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BEHAVIOR OF SINGULAR INTEGRAL WITH HILBERT
KERNEL AT WEAK CONTINUITY POINT OF DENSITY

R.B. SALIMOV

Abstract. We consider the singular integral with the Hilbert kernel

2

Y=
I('m)=/<p(v)cot 5 % dy,
0

whose density () is a continuous in [0, 27| function, v € [0,27], ¢(0) = ¢(27), and the
integral is treated in the sense of its principal value. We assume that in the vicinity of a fixed
point y = ¢, ¢ € (¢7,¢") C [0,27], c™ — ¢~ < 1, the density ¢(v) satisfies the representation
o) = %, v € (¢7,c"), where ®(v) is a given continuous in [¢™,c], [c,cT]
— In s 5
function with not necessarily coinciding one-sided limits ®(¢ —0) and ®(c+0), 5 is a given
x(v)
(f In sin? %)5 ’
v(v)

X'(y) = (Ciooin? 255 tan 25 hold, where § > 0 is a given number, x(7v), v(v) are given
nsim~ —5— HT

number, and 3 > 1. We suppose that the representations ®(v) — ®(c+0) =

functions continuous in each of the intervals [¢™, c], [¢,cT], v(c +0) = 0, ®(c + 0) is taken
as v > ¢, (c —0) is taken as v < c.
We prove that under the above conditions the representation

B(c— 0) — B(c+ 0)

I(v0) — I(c) =
00 ) C s )7
_~~U(c+0)—U(c—0)~ o 1 +0< 1 B>7
B(B—1) (—Insin? 70—2_6)5_1 (—Insin? %)6_1 (— Insin® 26)

holds as yg — ¢. Here = +0,3>1,6 >0, U(c+0)—U(c—0) = B(X(c+0) —x(c—0)).
We also consider the case § = 1. A distinguishing feature of the paper is that while studying
the behavior of the considered singular integral in the vicinity of the weak continuity point
of its density, we need the Holder condition no for the density neither for a component
of the density. This feature allowed us to extend the range of possible applications of our
results.
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1. INTRODUCTION. FORMULATION OF PROBLEM

We consider a singular integral with a Hilbert kernel

2w

I(y) = /90(7) cot 1 _2% dy (1)

assuming that the integral density () is a continuous function defined in the interval [0, 27],
v € [0,27], p(0) = p(27), and the integral is treated in the sense of the principal value.

We suppose that in the vicinity of a fixed point v = ¢, ¢ € (¢7,c¢") C [0,27], ¢t — ¢ < 1,
the integral density ¢(7) satisfies the representation

D()

B
21)"

o(y) = v € (¢, c), (2)

(— In sin

where ® () is a given function continuous in each of the intervals [¢7, c], [¢, ¢T]; in the general
situation, the one-sided limits ®(c — 0), ®(c + 0) do not coincide; § is a given number and
g > 1.

Opposite to the conditions assumed in works [I], [2], here we suppose that the representations

B(y) — d(c+0) = - m:;z)y el (3)
v(7) (4)

(— In sin? 2= C) tan 15

X' () =

hold, where § > 0 is a given number, x(), v(7) are given functions continuous in each of the
intervals [c™, c], [¢,cT], v(c £0) = 0. In formula (3) and in what follows the sign ‘+’ is chosen
for v > ¢ and the sign ‘-’ corresponds to v < c.

In view of , we write formula as

x(7) N P(c£0)

P 2150)”

o(y) = v € (c,ch). (5)

( In sin ( In sin

2. MAIN RESULTS. I
Assuming for simplicity ¢~ > 0, ¢t < 27, we represent integral as
ct

c” 27

/+/ go(fy)cot7 %d +/ x() 5+5cot7 %dﬁy
2 (—lnsin2 %)

0 o

’ (6)

P(c+0 -
+/ ( 2) 5 ot T dy = Ji(90) + Fa(30) + Js(0) + Jal0), 0 £
( In sin 726) 2

C

The integrals Ji (7o), J2(70) are differentiable in each interior point 7y of the interval (¢~ ¢™).
The integral densities J3(70), J1(70) are differentiable in the interval [¢~, ¢*] excluding the point
c. This is why the integrals J5(7o), J1(70) satisfy the Holder condition, shortly H condition, in
each closed interval located inside [¢™, ¢] or [c, ¢T], see [3].

