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ON MEASURES GENERATING
ORTHOGONAL POLYNOMIALS WITH SIMILAR
ASYMPTOTIC BEHAVIOR OF THE RATIO AT INFINITY

A.A. KONONOVA

Abstract. We consider the influence of the measure perturbations on the asymptotic
behavior of the ratio of orthogonal polynomials. We suppose that the absolutely continuous
part of the measure is supported on finitely many Jordan curves. The weight function
satisfies the modified Szego condition.

The singular part of the measure consists of finitely many point masses outside the
polynomial convex hull of the support of the absolutely continuous part of the measure.
We study the stability of asymptotics of the ratio in the following sense:

Pl/,n+1(z) PMJH—I(Z)

The problem is a generalization of the problem on compactness of the perturbation of
Jacobi operator generated by the perturbation of its spectral measure. We find a condition
necessary (or necessary and sufficient under some additional restriction) for the stability of
the asymptotical behavior of the corresponding orthogonal polynomials. One of the main
tools in the study are the Riemann theta functions.
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1. INTRODUCTION

The present work continues studying the stability of the asymptotics of the ratio of orthogonal
polynomials under a perturbation of the orthogonality measure; the beginning of this study was
published in paper [3].

For a finite Borel measure p with a compact infinite support £ C C we consider a sequence of
polynomials with the leading coefficient equalling to one, P, ,(z) = 2" +...; these polynomials
are orthogonal w.r.t. the measure y:

/ Pmnmd,u = p0nk, Qn>0.
E

We consider the measures concentrated on a finite set of Jordan curves £ = U}_ E, C C
and on a finite set of discrete masses located outside a polynomially convex hull of the set F.

It is well known that as supp(u) C R, the orthogonal polynomials satisfy the three-term
recurrent relation:

Po1(2) = (2 = bat1) Pu(2) — ap P (2).
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A three-diagonal matrix, whose entries are the coefficients of the recurrent relation

b1 aq 0 0
aq bg a9 0

H 0 as bg as ... |’

is called Jacobi matrix. If the set supp(p) is compact and infinite, the Jacobi matrix generates
a bounded self-adjoint operator in [*(IN), whose spectral measure is the measure p. It is known
[2] that the operator J, is a compact perturbation of the operator J, (that is, the operator
J, — J, is compact) if and only if
Pon(z) _ Fun(?) —0, n— oo; (1)
Pyny1 (2) Panrl(Z)
the convergence is uniform on compact neighbourhood of the infinity.

In the general case supp(u) C C, as a generalization of the Jacobi matrix, we can consider
Hessenberg matrices, that is, the matrices corresponding to the operator of multiplication
by the independent variable in the space L?(u) in the basis of the corresponding orthogonal
polynomials. It was shown in work [5] by B. Simanek that as supp(u) C C, condition is
equivalent to coinciding of the right limits of the corresponding Hessenberg matrices.

In work [3] there was found a condition for the measure v sufficient (and necessary in some
cases) for (). In the present work, instead of condition ([IJ) we consider a similar condition with
a shift: for some fixed [ € IN

lim
n—oo

Poiiu(2)  Popiiaw(2)

where the convergence is uniform on compact neighbourhood of the infinity, and we also consider
the case, when this condition holds for n tending to infinity over a subsequence.

Puls)  Pras2) \ _
( )=

2.  MAIN DEFINITIONS AND AUXILIARY DATA

In this section we provide main definitions and facts needed for the future exposition; for
more details see [7]—[10].

2.1. Main notations. We say that a rectifiable curve belongs to the class C?* if the second
derivatives of its coordinate functions, as functions of the arc length, satisfy the Lipschitz
condition with some positive exponent.

Let © be a domain in the extended complex plane containing the infinity; the boundary of

this domain consists of finitely many disjoint Jordan curves Ey, k =0, ..., p, belonging to the
class C**:

p
0eQCC, 0=E:=|]E.
k=0

We consider the real Green function g(z,zy) with the logarithmic singularity at the point
2 € Q (in the case zy = oo, instead of g(z,00), we write g(z)), it can be defined by the
following properties:

e g(z,2) is harmonic in Q \ zp;

e g(z,2) —log |z — 29| 7! is harmonic in a neighbourhood of 2y, and as z; = oo, the function

g(z) —In|z| is harmonic in a neighbourhood of ~o;
e lim g(z,29) =0 for a.e. ( € F.

z—(C
z€)
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Let ®(2,20) = explg(z, 20) + iG(2, 20)[] We recall that the solution to the Dirichlet problem
with a boundary function f can be obtained by means of the normal derivative of the Green

function?
27T }{ U

A logarithmic capacity of the set E is the number C' ( ):
In(C(E)) = — lim (g(2) — log|2]).

