. It vanishes at the points A\p with the multiplicities ny.
Therefore, the system E(A) is incomplete in the space H(C). The set ©(A) does not intersect
the boundary of the set J(D), that is, J(D) = C\ {0}.

Let Ky be a convex compact set, dy > 0, and {Umy)}72, be subsequence of the groups such
that { A, 1/ Am,1]}2, converges.

By Theorem 4.1 in work [12], there exists a sequence A" = {,1}°; having no common
points with A and such that

1) A = AUN is the zero set (counting multiplicities) of an entire function f of an exponential

type, that is, f € Pg;

2) The partition U = UUU’ of the sequence A, where U’ is the trivial partition of A’, satisfies

the inequality S ;\(U ) > —oo and U and is a partition into relatively small groups.
M, ,00

1 m=1 sat-

Then Theorem 5.1 in work [12] implies that there exist positive numbers {a, ;}

isfying the conditions
lim max o =0, (2.27)

m—o0 1<s,7<Mp, |A |

the sets B,, UMm B(Amjs Qi j, m > 1, are mutually disjoint and the diameters d,, of the

sets B,, obey the relatlon

lim max d—m:O. (2.28)

m—ro0 1<j< Mm, |)\ 7]’

There exist b, by > 0 such that
In|f(\)] = —b —bAl, A€OB,, m3>1. (2.29)

We let f(\) = f(2)e™ and ~ = dB,,,, [ > 1. By property 1) of the sequence A we obtain
Statement 1) of Lemma 2.1 for each 7 € C. Statement 2) of this lemma is implied by the
definition of the sets B,, and the fact that they are mutually disjoint. Relation (2.28) gives us
Statement 4) of Lemma 2.1. According the definition of sets B,,, the length of the contour =,

satisfies the estimate:
Nun,

l) < 2w Z Ay g
j=1

Since the groups U, are relatively small, then

M.,
lim

= 0.

By (2.27) it leads us to Statement 5) of Lemma 2.1. Tt remains to show that for an appropriate
number 7 € C Statement 3) of this lemma holds.
Let { M\, 1/|Am, 1|12, converge to €. We let 7 = toe *#°. Them

In|f(A)| = In|f(A)] + to Re(e™*0N).
By the continuity and the positive homogeneity of the support function there exist a, 9, tg > 0
such that
toRe(e™™°)\) — by — b|A| > Hg, (), M|\ € B(e#°,6), |\ >a
Since { A, 1/ Amy1]}52, converges to €0, by the definition of the sets B,, and relations (2.28),
(2.29), the latter identity implies Statement 3 of Lemma 2.1. The proof is complete. ]
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Remark. Earlier the result of Corollart 2.4 was obtained by A.S. Krivosheev in [12, Sect.
9] via solving a special rather complicated interpolation problem in the space of entire functions
of exponential type.

3. NECESSARY CONDITIONS

Let us show that a condition for the condensation index S (U) similar to one presented in
the latter statement is necessary for the existence of the basis in the most general case, for an
arbitrary invariant subspace admitting the spectral synthesis in an arbitrary convex domain.

Let D be a convex domain and a sequence A = {\,n;} is partitioned into the groups
U={Un}2_, (Un = {Amot ) of relatively small diameter. For a set E in the circumference
S(0,1), by the symbol A(E) we denote the subsequence A consisting of all groups U,, such that
A1/ Ama| € E. Following [4], we let

SA(U, F) =sup S U), Sa(U,D) = inf SA(U,F),
MU F) = sup Sue (U) MDY= sy O F)
where the supremum is taken over all sets E D F open in S(0, 1), while the infimum is taken
over all compact subsets F' D (5(0,1) \ J(D)).

Lemma 3.1. Let D be a convex domain and a sequence A is partitioned into the groups
U={Un}3; (Un={Ano}om) of a relatively small diameter. Assume that the system E(A)

is incomplete in H(D) and each function g € W (A, D) is expanded into series (2.5) converging
w.r.t. m uniformly on compact sets in D. Then Sy(U, D) = 0.