In what follows, to reduce the writing, we employ the shorthand notation

Isy = —Insin?~.
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The right hand side of the formula

Y 3
<<—>ﬂ> (55 a2 v

is a function decreasing in the interval (¢ — 2e =%~ ¢ + 2e7#~1) since

_ A\ Pt _
[(1872 C) tanfy

in each of the intervals ¢ < v < ¢+ 2e %71, ¢ —2e 71 <y < e Indeed, as 0 < v —c < 1, we
observe that sinx < x as > 0 and we obtain
) - 0.
c

B+1 ! 3
- - - 2
[(18720> tanWQC] >(18720> (—ﬁ—l—kln’y_
v

Here the sum in the brackets in the right hand side vanishes as v = ¢ 4+ 2e#~! being positive
for ¢ < v < ¢4 2e7#71. Therefore, as ¢ < v < ¢ + 2e 771, inequality holds. It is easy to
check that the latter inequality holds also for v € (¢ — 2¢7#71 ¢).

In what follows we assume that

¢ =c—2"t t=c42eF! (9)

C] >0 8)

Y

in formula @
Integrating by parts, we represent the term Jy(7o) in formula @ as

O(c+0) | ¢t —n O(c—0) , ¢ —
Jilw) = =Gl Gl ——— + JK(y), (10)
(1s <) (Is <)
where
ct
_ P(c£0) 7=
K(’YO) - / ( S 750)54_1 tan % (IS 5 d'}/ (11)

The first two terms in the right hand side of formula are differentiable in each interior
point of the interval (¢7,c"). Therefore, we need to study the behavior of the function K ()
as yg — C.

We consider the case vy > c. We assume that vy < ¢ + e ?~! taking into consideration that
the difference vy — ¢ is assumed to be small. Then by @ we have

c< <2y —c<c+2e P l=ct

Denoting
=70 —2e P71, (12)

for c < 49 < c+e P~ 1Wegetc <c,=v-—2F1<2c—yp<ec
We write formula as

C+’Yo
+0) (ls52
////// e
IVCﬁ tan 5= (13)
fos 2c—y0 c c+“/o 2v0—c 2

=®(c - 0) [K1(70) + Ka(70) + K3(70)] + (e + 0) [Ka(70) + K5(70) + Ko(70)] -

The integrand for Ky(7o) is a function positive as v € (¢, 422), its factor 18252 is a
continuous increasing positive function in the integration interval.
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This is why, replacing the factor ls 15 by its minimum in the formula for Ky(vo) and
replacing Is “5%, s “;1* by their maxima, we obtain two integrals which can be calculated due
to (7)) and which bound the integral K4(o) from above and below, that is, for the values of the
mentioned integrals we obtain the inequalities

L -
——— < Kunw) < ————,
B (1s25)” B (1s25)”
which are equivalent to
In (4 cos? =< 1
5((1 «,O_cilﬁ) > —Ky(y0) + —B (1 70—0)671 > 0.
ST ST
Therefore, for the values vy close to ¢, we have
1 e\
—K4(70) + 5 (1s2e)? 1 O (1/(1S =) ) :
4

Hereinafter, as usually, by O(n) we mean a quantity, for which the absolute value of the fraction
O(n) / n is bounded for all sufficiently small (sufficiently large) absolute values of 7.