IdCI

A harmonic measure wi(z) (k =0,...,p) is the solution to the Dirichlet problem in Q with
the boundary function

- 17 CeEk7
xx(C) = {0’ (e E\Ey;

2= 3o § o

this solution reads as

We let
Qu(z) = %(wk(z) +idn(2)).

2.2. Class of measures. In what follows we assume that

wr(oc0) €Q, k=1,...,p.
We say that a weighted function p(¢) > 0 defined on E and being such that

/ Old¢| < +o0

satisfies a modified Szegé condition if

1o )T (| > e, 2)

We define a class of measures S(F) as follows:

neS(E) < dulC) |d<’|+ZAk

where

1) p(C) satisfies the modified Szegd condition on E;
2) 2 €Q, A, >0,k=1,...,N and 9, is the Dirac measure supported at the point z.

Given a measure pu € S(F) with a weight function p(z), we define a locally analytic function
R, (2):

R (2) = exp (h(z)—l—iiz(z)), where h(z) = 217T 74 1np(g)398(222)|d<y.

"Hereinafter h(z) stands for the function harmonically conjugate with a harmonic function h(z).
“Employing the symbol §, we mean that while integrating over a non-closed curve, it should be passed twice,

once each side:]{ F<O|d<|:/E+F+(O|dC|+/E F_(Q)ld(|

Ey
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2.3. Multi-valuedness class. Given a multi-valued function f defined in the domain €2
with a single-valued absolute value, we introduce the vector I'(f) := (y1(f), ..., (f)) € T?,

3(f) = 5-Avarg f (mod 1),

where Ay f is the increment of the function f while passing around FEjy. The vector I'(f) is
called a multi-valuedness class of the function f.
We can show that I'(®(z, 29)) = (w1(20), - - - ,wp(20)). We introduce the notation:

I,:=T@®™"), neZ.

2.4. Space H?*(Q,u,T'). We consider the p-dimensional real torus T?. Given a vector I' =
(Y1, --+,7) € T? and a measure p € S(E), we define a multi-valued Hardy space H*(Q, u,T)
as follows:

f e H*(Q,u,T) if and only if

e f is locally analytic in {2 and has there a single-valued absolute value;

e the function |f2R,| is subharmonic;

o fl(zZ) = 0;
o %Ak arg f = vy, (mod 1),

where Ay f, as above, stands for the increment of the function f while passing around Ej. The
space H?(, u,T') is a Hilbert one with the scalar product

(f. 9) = fi F(OFOdu(©).

We introduce a vector characteristic J(p) € TP for a measure p € S(E) with a weight p(z)
and masses z; € 2, j =1,..., N, as follows:

1 N
Ti(p) = EA;C arg R, (z) + Zwk(z;) (mod 1), k=1,...,p. (3)
j=1

2.5. Riemann theta function. (see also [9].) We form a compact Riemann surface Qgoupre
of genus p by the topological gluing of two copies QU E (€2, _) and identifying the points of
E’; the complex structure is continued to the “second” sheet €2 via changing local parameters
by complex conjugate ones. The functions analytic on 2 are continued on Qgoupie:

f(z)=[(z), zeQ.
We define a homological basis on Qg,up. as follows:

o b-cyclesb; :=F;, j=1,...,p
e a-cycles are the curves aj,j = 1,...,p such that a; N €2y connects a fixed point P € Ej
with F; and a; N §2_ goes symmetrically over the second sheet €2gpp. and ﬁ?zlaj = {P}.