Proof. Assume that Sy (U, D) < —35 < 0. Then there exists a compact set F* C (S(0,1)\J(D))
such that Syg)(U) < —28 for each set £ O F open in S(0,1). This is why according the
definition of Sy(g)(U), for each p > 1 there exist indices m(p), v(p) and a number 6, € (0,1/4p)
satisfying the conditions

Am(p) 1

min —Al, 3.1
AeF |/\m(p),1| ( )
1 g3 M) o) 0p)
’ ’ < -8, (3.2)
’)‘m(p),v(p) |
A+ )04 = 21 Ame)wm) |- (3.3)

Passing to a subsequence, we can assume that {App).1/|Am@p).1]} oo converges to e*#°. By (3.1),
the inclusion holds: e € F. In particular, Hp () < +o0.
We consider the functions

1 exp(Az)dA
gp(2) = o / p( )m(p) , p=1. (3.4)
m (A = X)) 2, (A Gp)

SAm(p),v(2) D% Am(p),v(p)|)

Let us find upper bounds for |g,|. Taking into consideration that ¢, < 1/4, we have

A= A |

|q;78’)(x, dp)| = H 3]
)\m,veB()‘m(p),v(p)76P|)‘m(p),'u(p)‘)7m7ém(p) v (35)

> ( 45p|)‘m(p)7v(p)‘
(3519(1 + 5p)’)‘m(p)»v(l>)

s(p)
’) > 1, A € S(Amm) v(p)» 99| Amp) @) )
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where s(p) is the number of the points A;,, k # m(p), counting the multiplicities located in

the ball B(Anp)0(m): 0| Am(p)vp))- By (3.5) we have
exp(Az)
19(2)] <50p[ Am(p),o(m)] sup e
' ! e AES A (p),v(p) DO Am(p) v(p) ) ()\ Am (p),v(p) (36)
< exp(Re(Am(p),v(p)2) + 50p| Am(p),o(m)112])-
Let K be an arbitrary compact set in the domain D. Then
Re(ze™) < Hp(e"¥°) — 27, z € K, (3.7)

for some number 7 > 0. Since U,, are the groups of relatively small diameters, the sequence
{)\m(p)7v(p)/|)\m(p),v(p)|}g°:1, as {/\m(p),l/|)\m(p),1]};il, converges to e¢'¥°, This is why in view of
(3.6), (3.7) and 6, < 1/4p — 0 we obtain

/\ ( )Z
lgp(2 )\<exp(|)\m ](Re—p—|—55))
! e | Am(p)0()] (3.8)
< exp([Am(p) i) | (Re(2e) + 7)) < exp(|Amp)vm | (Hpe'ivo) — 7)),

where z € K and p > p(K).
We consider the function

9(z) = Zcpgp(z>a (3.9)
p=1
where ¢, = exp(—| Ay [ Hp(€%°)), p > 1. By (3.8) and (3.3)

o [e.e]

Z ’Cpgp(z)l < Z eXp<_T|>\m(p),v(p)’) <00, zZE€ K.

p=p(K) p=p(K)

Therefore, series (3.9) converges uniformly on compact sets in the domain D. Employing the
residues, by definition of g, we have

n7n,v_1
9p(2) = dp exp(Am(p)v(p)?) + > Y dmpnz" exp(Anpz), (3.10)
Am,w €B(Am(p),0(p) 90 [ Am (p),0(p) ) m#AmM(P)  1=0
—1
dp = (qu)(Am(p»v(p)afsp)) : (3.11)

By (3.9) this implies g € W (A, D). Let us show that opposed to the assumption of the lemma,
the function g is not expanded into series (2.5) uniformly on compact sets in the domain D.

By assumption, the system £(A) is incomplete in H(D). Therefore, as it has been mentioned
above, there exists a biorthogonal to £(A) system of functionals Z(A, D). Since 4, < 1/4, and
U,, are groups of relatively small diameter, according (3.3), the points Ay v, v = 1, My, do
not lie in the ball B(An()0()s Op| Am@)w6) |) if 7 # p. This is why by (3.10)

: (3.12)
, (3.13)

Fom(p)0(p).0(9) = dpcpa )o@ a(9) =0, n =1 nmEwp —1, P
:um(p),v,n(g) = 0, n = Oanm(p),v - 17 v = 17 Mm(p)a v 7& U(p), b
where {ftmp)ont € Z(A, D) is a system biorthogonal to the system {2" exp(App)02)}-

By assumptlon the function g is expanded into series (2.5) converging uniformly on compact
sets in D. Then

>1
>1

Cm(p),v,n = Mm(p),v,n(g>a n = 0, nm(p),v — 1, v = 1, Mm(p), p 2 1. (314)
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In view of (3.12) and (3.13) this implies that the term of series (2.5) with the index m = m(p)
reads as

dpcp exp(Amp)op)?): p = 1. (3.15)
According the definition of the support function, there exists a point zg € D such that

Re(z0€'?°) > Hp(e'°) — 3/2.