In the first part of the latter formula, instead of O(l/ (15 %)5 ), we can take

O (1/(1s22=¢)"), since — 15 ¢ ~ — 15 22=¢ a5 o — ¢, and moreover
2 ) 2 1 8 ) )

1/ (s2) " =1/ (s 22) 0 (1/(5252)°) . e (14
Indeed,
1 _ 1
(1s25)"" (s 259)™"

p-c\2\ 17°
TR (N I -

—c\b-1 Jo=¢
(1s 255<)” s 3
Thus, we arrive at the formula

1
Ky(vo) = W +0 <1/(ls %)g ;Yo — ¢ (15)

Since according , the factor 1 / [(ls WT’C)/BH tan %] decreases in the integration interval
for K5(70), then

2v0—c
1 Y =Y
K ls —— d. 16
0 < Ks() < (15 5P o s 55— dv (16)
4 4 ety
2
The integral in this formula can be represented as
2v0—c 2v0—c 2v0—c
/ sy = (v =)=+ [ (y—q0)cot TP dy.
2 2 |etn 2
50 T

Substituting this expression into formula and taking into consideration that
2v0—c
0< / (7 — 7o) cot

c+0
2

Y=

dy <d(y —c¢), d=const,
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we obtain
Ks(v) =0 (1/(18 %)6 s Yo —cC (17)
We represent the integral Kg(7) in formula as

p-1 /(-1

Ks(v0) = 571 ——51 — E6(0), (18)
(18 ﬁ%) (1s 255
where
ct
Esw) = [ A, 2, (19)
2v0—c
o c—7 B Yo —
A0 ¢) = 1/ [1s 5] tan —= = 1/[1s 22] ™ an 25— (20)
It is easy to show that for each vy € (279 — ¢, ¢) the inequality
A(7:70,¢) > 0 (21)
holds. Indeed, by we have
_ A\ B+ 0
[(ls %) tamg 5 7] >0 (22)
1

in the interval v — 2e 7771 < £ < .

Let us consider the set of the latter intervals for v € (2y9 — ¢,¢™). In this case we have
v —2e Pt < ¢ since y < ¢+ 2Pt = ¢t and v > 4 since v > 299 — ¢ > 7. Therefore, as
v € (299 — ¢, ¢*), the interval 4 — 2e P71 < ¢ < 7 contains the interval (c,7). This is why for
each v € (279 — ¢, c¢™), condition holds in the interval ¢ < £ < 79. This means that in the
latter interval the function 1 / [ls 5_77 tan 5_77] decreases. This is why, according , inequality

holds true.

Observing that in the interval 279 —c < 7 < ¢ the function ls 75 decreases and is positive,

by we get

ct

Yo — C
0< Ein) < 5255 [ AGsa )y
2'70—8
Calculating the integral in the right hand side, in view of and we arrive at the inequal-

ities
1 Yo — C 1 1
0< Eﬁ(’}/o) <= <IS ) —
b 2 (1s (52 +e8-1))"  (Ise 1)
! (15 25)”
+ 51 51|
B (1s22)" " [ (Is (0 —¢))
The first difference in square brackets in the right hand side of the latter formula is an infin-

itesimal of order (vyy — ¢) as vy — ¢, as an increment of a differentiable function. The second
difference of the considered formula is equal to

-8
—1In (2005 M)2>
1+ —= —1
( IS ’702

and is an infinitesimal of order 1/ (Is22=<) as 9 — ¢

(23)
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This is why we obtain

Eo(10) = 0 (1/(1s255)°), 70— c. (24)

Taking into consideration the latter relation, we represent formula as

(s5) (s259)"

Here we have employed that the difference between the first terms in the right hand sides of
formulae ([L§), is an infinitesimal of order (7o — ¢) as 79 — c¢.

We assume that —K3(7o) is an integral of a positive function containing the factor tan <7 in

the denominator. Since the factor 1s 75 in the integrand in —K3() is an increasing function

in the integration interval with the minimum Is (79 — ¢) and the maximumls %~ we proceed
as in studying the integral K4(7o) to arrive to inequalities

1 _ 1 Yo—¢
5 (’70 _CC)ﬂ < —Kg(’Yo) < S 2_C 5
B (1s 225<) B (1s 225<)

which is equivalent to

In (4 cos? 2=< 1
( 2)>K3(’yo)+—>0.