Ihe surface obtained from Qg by a dissection along the homological basis is denoted by
Qaoupie- The differentials d€)y, (Abelian differentials of the first kind) form a normed basis of the
Abelian differentials of the surface Qgoune. Let us calculate their periods along our homological
basis:

% ko<C) = Z.Bij, Bij - R,

J

where By, ; are the entries of some real positive definite matrix B.
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We define a theta function of several variables:
p P p
O(uy, ug, ..., upy) = Z exp(—m Z Z B, nun, + 2mi Z N,y ); (4)
n1,n2,....,npEZ p=1 rv=1 v=1

the positive definiteness of the matrix B with the entries By, ; ensures the convergence of the
series. The theta function possesses the following properties:

Our,...,uy+ 1,0 ,u,) =0(ur, ..., up, .o Up); 5)
Q(Ul + iBl,lI? ceey Uy + in,,V7 B A inﬂ/) = eﬂBV’V_%riuVe(Ul, ey Upy - ,Up).
For an arbitrary vector (01, Bs,...,0y), a Riemann theta function for the Riemann surface
Qaoubie With a vector of parameters (5, (s, ..., 5,) is introduced as follows:
0() =0 d(©)~ B, [ 49,0~ 5y
P P

in each integral the integration is made over the same path. The Riemann theta function has
exactly p zeroes on Qgoupe Or it vanishes identically. Its boundary values satisfy the following

relations: .
@+(C):@—(C)7 geaj) j:1a7p7 (6)
0, () = iR OZe _(¢),  ¢eb;, j=1,....p
Let z, k= 1,2,...,p be the zeroes of the Riemann theta function. The numbers

==Y / 492,(C) + b, (7)

are called Riemann constants and they are independent of the choice of b,.

2.6. Extremal problem in space H?(f2, u,T'). The linear functional mapping a function
F € H?(Q,pu,T) into its value at a point 2o € © (in particular, at infinity) is continuous.
Therefore, in this space, there exists a reproducing kernel K, r(z, 29):

Flz) = 7{ F(O)Rpr (G, 20)dn(C).

Given a measure p € S(E) and a multi-valuedness class I' € T?, we define the function

Kur(z,
)= RS

It is easy to show that the function 1, r(2) possesses the following extremal property:
[z =it {|F|2, F e *(Q uT), |[F(oo)| =1,F(z)=0, k=1,...N}.
Indeed,
2
1= |F(c0)]* = ‘(F('),Ku,r(',OO))# <N FIG - 1K (5 00) 15 = I, - K00, 00),

and therefore,

(O R o A W)
7 - = ’
One can show (see [7], [I0]) that the zeroes of this function different from 27, ..., z% belong

to the convex hull of the set £. This function can be expressed in terms of the Riemann theta
function [§], [10]:
Ky (2,00) R(20) O(T.p.2) 71 (00, 20)
=T Z 8
¢H,F(z) K”’F(OO, OO) <Z> R'u(z) @(F7 ,u, OO) H @(2’ Z;:,) ? n e +> ( )

k=1
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where x(z) is some single-valued function having no zeroes, depending only on the domain €2
and being independent both of I" and y; in paper [§], a formula for x(z) was given but we do
not need it in the present work. The symbol O(T, u, z) stands for the Riemann theta function
with the vector of the parameters

B, ) =d;j +v+ T;(w), j=1,2,...,p,

where J;(1) was defined above in , and the constants d; are depend only on 2 and are
independent both of T" and p; for more details see [§], [10].
We introduce the following notations:

@n,ﬂ(’z) = ®<Fn7/~L> Z)7 wn,u('z) = wu,l"n-

2.7. Strong asymptotics of orthogonal polynomials. We shall need the following result,
see [7], [10].

Theorem 1. Let pn € S(E) with a weight p and discrete masses at the points zj, k =
1,...,N. Assume that polynomials P, , with the unit leading coefficient are orthogonal w.r.t.
the measure . Then

1) |Puull2/C(E™ ~ Nhnyll2, 1= o0
2) P, u(2) = C(E)"®"(2)[Ynu(2) + €n(2)], where €, =0 as n — oo,

uniformly on compact subsets Q\ {z5,25,..., 28}

3. FORMULATION OF PROBLEM

To each measure 1 € S(E), a system of polynomials P, ,(z) = 2" + ... of a degree n
orthogonal w.r.t. u corresponds to. We say that the polynomials P, , and P, , have a similar
asymptotic behavior at inﬁnityl] if

Pu®) - Fo(2) — 0, n— o0, (9)
Pn+1,y(2) Pn+1,y(2)
uniformly on compact neighbourhoods of the infinity.
It was shown in [3] that the condition

Ji(p) =J;(v)(mod 1), j=1,2,...,p, (10)

is sufficient for ensuring condition @ and it was proved that this condition is necessary in the
case p < 4. It was also shown that conditions and @ are equivalent for the measures
p € S(E) such that E C R (at that, the discrete component does not necessary belong to
R). It follows from the results of work [4] that if £ C R possesses a discrete part consisting of
countably many masses on R (the accumulation point must belong F) satisfying the modified
Blaschke condition, under an obvious modification of 7 () for infinitely many masses, condition
(10 is necessary and sufficient for condition @ in the case of infinitely many discrete masses
(see [4]).