: Am(v)w(v) 00 100
Since {m p1 converges to e'??, then

Am(p) v(p) 20
e ——
)0
Therefore, in view of (3.11), (3.2) and the definition of ¢, we have:

R > Hp(e'°) — B, p = po.

exp(—| Am(p).op) [ Hp (°°)
|dpcp exXP( M) o) 20)| =" exp(Re(Am(p).v(p)20))
S M) .o) 0p)|

i Am(p) (p) 20
= eXp(’)\m(p)w(p)Kﬁ — HD(e ‘PO))) exp (|/\m(p)ﬂ,(p)| Re )\p—p >1
Am).0)]
as p > po. This contradicts the convergence of series (2.5) at the point zy € D. Hence, our
initial assumption is wrong and Sy (U, D) > 0. As it has been mentioned above, the inequality
Sa(U, D) < 0 is true as well. Therefore, Sy(U, D) = 0. The proof is complete. 0

Lemma 3.2. Let D be a convexr domain and a sequence A is partitioned into groups U =
(U5, (U = { DA} ) of relatively small diameter. Assume that the system E(A) is
incomplete in H(D) and Sy(U) = —oo. Then there exists g € W(A,C), which can not be
represented as series (2.5) converging uniformly on compact sets in D.

Proof. By assumption, Sy(U) = —oo. This is why there exist numbers 6, € (0,1/4p), p > 1
and a sequence {An,(p).0(p) } Such that

1 |g) % A(p) ) 0
T L TR0 N (3.16)
po |Are), 00|
We can assume that (3.3) holds for all p > 1.
We define g,(z), p > 1, by formula (3.4). Then, as in Lemma 3.1, relations (3.6), (3.10) and

(3.11) hold. We consider the function g(z) defined by formula (3.9), where we let

%= \/|qxgj)(/\m(p),v(p)>5p)|7 p =1

Let R > 0. By (3.16), there exists an index py such that

cp = ey < eXp(_QRl)‘m(p),l(p)|)> D = Po-
Then in view of (3.6) we get

> leplmax |gy(2)] < A+ Y exp (2R + R+ 56,R) [ Amipyin)) -
p=1

|z|<R
pP=Dpo

Since 6, — 0 and (3.3) holds, the latter series converges. Therefore, the latter series converges.
Therefore, by (3.10), the belonging g € W (A, C) holds, and as in Lemma 3.1, identities (3.12),
(3.13) hold.

Assume that the function g can be represented by series (2.5) converging uniformly on com-
pact sets in the domain D. Then (3.14) holds. This is why, as in Lemma 3.1, the term of series
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(2.5) with an index m = m(p) is of form (3.15). It follows from (3.11), the definition of the
numbers ¢, and convergence of series (2.5) that

Am(p)w
|dpcp exXP(Am(p)0(m) )| [ XD Ao ?) —0, p—oo, z€D.

D Ot )

By (3.16), it is impossible. Thus, our assumption is wrong. The proof is complete. ]

Lemmata 3.1 and 3.2 imply immediately the following result.

Theorem 3.3. Let D be a convex domain and a sequence A is partitioned into groups
U={Un}y (Un={Amotiim) of relatively small diameter. Assume that the system E(A) is
incomplete in H(D) and each function g € W(A, D) is expanded into series (2.5) converging
w.r.t. m uniformly on compact sets D. Then Sy(U, D) =0 and Sy(U) > —oc.

Remark. 1. FEarlier the result of Theorem 3.3 was obtained in Theorem 5.1 in work [4].
In this theorem there was considered a case, when U = {U,,}5°_, is the trivial partition; here
U,, are immediately groups of relatively small diameter. At that, an additional condition was
imposed: mp(A) = 0, that is, ng;) /| eyl = 0, j = oo for an arbitrary subsequence { A}
such that Nej)/|Ariy| — & and Hp(§) < +oo. Under this condition, the groups U, become
relatively small We also observe that in work [4], this result was obtained via solving a rather
complicated interpolation problem in the space of entire functions of exponential type.

2. Theorem 3.3 and Corollary 2.4 imply Theorem 9.1 in work [12].
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