5 (s 227%)” 5 (s 2275)"

By this we see that

1 1
K3(vo) + ———5=5=0 <—C) ;o Yo C (26)
3 (1s 20=<)” (1s 2¢)?

2 2

Similar to formula , we have

/Bs-1 /-1

Ka(vo) = — Bs(70), 27
0 sfe ) (seryt RO o
where
2¢—0
B = [ A0l a, (28)

A(v,70, ¢) is the function defined by formula (20).

As v € (¢, 2¢ — ), the interval v < £ < v+ 2e~ 77! contains the interval (c,7o) since here
we have 7 < 2c — 9 < ¢, 7+ 2e 77! > 7 because v > ¢, = o — 2”771, Therefore, for each
v € (¢, 2¢ — ), condition holds in the interval ¢ < £ < 7y and this is why we have the
inequality A(v,7o,c¢) > 0. Taking into consideration the latter and observing that ls 25 is an

increasing positive function in the interval ¢ <~ < 2c — 7, according we have

2c—0

0 < By(ro) < 1s (0 — ) - / A0, €) d.

C’YO
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Calculating the integral in this formula, we obtain
1 1
Yo—c so1\\P —B—1))B
(Is (-2 + e 8-1)) (Is(e="=1))
1 (Is (o —¢))”
+ T |l |
5 (s (20— o)) (1s72)

The first difference in square brackets in the right hand of this formula is the same as in
inequality , while the second term (product) in the right hand side of the latter formula
differs from the corresponding term (product) in the right hand side in only by the factor
—Is(y —¢) / Is 20=¢ bounded as 7o — c. Therefore,

Es(0) = O (1/(13 %)5) ;Yo e (29)

We observe that similar to formula , for small vy — ¢ we have

1 1
(Is(o— ) (1)’ O (1/(1S 7077‘3)5> : (30)

We write representation as

0 < Ey() <%IS (vo—c)- [

1 -1 1 -1

’Y'YO

Taking into consideration that in the interval ¢~ < v < ¢ the function Is increases and

is positive, we get

CWO

dy -1 o
0 < —Ki(y) < Is(e™”™) / ERYCES] — =)
S T =g
Hence, we obtain
Ki(v) =0(w0 —¢), 7 —c (31)
We substitute the obtained for K;(y0), j = 1,6, expressions into formula and we arrive at
the following representation
O(c+0) —P(c—0 ®(c—0) —P(c+0
K(7) = (c+0)—®(c-0) (c—0) = ®(c+0)

(B=1) (s (1)) B(a—1) (1s 254" (32)
+0(1/(1s252)%), e

Formulae , , (32) hold both in the case vy = ¢. In particular, the first term in the right
hand side of formula (32)) is equal to K (c).

Employing formula (10]), we write the expression for Jy(vo) — J4(c) and we take into consid-
eration that

+ _ + _
s S 270%—18026:0(70—0); (33)

the difference in this formula is an inﬁnitesimal of order (v —¢) as 79 — ¢ because of the
differentiability of the function S s =7 at the point ¢ and there holds a similar identity
obtained by replacing ¢t by ¢~

Hence, taking into consideration , we obtain

O(c — 0) — B(c + 0)
J4 0 —J4C = 1
T T (e

O<1/(1s%)ﬁ>, Yo = €. (34)
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We also observe that similar to (33), for the integrals Ji (7o), J2(70) in formula (6) we have
J1(00) = Ji(c) =O0(v0 — ¢),  J2(%0) = J2(¢) = O — ©). (35)

3. MAIN REsuLTS. II

In the expression for the integral J3(p) in formula @, we denote 3 = 8+ ¢ and by formulae
similar to (9)), (12) we define

~ —B—1 ~ —B-1 ~ —B-1
¢ =c—2eP1 Er=c42e cW:'yO—Qeﬁ ,
and at that we have
~— p— ~+ + ~— —
" >c, <, o >