In the present work, following B. Simanek (see [5]), we consider a more general condition
instead of condition @: for some fixed [ € N,

oy (Faele) Pl ) g

n—00 Pn+1,u(z) Pn+l+1,l/(z)

Tt is important to note that the phrase “orthogonal polynomials have a similar asymptotic behavior at
infinity” should be treated as a whole. This does not mean that for each measure the ratio possesses an
asymptotics and these asymptotics coincide. There can be no asymptotics of the ratio for each measure.
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uniformly in compact neighbourhoods of the infinity. In this case we say that the orthogonal
polynomials have same asymptotic behavior of the ratio with a shift.

4. MAIN RESULTS

For some multi-valuedness class I' € TP we define f,n S F@;
Let Ku,in<z> o) be a reproducing kernel in the space H?(Q, u,T'_,):

75 F R, r (o a)dp(z) = f(z0), Vf € B3, T ).

We observe that the function f € H2(Q, u,T_,) satisfies f(2)®~1(z) € H2(, p, f,(n,l)). Thus,
we obtain a chain of embedded spaces

LCOT(2)HA(Q, p,Ty) € O () HA(Q, 1, T pny) C - ..

L C O (2)HA(Q, 1, T 1) C HX(Q, i, T).

By the assumption, w;(co) € Q, and therefore, 'y, = 'y for all k, where ¢ is the com-
mon denominator of the numbers w;(c0) € Q. Thus, the reproducing kernels also satisfy the
periodicity condition w.r.t. the subscript:

Kuf—n(z’ 20) = Kuff(nw) (2, 20).
We introduce the notation
Knp(z,00) = K, 5 (2,00), ¢nu(z) = Knu(z,00)07"(2). (11)
The next lemma generalizes Lemma 7.6 in work [6].

Lemma 1. The system of functions {¢n,(2)}52, is an orthogonal basis in the space
H*(Q, 1, 1).

Proof. a) Let n < m, then ®"~™(00) = 0. The definition of the reproducing kernel implies

;Mw Vomn Q)du(C ]4 " () Ko (C, 00) B (O ()

= K600 (RGN = o0, )" (50) = 0.

74 3u(QPA(Q) = § 1Ksl6,00) " (QPA(C) = § 1Ko lG,00) (0

=||Kn(',<>0)||2 € (0,00).

Asn=m

b) Let us prove that the system {¢,, ,(2)}7°, is complete. Assume that there exists a non-zero
vector ¢ € H?(, u, T') such that

a (O)np(O)dp(Q) =0 n=0,1,....

The orthogonality of the vectors ¢ and ¢, and definition of the reproducing kernel yield
that

0—7{¢ Yoo (Cdu(C) 7% Vo€, 00)du(C) = 6(00),
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and therefore, ¢(2)®(2) € H>(Q,pu,T) and ¢ € T H?(Q, 11, T1). Tt follows from the orthogo-
nality of the vectors ¢ and ¢, that

74 (OB Odu(C ]4 ()T (O s (G, 00)du(C)
74 (OO R (€, 00)dp(C) = (6@)(c0).

Thus, the function ¢® vanishes at the point co, and therefore, ¢®?(z) € H Q(Q,,u,fl) and
d(z) € ®2(2)H?*(Q, i, T1). Arguing by induction, we obtain that an analytic in Q function
¢ has a zero of order m at infinity for arbitrary m. Therefore, there exists no function ¢
orthogonal to all functions ¢,. m

The following result allows us to “get rid” of the discrete component of a measure by changing
the weight function so that the corresponding polynomials have the same asymptotic behavior
of the ratio.

Lemma 2. Given a measure u € S(F), there exists an absolutely continuous measure v° €
S(E) such that

Prn2) - Prian(2) -0, n— o0 (12)

Pn+17u(z) Pn+l+1,1/0 (Z)
uniformly on compact neighbourhoods of the infinity.

This lemma is a simple corollary of the following stronger statement generalizing Corollary 3.2
n [11].

Theorem 2. Given two measures p,v € S(E) and an arbitrary number | € IN, there exists
an absolutely continuous measure 1° € S(E) such that

Pn,,u(z) . PnJrl,l/O(Z)
Poy1u(2)  Poyip10(2)

uniformly in compact neighbourhoods of the infinity. At that, 1° can be chosen so that on each
connected component of the set E, the measures v and 1° differ by a constant factor:

:Ck'V‘Ek, kIO,...,p

— 0, n— oo,

’
14 o

Proof. We consider the function

V(z) :=exp <Z QTkaz(z)>7

k=0
where the numbers 7, are determined uniquely by the following system of equations (see [7]):

1 & . - -
T 2B = i) = T0) ~ L wyloe)s 3 om=0. j=0....p
k=0 k=0

It is easy to see that the absolute value of this function is constant on each connected component
of F. Let
Cr:=|V(z)| =e™, 1

Ek:Ck'l/|Ek, k:O,...,p.

Then
1 1 &
Ro=V- R, J0° = _WAE;C argV(z) + J;(v) = e %TkAEj@k + Ji(v) = T;(u)

and therefore,
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As it was shown in [3], this condition is sufficient for the validity of (12)). ]

The main difficulty arising in proving conditions necessary for the behavior of ratio of or-
thogonal polynomials to be same is the possible cancelation of the zeroes of the functions ©,, ,,
n € N (see [3], [11]). In the next lemma we show that if such cancellation arises, such zeroes
should belong to F.

Lemma 3. Consider the space H*(Q, i, I'). The functions ©,,,,, n € N, can have a common
zero only in the set E, that is, the existence of a common zero 2y € Qoupie: Onpu(z0) = 0 for
all n € IN implies that zy € E.

0 as in Lemma . Since by the construction

Ji(w) = J(") = 0(mod 1), j=1,....p.

Proof. By the measure p, we construct the measure v

then

Oy = Oy0.
We split the proof into two parts. First we prove that 2y ¢ €, and in the second part we show
that zo ¢ Q_.

1) Assume that zo € Q..

Since the measure 1/? is absolutely continuous, as formula ([§]) shows, the zeroes of the functions
K,or, coincide with the zeroes ©,,,. Then, by the assumption, K,or, (z) = 0 for all n € N
and definition implies that each function in the system ¢, = ® " K, o vanishes at the
point zy € Q. As it was shown in Lemma [T} the functions ¢,,, n > ng, forms a basis in the space
H?*(Q,1°,T,,) for each ny € IN. However, as it was shown in [7], one can construct a function
Voo € H*(Q,1°,T,,) not vanishing in §2:

p
)= o (320409
k=0
where the numbers 7 are uniquely determined by the following system of equations (a more
detailed construction of the functions Vr, ~can be found in [7]):

p p
ZTkAE](Dk:’Yﬁ ZTk:OJ ]:07;])
k=0 k=0

The obtained contradiction shows that zy ¢ €2,

The proven statement is also implied by the Ambroladze theorem [1].

2) Now we consider the case zyp € Q_.

We recall that the extremal function v, ,0 has the same zeroes as the function 6, ,0 . In
Theorem 6.2 in [7], there was provided a system of equation determining uniquely the zeroes
of the function 1, ,o:

Z (@(2)) —@e(2))) = D_ i,
Tlp l:u.lz (c0) —1 (13)
B Zejwk(zg) = Jr(10) — kT — nwy(00) (mod 1)

where 2§ are finite zeroes of G'(z2); m; are arbitrary natural numbers. The parameters e¢; = £1
and the points z;) are determined uniquely by the system and at that, the numbers ¢; serve for
indicating the sheet of the Riemann surface, on which one should put the corresponding point
29 if ¢; = 1, then 2 € Q, and if ¢; = —1, then 20 € Q_.
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By our assumption, one of the points z? is the point zy, and the corresponding parameter
is equal to —1. Without loss of generality, we suppose that z¥ = z, ¢, = —1. To the right
hand side of the second equation in system (13), we add the term 2wy (2?). It is obvious that
this equation is also satisfied by the same system of the points with the same parameters ¢;,
j=2,...,p, and the parameter ¢; = 1.