Moreover, we assume that ¢ < vy < ¢+ e=B-1.
We represent the integral.J3(g) as

T x(7) 7=
J3(v0) = /+/+! (s %)Jﬁot 5 dy = J31(70) + J32(70) + J33(70)- (36)

The integrals Js1(70), J33(0) are differentiable at each interior point v, of the interval (¢7, ¢").
Integrating by parts, we write the integral Js»(7o) as

&) e - &) -
Jaloo) = - o0 XED A E 0 ), (37)
(1s52) (1s552)
where
&t
Uy —
Lo = | L L7 (38)
J (ISVT_C) tan 1=

U(v) = v(v) + Bx(7) is a function continuous in each of the intervals [¢™, c], [¢, ¢t] according

formulae , (14)).
Let K(70) be the integral obtained by the formula for K(79) in representation as

j = 1,6 via replacing K, ¢7, ¢, ¢*, 3 respectively by K, ¢7, &, &7, 3.
We write integral as

L(~0) = Li(v0) + La(v0) + - - + Le(70), (39)

where the terms in the right hand side are the integral taken respectively over the intervals
c+ % c+7%

2)’(2

In each of these intervals, the fraction at U(7) in the integrand in is sign-definite and
the function U(7y) is continuous. This is why by the mean value theorem [4] we get

Li(v) = U(€)EK;(0), j=1,3,4,5, (40)

here ¢; is a point in the integration interval L; (o).
For Ki(v), K 5(70), there hold the formulae obtained from , via replacing K and
A respectively by K and 3 and this is why by we obtain Ly(v) = O(v — ¢), Ls(y) =

0 (1/(157255)7), 70 = c.

Y0°?

7270 - C)? (270 —C, E+>

(6_7 550)7 (6;07 2c — 70>’ (20 — "o, C)v <C7
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The integrals Ks(vo), K4(yo) satisfy the representations obtained from (26), by the
aforementioned replacement. This is why, taking into consideration that in formula (40) we
have U(&;) = U(c—0) for j =3 and U(§;) — U(c+0) for j =4 as vy — ¢, we get

—U(c—0 G 3
Lg(’yo)zﬁv(—)‘i‘O(l/(lS’yO—c)ﬁ 1>+O<1/(lsﬂ)ﬁ>, Yo — C,
_\B-1 2 2
B (1s 225%)

U(c+0)

CE i

Here, as usually, o(«) stands for an infinitesimal of order higher than the infinitesimal a.

Denoting
L) = vl
6 F; g
(1s 25¢)" tan 13°

La(v0) = —|—o<1/(ls'7°T’C)B_1>+O<1/(ls%)3>, Yo — .

2v0—c
we consider the difference

Lo(0) — L (c) = / ve) <1s Rt L ¢ C) dr.

(ls %)BH tan 13- 2 2

2v0—c

Since 1s 75 — Is 15° > 0, by the mean value theorem we have

5+
1 — —c
Lo(10) — () = U (&) / ! <1s Y= 47 ) dv,
(Is ”’_0)6 " tan =< 2 2
2v0—c 2 2
29 —c< & < ¢t
or
5-0—
Lo(oo) — 30 = Ules) | [— (770, 0) 1s =28
2o (41)
IS =70 IS y—c

2 _ 2 d’)/

(1s75)  tan g (15759 tam e

where fl('y,~ Y0, ¢) is defined by the formula obtained from via replacing A and f3 respectively
by A and g. Calculating the integrals of two latter terms of the integrand, we obtain

&t
L)~ L@ = V(&) . [ ~Atnnos 0
2v0—cC
° (42)
1 1
_|_ —

(G- (s22) 7, (-1 (15397

Replacing A, ¢*, 8 by A, ¢t B, respectively, in formulae , , we get

&t

/—A(%’VO,C)ISW;%dy:O(1/(15%)6, Yo = c. (43)

2v0—c

2v0—c
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The difference of two latter fractions in the right hand side in formula as v = ¢t is an
infinitesimal of order (7o — ¢) as 79 — ¢, while as y = 2y — c it is O (1/(15 'VOT’C)B> by formula

with 8 = .
Thus, formula shows that

Lo() = L) = 0 (1/(15%5)") . 70— (44)

Since B > 1, the integral
&t
U
o= [—2 g, (45)
(1575%)” tam 25°

C

is well-defined [4] since U(7) is a continuous in the interval [c,¢™| function, and the second
factor in the integrand is a positive integrable function.

Employing the mean value theorem, we write the difference Lg(c) — L{’(c) being an integral
over the interval (¢, 2y — ¢) as

Leg(c) = L (c)
2vp0—c

=U(&) ! = — U(&) c <& <29 —c.

(3— 1) (1s52)"" (B-1)(1s (30— )"
By this implies

Le(c)— L’ (c) =

U(c+0)
(8= 1) (1s25%)
Now by , we write

—U(c+0)
(5=1) (1 25%)

We introduce the notation

o (1/(1s25) ") +0 (1/(1s255)7) 30— . (46)

Le(70) — Le(c) = 50 (1/(15 %)B‘l) +0 (1/(15 WOT—C)E) , Y

2c—y0

Ly’ (c) =

dry (47)

and we consider the difference

2¢—0

U — —c
(ls ”’;C) tan =<

&
Taking into consideration that

T=% LY —C¢
Is — s
2 2

<0,

by the mean value theorem we obtain
2¢c—0
Is 1510 — Is 15° o
La(v0) — L3’ (¢) = U(&2) / ) dy, ¢, <& <2c— . (48)
( Is %) tan 1=

C’YO
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Proceeding as above, we write this formula as

La(70) — Ly’ (c)

2¢—0
; - 1 1
= U(£2> ’ / _A(% 70, C) Is T dV + B — 3 dfy,
v (ls %) tan % (ls 750) tan 750
C’YO

where fl(fy, Y0, ¢) stands for the same as in formula (41]). Hence, similar to formula , we get

2c—70 2¢c—0
. . 1
L)~ PO = V(&) [ ~Ab0 0I5 ar+ — -
(G-1) (s 22) |
Y0 70 (49)
2c—0

1 =
(B-1) (57597 -

C’YO

On base of the formulae obtained from , (128), by the aforementioned replacement,
for the integral in the right hand side in formula (49) we obtain a relation similar to ; the
latter difference in the right hand side of formula (49) is estimated in the same way as the
corresponding difference in formula (42]). Thus, we arrive at the relation

Lo(no) = LP(e) =0 (1/(1s255)°) . 70— ¢ (50)

Since 3 > 1, the integral

J (ls %)Btan%c
similar to the integral Lg(c) in formula is well-defined and according (38)), the sum
L(c) = La(c) + Le(c)

is well-defined.
By , we have

C’YO

Lo(c) — LY(c) = / + / vt d.

1s 75)” tan 75

i 2c—0 (

Here we write the integrals in the right hand side by employing the mean value theorem similar
to formula . Calculating the remaining integrals, we get

! ~Uley) !

) —c B*l n —c B*lj
(B=1)(1s53%)" | (8 —1) (ls25)
T <&u<E, 2c—yp<én<c

The first term in the right hand side of the latter formula is an infinitesimal of order (v — ¢)
as o — ¢. In the second term U(&31) — U(c — 0) as 79 — ¢. This is why

—U(c—0)
(8=1) (1s 25%)

La(c) = L3’ (c) = U(&n)

Ly(c) — LY (c) = s o (1/(15 70—2_‘3)&_1> . Yo —cC
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In view of formula , this implies

- U(c—0) e N
La(v0) — Ly (C):(B—l)(ISVOTC)B 1—0<1/(187 ) >+O<1/(ls7 )B>7 Yo — C.
On the base of formula and subsequent relations we get
1 1
L =L(c)— =—=——— - (U(c+0)-U(c—0)) ——————
(70) (c) B(A—1) (Ule ) (c ) (ls %)5_1 (52)
+0(1/(s25) ") +0 (1/(1252)) . 0

We substitute expression into formula , then in the right hand side of the obtained
relation, thanks to the differentiability, each term except L(7y) can be represented as the sum
of its value at the point ¢ and an infinitesimal of order (7o — ¢) as 79 — ¢. Observing that the
obtained relation holds also for vy = ¢, we arrive at the identity

J3(70) — J3(c) = L(70) — L(c) + O(yo —¢), 70 — ¢ (53)
Formulae (52)), give a representation for J3(7).