On the other hand, the same system of equations can be obtained by solving the extremal
problem for the weight function 7 such that

jk<V0>:jk(V>+ZWk(Zo), kzO?apv

the construction of such function reproduces that in the proof of Theorem [2 Thus, we obtain
that the extremal functions v, ,,, and therefore, ©,, ,,,, have the common zero at a point in the
domain 2. But, as it follows from Statement (1), this is impossible. O

Theorem 3. Let wi(o0) € Q,k=1,...,p, u,v € S(F) and

iy (foel) _ Pole) ) "

n—00 \ Poy1,(2)  Poyit1,.(2)

for some fized | € IN; the convergence is uniform on compact neighbourhoods of the infinity.
Then
1

%mExw—wwwwmm

2), i=1,2,....p. (15)

Proof. We assume that

Pasl?) _ Pansld)

Pn—i-l,u(z) Pn+l+1,V(Z)

uniformly in compact neighbourhoods of the infinity. Then

77Z}7ML(Z) o 77Z)n-‘rl,u(z)
¢n+1,u(z) ¢n+l+1,1/(z>

Employing representations , we obtain

Gn,u(z)@TﬁLu(OO) N @nJrl,V(z)@nJrlJrl,V(OO) =0 n — 0o

6n+1,u(z)@n7u(oo) Ontit1,0(2)Onyi(00)

— 0, n—o0.

Let ¢ € N be a common denominator of the numbers wy(oc0) € Q, k = 1,...,p, then
I, = I'qq for all n € IN and therefore, ©,,,, = ©,4,,. Then the asymptotic formulae imply
that

@Tvu(z)@r—&-l,u(oo) _ @r+l,u(Z)@r+l+1,u(Oo)
@T-FLM(Z)@Ta N(OO) @r+l,u(z)9r+l+1,u(00)

If none of p zeroes of the theta function ©,,(z) cancels out with a zero of the function

relN, r<qg-—1 (16)

©,,r+1(2), then the zeroes of ©,,,(2) and ©,,,4;(2) should coincide. If for some 2, € Q we have
O, (24) = Ouri1(24), then the cancelation occurs also in the left hand side of identity (L6]).
Let O,,4(2,) = ©y,1111(2,) and 2, # 2z,. By Lemma , if z, ¢ E, there exists ry such that
O (2u) # 0. But then the corresponding identity of the ratios of theta functions implies
that ©,,,41(2,) # 0 and z, = z,.
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We write the expressions for the Riemann constants of the surface Qgoupe in two ways (see

(7):

k;

p

p Zk
> [ a90) + s = rows(o0) + i)
k=1 " %0

[ 9500+ = o+ Do) + G0

k=1 " %0

where z;, , and zj, are the zeroes of the functions ©,,,(2) and 0,,(2), repsectively. And since
all zeroes of the functions ©,,,(z) and ©,,,(2) coincide except, probably, those in the set E, we
obtain ((15]). ]

Let us formulate a stronger statement being a simple corollary of the above arguing for the
case, when the functions ©,, ,, ©,1,, have no common zeroes in E for some subsequence. Since
there are no coinciding zeroes, in this case, the identity in condition holds modulo 1.

Theorem 4. Letwi(oc0) € Q, k=1,...,p, p,v € S(E). If for some infinite subset of natural
numbers A C N the functions ©,,, and ©,1, have no common zeroes in I for each n € A,
that is, ©7 ,(2) + O35, ,(2) # 0 for all z € E, for alln € A, then the following conditions are
equivalent:

o for some fixed | € N

FPrl2) — P (2) —0, n—o00, neA

Poyiu(2)  Potigrn(2)

uniformly in compact neighbourhoods of the infinity;
o Ji(p) = Ty(v) 1 w;(o0) (mod 1), j = 1,2,....p;
o for some fixed | € N

Pn,y(z) N pn+l,u(z)
Pn+1,u(z) Pn+l+1,u(z)

— 0, n— oo,

uniformly in compact neighbourhoods of the infinity.

Thus, under the assumptions of Theorem [4] the preservation of the asymptotics of the ratio
of two orthogonal polynomials with a shift is equivalent to preservation the asymptotic behavior
over some subsequence.

The conditions of the measure in Theorem [4] are implicit. As an example of the measures
obeying this statement, we provide the following corollary.

Corollary 1. If wp(o0) € Q, k = 1,...,p, p,v € S(E), and the measure y is invariant

w.r.t. the rotations by the angle Wl, then the assumptions of Theorem hold.

Proof. The uniqueness of the extremal function ¢, and the invariance of the measure w.r.t.
the rotations imply that if some zero z* of the extremal function v, belongs to a connected
component £, then the points obtained by rotation by the angle 1% are also the zeroes of
the extremal function. But this is impossible since the extremal function has at most p zeroes,

while the number of the connected components of the set F is equal to p + 1. O

The author expresses his gratitude to the referee for valuable remarks.
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