4
Thanks to relations (34 . . and in view of formula (@ implying I(c Z Ji(c)
7j=1

we arrive at the following representation

d(c — 0) — d(c +0) Ulc+0) - U(c—0)
I(v0) — I(c) = -1 = = -1
! (8= 1) (= Insin? 22) " 55 1) (—nsin? 252 (54)

+o0 <1/(— In sin® VOch)B_l) +0 <1/(— In sin® VOT*C)[S

as v — ¢ with 8= 8446, 8> 1, 6 > 0. In particular, this yields that the integral I(70) is a
function continuous at the point c.

Making appropriate changes in the above formulae and in arguing, it is easy to check that
this representation is also true for values vy < ¢ close to c.

It is reasonable to note that in formula ,

U(c+0) = Ule—0) = 5 (x(c+0) = x(c—0)),

since U(7y) = v(y) + BX(v), v(e+0) =0.
As =1, we have § = f+ 0 > 1 and representations , and relations are still
true. Making obvious changes in the above formulae for Jy(7), we arrive at the representation

I(70) =1 (c) + Jo(c) + [®(c + 0) — B(c — 0)] In (— In sin? %) +N
L U(c+0)~Ulc—0) |
B(B —1) (— In sin? 'YOT*C)B_l
+0 (1/(—1nsm2 VOT—C)B’I> +0 (1/(—lnsin2 7OT‘")) (R g

where N = [®(c — 0) — ®(c + 0)]In (— Insin®e7?).

4. CONCLUSION

Thus, we arrive at the following statement.
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Theorem 1. If the density in integral obeys formula , in which x(v) is a function
with the derivative of form (4f), then integral satisfies representation (54) as B > 1 and

representation as =1.
Remark 1. If the function v() in formula satisfies the representation
1

v(y) = (1’/7—70))%, x=const >0, yelc,¢

2

"]

)

where v1(y) is a function continuous in each of the intervals [¢~,c|, [¢,¢t] and v1(c) =0,

the statement of the theorem can be specified by replacing the term o (1/(13 %)571) by
—c B—1+s
01/ (1525 ).

Indeed, in this case by we have

X'(v) = Vl(V)/((ls 750)%“ tan %)

Applying the mean value theorem, for v > ¢ we obtain

o

) = x(e+0) = / () dy =

C

TESR 1€ e,

at that, for v > ¢ we represent the function U(v) = v(7) + fx(7) in formula (38) as

n () + Zui(n)

(1s5%)”

U(v)=U(c+0)+

Hence, denoting M; = max |v1(7)], we get
e<y<et

and for £ € (¢,7y) we obtain

U() = Ule+ 0 ML+ D)/ (1s5¢) < ML+ D)/ (15%57) "

In the case v < ¢, v < £ < ¢ we arrive at the same inequality.

These inequalities justifies the aforementioned change in the formulae for L;(vo), j = 2,3,4,6
and in representations , .

The results of the present paper describe the behavior of integral in the vicinity of a point
of weak singularity of its density. They are close to known results by N.I. Muskhelishvili on the
behavior of Cauchy type integral (and of singular integral) in the vicinity of a point of power
type singularity of the density [3] and they can be employed while studying the properties of
the solutions to various boundary value problems for analytic functions.

Rather weak restrictions imposed for the density in integral in the present paper give
an opportunity to apply the results for studying the behavior of a conformal mapping near an
angular point at the boundary of a domain corresponding to a canonical domain with a smooth
boundary.

Papers [5], [6] and aforementioned papers [I], [2] belong to the same scientific field as the
present paper and they can be of interest for the reader.
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